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1.1 Overview 
Why learn this? 


We often take for granted the amount of time and effort that has 
gone into developing the number system we use on a daily basis. 
In ancient times, numbers were used for bartering and trading 
goods between people. Thus, numbers were always attached 

to an object; for example, 5 cows, 13 sheep or 20 gold coins. 
Consequently, it took a long time before more abstract concepts 
such as the number 0 were introduced and widely used. It took 
even longer for negative numbers or irrational numbers such as 
surds to be accepted as their own group of numbers. Historically, 
there has always been resistance to these changes and updates. In 
folk law, Hippasus — the man first credited with the discovery of 
irrational numbers — was drowned at sea for angering the gods 
with his discovery. 


A good example of how far we have come is to look at an ancient number system most people are familiar with: 
Roman numerals. Not only is there no symbol for 0 in Roman numerals, but they are extremely clumsy to use 
when adding or subtracting. Consider trying to add 54 (LIV) to 12 (XII). We know that to determine the answer 
we add the ones together and then the tens to get 66. Adding the Roman numeral is more complex; do we write 
LXVIU or LIVXI or LVXI or LXVI? 


Having a better understanding of our number system makes it easier to understand how to work with concepts 
such as surds, indices and logarithms. By building our understanding of these concepts, it is possible to more 
accurately model real-world scenarios and extend our understanding of number systems to more complex sets, 
such as complex numbers and quaternions. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 
concepts covered in this topic. 


Fully worked 
solutions 
to every 
question 


Video Interactivities 
eLessons 


Digital 
documents 


eWorkbook 
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Exercise 1.1 Pre-test 


learn(y) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. 


10. 


11. 


12. 


13. 


14. 


15. 


Positive numbers are also known as natural numbers. Is this statement true or false? 
. State whether 1/36 is a rational or irrational number. 
i L 
. Simplify the following: 3n5 x 5n3. 
. Simplify the following: 7/32p!q!5. 
8 
. Determine the exact value of 81 4. 
— 2 : 
. GS Select which of the numbers of the set Iv O75), a2, OI, =, =| are rational. 


A. {V0.25, r, 0.261} B. }0.261, = ;| c. {,0.261} 


D. | v0.25. 0,261, —5, =| Ee {V0.25, 7, 0.261, -5| 


[Pea aed 
. La ———_ simplifies to: 
Ox ae 
2 26 
pees B. 4x2 C. 4x26 pe 
3 3 
. Simplify the following expression: 32 x v 10. 


. Simplify the following expression: 5/2 aR 12/2 = 3/2. 


(£1) Choose the most simplified form of the following expression: 1/8a3 + /18a+ Vas 


A. 5\2a+ayfa B. 2aV2a2 + 3/2a+a‘/a 
D. 2a2/2a+ 2V3at+avVa 


CaN eae) 3a+a*y/a 


E. 2aV/2a +3 2atarra 


Solve the following equation for y: = =e 


Solve the following equation for x: x =log 16. 
mi 


£/% 


Calculate the amount of interest earned on an investment of $3000 compounding annually at 3% p. a. for 


3 years, correct to the nearest cent. 
1 
Simplify the following expression. log, (z) + log, (32) — log, (8). 


(2 Choose the correct value for x in 3 + log, 3 = log, x. 


Ac 0) Bec=3 G=9 Dig—=24 


Ee = 27, 
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1.2 Number classification review 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e define the real, rational, irrational, integer and natural numbers 
e determine whether a number is rational or irrational. 


® 1.2.1 The real number system 


eles-4661 
e The number systems used today evolved from a basic and practical need of primitive people to count and 


measure magnitudes and quantities such as livestock, people, possessions, time and so on. 
e As societies grew and architecture and engineering developed, number systems became more sophisticated. 
Number use developed from solely whole numbers to fractions, decimals and irrational numbers. 


e The real number system contains the set of rational and irrational numbers. It is denoted by the symbol R. 
The set of real numbers contains a number of subsets which can be classified as shown in the chart below. 


Real numbers R 


Irrational numbers I 


(surds, non-terminating and Rational numbers Q 
non-recurring decimals, z, e) 


Non-integer rationals 
Integers Z (terminating and 
recurring decimals) 


re x Zero 
Positive Z Negative Z~ 


(Natural numbers N) (neither positive nor negative) 
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Integers (Z) 
e The set of integers consists of whole positive and negative numbers and 0 (which is neither positive 
nor negative). 
e The set of integers is denoted by the symbol Z and can be visualised as: 


Ga o5 =) 11 5) 


° The set of positive integers are known as the natural numbers (or counting numbers) and is denoted Z* or 
N. That is: 


Zh eaN={1,2, 3,4, 5, 6;.5} 
e The set of negative integers is denoted Z~. 
Z- ={...-6,—5, —4, -3, -2, -1} 


e Integers may be represented on the number line as illustrated below. 


<9 —¢— + — 4 9 *—?*—__*__ +++ > <_*_*_* _*_*_+ 
3 2-1 0 1 2 3 24 i 2 9 4 2 o ® an a a. a 
The set of integers The set of positive integers The set of negative integers 


or natural numbers 


Rational numbers (Q) 


; : ; : ; a 
e A rational number is a number that can be expressed as a ratio of two integers in the form B where b #0. 


e The set of rational numbers are denoted by the symbol Q. 

e Rational numbers include all whole numbers, fractions and all terminating and recurring decimals. 
Terminating decimals are decimal numbers which terminate after a specific number of digits. 
Examples are: 


= = 0.25, 2 = 0.625, zg =1.8. 
4 8 5 


Recurring decimals do not terminate but have a specific digit (or number of digits) repeated in a pattern. 
Examples are: 


: = 0.333 333...=0.3 or 0.3 


= = 0.199 699 699 6... = 0.1996 or 0.1996 


Recurring decimals are represented by placing a dot or line above the repeating digit/s. 
Using set notations, we can represent the set of rational numbers as: 


o-|* :a, bEZ, b#0} 


e This can be read as ‘Q is all numbers of the form ; given a and D are integers and b is not equal to 0’. 


TOPIC 1 Indices, surds and logarithms 5 


Irrational numbers (/) 


Recep . F : : a 
e An irrational number is a number that cannot be expressed as a ratio of two integers in the form = 


where b 40. 
e All irrational numbers have a decimal representation that is non-terminating and non-recurring. This means 
the decimals do not terminate and do not repeat in any particular pattern or order. 
For example: 
5 =2.236 067 997 5... 
7m =3.141 592 653 5... 
e=2.718 281 828 4... 


e The set of irrational numbers is denoted by the symbol J. Some common irrational numbers that you may 
be familiar with are /2, 7, e, /5. 

e The symbol z (pi) is used for a particular number that is the circumference of a circle whose diameter 
is 1 unit. 

e In decimal form, z has been calculated to more than 29 million decimal places with the aid of a computer. 


Rational or irrational 


e Rational and irrational numbers combine to form the set of real numbers. We can find all of these number 
somewhere on the real number line as shown below. 


Ss es 


| 
nN 
| 
wo 
i 
N 
I 
— 
i=) 
_ 
N 
ww 
- 
Nn 


e To classify a number as either rational or irrational: 
1. Determine whether it can be expressed as a whole number, a fraction, or a terminating or 
recurring decimal. 
2. If the answer is yes, the number is rational. If no, the number is irrational. 


WORKED EXAMPLE 1 Classifying numbers as rational or irrational 


Classify whether the following numbers are rational or irrational. 


a. z b. 1/25 Cc. V/13 d. 3a 


5 


e. 0.54 1. Y64 g. 932 i ee 


THINK WRITE 

a. : is already a rational number. a. : is rational. 

b. 1. Evaluate 25. b. /25 = 5 
2. The answer is an integer, so classify 25. /25 is rational. 

c. 1. Evaluate 1/13. c. V/13 = 3.605 55127546 ... 
2. The answer is a non-terminating and V13 is irrational. 


non-recurring decimal; classify 7/13. 
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d. 1. Use your calculator to find the value of 37. = d. 37 = 9.42477796077 ... 


2. The answer is a non-terminating and 37 is irrational. 
non-recurring decimal; classify 37. 
e. 0.54 is a terminating decimal; classify it e. 0.54 is rational. 
accordingly. 
f. 1. Evaluate 7/64. ft. V64=4 
2. The answer is a whole number, so Vv 64 is rational. 
classify V 64. 
g. 1. Evaluate ¥/32. g. 1/32 = 3.17480210394... 
2. The result is a non-terminating and V 32 is irrational. 


non-recurring decimal; classify Vv 32. 


h. 1. Evaluate ~ 2s h. a a 
\ 27 My 3 


: ; j hil F 
2. The result is a number in a rational form. > a is rational. 


ion) Resources 


om) 
[4 eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 


&s Interactivities Individual pathway interactivity: Number classification review (int-8332) 


The number system (int-6027) 
Recurring decimals (int-6189) 


Exercise 1.2 Number classification review learn@) 
Individual pathways 

Hi PRACTISE Hi CONSOLIDATE Hi MASTER 

1,4, 7, 10, 13, 14, 17, 20, 23 2,5, 8, 11, 15, 18, 21, 24 3, 6, 9, 12, 16, 19, 22, 25 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 
Fluency 


For questions 1 to 6, classify whether the following numbers are rational (Q) or irrational (J). 


1. KG 
a. /4 b. : c. 


d. V2 
2.a. V7 b. 0.04 c. 25 d. 5 


(o>) 
rt) 
#& Io 
a 
S 
= 
Nn 
9 
| 
N 
KR 


d. V/100 
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4. a. 14.4 b. V 1.44 C.70 d. 7 


9 
5. a. 7.32 b. -—vy21 c. ¥ 1000 d. 7.216 349 157... 
6. a. —/81 b. 370 c. 62 d. ~ 
For questions 7 to 12, classify the following numbers as rational (Q), irrational (/) or neither. 
1 11 0 
7. a. - b. 625 Cc. — d. - 
8 4 8 
8. a. —6= b. 81 e —V11 py fae 
ei 4 
9a Ja b 8 c. V/21 a 
“0 7 
10. a. 1/(-5)? ee ey race 
11 100 16 
6 
11. a. = b. v6 c. 1/27 d. a 
25 2 V4 
227 3 
12, a. — b. */—1.728 c. 6/4 d. 4/6 


13. M9 Identify a rational number from the following. 


A. 7 B.4/4 fel bd. ¥3 E. 5 


9 12 


14. ES Identify which of the following best represents an irrational number from the following numbers. 


A. -V/81 B.S c. 1/343 D. 22 E. /144 


15. £1 Select which one of the following statements regarding the numbers —0.69, V7 ; 7 1/49 is correct. 


Z. : 
or is the only rational number. 


: V7 and 1/49 are both irrational numbers. 


. —0.69 and 1/49 are the only rational numbers. 
. —0.69 is the only rational number. 


moow p> 


: V7 is the only rational number. 


16. OS Select which one of the following statements regarding the numbers 25, = 624, V 99 is correct. 


A. -+ and 1/624 are both irrational numbers. 


B. +7624 is an irrational number and V/ 99 is a rational number. 
624 and : 99 are both irrational numbers. 


9 9 


1. ; 11. ee 
5 5 is a rational number and a4 is an irrational number. 


m 


: 99 is the only rational number. 
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Understanding 


ee) 
17. Simplify vi 


18. HS If p <0, then \/pis: 


A. positive B. negative C. rational D. irrational E. none of these 
19. HS If p <0, then 1/p? must be: 

A. positive B. negative C. rational D. irrational E. any of these 
Reasoning 


20. Simplify (4/p — \/@) x (4/p + Va). Show full working. 
21. Prove that if c* =a” +b’, it does not follow thata=b+c. 


22. Assuming that x is a rational number, for what values of k will the expression x? + kx + 16 always 
be rational? Justify your response. 


Problem solving 


23. Determine the value of m and n if “ is written as: 


1 1 1 1 
a. 345 b. 3+ —, ce 3+ i d.3+ 1 
7 34% 34m 3+5,2 
n n 
-1 1 ; g-lea-' 
24. If x~* means —, determine the value of —————. 
x 3-14.47! 


—n_y4-n 
25. Ifx-"= = evaluate when n=3. 
x" 3-744" 


1.3 Surds (10A) 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine whether a number under a root or radical sign is a surd 
e prove that a surd is irrational by contradiction. 


® 1.3.1 Identifying surds 


eles-4662 
e Asurd is an irrational number that is represented by a root sign or a radical sign, for example: 


vo 
Examples of surds include: V7 : V5, Vil ; V15. 


e The numbers 1/9, v 16, V 125, and V 81 are not surds as they can be simplified to rational numbers, 


that is: /9 =3, /16=4, 1/125=5, 7/813. 
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WORKED EXAMPLE 2 Identifying surds 


Determine which of the following numbers are surds. 


a. V/16 b. V/13 Stee d. V/17 e. 63 f. 1/1728 


16 
THINK WRITE 
a. 1. Evaluate /16. a. /16 =4 
2. The answer is rational (since it is a whole /16 is not a surd. 
number), so state your conclusion. 
b. 1. Evaluate /13. b. \/13 = 3.605 551275 46 ... 
2. The answer is irrational (since it is a V13 is a surd. 


non-recurring and non-terminating decimal), 
so state your conclusion. 


c. 1. Evaluate 4 / a Cc. af = 1 
16 16 4 


ae ure : fil. 
2. The answer is rational (a fraction); state ie is not a surd. 
your conclusion. 


d. 1. Evaluate V/17. d. V/17 = 2.571 281590 66 ... 
2. The answer is irrational (a non-terminating V 17 is a surd. 


and non-recurring decimal), so state 
your conclusion. 


e. 1. Evaluate ¥/63. e. 63 = 2.817313 247 26 ... 
2. The answer is irrational, so classify V 63 63 is a surd. 
accordingly. 
f. 4. Evaluate 1/1728. f. /1728 = 12 
a gi 6 3 ci 
2. The answer is rational; state your conclusion. V 1728 is not a surd. So b, d and e are surds. 


® 1.3.2 Proof that a number is irrational 


eles-4663 
e In Mathematics you are required to study a variety of types of proofs. One such method is called proof 


by contradiction. 
e This proof is so named because the logical argument of the proof is based on an assumption that leads to 
contradiction within the proof. Therefore the original assumption must be false. 


foes ‘ . a : 
e An irrational number is one that cannot be expressed in the form , (where a and b are integers). The next 


worked example sets out to prove that V2 is irrational. 
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WORKED EXAMPLE 3 Proving the irrationality of /2 


Prove that 2 is irrational. 


THINK WRITE 
1. Assume that /2 is rational; that is, it can be Lei W2 = = where b £0. 
written as = in simplest form. We need to 
show that a and b have no common factors. 
2 
2. Square both sides of the equation. = 2 
3. Rearrange the equation to make a” the subject a ob" ial 
of the formula. 
4. 2b? is an even number and 2b? = a’. .@ is an even number and a must also be even; that 
is, a has a factor of 2. 
5. Since a is even it can be written as a=2r. Tg 
6. Square both sides. a = 4r’ [2] 
But a? = 2b? from [1] 
7. Equate [1] and [2]. 1. 2b* = 4° 
b= 47° 
2 
=27 
. b? is an even number and b must also be even; that 
is, b has a factor of 2. 
8. Use reasoning to deduce that V2 =~ where Both a and b have a common factor of 2. This Z 
(oon lesa ae eaaraies eee b contradicts the original assumption that V2 an 
where a and b have no common factors. 
a /2 is not rational. 
.. It must be irrational. 
e Note: An irrational number written in surd form gives an exact value of the number; whereas the same 
number written in decimal form (for example, to 4 decimal places) gives an approximate value. 
DISCUSSION 


How can you be certain that root Ja is a surd? 


} Interactivity 


ion) Resources 


afin) 

[4 eWorkbook 
| Digital document SkilISHEET Identifying surds (doc-5354) 
Surds on the number line (int-6029) 


Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 
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Exercise 1.3 Surds (10A) learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
Wy Gy Wy Eb Wily 145 We 2,5, 9, 12, 15, 18 3, 6, 10, 13, 16, 19 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


A For questions 1 to 6, determine which of the following numbers are surds. 


1a. V81 b. V/48 c. V16 d. V/1.6 
2. a. 70.16 b. V11 ale d. ee 

4 27 
3. a. V/1000 b. 11.44 c. 44/100 d. 2+ 4/10 
4. a. \/32 b. 361 c. 100 d. 9/125 
5. a. (6+ 6 b. 2a c. */169 d. vi 

2 
6. a. V/16 b. (v7) c. 33 d. 0.0001 
e. 1/32 f. +/80 


7. O19 The correct statement regarding the set of numbers | /$ , V 20, 754, ¥/ 27, vt is: 


A. V 27 and V9 are the only rational numbers of the set. 


B. V3 is the only surd of the set. 


Cc. V3 and ‘\/20 are the only surds of the set. 


D. 20 and 1/54 are the only surds of the set. 
E: V9 and ‘/ 20 are the only surds of the set. 


s. Ta Identify the numbers from the set 1/3 : 4/ = vi ,vV21, vit that are surds. 
1 


A. ¥21 only B. vi only 
C. vi and V8 D. vi and 7/21 only 


E. ian 21 only 
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9. O19 Select a statement regarding the set of numbers \n 4/ re v 12, v 16, /3, +| that is not true. 


A. 12 is a surd. B. 12 and y 16 are surds. 
C. 7 is irrational but not a surd. D. 712 and V3 + 1 are not rational. 


E. 7 is not a surd. 


10. HWS Select a statement regarding the set of numbers jovi ; =, 7/6, 94/2, v 18, V | that is not true. 


A. 4/ = when simplified is an integer. B. 1/ = and 1/25 are not surds. 


C. 7/6 is smaller than 94/2. D. 9/2 is smaller than 6V7 . 


E. 7 18 is a surd. 


Understanding 
11. Complete the following statement by selecting appropriate words, suggested in brackets: 


Ja is definitely not a surd, if a is... (any multiple of 4; a perfect square; cube). 


12. Determine the smallest value of m, where m is a positive integer, so that V 16m is not a surd. 


13. a. Determine any combination of m and n, where m and n are positive integers with m <n, so that 


WV (m+4) (16 —n) is not a surd. 


b. If the condition that m <n is removed, how many possible combinations are there? 


Reasoning 


14. Determine whether the following are rational or irrational. 
2. V54V2 v. VE- V2 c. (v5+ v3) (V5- v2) 


15. EXE) Prove that the following numbers are irrational, using a proof by contradiction: 
a. 73 b. /5 c. V7. 


16. 7 is an irrational number and so is V3. Therefore, determine whether (x — V3 ) (x + V3 ) is an 
irrational number. 


Problem solving 


17. Many composite numbers have a variety of factor pairs. For example, factor pairs of 24 are 1 and 24, 2 and 
12, 3 and 8, 4 and 6. 


a. Use each pair of possible factors to simplify the following surds. 
i. V48 ii, 72 

b. Explain if the factor pair chosen when simplifying a surd affect the way the surd is written in 
simplified form. 


c. Explain if the factor pair chosen when simplifying a surd affect the value of the surd when it is written in 
simplified form. 


18. Consider the expression (/p + Vara/m — s/n). Determine under what conditions will the expression 
produce a rational number. 


19. Solve /3x -—yVl2= V3 and indicate whether the result is rational or irrational. 
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1.4 Operations with surds (10A) 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e multiply and simplify surds 
e add and subtract like surds 
e divide surds 
e rationalise the denominator of a fraction. 


® 1.4.1 Multiplying and simplifying surds 
Multiplication of surds 


e To multiply surds, multiply the expressions under the radical sign. 
For example: /8x V3= V8X3= 24 

e If there are coefficients in front of the surds that are being multiplied, multiply the coefficients and then 
multiply the expressions under the radical signs. 


For example: 23x 5V7=(2x5) V3xX7= 107/21 


Multiplication of surds 


In order to multiply two or more surds, use the following: 


© Jax Vb=Vaxb 
om axnVb=mnvVaxb 


where a and b are positive real numbers. 


Simplification of surds 


To simplify a surd means to make the number under the radical sign as small as possible. 

e Surds can only be simplified if the number under the radical sign has a factor which is a perfect square 

(4, 9, 16, 25, 36, ...). 

Simplification of a surd uses the method of multiplying surds in reverse. 

e The process is summarised in the following steps: 

1. Split the number under the radical into the product of two factors, one of which is a perfect square. 

2. Write the surd as the product of two surds multiplied together. The two surds must correspond to the 
factors identified in step 1. 


3. Simplify the surd of the perfect square and write the surd in the form avb. 
The example below shows the how the surd 1/45 can be simplified by following the steps 1 to 3. 


/45 = V9x5 (Step 1) 
= 9x J/5 (Step 2) 


= 3x V5=31/5 (Step 3) 


If possible, try to factorise the number under the radical sign so that the largest possible perfect square is 
used. This will ensure the surd is simplified in 1 step. 
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Simplification of surds 


Viz VOXE 


Vax vb 
a8 


WORKED EXAMPLE 4 Simplifying surds 


Simplify the following surds. Assume that x and y are positive real numbers. 


1 
a. 384 b. 3/405 @ a 175 d. 5+/180xy5 
THINK WRITE 
a. 1. Express 384 as a product of two factors where one a. \/384 = \/64* 6 


factor is the largest possible perfect square. 


. Express 1/64 x 6 as the product of two surds. 


. Simplify the square root from the perfect 


square (that is, 1/64 = 8). 


. Express 405 as a product of two factors, one 
of which is the largest possible perfect square. 


. Express 7/81 X5 as a product of two surds. 


. Simplify 81. 


. Multiply together the whole numbers outside 


the square root sign (3 and 9). 


. Express 175 as a product of two factors 


in which one factor is the largest possible 
perfect square. 


. Express 25 X7 as a product of 2 surds. 
. Simplify 25. 


. Multiply together the numbers outside the 


square root sign. 


. Express each of 180, x° and y° as a product 


of two factors where one factor is the largest 
possible perfect square. 


. Separate all perfect squares into one surd and 


all other factors into the other surd. 


= 64x V6 
= 8/6 


b. 37405 =3V/81 x5 


= 3/81x V5 
= 3x95 
= 2771/5 


Ce - v7 = -5V25x7 


d. 51/180x3y5 = 51/36X5xx2 xxx yy Xy 


= 5) 6 V/ SOREN o-< V/o0.aY 
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3. Simplify /36x2y4. =5X6Xxx yy x 4/507 


4. Multiply together the numbers and the = 30xy’ /5xy 
pronumerals outside the square root sign. 


WORKED EXAMPLE 5 Multiplying surds 


Multiply the following surds, expressing answers in the simplest form. Assume that x and y are 
positive real numbers. 


a. Vix V7 b. 5/3 x85 c. 6/12 x26 d. +/15x5y2 x 1/12x2y 


THINK WRITE 
a. Multiply the surds together, using a. V11x V7 = Wills 
Va x Vb = Vab (that is, multiply = 77 


expressions under the square root sign). 
Note: This expression cannot be simplified 


any further. 
b. Multiply the coefficients together and then b. 53 x 81/5 = Shieh V3 x /5 
multiply the surds together. =40x V3x5 


= 40V15 


c. 1. Simplify /12. c. 6V/12x2V6 = 6V4x3x2V6 
= 6x23 x26 


= 12/3 x26 
2. Multiply the coefficients together and = 24 18 
multiply the surds together. 
3. Simplify the surd. = 24V9x2 


= 24x 34/2 
= 72/2 
d. 1. Simplify each of the surds. d. 1/152x>y? x / 12x2y 
EV MEX GN Oy OE A ORONO 
=e ey XW lO ea a 


=x yy 15x 2x4) 39 


2. Multiply the coefficients together and the Six y < 204/150 X35 
surds together. = 2x3y V45xy 
= 2x7 1/9 x 5xy 
3. Simplify the surd. = 2x yx 34/5xy 


= 6x yv/5Sxy 
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e When working with surds, it is sometimes necessary to multiply surds by themselves; that is, square them. 
Consider the following examples: 


(v2) = V2x y2=V4=2 
(v3) = V5x v5=v35=5 


¢ Observe that squaring a surd produces the number under the radical sign. This is not surprising, because 
squaring and taking the square root are inverse operations and, when applied together, leave the 
original unchanged. 


Squaring surds 


When a surd is squared, the result is the expression under the radical sign; 
that is: 


Cole 


where ais a positive real number. 


WORKED EXAMPLE 6 Squaring surds 


Simplify each of the following. 

2 2 
a. (vs) b. (avs ) 
THINK WRITE 


2 2 
a. Use (va) =a, where a= 6. a. (v6) ='6 

2 2 2 
b. 1. Square 3 and apply (va) =a to square V5. b. (3v5) = x(/5) 


=9x5 
2. Simplify. = 45 


® 1.4.2 Addition and subtraction of surds 


eles-4665 
e Surds may be added or subtracted only if they are alike. 


Examples of like surds include V7 3 V7 and —5 V7 : 


Examples of unlike surds include V1 ; 1/5, 2/13 and — 21/3. 

e In some cases surds will need to be simplified before you decide whether they are like or unlike, and then 
addition and subtraction can take place. The concept of adding and subtracting surds is similar to adding 
and subtracting like terms in algebra. 
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WORKED EXAMPLE 7 Adding and subtracting surds 


Simplify each of the following expressions containing surds. Assume that a and b are positive 


real numbers. 


a. 364176 - 2/6 
c. | 100%? + ab 36a — 5/4026 


THINK 


a.  All3 terms are alike because they contain 
the same surd (1/6). Simplify. 


. Simplify surds where possible. 


2. Add like terms to obtain the simplified 
answer. 


b. 51/3 +21/12-5/2+3/8 


WRITE 


a. 


31/6 + 176-26 = (3+ 17-2) V6 
= 186 


HSN 3424/12 59/2 38 


= 53 4+2V4x3-5y243V/4x2 
= 5342x273 —-5/243x22 


=5734+4y3-5V24+ 62 
=9/3+ V2 


: : : 1 
c. 1. Simplify surds where possible. c: A 100a3b2 + abv 36a — 5 4a2b 
1 
= 5x 10a x ax b? + abx 6ya—-5x2xavb 
1 
=e 10x ax by/at abx6,/a—5x2xav/b 
2. Add like terms to obtain the simplified = Saby/a oP 6aby/a = 10av/b 
answer. = llaby/a - 10aV/b 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-c. a-c. a-c. a-c. 
In a new document, ona at On the Main screen, 
Calculator page, complete 3-46 417: fe =2 6 is f6 * complete the entry lines Sa = < 
the entry lines as: SRuiee ER: seHe as: a 
ie V6 V6 36 4 176 _ 26 5V342V12-Sv2+aV8 eee 
oh oie Seal a . 10a? b? sab fia 5-4 a7 be V3 V2 | stomplity ($1000? 4axtseV Stem 
53+ 2/12 - 50/2 2 at eo | jad tee 
+38 lia? 5-100 fe +38 n 
1 

1 ae implify | — 
24) OUn acaba) sea simplify ( 5 100a3b7 + 
2 
5V4@2bla > and b > 0 36 + 176-26 = 18-6 ape. 

53 +212 -5/2+3V8 u 
Press ENTER after each = 93 : V2 5V 4a*b|a> 0|b> 0) Taree 
entry. 1 Press EXE after each 

- 100032? + abv/36a— entry. 36+ 17V6 —2V6= 186 

2 


5V/4a2b = 11a3b — 10a/b 
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5V3 + 2/12 — 5/2438 
= 9/34 V2 
=v 100a3b? + abv/36a— 


5/4a2b = 1la3b — 10a\/b 


® 1.4.3 Dividing surds 


eles-4666 


e To divide surds, divide the expressions under the radical signs. 


Dividing surds 


where a and b are positive real numbers. 


e When dividing surds it is best to simplify them (if possible) first. Once this has been done, the coefficients 


are divided next and then the surds are divided. 


my/a m a 


wih b 


WORKED EXAMPLE 8 Dividing surds 


Divide the following surds, expressing answers in the simplest form. Assume that x and y are positive 
real numbers. 


V55 


a. — b 


V5 


vB 
3 


THINK 
: d : a a 
a. 1. Rewrite the fraction, using —- = a 
2. Divide the numerator by the denominator 
(that is, 55 by 5). Check if the surd can be 
simplified any further. 
: j : a a 
b. 1. Rewrite the fraction, using GB = i 
b 
2. Divide 48 by 3. 
3. Evaluate 16. 
: ; a a 
c. 1. Rewrite surds, using —=,/-. 
Vee 
2. Simplify the fraction under the radical by 


dividing both numerator and denominator 
by 11. 


36xy 


9/88 F 
| /25x8yt 


Cc. 
61/99 


WRITE 
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3. Simplify surds. 


6x3 
18/2 
4. Multiply the whole numbers in the numerator = — 
together and those in the denominator 18 
together. 
5. Cancel the common factor of 18. = 2 


4 vj 36xy a 64/xy 
Frm § See 
6/7 
~ Say Vo 


2. Cancel any common factors — in this = 


case y/xy. 


d. 1. Simplify each surd. 


® 1.4.4 Rationalising denominators 


eles-4667 
e If the denominator of a fraction is a surd, it can be changed into a rational number through multiplication. 


In other words, it can be rationalised. 
As discussed earlier in this chapter, squaring a simple surd (that is, multiplying it by itself) results in a 
rational number. This fact can be used to rationalise denominators as follows. 


Rationalising the denominator 


vi_Va, vb_Vab 
vi vb vb? 


e If both numerator and denominator of a fraction are multiplied by the surd contained in the denominator, 
the denominator becomes a rational number. The fraction takes on a different appearance, but its numerical 
value is unchanged, because multiplying the numerator and denominator by the same number is equivalent 
to multiplying by 1. 


WORKED EXAMPLE 9 Rationalising the denominator 


Express the following in their simplest form with a rational denominator. 


/6 2V12 


eee be = 


V13 3/54 
V17-3,/14 


v7 
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THINK 


a. 


1. 


Write the fraction. 


. Multiply both the numerator and denominator by the 


surd contained in the denominator (in this case +/ 13). 
This has the same effect as multiplying the fraction 


vi13 


13 


by 1, because =1. 


. Write the fraction. 


. Simplify the surds. (This avoids dealing with large 


numbers.) 


. Multiply both the numerator and denominator by V6. 


This has the same effect as multiplying the fraction by 1, 


6 
because —— = 1. 
6 


Note: We need to multiply only by the surd part of the 
denominator (that is, by V6 rather than by 9/6.) 


. Simplify y 18. 


. Divide both the numerator and denominator by 6 


(cancel down). 


. Write the fraction. 


. Multiply both the numerator and denominator by V7 : 


Use grouping symbols (brackets) to make it clear that 
the whole numerator must be multiplied by V7 : 


WRITE 
4, v6 
13 
_ V6, v3 
V13 13 
_vi8 
= SE 
: 2A/1o. 


34/54 

2V12_ 2V4x3 
35/54 39x6 
2x23 
3x36 
43 
ov 


i, V6 
ovo vo 
4y/18 


9x6 


12/2 
54 
_2v2 
9 


V17-3V14 
V7 
So ay a 


vii 
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3. Apply the Distributive Law in the numerator. V17x V7 —3v 14x V7 


a(b+c)=ab+ac = Vixv7 
_ V119-398 
a 


4. Simplify 98. _ ViI9-3V49%2 


7 ie 

_ V1I9-3x7¥2 
7 

_ Vil9-21y2 


7 


® 1.4.5 Rationalising denominators using conjugate surds 


eles-4668 
e The product of pairs of conjugate surds results in a rational number. 


e Examples of pairs of conjugate surds include V6 +11 and 6 —11, Ja +b and Ja —b, 21/5 — V7 and 


25+ V7. 


This fact is used to rationalise denominators containing a sum or a difference of surds. 


Using conjugates to rationalise the denominator 


e To rationalise the denominator that contains a sum or a difference of surds, multiply both numerator 
and denominator by the conjugate of the denominator. 
Two examples are given below: 


I ee ae 
———., multiply it by ————. 
Vat+vb Va-vb 
1 at+vb 
2. To rationalise the denominator of the fraction —————, multiply it by AEN 
va-vb Va+ vb 

e A quick way to simplify the denominator is to use the difference of two squares identity: 


(va- Vi) (+ v8) = (va) —(¥8) 


=a—b 


1. To rationalise the denominator of the fraction 


WORKED EXAMPLE 10 Using conjugates to rationalise the denominator 


Rationalise the denominator and simplify the following. 
1 


an 
,, Me+3v2 
“Be 


a 
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THINK 


a. 1. Write the fraction. 


2. Multiply the numerator and 
denominator by the conjugate of the 
denominator. 


(4+ V3) _ 
(4+ v3) 


3. Apply the Distributive Law in the 
numerator and the difference of two 
squares identity in the denominator. 


(Note that 1). 


4. Simplify. 


. Write the fraction. 


2. Multiply the numerator and 
denominator by the conjugate of the 
denominator. 


Caos 


(Note that 
(3-3) 


iL.) 


3. Multiply the expressions in grouping 
symbols in the numerator, and apply the 
difference of two squares identity in the 
denominator. 


4. Simplify. 


WRITE 


4-3 
eee) 
4-3) (4473) 


a. 


eee 
See Be rs 
4° =@/3) 


_44+y3 

ies 

_44+y3 

= Fs 

V6+3V2 

343 

2 ORE DOSS) 
B+V3) 3-73) 


b. 


V6x3+ V6x(—-V3) + 3V2x3+3V2x-(V3) 
2: 
(3) — (V3) 


nye 1892 36 
93 
— 18 +92 
6 
~V/9x2+9/2 
6 
_ 324972 
6 


_6y2 
6 
-\2 
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-b. a-b. a-b. a-b. 
On a Calculator page, REMREMEER? "Restrumbers rao X] On the Main screen, complete © Eat Action interactive 
complete the entry lines ‘ fave the entry lines as: : 
as: es Baer l samplity ry ) ; c 
1 - simplify Lea | | 
; ; eek fz iz 4— V3 simplify ¢ Bea? 
r rt 6 +32 aq 
v6 + 32 | simplify (Se) 
3+ 3 
ake v3 Press EXE aft h enti 
Press ENTER after each cad Pee heer ora 
entry. 1 4+ V3 
4— 1/3 13 J 
a 
V6 + 3/2 V2 Ag Stenderd Real Pad e 
ph ida AY) 
3+ V3 1 4+v3 
4-3 13 
V6o+3y2 
Bei eteds Cages V2 
3+ 3 


2B 
[4 eWorkbook 


g Digital documents SkilISHEET Simplifying surds (doc-5355) 
SkilISHEET Adding and subtracting surds (doc-5356) 
SKilISHEET Multiplying and dividing surds (doc-5357) 
SKilISHEET Rationalising denominators (doc-5360) 
SkilISHEET Conjugate pairs (doc-5361) 
SkilISHEET Applying the difference of two squares rule to surds (doc-5362) 


Surds (eles- 1906) 
Rationalisation of surds (eles- 1948) 


Addition and subtraction of surds (int-6190) 
Multiplying surds (int-6191) 

Dividing surds (int-6192) 

Simplifying surds (int-6028) 

Conjugate surds (int-61 93) 


Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 


©) Video eLessons 


es Interactivities 


Exercise 1.4 Operations with surds (10A) learn@) 


Individual pathways 


@ PRACTISE Hi CONSOLIDATE m@ MASTER 
1,4, 7, 10, 12, 15, 18, 21, 24, 27, 2, 5, 8, 11, 13, 16, 19, 22, 25, 28, 3, 6, 9, 14, 17, 20, 23, 26, 29, 32, 
30, 33, 36, 39 31, 34, 37, 40 35, 38, 41 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


| WE4a Bae questions 1 to 3, simplify the following surds. 


1. a. V12 b. 24 Cc: 27 d. ¥ 125 
2. a. V/54 b. 112 c. V68 d. 180 
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3. a. /88 b. 162 c. 245 d. \/448 


| WE4b,c | For questions 4 to 6, simplify the following surds. 


4. a. 2/8 b. 8/90 c. 91/80 d. 7/54 
5. a. —6/75 b. -71/80 c. 16/48 d. — 392 
6. a. = Vi62 b. = Vi92 c. 5 Vi35 d. = 175 


| WEdd | For questions 7 to 9, simplify the following surds. Assume that a, b, c, d, e, f, x and y are positive 
real numbers. 


7. a. V 16a? b. V72a2 c. V90a2b d. V338a" 
8. a. V338a3b3 b. V68a3b5 c. V125x6y4 d. 5+/80x3y2 
9. a. 6 162c7d5 b. 2V/405c7d? c. 5 V8 d. = V393eT77" 
10. KZ Simplify the following expressions containing surds. Assume that x and y are positive real numbers. 
a. 3/5 +415 b. 21/3 +534 3 
c. 8/5 +33 475423 d. 6V11—-2V11 
11. Simplify the following expressions containing surds. Assume that x and y are positive real numbers. 
a. 72+ 92-32 b. 9/6 + 12/6 - 176-76 
c. 1273-87 + 53-107 d. 2/x+5y/¥ + 6yx—2y/y 


BE For questions 12 to 14, simplify the following expressions containing surds. Assume that a and b are 
positive real numbers. 


12. a. /200— 1/300 b. /125 — /150 + /600 
c. 727-3 + V5 d. 21/20 — 34/5 + 1/45 
13. a. 6/124 327-73 + 18 b. 1/150 + 1/24 — 1/96 + 1/108 
c. 31/90 —5 60 + 31/40 + V/100 d. 5V11 +744 —91/99 + 2/121 
14. a. 21/304 5/120 + 60 - 6/135 b. 6Vab— V/12ab + 2\/9ab + 31/27 ab 
a = V98 + <8 + >Vi2 a. 5 V32- 2 Vi8+3V72 


BES For questions 15 to 17, simplify the following expressions containing surds. Assume that a and b are 
positive real numbers. 


15. a. T1/a— V8a+ 8V9a— 32a b. 10\/a— 15/27a+ 8/12a+ 14-/9a 
c. V150ab + V96ab — V/54ab d. 16 4a2 — V24a4+ 4y 8a? + 96a 
16. a. V8a3 + V72a3 — V98a3 b. ; 36a + av 128a— av 144a 
c. V9a3 + V3a5 d. 6V b+ Vab—S5vV ab 
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17. a. abV ab + 3abv a2b + V9a3b3 


c. V32a3b? — Sabv/8at V 48a>b° 


b. Va3b + 5\Vab —2\/ab + 5Va3b 
d. V4a2b + 5V'a2b —3-/9a2b 


ES For questions 18 to 20, multiply the following surds, expressing answers in the simplest form. Assume that 


a, b,x and y are positive real numbers. 


18.a. V2x V7 b. Vox V7 
d. 10x /10 e. VJ21x V3 
19. a. 53x2vV11 b. 10/15 x 6/3 
d. 10V6 x38 e. ; 48 x 21/2 
20. a. = 60x = 40 b. fay x V3 y2 


d. V12a7bx V 6a3b* e. V/ 15x3y2 x 1/6x2y3 


For questions 21 to 23, simplify each of the following. 


nt. (v2)" ». (v3) 
22. a. (vis) b. (3v2) 
23. a. (avi) b. (sv8) 


fe) 


i?) 


> 


_V8x V6 
27x33 


41/20 x 3/5 


; 48 x 2/3 


. V3atb2 x V/6a5b3 
5 5V 15a3b3 x 3 3a2b® 


(vi) 
(vs) 


BF For questions 24 to 26, divide the following surds, expressing answers in the simplest form. Assume that 


a, b,x and y are positive real numbers. 


x4y3 


A255 


, 2V2a2b*  V10a?b3 


x 


V/ 5a3b® 3V/a'b 


| WE2a,b | For questions 27 to 29, express the following in their simplest form with a rational denominator. 


24, a, VIS », v8 
i vi 
. v0 F 4/128 
v0 v8 
25. a. vis b. V5 
4/6 2V13 
: 96 3 N44 
/8 14V11 
ve 94/63 5 4/2040 
1I5vV7 /30 
v/ l6xy Vxy  V/12x8yP2 
ane e. a Zs 
5 7 4 
27. a. — b. — c. — 
V2 V3 vil 
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V2 


e&. —— 


V7 


ST] 


i ; _ ? e. 
v6 v5 v5 2/3 3/5 
Understanding 
29. a svi4 b 163 Cc 8v3 d sv60 e 235 
7/8 6/5 TV7 /28 3/14 
BES For questions 30 to 32, express the following in their simplest form with a rational denominator. 
om V6+ 12 . 15-22 : 62-15 ? 2/18 +32 
v3 v6 v'10 v5 
ne 375+ 67 : 4/2438 ? 3711-45 P 2V7-21/5 
v8 2/3 vi8 vi2 
oe 7/12 -5/6 ' 62-15 : 63-55 : 35473 
63 4/8 75/20 5/24 
RS For questions 33 to 35, rationalise the denominator and simplify. 
1 1 4 
33. a. ——— b. Cc. ———— 
V5+2 Vs— 1/5 2Vvil-V13 
34. a _5v3__ b v8~3 c vi2-Vvi 
3/5 +42 V8 +3 fia a/7 
35. a V3~1 b 3y6~ v5 c N5~ v3 
V/5+1 V6+2V3 42-3 
Reasoning 
36. Calculate the area of a triangle with base length and perpendicular height . Express your 
8-1 


2+ 
answer with a rational denominator. Show full working. 


37. Determine the average of au and 
2x 3 -2/x 


, Writing your answer with a rational denominator. Show 
full working. 


2 
38. a. Show that (Va+ vb) =atb+2vVab. 


b. Use this result to evaluate: 


i 8421/15 i. 1/8—21/15 ii. 1/7 +43. 
Problem solving 
V5+v3 v5- v3 


39. Simplify 


V3+V34V5 V3+V3-V5 
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® 


eles-4669 


40. Solve for x. 


9V/x—-7T 3/x4+1 
a. VO4x- Vr=— ee Gale aE 
ore Byx x +5 


41. Solve the following for x:2—\/2-—\/2-V2-...=x 


1.5 Review of index laws 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 

recall and apply the index or exponent laws 

simplify expressions involving multiplication and division of terms with the same base 
evaluate expressions involving powers of zero 

simplify expressions involving raising a power to another power. 


1.5.1 Review of index laws 


Index notation 
e When a number or pronumeral is repeatedly multiplied by itself, it can be 


Index 
written in a shorter form called index form. xO 
e A number written in index form has two parts, the base and the index, and is X 
written as: a 
e In the example shown, a is the base and « is the index. Base—7” 


e Another name for an index is exponent or power. 


Index laws 


e Performing operations on numbers or pronumerals written in index form requires application of the 
index laws. There are six index laws. 


First Index Law 

When terms with the same base are multiplied, the indices are added. 
EE S60 Ghat 

Second Index Law 


When terms with the same base are divided, the indices are subtracted. 


ni ,~m—n 


WORKED EXAMPLE 11 Simplifying using the first two index laws 


Simplify each of the following. 


2x5 4 
a. m'n3p x mn p> b. 2a*b? x 3ab* es 
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THINK 


a. 1. Write the expression. 


WRITE 


a. mn pxnen p> 


2. Multiply the terms with the same base by adding the = np 


indices. Note: p=p!. 


b. 1. Write the expression. 


2. Simplify by multiplying the coefficients, then multiply 
the terms with the same base by adding the indices. 


= nen p* 


b. 2a*b? x 3ab* 


= 2x3xa*t! xp +4 


= 6a b! 
: , 2x°y" 
c. 1. Write the expression. C= 
10x“y 
[poe 
2. Simplify by dividing both of the coefficients by the = 5 
same factor, then divide terms with the same base by xy 
subtracting the indices. = = 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-c. a-c. a-c. a-c. 
In a new document on a ey ems X On the main screen, using © Edit Action Interactive 
calculator page, complete tweet Te: the Var tab, complete the _ 
the entry lines as: oe ne entry lines as: malas Kot saat pt 
m x xpxm xwxp 2a7b* 3ab4 a?-p7 mn'pxmnp* ta7e3xsen4 
2xaxbx3xaxb' PRR Sar i xy 2a’ hb? x 3ab* e ey 
—— ax" y 
2Xx° xX y' 10-x?.57 > 2wyt 10x2y% 
—— dy 
10xxxy 10x°y" * e 
Press ENTER after each Press EXE after each 
entry. ; entry. 
Be sure to include the m'npxm np =m'n'p* o 
multiplication sign between = 247 x 3ab* = 6a°h! ‘Ng Stwvard Coby Pad 
each variable. wy xy mnpxm np = m'°n'p' 
10x’y? = 2a°b* x 3ab* = 6a*b! 
rwyt xy 
10x°y" 5 


Third Index Law 


Any term (excluding 0) with an index of 0 is equal to 1. 


a =1, a0 


WORKED EXAMPLE 12 Simplifying terms with indices of zero 


Simplify each of the following. 
a. (2b3 ) : 


b. —4(ab5)" 
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THINK WRITE 


a. 1. Write the expression. a. (263)° 
2. Apply the Third Index Law, which states that any = || 
term (excluding 0) with an index of 0 is equal to 1. 
b. 1. Write the expression. b. —4(a7b° i 
2. The entire term inside the brackets has an index of 0, = —4 xl 
so the bracket is equal to 1. 
3. Simplify. = —4 


Fourth Index Law 

When a power (a) is raised to a power, the indices are multiplied. 
(a”)" =a™ 

Fifth Index Law 


When the base is a product, raise every part of the product to the index 
outside the brackets. 


(aby” =a™b™ 
Sixth Index Law 


When the base is a fraction, raise both the numerator and denominator to the 
index outside the brackets. 


WORKED EXAMPLE 13 Simplifying terms in index form raised to a power 


Simplify each of the following. 


me \ 
a. (2n4)° b. (3a2b7)° c. (=) d. (-4) 
ny 
THINK WRITE 
a. 1. Write the term. ay (2n* ie 
2. Apply the Fourth Index Law and simplify. Se a 
=o 
= Sr 
b. 1. Write the expression. b. (3a*b’) ; 
2. Apply the Fifth Index Law and simplify. SoS xa xb 
= 33 gop?! 
= an 
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23 \* 
c. 1. Write the expression. G (=) 


4 
y 
Q'X4 yy 3x4 
2. Apply the Sixth Index Law and simplify. = a 
yy 
pier 
el 
y 6 
d. 1. Write the expression. d. (—4)° 
2. Write in expanded form. =—-4x-4x—-4 
3. Simplify, taking careful note of the negative sign. = —64 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-d. a-d. a-d. a-d. 
On a Calculator page, use SEDREDEEY > “incice pang On the Main screen, use the © edit Action lnteractiva 
the brackets and complete : Be brackets and complete the entry = : 
the entry line as: band) lines as: 
} 
(2nt)" (0207) nabs | (2n') 
3 
(3a°b’)* 3\4 Prag (30°b")_ 
yt oe —_ 
2x3 \* a 6 (= ) 
y* [ey “64 | y" 
(-4)° el? 
Press Enter after each (2 4) 3 gal? Press EXE after each entry. 
entry. . i e 
(3a7b’) =27a°b" tig ‘Standard fal Red Gl 
a3\* 16,12 (2n*)” = 8n'"? 
yt J yl (3a°b’)” = 27a°b"! 
4 
(—4)' = —64 ae tie 
a = ae 
(—4)? = -64 


ion) Resources 


co) 
[4 eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 


g Digital documents SkilISHEET Index form (doc-5168) 
SkilISHEET Using a calculator to evaluate numbers given in index form (doc-5169) 


(C) Video eLesson Index laws (eles- 1903) 


J Interactivities Individual pathway interactivity: Review of index laws (int-4652) 


First Index Law (int-3709) 

Second Index Law (int-3711) 

Third Index Law (int-3713) 

Fourth Index Law — Multiplication (int-37 16) 
Fifth and sixth index laws (int-G063) 
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Exercise 1.5 Review of index laws learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
1,4, 7, 10, 13, 15, 18, 21, 22, 26 2,5, 8, 11, 14, 16, 19, 23, 24, 27 3, 6, 9, 12, 17, 20, 25, 28 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
| WE11a,b | For questions 1 to 3, simplify each of the following. 


ia oxa b. a Xaxa c. bxb xb’ d. ab? x ab? 
2. a. m’n® Xmen! b. a*b?c X abc? c. mnp X mn} p* d. 2ax3ab 

273 apy dys 3 2 45 ay Es 3,3 3,2 laa 
3. a. 4a*b’ x 5a De! b. 3m’ X2mn* X6m*n? cc. 4x i ae d. 2x°y es eT 


ROSES For questions 4 to 6, simplify each of the following. 


7 
4.a.a°+a3 b. a’ =a c. b& +b? d. sic 
3a3 
21b° 48m8 mn 2x4y3 
a. — ‘<> c. d. 
7b? 12m? mn? Axty 
5 434 34,2 
6. a. Tab°ct + ab*ct : eal a c. ae 
16m? n? p* 28x7y72" 
ES For questions 7 to 9, simplify each of the following. 
a a b. (2b)° c. (3m2)° 
@. a 3x" b. 4b° c. —3X(2n)” 
a\° 0 
9. a. 4a° — (2) b. Sy°— 12 c. 5x°— (Sxy) 


ES For questions 10 to 12, simplify each of the following. 


oe. Coy b. (205)* . (2) 


3 
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13. HS) a. 2m'°n? is the simplified form of: 


6m'9n4 


A. nn? X2m'*n? Bz. 
b. The value of 4 — (5a)° is: 
A. —1 B. 9 


3n 


14. WG a. 4a*b x b* x 5a’ simplifies to: 


A. 9a>b8 B. 20a>b’ 
15x" X32? simplifies to: 
Qx!9 x x4 
A. 5x? B. 9x 
3p! x 8q? 
: eas simplifies to: 
.pP X4q 
44 
A. 2q4 Bo 
Tab + Toa simplifies to: 
Se Sg 
‘ 49a*b 25a°b 
395 49 


Understanding 


For questions 15 to 17, evaluate each of the following. 


15. a. 23x2?x2 


35 x 46 


16. a. 
34 x 44 


44x 56 


17. a. 
43x59 


For questions 18 to 20, simplify each of the following. 


18. a. (x)* 
_m xn x (mn)° 


wm 


n? md 


Reasoning 


Cc (2m5n2)” D 
Cc. 1 
C. 20a5b8 
C. 5x”? 
4 
a 2 
2 
Cc. ab 
b. 2x 32x 2? 
. 2 
b. (2?*5) 
3 5,94)9 
b. (33 x 2+) 
b. a? x (p4)° 
a . 
_ (S) 
b (any 


21. Explain why a? x a? =a? and not a°. 


22. Is 2x ever the same as x*? Explain your reasoning using examples. 


23. Explain the difference between 3x° and (3x). 


3 E. 5 
9a°b! E. 21a°b® 
9x? E. 5x 
44 4 
pig a 
24 24 
3 
ab? a 25ab 
49 
c (52) 


9 
—~ 
MI] Ww 
NS 

ww 
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24. a. Complete the table for a=0, 1, 2 and 3. 


a 0 1 2 3 


3a2 x 5a 


b. Analyse what would happen as a becomes very large. 


25. Evaluate algebraically the exact value of x if 4**4 = 2°, Justify your answer. 


Problem solving 


26. Binary numbers (base 2 numbers) are used in computer operations. As the 
name implies, binary uses only two types of numbers, 0 and 1, to express 
all numbers. A binary number such as 101 (read one, zero, one) means 
(1x2?) + (0x2!) + (1x 2°) =4+0+41=5 (in base 10, the base we are 
most familiar with). 

The number 1010 (read one, zero, one, zero) means 


(1x23) + (0x2?) + (1x2!) + (0x 2°) =84+0+2+0=10. 
If we read the binary number from right to left, the index of 2 increases 


by one each time, beginning with a power of zero. Using this information, 
write out the numbers | to 10 in binary (base 2) form. 


27. Solve for x: 
EP Xx7 1+2x 
ay 
28. For the following: 


= 16807 b. 2*—5(2*)=—4 


a. determine the correct answer 
b. identify the error in the solution. 


a’b>c ue abc . 
ab? ab? 
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1.6 Negative indices 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e evaluate expressions involving negative indices 
e simplify expressions involving negative indices and re-write expressions so that all indices are positive. 


® 1.6.1 Negative indices and the Seventh Index Law 


eles-4670 3 
; . a ; ; bie 8 F : 
e Consider the expression. = This expression can be simplified in two different ways. 


axaxa 


axaxaxaxXa 
1 


axa 


3 
. : a 

1. Written in expanded form: = 
a 


2. Using the Second Index Law: “=a 


= a’ 


1 
. . . . —2 ees 
e Equating the results of both of these simplifications we get a~“ = oe 


lea 
e In general, a = — (1 =a") 


=q°-" (using the Second Index Law) 


= aq” 


This statement is the Seventh Index Law. 


Seventh Index Law 


A term raised to a negative index is equivalent to 1 over the original term with 
a positive index. 


Ge = i 
q" 


e The converse of this law can be used to rewrite terms with positive indices only. 


e Itis also worth noting that applying a negative index to a fraction has the effect of swapping the numerator 
and denominator. 


Note: It is proper mathematical convention for an algebraic term to be written with each variable in alphabetical 


should be written as ; 
yo —s cty® 


order with positive indices only. For example: 
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WORKED EXAMPLE 14 Writing terms with positive indices only 


Express each of the following with positive indices. 


a. x79 b. 2m~4n? a == 
THINK WRITE 
a. 1. Write the expression. a. x 
2. Apply the Seventh Index Law. =— 
b. 1. Write the expression. b. 2m—4n? 


2. Apply the Seventh Index Law to write the =| 
expression with positive indices. 


c. 1. Write the expression and rewrite the c. —=4+a> 
fraction, using a division sign. 


2. Apply the Seventh Index Law to write the =4+— 
expression with positive indices. 


oe : : a 
3. To divide the fraction, change fraction — a 
division into multiplication. 


WORKED EXAMPLE 15 Simplifying expressions with negative indices 


Simplify each of the following, expressing the answers with positive indices. 


2x4y? 2m3 \~? 
a. ab xa*b b. 2 c: (=) 

3xy> n- 
THINK WRITE 
a. 1. Write the expression. aoe <a Dd 

2. Apply the First Index Law. Multiply terms = Ga Dat 
with the same base by adding the indices. = g-3p-2 
1 


3. Apply the Seventh Index Law to write the = == 


372 
answer with positive indices. a 
. 20 ye 
b. 1. Write the expression. b. z 
3xy 
Dye 
2. Apply the Second Index Law. Divide terms = = 
with the same base by subtracting the indices. 23y-3 
3 
: oe 
3. Apply the Seventh Index Law to write the mies 
answer with positive indices. 3y 
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=) 
; : 2m? 
c. 1. Write the expression. c. | —~ 


9-2 —6 
2. Apply the Sixth Index Law. Multiply = - 
the indices of both the numerator and ie 
denominator by the index outside 
the brackets. 
1 
3. Apply the Seventh Index Law to express all =e 
terms with positive indices. 2'mn 
1 
4. Simplify. a 
ee 4m*n* 


WORKED EXAMPLE 16 Evaluating expressions containing negative indices 


Evaluate 6 x 3~> without using a calculator. 


THINK WRITE 
1. Write the multiplication. 643° 
1 
2. Apply the Seventh Index Law to write 3~? with a =6xX> 
positive index. 3 
6 
3. Multiply the numerator of the fraction by the whole Se 
number. : 
4. Evaluate the denominator. = 2 
Serre 2 
5. Cancel by dividing both the numerator and = 9 


denominator by the highest common factor (3). 


ion) Resources 


a) 
[4 eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 
® Video eLesson Negative indices (eles-1910) 


&} Interactivities Individual pathway interactivity: Negative indices (int-4563) 
Negative indices (int-6064) 
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Exercise 1.6 Negative indices 


learn@j) 


Individual pathways 


@ PRACTISE 
1, 4, 7, 10, 13, 15, 17, 18, 28, 31 


lm CONSOLIDATE 


29, 32 


2, 5, 8, 11, 14, 16, 19, 20, 23, 26, 


m@ MASTER 


3,6, 9, 12, 21, 22, 24, 25, 27, 30, 
33 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


BS For questions 1 to 3, express each of the following 


6a 


3. a b. 
3b~? 


3a 


with positive indices. 
ce. 2a” 
e, 60°b- 1c 


; Ta—* 
" 2673 


2men-> 


" 3q72p4 


ES For questions 4 to 6, simplify each of the following, expressing the answers with positive indices. 


4. a. @b-? xa>b7! 


d. 4a3b* + ab’ e. 2xy® + 3x2y° 


6m*n 4x’y? 

5. a. 5x72y? + 6xy” b. ——— om 
y Jy 2n3m°® xy? 
7 ,-4\~2 —2,-3)4 2p” 
6. a. A(p qd ) b. 3(a b ) c. | — 
3¢° 


b. 2x7 y «3x4 y 


2 


2m?2n-* 


6nPn7! 


(5) 
* \ 2p73 


—2,,—3 


c. 3m?n-> x m=2n 


e. (2a3m*)~° 


6a2 


e. ey 


RS For questions 7 to 9, evaluate each of the following without using a calculator. 


La b. 6-2 
Sa dx? b. 5x67 
0594 
9a. =x5-2x34 oo 
3 a7 
10. Write each of these numbers as a power of 2. 
a. 8 b. 
8 
11. Solve each of the following for x. 
a. 125=5* b. Le c. liz 
16 7 
12. Solve each of the following for x. 
a. 1=8* b. 64=4* ee 
64 


38 Jacaranda Maths Quest 10 + 10A 


c. 3-4 
6 
Cc. 7-3 
53x 25° 
257 x 5-4 
c. 32 
d. 216=6 
eee 
64 


d. 3-2 x 23 


4 -3 
4: x3 
9-3 


34x 42 


d. —————- 
i xis" 


1 
d. — 
64 


e. 0.01 = 10° 


13. Evaluate the following expressions. 


14. Write the following expressions with positive indices. 


a = 
b. B 


15. Evaluate each of the following, using a calculator. 


a b. 12~* oT 
16. Evaluate each of the following, using a calculator. 
iy a\~ 
a. (3) b. (3) c. (0.04)~> 
2 4 
Understanding 
17. 0g = is the same as: 
an4 
4 ! 4 
A. 4a B. —4a C.a D. — E. —a 
a 
1, 
1s. 1g 3 is the same as: 
A. 23 a a on a eet 
9-3 
; ; ay ST 
19. OG Select which of the following, when simplified, gives Ae 
n 
—4,-2 -2 
re a B.3%2> xn xn a 
2-2m-4 
2,-2 
ze E. 3m‘ x 2?n-? 
3-!m-4 
20. ES When simplified, 3a~*b~7 + (Sa) is equal to: 
2 2 2 
=o raed = el a 
a®b' 4a® 4b bs b 
21. EIS) When (2x°y-4)° is simplified, it is equal to: 
18 18 12 gyl2 18 
read B. — ae cS E. — 
yl? 8yl? 8x18 x18 6y!? 
20 \* 8b° ; 
22. HG if rey is equal to a then x and y (in that order) are: 
a 
A. —3 and —6 B. —6 and —3 c.—3 and 2 D. —3 and —2 E. —2 and —3 
23. Simplify, expressing your answer with positive indices. 
mn (mn-2) 5(a3b-3) (Sa~2b) 
7 —— a ; 
mn (n-Sn (ao) (a*6) 
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24. Simplify, expanding any expressions in brackets. 


a. (+53) (F —53) b. (m> +n)” 
(x1)? x ath eas psorn : P 
A#D y¢ 2b po! (p)' (p!2x)° 
25. Write ( Uae ) in the form 2“t?, 
2?" x 16 


26. Write 2—” x 3—™ x 62” x 37” x 27" as a power of 6. 


27. Solve for x if 4* — 4°! = 48. 


Reasoning 
28. Consider the equation y = S Clearly x #0 as . would be undefined. 
x x 


Explain what happens to the value of y as x gets closer to zero coming from: 
a. the positive direction b. the negative direction. 
29. Consider the expression 2~”. Explain what happens to the value of this expression as n increases. 


30. Explain why each of these statements is false. Illustrate each answer by substituting a value for the 


pronumeral 
1 
. d. 2c-* = — 


a. 5x9 =1 b. 9x° + (3x) = 3x c. @+a'=a 
ae 


Problem solving 


31. Solve the following pair of simultaneous equations. 


y 
ge! ang 2 2125 
9° 125 
ght? 4 gf? 
32. Simplify ~—*—. 
Dey x4 4" 


33. Solve for x and y if 5*~” = 625 and 3” x 3” = 243. 


Hence, evaluate ——————_.. 
7 MS 


1.7 Fractional indices (10A) 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e evaluate expressions involving fractional indices 
e simplify expressions involving fractional indices. 


® 1.7.1 Fractional indices and the Eighth Index Law 


eles-4671 1 


° Consider the expression a2. Now consider what happens if we square that expression. 


1 
(«) = a (Using the Fourth Index Law, (a’")" =a") 
2 
e From our work on surds, we know that (va) =a. 
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1\2 2 1 
e Equating the two facts above, (<7) = (va ) . Therefore, a2 = a. 
t 1. 2 7.iy? f.. 4 
° Similarly, b3 x b3 x b3 = (+) = b implying that b3 = Vb. 
1 
e This pattern can be continued and generalised to produce an = tVa. 


m 1 m ua 
. _ mx= cee 
e Nowconsider:a7 =a" oran= 


Eighth Index Law 


: : : m. : 
A term raised to a fractional index — is equivalent to the nth root of the term 
n 


raised to the power m. 


oP = (8) 


WORKED EXAMPLE 17 Converting fractional indices to surd form 


Write each of the following expressions in simplest surd form. 
3 


1 
a. 102 b. 52 
THINK WRITE 
1 1 

a. Since an index of 5 is equivalent to taking the a. 102 = 10 

square root, this term can be written as the square 

root of 10. 

3 

b. 1. A power of : means the square root of the bh 52 = ws 


number cubed. 


2. Evaluate 5°. = 4 IIPS) 


3. Simplify V/125. = 51/5 


WORKED EXAMPLE 18 Evaluating fractional indices without a calculator 


Evaluate each of the following without using a calculator. 


. 3 
a. 92 b. 162 
THINK WRITE 
1 
a. 1. Rewrite the number using Eighth Index Law. eh 2 = /9 
2. Evaluate. =3 
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m m 
b. 1. Rewrite the number using av = (ya) : 


2. Simplify and evaluate the result. 


WORKED EXAMPLE 19 Evaluating fractional indices with a calculator 


Use a calculator to determine the value of the following, correct to 1 decimal place. 
1 


1 
a. 104 


THINK 


a. Use a calculator to produce the answer. 


b. Use a calculator to produce the answer. 


b. 2005 


WRITE 


1 
a. 104 = 1.77827941 
21.8 


1 
b. 2005 = 2.885399812 


wz 2.9 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a. a. a-b. a-b. 
In a new document on a LREMREMERY) neces wo BX] On the Main screen, complete [@ eat Action interactive 
Calculator page, complete i i the entry lines as: po SOOO: _ 
a entry line as: 104 ‘a4 103 104 eae? 
104 | ps | 1,77827941 2003 loot 
Then press ENTER. aM a Press EXE after each entry. |p —* 
To convert the answer to | Note: Change Standard to | 
decimal press: Deci 
ecimal. 
° MENU 
e 2: Number 1 
e 1: Convert to Decimal 104 = 1.77827941 
Then press ENTER. w 1.8 
| o 
a 
b. b. 
1 
Dray UO Neo ne Cs. > ES 104 = 1.77827941 
Calculator page, complete Fi a er 
the entry line as: es £5.55 i 
I su 72 i 
1 3= 2 
2005 23 edetsoiais 2005 = 2.885399812 
Then press ENTER. 55.25 }pDecimal 2.9 


To convert the answer to 
decimal press: 

© MENU 

e 2: Number 

e 1: Convert to Decimal 
Then press ENTER. 


1 
2005 = 2.885399812 
2.9 
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WORKED EXAMPLE 20 Simplifying expressions with fractional indices 


Simplify each of the following. 


fe 
i 2 1 xa’ 
a. m5 xm5 b. (a7b?)6 Cul ee 
y4 
THINK WRITE 
1 2 
a. 1. Write the expression. a. m5 Xm5 
3 
2. Multiply numbers with the same base by adding the =i 
indices. 
1 
b. 1. Write the expression. b. (a*b*)6 
23 
2. Multiply each index inside the grouping symbols = ab6b6 
(brackets) by the index on the outside. 
11 
3. Simplify the fractions. = a3b2 
il 
2\p 
. : x3 
c. 1. Write the expression. Ca) 
y4 
il 
3 
2. Multiply the index in both the numerator and denominator = 5 
by the index outside the grouping symbols. y8 


ion) Resources 


afin) 
[4 eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 


S| Digital documents SkilISHEET Addition of fractions (doc-51 76) 
SKilISHEET Subtraction of fractions (doc-5177) 
SkilISHEET Multiplication of fractions (doc-5178) 
SkilISHEET Writing roots as fractional indices (doc-5179) 


(C) Video eLesson Fractional indices (eles- 1950) 


ae Interactivities Individual pathway interactivity: Fractional indices (int-4564) 
Fractional indices (int-6107) 


Exercise 1.7 Fractional indices (10A) learn@) 
Individual pathways 

@ PRACTISE @ CONSOLIDATE @ MASTER 

1,3, 7, 10, 13, 15, 17, 20, 23, 25, 2, 4, 5, 8, 11, 14, 18, 21, 26, 6, 9, 12, 16, 19, 22, 24, 27, 30, 

28, 31 29, 32 33, 34 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 
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Fluency 


For questions 1 to 4, write the following in surd form. 


1 
4. a. 152 b. m4 c. 7 


3 
2. a. w8 b. wi-25 c. 533 d. a3 


3. a. Vi b. 57 c. Vor! d. V8 
4. a. W/x7 b. wld c. 10/W5 d. V11" 


5, ES) Evaluate each of the following without using a calculator. 
1 1 1 
a. 162 b. 252 c. 812 


6. Evaluate each of the following without using a calculator. 


1 1 L 
a. 83 b. 643 c. 814 


ES For questions 7 to 9, use a calculator to evaluate each of the following, correct to 1 decimal place. 


1 1 1 
7. a. 52 b. 75 c. 89 
3 3 2 
8. a. 128 b. 1009 c. 503 
3 2 
4 3\4 4\3 
9. a. (0.6)5 b. { — c. | — 
4 5 
For questions 10 to 19, simplify each of the expressions. 
3 1 1 3 1 ol 
10. a. 45 x 45 b. 28 X28 c. a2 Xa3 
3 2 1 1 3 2 
11. a. x4 xX x5 b. 5m3 X 2m5 c. al x 4b7 
2 22 3 1 
12. a. —4y? x y9 b. gat x 0.05a4 c. 5x° xX x2 
23 13 32 11 L 3 4 
13. a. a3b4 xX a3b4 b. x5y9 X x5y3 c. 2ab3 X 3a5b5 
3 112 22 lili 231 3 3 
14. a. 6m7 X gene b. x3y273 x x6y3z2 c. 2a5b8c4 x 4b4c4 
4 3 32 22 3 4 3 
15. a. Py? + x3 y5 b. a9b3 + a5b5 c. m8n7 + 3n8 
3 3 Zl 
4 21 5a4b5 8g4 
16. a. 10x5y+5x3y4 b. — = Cc. . 2 ; 
20a5 b4 7p3 q6 
3 1 
5 


lom 
a 
Nn 
WIN 
NWS 
Ale 
fo) 
fs 
nN 
ale 
See” 
an 


3 
17. a. (2) 
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Understanding 


BE For questions 20 to 22, simplify each of the following. 


4? 
ms 
a 

ns 

2 


23. Di a. y5 is equal to: 


A. (%) 


b. k3 is not equal to: 


A («) 


1. 
c. — is equal to: 


3 aay" 
b (a*b)4 c. (35%) 
2 
L 3 \3 
122 a4 
b 5(x25335] c. | — 
b 
2 1 
3\3 2 
bs 4x 
b. 7 Cc. 3 
co 2y4 


3 l 
24, WG a. If (a4) is equal to a4, then m and n could not be: 


A. 1 and3 


b. When simplified, ( 


B. 2and6 


p 


bp 


25. Simplify each of the following. 


a. Vad 


26. Simplify each of the following. 


a. V 16x4 


m\ im 
an . 
=) is equal to: 


Cc. 3and8 D. 4and9 E. both C and D 
mp me 
TT P np 

G5 a e = 


pn “nin 


= 
S15 
> 
3 


c. Vmlé 


c. W16x8y!2 
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27. Simplify each of the following. 
a. V27mn!5 b. +/32p5q'0 c. V216aSb!8 


Reasoning 


28. The relationship between the length of a pendulum (ZL) in a grandfather clock and 
the time it takes to complete one swing (T) in seconds is given by the following 
rule. Note that g is the acceleration due to gravity and will be taken as 9.8. 


1 
2 
r=2n( 4) 
&§ 


a. Calculate the time it takes a 1 m long pendulum to complete one swing. 
b. Determine the time it takes the pendulum to complete 10 swings. 
c. Determine how many swings will be completed after 10 seconds. 


29. Using the index laws, show that Vv 32a5b10 = 2ab?. 


30. To rationalise a fraction means to remove all non-rational numbers from the 
2 
denominator of the fraction. Rationalise 


by multiplying the numerator 
34+ Vb 


and denominator by 3 — /b3 , and then evaluate if b =a? and a =2. Show all of 
your working. 


Problem solving 


31. Simplify: 
11 
x+2x2y2+y—z i 


1 1 1 
(x +y2 +2) ve 


3 il ot 3 iol 
32. Expand G +m2n2 + miin-+n) (nm -n?). 


2 Il 2 2 
ms —2m5n5 + ns — ps 
L L L 
ms —n5 — ps 


33. Simplify 


34. A scientist has discovered a piece of paper with a complex formula written on it. She thinks that someone 
has tried to disguise a simpler formula. The formula is: 


AT 3924/53 ae 2 \? 
a oP eh( MO) «( b ) 
a 


vVa'lb 


a. Simplify the formula using index laws so that it can be worked with. 

b. From your simplified formula, can a take a negative value? Explain. 

c. Evaluate the smallest value for a for which the expression will give a rational answer. Consider 
only integers. 
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1.8 Combining index laws 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e simplify algebraic expressions involving brackets, fractions, multiplication and division using 
appropriate index laws. 


@® 1.8.1 Combining index laws 


eles-4672¢ ~When it is clear that multiple steps are required to simplify an expression, expand brackets first. 


e When fractions are involved, it is usually easier to carry out all multiplications first, leaving one division as 
the final process. 

e Make sure to simplify terms to a common base, before attempting to apply the index laws. 

For example: 52" x 25° = 5* x (52) = 52" 56 = 526, 

Finally, write the answer with positive indices and variables in alphabetical order, as is convention. 


WORKED EXAMPLE 21 Simplifying expressions in multiple steps 


Simplify each of the following. 


(2a)*b4 ‘ 3n-2 x grt 
6a3b? 34 
THINK WRITE 
2a)*b* 
a. 1. Write the expression. ‘ 2) : 
6a b* 
1 414 
2. Apply the Fourth Index Law to remove the bracket. = cane 
a 
4-3 p4—2 
3. Apply the Second Index Law for each number and = ee a 
pronumeral to simplify. 2 
b 
4. Write the answer. = = 
2 n+l 
b. 1. Write the expression. b. —- 
Home 
Bee x 32 n+l 
2. Rewrite each term in the expression so that it has a = = 
base of 3. (34) 
n—Z 2n+2 
3. Apply the Fourth Index Law to expand the brackets. = — 
3n 
4. Apply the First and Second Index Laws to simplify = a 5 
and write your answer. 3 
1 
a Bia 
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WORKED EXAMPLE 22 Simplifying complex expressions involving multiple steps 


Simplify each of the following. 


Txy? 2mPn x 3m'n4 
a. (2a°b)* x 4a7b? : ae eS 
(3x3y?2)" Tmn> x mn? 
THINK WRITE 
a. 1. Write the expression. a. (2a°b)* x 4a°b? 
2. Apply the Fourth Index Law. Multiply each index =2'qb xag pb 
inside the brackets by the index outside the brackets. 
3. Evaluate the number. = 16a eb: K4aeh 
4. Multiply coefficients and multiply pronumerals. —lox4 <a pS 
Apply the First Index Law to multiply terms with the = 64q!4p7 
same base by adding the indices. 
Tay? 
b. 1. Write the expression. b. 5 
(3x7y’) 
. Tay? 
2. Apply the Fourth Index Law in the denominator. ar 
Multiply each index inside the brackets by the index ony 
outside the brackets. 
he Ixy"? 
3. Apply the Second Index Law. Divide terms = 
with the same base by subtracting the indices. 9 
1 : os 7 
4. Use a~™ = — to express the answer with positive = — 
a” Oxy 


indices. 


: : 2nPn Xx 3m'n* 
c. 1. Write the expression. alae, 
Tne n? X mn 


6m!?n? 
2. Simplify each numerator and denominator by = SES 
multiplying coefficients and then terms with the same Tm'n 
base. 
ae : 6m'n® 
3. Apply the Second Index Law. Divide terms with the = 
same base by subtracting the indices. 7 
6m® x 1 
4. Simplify the numerator using a° = 1. = = 
7 
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WORKED EXAMPLE 23 Simplifying expressions with multiple fractions 


Simplify each of the following. 


(5a2b>)” a*b° 8m?n-4* — 4m-?n~4 
a. ——— xX b. + 
qa (a°b)" ( Rae 6m—2n 
THINK WRITE 
Sep 25 
a. 1. Write the expression. a. pumas ea 5 
a” (ab) 
2 41,6 2 b> 
2. Remove the brackets in the numerator of the first = eld 2 x = ; 
fraction and in the denominator of the second fraction. avb 
F : Ban: 
3. Multiply the numerators and then multiply the = Tae 
denominators of the fractions. (Simplify across.) ab 
4. Divide terms with the same base by subtracting the =290 pb" 
indices. (Simplify down.) 
: Spun as 250" 
5. Express the answer with positive indices. Sa 
a 
8m3n-* — 4m-?2n-4 


b. 1. Write the expression. 


(6mn2)° ~ 6m~>n 


8m3n-4 . 4m-2n-* 


2. Remove the brackets. = See 
216m°n 6m->n 


8men—4 6m~n 
3. Multiply by the reciprocal. = Se Se 
poe P 216m3n® = 4m-?2n~*4 
A =) .—3 
4. Multiply the numerators and then multiply the = esc 
denominators. (Simplify across.) 864mn 
na : nae 
5. Cancel common factors and divide pronumerals with = 
the same base. (Simplify down.) ils 
1 
6. Simplify and express the answer with = 
18m} n> 


positive indices. 


ion) Resources 


om) 
[4 eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 


¥} Interactivities Individual pathway interactivity: Combining index laws (int-4565) 


Combining index laws (int-6108) 
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Exercise 1.8 Combining index laws learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
1,4, 7, 10, 13, 16, 17, 23, 26 2,5, 8, 11, 14, 18, 19, 21, 24, 27 3, 6, 9, 12, 15, 20, 22, 25, 28 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
ZA For questions 1 to 3, simplify each of the following. 


4. a. Barb?) x 2a4b} b. (4ab5)° x 3a3b® c. 2m n-5 x (m?n-3) © 
3,2 2 43 T p22 37,3)2 2-293 5\—4 
2. a. (2pq°) x (5p7q"*) b. (2a’b*) x Barb’) c. 5(b*c~*) X 3(be?) 
ae 3 4\2 3 i iy? 
3. a. 6x2y3 X (458) b. (16m?n*)4 x (min’) 


WIN 


21 4 13 _ 12 = 13 
c. 2(ia3) x3 (vier?) d. (80545) x (64%?) 


I For questions 4 to 6, simplify each of the following. 


5a°b? 4x° 6 (3m?n?) 
a. 3 b. ae Cc. ~~ - «7 
(2a3b) (2xy3) (2m°n>) 
4x3yl0 6 3q@3p-5 37h5 3 
5 (2°) 0 . (288) 
Qx7y" (2a7b*) 2g4h 
2 
ill 2 _4 (x54) 
(5p°q3) 3b°C3 
6. a. —————————_ b. Cc... ——————_ 
Spe = 


2 3 
1 1\3 2 _11\ 2 
25(p2a" x3y 4z3 


ZS For questions 7 to 9, simplify each of the following. 


2a*b x 3a*b* 4m®n? x 12mn> 10m°n? x 2m?n?3 
——————_s-— b. ———-———_ C.. ———_——!— 
4b 6m'n® 12m4n x 5m?n3 
. 6x7? x 4x%y (6x7 yy" ; 5x7y? x xy? 
* Oxy? x 2x3 © Qx5y? x dary ~ 10x34 x x4y? 
3 3 31 43 
ab x 2(ab>) ‘ (p°q’) ~ X3pq 6x2y2 X x5y5 
a. ——__— a Cc. 
6(a2b3)” x atb 2p-*q-? x (Spqt) L\5 44 
2 (:*y) X 3x2y5 
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BE For questions 10 to 12, simplify each of the following. 


to a Oey 20% (2a°) _ 4ab$ 5, catty (nny! 
 5a4b? ab? 10a’? 63 ~ (mSn)? (mn)? 
5oX * 24 tae \" 204 + Ax-Sy-3 3x56 
a 2mn x Omen 5 xy Oe ata : xy $3 ry 
= 5 3,10 : 3,5 10 : 2 4-2-7 
3mn 4mn 3x°y 2y (x2y?) 2°-*x"y 
1 
1 \2 
os 1/1 4a4b 21 ! 
Sp°q- Sp°¢' : 2a2b3 ( ) 3x3y5_ 4x2 
ager a 3p? b. a Cc. ii” 3 
P 6a3b2 b4a Ox3y4 x4y 
BE For questions 13 to 15, simplify each of the following. 
4 5b}, ab Te ( 3ab 
* 6a'b>  3ab° © 3a°b’ © \ 2a°b* 
14 4a?\* _ (3a’\* b Sx2y°_(4x®y)” ey, Ae 
. a. ra Ta ap . re aac. Cc. axe = = oe 
(2x"y’) y XY (3x-“y*) 
1 
34 4,6 \ —2 1 3 ii 3 ; 2 at. 3 
15. a. _amED as mali b. 4m2n4 + one c. asics +(2be 7) 2 
2m~>n-> m'n ae u 
8m4n2 6c5b 
Understanding 
16. Evaluate each of the following. 
- = 26 x 39)" 
a. (52X2)' x (53x 2) (5x27!) b. (22x38) 2 
vig dae al 
17. Evaluate the following for x = 8. (Hint: Simplify first.) 
2 
(2x)? x (2) a 
2) (8y" 
°Y x ObY x (Saby” 
18. a. Simplify the following fraction: gale hai 
(@) X5(3b’) 
b. Determine the value of y if the fraction is equal to 125. 
3 
19. £1 Select which of the following is not the same as (4xy)?. 
1 
3 3 3 (2x3 y3)2 1 : 
A. 8x2y2 B. (/4xy) C. 1 64x33 oe E. 4xy2 x (2xy’)? 
(v2) 
2 
20. ES The expression = a — is equal to: 
(2xy*y 16x 
2 
A. B. C. 2x2y6 pb. 2 e. 
xe b° xy? 128xy° 
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21. Simplify the following. 
l 1 
1 \2 453 
a. ny mn + V mn b. (g-2h)° x (4) Cc. Bucs 
n 


22. Simplify the following. 


3 1 3 32-2 —2 a eee) 2 3 1 
a.22x4 4x16 4 b. (5) (=o) c. (We)? x (Wa)? 


3-3p-3 atb-2 


Reasoning 


23. The population of the number of bacteria on a petri dish is modelled by N= 6 x 2'*!, where N is the number 
of bacteria after t days. 


a. Determine the initial number of bacteria. 
b. Determine the number of bacteria after one week. 
c. Calculate when the number of bacteria will first exceed 100 000. 


24. In a controlled breeding program at the Melbourne Zoo, the population (P) of koalas at ¢ years is modelled 
by P= Py x 10". Given Py = 20 and k=0.3: 


a. Evaluate the number of koalas after 2 years. 
b. Determine when the population will be equal to 1000. Show full working. 


25. The decay of uranium is modelled by D = Dy X 2. It takes 6 years for the mass of uranium to halve. 
Giving your answers to the nearest whole number, determine the percentage remaining after: 


a. 2 years b. 5 years c. 10 years. 


Problem solving 
26. Solve the following for x: 27*+? — 27*-! — 28 =0. 


Qx+1 _ 72x-1 
27. Simplify i z a 


36x 2 — 252 
4-4 
28. Simplify <*2 > 
C+z 7-52 
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1.9 Application of indices: Compound interest 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e calculate the future value of an investment earning compound interest 
e calculate the amount of interest earned after a period of time on an investment with compound interest. 


® 1.9.1 Application of indices: compound interest 


eles-4673 F 5 7 és ‘ : 
e One practical application of indices is compound interest. 


e Compound interest is the type of interest that is applied to savings in a bank account, term deposits and 
bank loans. 

e Unlike simple interest, which has a fixed amount of interest added at each payment, compound interest 
depends on the balance (or principal) of the account. This means that the amount of interest increases with 
each successive payment. It is often calculated per year (per annum or p.a.) 

e The following graph shows how compound interest increases over time. Each interest amount is 20% of the 
previous balance. As the balance grows, the interest increases and the balance growth accelerates. 


Compound interest (20% p.a. over 8 years) 


| 
ee | i Balance 


35 000 fpf ts eae 
Interest p.a. 


| 
| 
10000 
5000 
0 > 
2 


3 4 5 6 7 8 
Time (years) 


Compound interest 


e The amount to which the initial investment grows is called the compounded value or future value. 
e Compound interest can be calculated by methodically calculating the amount of interest earned at each 
time, and adding it to the value of the investment. 


WORKED EXAMPLE 24 Calculating compound interest step by step 


Kyna invests $8000 at 8% p.a. for 3 years with interest paid at the end of each year. Determine the 
compounded value of the investment by calculating the simple interest on each year separately. 


THINK WRITE 
1. Write the initial (first year) principal. Initial principal = $8000 
2. Calculate the interest for the first year. Interest for year 1 = 8% of $8000 


= $640 > 
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3. Calculate the principal for the second year Principal for year 2 = $8000 + $640 
by adding the first year’s interest to the = $8640 
initial principal. 


4. Calculate the interest for the second year. Interest for year 2 = 8% of $8640 
= $691.20 
5. Calculate the principal for the third year Principal for year 3 = $8640 + $691.20 
by adding the second year’s interest to the = $9331.20 
second year’s principal. 
6. Calculate the interest for the third year. Interest for year 3 = 8% of $9331.20 
= $746.50 


7. Calculate the future value of the investment Compounded value after 3 years = $9331.20 + $746.50 
by adding the third year’s interest to the third = $10 077.70 
year’s principal. 


e To calculate the total amount of interest received, subtract the initial value from the future value. 
e In Worked example 24, the total amount of interest is $10 077.70 — $8000 = $2077.70. 


@® 1.9.2 The compound interest formula 


eles-5357 
e Calculating compound interest in a step by step manner is very time consuming, particularly for an 


investment or loan over 20 or more years. 
e By investigating the process however, we are able to simplify things and create a formula to calculate 
compound interest over extended periods of time. 
e To increase a number by a certain percentage we can multiply the number by a decimal that is greater 
than 1. For example, to increase a number by 8%, multiply by 1.08. 
e Consider Worked example 24. Let the compounded value after n years be A,. 
e The initial value of the investment (after 0 years) is $8000. 
Therefore, Ag = 8000. 
e After 1 year, 8% interest has been added to the investment. 
Therefore, A; = 8000 x 1.08 
e After 2 years, another 8% interest has been added to the investment. 
Therefore, A, = (8000 x 1.08) x 1.08 = 8000 x (1.08) 
e After 3 years, another 8% interest has been added to the investment. 
Therefore, A; = (8000 x 1.08 x 1.08) x 1.08 = 8000 x (1.08)° 
° Continuing this pattern, the value of the investment after n years is given by A,, = 8000 x (1.08)”. 


x 1.08 x 1.08 x 1.08 x 1.08 x 1.08 
Ao = $8000 A, = $8640 Ay = $9331.20 A3=$10077.70 .... Aq =$8000 x 1.08” 


ee 
x 1.08! % 1.082 % 1.083 To 


e We can simplify this so that we skip all of the values in the middle and focus on the initial value (principal) 
and the final (future) value. 
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Compound interest formula 


For any investment or loan, the balance after n compounding periods is given by: 


A=P(1+n)" 
where: 
e Ais the future value of the investment in $ 
e P is the principal (initial value of the investment) in $ 
e ris the interest rate per compounding period as a decimal. (Note: The pronumeral 
ican also be used in the formula to represent the interest rate.) 
e nis the number of compounding periods. 


e The interest, (J), can then be calculated using the formula: 


I=A-—P 


WORKED EXAMPLE 25 Using the compound interest formula 


William has $14 000 to invest. He invests the money at 9% p.a. for 5 years with interest 
compounded annually. 

a. Use the formula A = P(1 +1)" to calculate the amount to which this investment will grow. 
b. Calculate the compound interest earned on the investment. 


THINK WRITE 


a. 1. Write the compound interest formula. a. A=P(1 + nr)" 


2. Write down the values of P, r and n. P=SiIAO0o, -=] O02, a= 5 


3. Substitute the values into the formula. A = $14000 x 1.09° 


4. Calculate. = $21 540.74 
The investment will grow to $21 540.74. 
b. Calculate the compound interest earned. by — AP 
= $21 540.74 — $14 000 
= $7540.74 


The compound interest earned is $7540.74. 


TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-b. a-b. a-b. a-b. 

On a Calculator page, store REMREIERA > rice: so x] On the Main screen, complete © Edit Action Interactive 

the value of p. To do this, | psw34000 Tie the entry line as: Bae S ooo e 


solvo(A=Px( 148)", A) [R=0, > © 


complete the entry line as: (A=21540, 73537) | 


solve (A=Px(1+7n)",A)|r= 


| dcavelicp (147) a))p=0.09 and nas 


p: = 14000 oars Be 0.09In = 5|P = 14000 Ce ee 
Then press: Then press EXE and complete p 

© MENU | a=21540.7353686-p @=7540.735 qchaen, 

e 3: Algebra |! 

e 1: Solve | 


Complete the entry line as: 


solve (a= px(1+7)",a) 
|r = 0.09 andn=5 

Then press ENTER and 
complete as shown. 


The investment will grow to 

$21 540.74. 

The compound interest earned is 
$7540.74. 


TOPIC 1 


‘lg Oscimal Feel Oeg a 


The investment will 
grow to $21 540.74 
The compound interest 
earned is $7540.74. 
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® 1.9.3 Compounding period 


eles-5358 
e In Worked example 25, interest is paid annually. Interest can be paid more regularly — it may be paid 


six-monthly (twice a year), quarterly (4 times a year), monthly or even daily. 
e The frequency of interest payment is called the compounding period. 
In general, the time period of a loan will be stated in years and the interest rate will be quoted as % p.a. 
(per annum). If the compounding period is not annual, these values must be adjusted in the compound 
interest formula. 
For example, an investment over 5 years at 6% p.a. compounding quarterly will have: 


n=5X4=20 compounding periods 


= = 1.5% =0.015 


Calculating n and r for different compounding time periods 


e nis the total number of compounding time periods: 
n=number of years X number of compounding periods per year 


e ris the interest rate per compounding time period: 


interest rate per annum 


a eC ee ann ce 
number of compounding periods per year 


WORKED EXAMPLE 26 Calculating the future value of an investment 


Calculate the future value of an investment of $4000 at 6% p.a. for 2 years with interest 
compounded quarterly. 


THINK WRITE 
1. Write the compound interest formula. A=P(1 + vn” 
2. Write the values of P, n and r. The number of P = $4000, 


compounding periods, n, is 4 compounding periods n= 2x4=8 

per year for two years. The interest rate, 7, is the — 6 = 100=0.015 
interest rate per annum divided by the number of 

compounding periods per year, expressed as 


a decimal. 
3. Substitute the values into the formula. A = $4000 x 1.015° 
4. Calculate the future value of an investment. = $4505.97 


The future value of the investment is $4505.97. 
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TI | THINK 


Use the finance functions 
available on the calculator for 
this question. 

On a Calculator page, press: 

e MENU 

© 8: Finance 

e 2: TVM Functions 

e 5: Future Value 

Complete the entry line as: 
tvmFV(8, 1.5, 4000, 0) 

Press ENTER. 

Note that the number of 
compounding periods is 8, that 


DISPLAY/WRITE 


aS 16017 


twmFV(8,1.5,4000,0) -4505.97 


The future value is $4505.97. 


CASIO | THINK 


On the Financial screen, press: 
© Compound Interest 

Enter the values as shown in 
the screenshot. The FV is 

left blank. Tap it and it will 
calculate the value. 

Note that the number of 
compounding periods is 8, that 
is 4 times a year for 2 years, 


6 
and the interest is - = 1.5% 
4 


quarterly. 


DISPLAY/WRITE 


© Edit Calctt) Calc(z) 
BHOBes| 


fe) is 

| Pv} 4000 

[pr] 0 

[Fv] ~4505. 970346 

Jad 1 

ory 1 

| Hele |Formst 

Solve End a 


The future value is $4505.97. 


is 4 times a year for 2 years, 
6 
and the interest is — = 1.5% 


quarterly. 


ion) Resources 


om) 
[4 eWorkbook _— Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 


& Interactivities Individual pathway interactivity: Compound interest (int-4636) 


Compound interest (int-6075) 
Compounding periods (int-6186) 


Exercise 1.9 Application of indices: Compound interest learn@) 


Individual pathways 


M@ PRACTISE 
1,4, 7, 9, 10, 14, 19, 22 


Hi CONSOLIDATE 
2,5, 8, 11, 15, 17, 20, 23 


@ MASTER 
3, 6, 12, 13, 16, 18, 21, 24 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


For questions 1 to 3, use the formula A = P(1 +r)" to calculate the amount to which each of the following 
investments will grow with interest compounded annually. 


1. a. $3000 at 4% p.a. for 2 years b. $9000 at 5% p.a. for 4 years 


2. a. $16000 at 9% p.a. for 5 years b. $12500 at 5.5% p.a. for 3 years 


3. a. $9750 at 7.25% p.a. for 6 years b. $100 000 at 3.75% p.a. for 7 years 


For questions 4 and 5, calculate the compounded value of each of the following investments. 
4. a. $870 for 2 years at 3.50% p.a. with interest compounded six-monthly 


b. $9500 for 2. years at 4.6% p.a. with interest compounded quarterly 


5. a. $148 000 2. for years at 9.2% p.a. with interest compounded six-monthly 
b. $16000 for 6 years at 8 p.a. with interest compounded monthly 
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6. Calculate the compounded value of each of the following investments. 


a. $130000 for 25 years at 12.95% p.a. with interest compounded quarterly 
b. $250 000 for 8.5 years at 6.75% p.a. with interest compounded monthly 


Understanding 


7. E23 Danielle invests $6000 at 10% p.a. for 4 years with interest 
paid at the end of each year. Determine the compounded value of the 
investment by calculating the simple interest on each year separately. 


8. Ben is to invest $13 000 for 3 years at 8% p.a. with interest paid 
annually. Determine the amount of interest earned by calculating the 
simple interest for each year separately. 


9. M29 simon has $2000 to invest. He invests the money at 6% p.a. for 6 years 
with interest compounded annually. 


a. Use the formula A = P(1 +r)” to calculate the amount to which this investment will grow. 
b. Calculate the compound interest earned on the investment. 


10. EXZ23 calculate the future value of an investment of $14.000 at 7% p.a. for 3 years with interest 
compounded quarterly. 


11. A passbook savings account pays interest of 0.3% p.a. Jill has $600 in such an account. Calculate the amount 
in Jill’s account after 3 years, if interest is compounded quarterly. 


12. Damien is to invest $35 000 at 7.2% p.a. for 6 years with interest compounded six-monthly. Calculate the 
compound interest earned on the investment. 


13. Sam invests $40 000 in a one-year fixed deposit at an interest rate of 7% p.a. with interest 
compounding monthly. 


a. Convert the interest rate of 7% p.a. to a rate per month. 
b. Calculate the value of the investment upon maturity. 


14. HA sum of $7000 is invested for 3 years at the rate of 5.75% p.a., compounded quarterly. The interest paid 
on this investment, to the nearest dollar, is: 


A. $1208 B. $1308 C. $8208 D. $8308 E. $8508. 


15. OS After selling their house and paying off their mortgage, Mr and Mrs 
Fong have $73 600. They plan to invest it at 7% p.a. with interest 
compounded annually. The value of their investment will first exceed 
$110 000 after: 


A. 5 years 
B. 6 years 
C. 8 years 
D. 10 years 
E. 15 years 


16. £119 Maureen wishes to invest $150 000 for a period of 7 years. The following investment alternatives are 
suggested to her. The best investment would be: 


A. simple interest at 8% p.a. 

B. compound interest at 6.7% p.a. with interest compounded annually 

C. compound interest at 6.6% p.a. with interest compounded six-monthly 
D. compound interest at 6.5% p.a. with interest compounded quarterly 

E. compound interest at 6.4% p.a. with interest compounded monthly 
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17. HS An amount is to be invested for 5 years and compounded semi-annually at 7% p.a. Select which of the 
following investments will have a future value closest to $10 000. 


A. $700 B. $6500 C. $7400 D. $9000 E. $9900 
18. Jake invests $120 000 at 9% p.a. for a 1-year term. For such large investments interest is compounded daily. 
Calculate the daily percentage interest rate, correct to 4 decimal places. Use 1 year = 365 days. 
Hence, calculate the compounded value of Jake’s investment on maturity. 
Calculate the amount of interest paid on this investment. 


Calculate the extra amount of interest earned compared with the case where the interest is calculated only 
at the end of the year. 


ao 5 p 


Reasoning 
19. Daniel has $15 500 to invest. An investment over a 2-year term will pay interest of 7% p.a. 
a. Calculate the compounded value of Daniel’s investment if the compounding period is: 


i. 1 year ii. 6 months iii. 3 months iv. monthly. 
b. Explain why it is advantageous to have interest compounded on a more frequent basis. 


20. Jasmine invests $6000 for 4 years at 8% p.a. simple interest. David also invests $6000 for 4 years, but his 
interest rate is 7.6% p.a. with interest compounded quarterly. 


a. Calculate the value of Jasmine’s investment on maturity. 

b. Show that the compounded value of David’s investment is greater than Jasmine’s investment. 

c. Explain why David’s investment is worth more than Jasmine’s investment despite receiving a lower rate 
of interest. 


21. Quan has $20 000 to invest over the next 3 years. He has the choice of investing his money at 6.25% p.a. 
simple interest or 6% p.a. compound interest. 


a. Calculate the amount of interest that Quan will earn if he selects the simple interest option. 
b. Calculate the amount of interest that Quan will earn if the interest is compounded: 
i. annually ii. six monthly iii. quarterly. 

c. Clearly Quan’s decision will depend on the compounding period. Explain the conditions under which 
Quan should accept the lower interest rate on the compound interest investment. 

d. Consider an investment of $10000 at 8% p.a. simple interest over 5 years. Use a trial-and-error method to 
determine an equivalent rate of compound interest over the same period. 

e. State whether this equivalent rate be the same if we change: 
i. the amount of the investment ii. the period of the investment. 


Problem solving 
22. A building society advertises investment accounts at the following rates: 


i. 3.875% p.a. compounding daily 
ii. 3.895% p.a. compounding monthly 
iii. 3.9% p.a. compounding quarterly. 


Peter thinks the first account is the best one because the interest is calculated more frequently. Paul thinks 
the last account is the best one because it has the highest interest rate. Explain whether either is correct. 


23. Two banks offer the following investment packages. 
Bank west: 7.5% p. a. compounded annually fixed for 7 years. 
Bank east: 5.8% p. a. compounded annually fixed for 9 years. 


a. Determine which bank’s package will yield the greatest interest. 
b. If a customer invests $20 000 with Bank west, determine how much she would have to invest with Bank 
east to produce the same amount as Bank west at the end of the investment period. 
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24. a. Consider an investment of $1 invested at 100% interest for 1 year. Calculate the value of the investment if 
it is compounded: 
i. quarterly ii. monthly iii. daily iv. once every hour. 
b. Comment on the pattern you notice as the compounding period become more frequent. Do you notice 
any connection to an important mathematical constant? 


1.10 Logarithms (10A) 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
© convert between index form and logarithmic form 
e evaluate logarithms and use logarithms in scale measurement. 


® 1.10.1 Logarithms 


eles-4676 
e The index, power or exponent in the statement y = a’ is also known as a logarithm (or log for short). 


Ya Logarithm or index or power or exponent 


7=o. 


Mes Base 


e This statement y =a* can be written in an alternative form as log y=.x, which is read as ‘the logarithm of y 
to the base a is equal to x’. These two statements are equivalent. 


e For example, 37 =9 can be written as log, 9 =2. The log form would be read as ‘the logarithm of 9, to the 
base of 3, is 2’. In both forms, the base is 3 and the logarithm is 2. 

e It helps to remember that the output of a logarithm would be the power of the equivalent expression in 
index form. Logarithms take in large numbers and output small numbers (powers). 


WORKED EXAMPLE 27 Converting to logarithmic form 


Write the following in logarithmic form. 


a. 104=10000 b. 6° =216 
THINK WRITE 
a. 1. Write the given statement. a. 10* = 10000 
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2. Identify the base (10) and the logarithm (4) and log, (10 000) = 4 
write the equivalent statement in logarithmic 
form. (Use a*=y@ log, y=, where the base 
is a and the log is x.) 


b. 1. Write the given statement. b67 = 216 
2. Identify the base (6) and the logarithm (x) and log (216) = x 


write the equivalent statement in 
logarithmic form. 


WORKED EXAMPLE 28 Converting to index form 


Write the following in index form. 


1 
a. log, (8) =3 b. log,5(5) = A 
THINK WRITE 
a. 1. Write the statement. a. log, (8) = 3) 
2. Identify the base (2) and the log (3), and write the B=8 


equivalent statement in index form. Remember that 
the log is the same as the index. 


1 
b. 1. Write the statement. b. log,.(5) = 5 


1 
2. Identify the base (25) and the log (3) , and write the D2 = 5 


equivalent statement in index form. 


e In the previous examples, we found that: 
log, (8) =3@ 2?=8 and log, )(10 000) =4< 10* = 10000. 


We could also write log,(8) =3 as log, (2°) =3 and log (10 000) = 4 as log, (10) =4. 


e Can this pattern be used to work out the value of log,(81)? We need to find the power when the base of 3 is 
raised to that power to give 81. 


WORKED EXAMPLE 29 Evaluating a logarithm 


Evaluate log, (81). 

THINK WRITE 

1. Write the log expression. log, (81) 

2. Express 81 in index form with a base of 3. = log, (3*) 
3. Write the value of the logarithm. =4 
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@® 1.10.2 Using logarithmic scales in measurement 


ee Logarithms can also be used to display data sets that cover a 


range of values which vary greatly in size. For example, 
when measuring the amplitude of earthquake waves, some 
earthquakes will have amplitudes of around 10000, whereas 
other earthquakes may have amplitudes of around 10000 000 
(1000 times greater). Rather than trying to display this data on a 
linear scale, we can take the logarithm of the amplitude, which 
gives us the magnitude of each earthquake. 
e The Richter scale uses the magnitudes of earthquakes to display 
the difference in their power. 
The logarithm that is used in these scales is the logarithm with 
base 10, which means that an increase by | on the scale, is an 
increase of 10 in the actual value. 
The logarithm with base 10 is often written simply as log (x), 
with the base omitted. 


WORKED EXAMPLE 30 Real world application of logarithms 


Convert the following amplitudes of earthquakes into values on the Richter scale, correct to 
1 decimal place. 

a. 1989 Newcastle earthquake: amplitude 398 000 

b. 2010 Canterbury earthquake: amplitude 12 600 000 

c. 2010 Chile earthquake: amplitude 631 000 000 


THINK WRITE 

a. Use a calculator to calculate the logarithmic a. log(398 000) =5.599. .. 
value of the amplitude. Round the answer to = 510 
1 decimal place. The 1989 Newcastle earthquake rated 5.6 on the 
Write the answer in words. Richter scale. 

b. Use a calculator to calculate the logarithmic b. log(12 600 000) =7.100. .. 
value of the amplitude. Round the answer to =7/,l 
1 decimal place. The 2010 Canterbury earthquake rated 7.1 on the 
Write the answer in words. Richter scale. 

c. Use a calculator to calculate the logarithmic c. log(631 000 000) = 8.800. . . 
value of the amplitude. Round the answer to =8.8 
1 decimal place. The 2010 Chile earthquake rated 8.8 on the 
Write the answer in words. Richter scale. 


Displaying logarithmic data in histograms 


e If we are given a data set in which the data vary greatly in size, we can use logarithms to transform the data 
into more manageable figures, and then group the data into intervals to provide an indication of the spread 
of the data. 
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WORKED EXAMPLE 31 Creating a histogram with a log scale 


The following table displays the population of 10 different 
towns and cities in Victoria (using data from the 2011 census). 
a. Convert the populations into logarithmic form, correct to 


2 decimal places. 


b. Group the data into a frequency table. 


c. Draw a histogram to represent the data. 


THINK 

a. Use a calculator to calculate the 
logarithmic values of all of the 
populations. Round the answers to 
2 decimal places. 


b. Group the logarithmic values into class 
intervals and create a frequency table. 


c. Construct a histogram of the data set. 


Town or city Population 
Benalla 9328 
Bendigo 76051 
Castlemaine 9124 
Echuca 12613 
Geelong 143 921 
Kilmore 6142 
Melbourne 3.707 530 
Stawell 5734 
Wangaratta 17377 
Warrnambool 29 284 
WRITE 
*- |Town or city log(population) 
Benalla 3.97 
Bendigo 4.88 
Castlemaine 3.96 
Echuca 4.10 
Geelong 5.16 
Kilmore 3.79 
Melbourne 6.57 
Stawell 3.76 
Wangaratta 4.24 
Warrnambool 4.67 
2 log(population) | Frequency 
3-—<4 4 
4—<5 4 
5- <6 1 
6-—<7 1 
c: A 
J 34 
B24 
14 


i=) 


3 4 5 6 
Log (population) 
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ion) Resources 


ay 
[4 eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 


S Interactivity Logarithms (int-6194) 


Exercise 1.10 Logarithms (10A) learn@) 
Individual pathways 

B PRACTISE CONSOLIDATE @ MASTER 

1,4, 5, 9, 12, 14, 17, 20 2, 6, 8, 10, 13, 15, 18, 21 3, 7, 11, 16, 19, 22 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


For questions 1 to 3, write the following in logarithmic form. 


1. a. 42=16 b. 25 =32 c. 34=81 d. 6? = 36 e. 1000= 10° 
2. a. 25=52 b. B=x c. 5*=125 d. 7 =49 e. p'= 16 

1 , ff 1 3 
3. a. 92 =3 b. 0.1 =107 c. 2=83 d. Bos e. 42=8 


4. (09 The statement w= /’ is equivalent to: 
A. w=log (h) B. h=log(w) C. t=log (A) D. t= log, (w) E.h= log 


BS For questions 5 to 7, write the following in index form. 


5. a. log,(16) =4 b. log, (27) =3 Cc. log, )( 000000)=6 d. log,(125) =3 
1 1 
6. a. log (4) = ; b. log (64) =x Cc. 7 = log, (7) d. log,@) =5 
1 1 
7. a. log, (9) = . b. log, .(0.01) =—2 Cc. log, (8) =] d. log,,(4) = 3 


8. ES The statement g= log (p) 1s equivalent to: 
A. q=r B. p=r! C.r=p! D.r=q? E.p=qd' 


BE For questions 9 to 11, evaluate the following logarithms. 


9. a. log,(16) b. log (16) c. log, (121) d. log ,.(100 000) 
10. a. log,(243) b. log,(128) c. log.(1) d. log, (3) 

1 : 1 1 : 1 
11. a. log, 5 b. log, (6) c. log, 706 d. log,,,(5) 
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12. Write the value of each of the following. 
a. log, )(1) b. log, (10) 


13. Write the value of each of the following. 
a. log,)(1000) b. log, (10 000) 


Understanding 


14. Use your results to question 12 and 13 to answer the following. 


a. 
b. 
c. 


15. a. 
b. 
Cc. 


Between which two whole numbers would log ,,(7) lie? 
Between which two whole numbers would log, (4600) lie? 
Between which two whole numbers would log, (85) lie? 


Between which two whole numbers would log, ol2 750) lie? 
Between which two whole numbers would log (110) lie? 
Between which two whole numbers would log ,,(81 000) lie? 


c. log, (100) 


c. log, (100 000) 


16. EE Convert the following amplitudes of earthquakes into values on the Richter scale, correct to 
1 decimal place. 


a. 
b. 
Cc. 


2016 Northern Territory earthquake: amplitude 1 260000. 
2011 Christchurch earthquake: amplitude 2 000 000. 
1979 Tumaco earthquake: amplitude 158 000 000. 


Reasoning 


17. a. 
b. 
Cc: 


If log )(g) =, determine the value of log, , (97). Justify your answer. 


If log .(y) = 2, determine the value of log (x). Justify your answer. 


By referring to the equivalent index statement, explain why x must be a positive number given 


log, (x) = y, for all values of y. 


18. Calculate each of the following logarithms. 


a. log, (64) b. log, (=) 


19. Calculate each of the following logarithms. 


a. log, (243) b. log, (x) 


Problem solving 


20. For each of the following, determine the value of x. 


a. 


1 
log {| —~ }=-5 b. log (343) =3 
(5) e343) 


21. Simplify 10'°80™, 


22. Simplify the expression 37~'°8s 


(x) 


c. log, (0.00001) 


c. log, (v'125) 


1 
c. lo x)=—-- 
Bay G ) 2 
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1.11 Logarithm laws (10A) 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e simplify expressions using logarithm laws. 


@® 1.11.1 Logarithm laws 


eles-4678 = e_ Recall the index laws: 
a” 
Index Law 1: a” xa" =a™t" Index Law 2: — =a™™" 
a 
Index Law 3: a9 =1 Index Law 4: (a”)" =a’"™ 
a\" a™ 
Index Law 5: (ab)” = ab” Index Law 6: ( *) = oa 
_m_ | ee a 
Index Law 7: a7" = - Index Law 8: an = “/a 


e The index laws can be used to produce a set of equivalent logarithm laws. 


Logarithm Law 1 


° Ifx=a™ and y=a", then log, x=m and log, y=n (equivalent log form). 


Now xy=a"xa" 

or xy=anen (First Index Law). 

So log Gy)=m+n (equivalent log form) 

or log (xy) =log_ x+log_ y (substituting for m and n). 


Logarithm Law 1 


log, (x) + log, (y) = log, (xy) 


e This means that the sum of two logarithms with the same base is equal to the logarithm of the product of 
the numbers. 


WORKED EXAMPLE 32 Adding logarithms 


Evaluate log,)(20) + log,)(5). 


THINK WRITE 
1. Since the same base of 10 used in each log log, )(20) + log, (5) = log, .(20 a) 
term, use log (x) + log (y) = log (xy) = log,,(100) 
ee 10 
and simplify. 
2. Evaluate. (Remember that 100 = 10°.) 2 
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Logarithm Law 2 


° Ifx=a” and y=a’", then log (x) =m and log (y) =n (equivalent log form). 


Now *= _ 
y 
or a qa” (Second Index Law). 
y 
So log, (*) =m—n (equivalent log form) 
y 
or log , (*) = log (x) — log.) (substituting for m and n). 
y 


Logarithm Law 2 


log, (x) — log, (y) =log, (*) 
y 


e This means that the difference of two logarithms with the same base is equal to the logarithm of the 
quotient of the numbers. 


WORKED EXAMPLE 33 Subtracting logarithms 


Evaluate log, (20) — log, (5). 


THINK WRITE 


2 
1. Since the same base of 4 is used in each log term, use log,(20) — log, (5) =log, (2) 
log (x) — log () =log, ( *) and simplify. = log, (4) 
» 


2. Evaluate. (Remember that 4 = 4!.) = {I 


WORKED EXAMPLE 34 Simplifying multiple logarithm terms 


Evaluate log, (35) + log; (15) — log; (21). 


THINK WRITE 
1. Since the first two log terms are being added, use log. (35) = log.(15) — log, (21) 
log @) + log) = log (xy) and simplify. = log, (35 x 15)— log, (21) 


os log, (525) —log,(21) 


2) 
2. To find the difference between the two remaining log = log, (=) 
terms, use log (x) — log (y) =log, (=) and simplify. = log, (25) 
y 
3. Evaluate. (Remember that 25 = 57.) =2 
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
On a Calculator page, press Financial og On the Math! keyboard Git kaka ‘wana 
CTRL log (above 10*) and Jog (35)+10g (15)-log. (21) 2 screen, tap: .) [ea] S* [tals] Te] [ea] S* [tals] Te] Simy | sy} v H+] 9 
complete the entry line as: s 8 2 5 | lout logis (35) +108 (15) ~log,(21) z 
log.(35) + log.(15) — | ; 
he ob Bs(15) Complete the entry line as: p 
3 log.(35) + log,(15) - log,(21) 
Then press ENTER. Then press EXE. 
log.(35) + log.(15) — log.(21) =2 
tac —i 
‘Aig Decimsl Real Deg Gil 
log.(35) + log.(15) — log.(21) =2 


e Once you have gained confidence in using the first two laws, you can reduce the number of steps of 
working by combining the application of the laws. In Worked example 34, we could write: 


log,(35) + log.(15) — log,(21) = log, (exe ) 
= log, (25) 
= 2 
Logarithm Law 3 
° Ifx=a”™, then log (x) =m (equivalent log form). 
Now veay 
or =a" (Fourth Index Law) 
So log, (x")=mn (equivalent log form) 
or log, x") = (log, (x)) xn (substituting for m) 
or log, (x") =n log (@) 


Logarithm Law 3 
log (x") =nlog (x) 


e This means that the logarithm of a number raised to a power is equal to the product of the power and the 
logarithm of the number. 


WORKED EXAMPLE 35 Simplifying a logarithm of a number raised to a power 


Evaluate 2log,(3) + log,(4). 
THINK WRITE 


1. The first log term is not in the required form to 2 log,(3) + log, (4) = log, (37) + log, (4) 
use the log law relating to sums. Use = log, (9) + log, (4) 
log, (x") =nlog_ (x) to rewrite the first term in 
preparation for applying the first log law. 


2. Use log (x) + log (y) = log, (xy) to simplify the = log.(9 x 4) 
two log terms to one. = log, (36) 
3. Evaluate. (Remember that 36 = 67.) =) 
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Logarithm Law 4 


e As veal (Third Index Law) 


log (1) =0 (equivalent log form) 


Logarithm Law 4 


log, (1) =0 


e This means that the logarithm of 1 with any base is equal to 0. 
Logarithm Law 5 


e AS a=da 


log (a) =1 (equivalent log form) 


Logarithm Law 5 


log,(a) =1 


e This means that the logarithm of any number a with base a is equal to 1. 


Logarithm Law 6 


* Now log, (+) =log, (x~') (Seventh Index law) 
x 
or log, (+) =-1x log (x) (using the fourth log law) 
x 
1 
or log, (+) = — log (x). 
x 


Logarithm Law 6 


log, (=) == log, (x) 
x 


Logarithm Law 7 


e Now log (a*) =xlog_ (a) (using the third log law) 
or log (@)=xx1 (using the fifth log law) 
or log, (a) =x. 


Logarithm Law 7 


log, (a*) =x 
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ion) Resources 


om) 
[4 eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 


i Interactivities The first law of logarithms (int-6195) 
The second law of logarithms (int-6196) 
The third law of logarithms (int-6197) 


The fourth law of logarithms (int-6198) 
The fifth law of logarithms (int-6199) 
The sixth law of logarithms (int-6200) 
The seventh law of logarithms (int-6201) 


Exercise 1.11 Logarithm laws (10A) learn@) 


Individual pathways 


M@ PRACTISE Hi CONSOLIDATE m@ MASTER 
1, 2, 3, 6, 9, 12, 13, 15, 18, 22, 4,7, 10, 14, 16, 19, 21, 23, 27, 5, 8, 11, 17, 20, 24, 25, 28, 31 
26, 29 30 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. Use a calculator to evaluate the following, correct to 5 decimal places. 


a. log, (50) b. log, ,(25) 


c. log, (5) 


d. log, ,(2) 


2. Use your answers to question 1 to show that each of the following statements is true. 


a. log, ,(25) + log, (2) = log ,,(50) 
c. log, )(25) = 2 log (5) 


BEA For questions 3 to 5, evaluate the following. 


b. log (50) — log, ,(2) = log, (25) 
d. log, )(50) — log, .(25) — log, ,(2) =log,,(1) 


3. a. log, (3) + log, (2) - log ,(8) + log,(8) 
4. a. log,,(25) + log, (4) . log,(32) + log,(16) 
5. a. log.(108) + log, (12) - log, ,(2) + log 47) 


ED For questions 6 to 8, evaluate the following. 
6. a. log,(20) — log, (5) 


7. a. log, (24) — log, (6) 


8. a. log,(648) — log (3) 


BE For questions 9 to 11, evaluate the following. 


9. a. log, (27) + log,(2) — log,(6) 


10. a. log,(78) —log,(13) + log.(1) 
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: log ,(54) - log,(2) 
- log (30 000) — log (3) 


; log, (224) - log, (7) 


- log, (24) — log, (2) — log, (6) 


- log, (120) — log, (3) — log, (5) 


11. a. log, (15) + log, (3) — log, (315) b. log, (80) — log, (8) — log, (30) 
12. Evaluate 2 log, (8). 


| WESS | For questions 13 to 17, evaluate the following. 


13. a. 2 log y(5) + log, (4 b. log,(648) —3 log,(2) 
14. a. 4log,(10) — log,(80) b. log, (50) + = log,(16) — 2 log,(5) 
15. a. log,(8) b. log.(1) c. log, (+) d. log, (4°) 
16. a. log, (6-7) b. log,,(20) c. log, (1) d. log, (=) 
1 1 
17. a. log, (=) b. log. (v5) c. log, (+ d. log, (sv2) 


Understanding 
For questions 18 to 20, use the logarithm laws to simplify each of the following. 


18. a. log (5) + log (8) b. log (12) + log (3) —log (2) 
c. 4 log (2) + log (3) . log (100) — 2 log (5) 


[oe 


19. a. 3 log (x) — log, (x*) b. Slog (a) — log, (a*) 
c. log (6) — log (6x) . log, (a’) + log (1) 


1 1 
. 61 = d. 1 — 
1G) ~() 


21. LS Note: There may be more than one correct answer. 


a 


i?) 


20. a. log, (./p) b. log, (a) 


a. The equation y= 10" is equivalent to: 
A. x= 10” B. x=log,,(y) C. x= log (10) 
D. x= log, (10) E. x=log,,(10) 


b. The equation y= 10* is equivalent to: 
A.x=log,, (747) B.x=log,, (Wy) 


1 1 
C.x= 10% D.x= 7 log 90) 


E.x=4 log )(y) 


c. The equation y= 10°” is equivalent to: 


1 1 
A. x= 3 log, )0) B. x=log,, (>) C. x=log,.() —3 
2107 E. x=3log,,() 
d. The equation y= ma™ is equivalent to: 
1 ‘ 1 
A. x=-a"” B. x= log, (“) Cc. x=- (log (y) — log (m)) 
n y n 


D. v=1 tog, (2) E. v=ntog, (*) 
n m m 
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For questions 22 to 24, simplify, and evaluate where possible, each of the following without a calculator. 


22. a. log,(8) + log,(10) b. log,(7) + log,(15) c. log,)(20) + log,,(5) — d. log,(8) + log,(7) 


23. a. log,(20) — log, (5) b. log, (36) — log,(12) co log.(100) — log,(8) d. log, (+) + log,(9) 


24. a. log,(25) + log, (z) b. log ,,(5) — log, (20) c. log, (2) — log, (z) 


d. log, (9) + log, (4) — log,(12) e. log, (8) — log, (2) + log, (5) f. log,(24) — log, (2) — log, (6) 


25. M1 a. The expression log, (xy) 1s equal to: 


A. log, 9(x) X log, )() B. log,,(x) —log,,(y) C. log,,(x) +1log,.() 
D. ylog, E. x log () 
b. The expression log, , (x”) is equal to: 
A. xlog,.() B. ylog,.(x) C. 10log () 
D. log ,,() + log, 0) E. 10 log (x) 


c. The expression : log,(64) + log, (10) is equal to: 


A. log,(40) B. log,(80) C. tg, () 
D. 1 E. 2 
Reasoning 


26. For each of the following, write the possible strategy you intend to use. 
a. Evaluate (log, (81)) (log, (27), 

log (81) 

log (3) | 


c. Evaluate 5!°%5, 


b. Evaluate 


In each case, explain how you obtained your final answer. 


27. Simplify log,(10) + 2 log.(2) — 3 log, (10). 


28. Simplify log, (=) = slog. (3) =a log. (3). 


Problem solving 


29. Simplify log, (a° + a) —log, (a’ + a’). 


30. If 2log (x) =1+ log (8x— 15a), determine the value of x in terms of a where a is a positive constant and x is 
positive. 


31. Solve the following for x: 
log,(x + 2) + log,(«— 4) =3 
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1.12 Solving equations (10A) 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e simplify and solve equations involving logarithms using the logarithm laws and index laws. 


® 1.12.1 Solving equations with logarithms 
les-4679 
e The equation log (y) =~ is an example of a general logarithmic 


equation. Laws of logarithms and indices are used to solve 
these equations. 


WORKED EXAMPLE 36 Solving by converting to index form 


Solve for x in the following equations. 


a. log,(x) =3 b. logg(x) = —2 c. log,(x*) = —-16 d. logs(x —1)=2 
THINK WRITE 
a. 1. Write the equation. a. log, (x) = 3 
2. Rewrite using a‘ = y log (y) =x. 2 = 
3. Rearrange and simplify. x= 8 
b. 1. Write the equation. b. log.(x) = —2 
2. Rewrite using a* = y @ log (y) =x. 629 =% 
1 
3. Rearrange and simplify. 2S e 
et 
36 
c. 1. Write the equation. c. log, (x*) = —16 
2. Rewrite using log (x") =nlog (x). 4 log,(x) = —16 
3. Divide both sides by 4. log, (x) =-—4 
4. Rewrite using a* = y @ log (y) =x. 5) eas 
1 
5. Rearrange and simplify. a a 
eae 
81 
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d. 1. Write the equation. d. log.(x—1)=2 


2. Rewrite using a’ = y= log (y) =x. 5*=x-1 
3. Solve for x. = 5) 
eS US 


WORKED EXAMPLE 37 Solving for the base of a logarithm 


Solve for x in log, (25) = 2, given that x > 0. 


THINK WRITE 

1. Write the equation. log (25) = 2 

2. Rewrite using a* = y > log (y) =x. PS) 

3. Solve for x. X=) ((Decalise t=O) 


Note: x = —5 is rejected as a solution because x > 0. 


WORKED EXAMPLE 38 Evaluating logarithms 


Solve for x in the following. 


1 
a. log,(16) =x b. log, (5) =e c. logy (3) =x 
THINK WRITE 
a. 1. Write the equation. a. log,(16) =x 
2. Rewrite using a*=y log (y) =x. 2 = 1 
3. Write 16 with base 2. ph 
4. Equate the indices. ea 
: : 1 
b. 1. Write the equation. b. log, (=) = 
: ; 1 
2. Rewrite using a*=y > log (y) =x. 3 = 3 
el 
~3i 
Brena ee 
3. Write 3 with base 3. 3u= 3 
4. Equate the indices. se || 
c. 1. Write the equation. c. log,(3) =x 
2. Rewrite using a*=y > log (y) =x. oY = 3 
3. Write 9 with base 3. Qa 
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4. Remove the grouping symbols. Boo) 


5. Equate the indices. ae 


6. Solve for x. L= = 


WORKED EXAMPLE 39 Solving equations with multiple logarithm terms 


Solve for x in the equation log, (4) + log, (x) — log, (8) = 3. 


THINK WRITE 

1. Write the equation. log, (4) + log,(x) _ log, (8) — 
: : ; AL See 

2. Simplify the left-hand side. log, 5 = 


Use log (x) + log, (y) = log, (xy) and 
log (x) — log (y) = log, (*) : 


3. Simplify. log, (=) =3 
4. Rewrite using a’ =y @ log (y) =x. R= ; 
5. Solve for x. c= 
=2x8 
= lo 


ion) Resources 


a) 
[4 eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 


& Interactivity Solving logarithmic equations (int-6202) 


Exercise 1.12 Solving equations (10A) learn@) 
Individual pathways 

@ PRACTISE @ CONSOLIDATE @ MASTER 

1,4, 7, 10, 14, 17, 20 2, 5, 8, 11, 15, 18, 21 3, 6, 9, 12, 13, 16, 19, 22 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
RE For questions 1 to 3, solve for x in the following equations. 
1. a. log.(x) =2 b. log,(x) =4 c. log, (x) = —3 d. log, (x) =—2 e. log), iw) =4 
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2. a. log, (x7) =12 bb. log,(x+1)=3 — . log(x—2)=3 di. log, (2x-3)=0_ e@. log, (2x + 1) =0 


3. a. log,(—x) =—5 b. log,(—x) = —2 C: log.(1 —x)=4 d. log,)(5 — 2x) =1 
BE For questions 4 to 6, solve for x in the following equations, given that x > 0. 
2 
4. a. log (9) =2 b. log (16) =4 c. log (25) = 5 
5. a. lo (125) = b. lo (+)=-3 c. lo (4)--2 
» a. gy = 4 : gy 8 = Sy 64 
6. a. log (6?) =2 b. log. (47) =3 
BE For questions 7 to 9, solve for x in the following equations. 
1 
7. a. log,(8) =x b. log,(9) =x c. log, (z) =x 
1 
8. a. log, (=) =x b. log (2) =x c. log. (2) =x 
9. a. log. (1) =x b. log (1) =x c. logi(2)=x d. logi(9) =x 
2 3 
BR For questions 10 to 12, solve for x in the following. 
10. a. log,(x) + log, (4) = log, (20) b. log.(3) + log.(x) = log.(18) 
Cc. log.) — log,(2) =log,(5) d. log | )(x) — log, .(4) =log,,(2) 
11. a. log,(8) —log, (x) = log, (2) b. log,(10) — log, (x) = log,(5) 
Cc. log,(4) + log.) = 72. d. log, (x) + log, (5) =1 
12. a. 3 —log,)(x) =log,)(2) b. 5 — log, (8) = log, (x) 
c. log, (x) + log,(6) — log, (3) = log, (10) d. log, (x) + log, (5) — log,(10) = log, (3) 


sh 


e. log,(5) — log, (x) + log,(2) = log, (10) 


13. [9 a. The solution to the equation log, (343) = x is: 


log, (4) — log. (x) + log.(3) = log. (6) 


A. x=2 B. x=3 Cc. x=1 
D. x=0 E. x=4 

b. If log.(x) =4, then x is equal to: 
A. 4096 B. 512 Cc. 64 
D. 2 E. 16 

c. Given that log (3) = 7 x must be equal to: 
A. 3 B. 6 c. 81 
D. 9 E. 18 

d. Iflog (x)=0.7, then log, (a) is equal to: 
A. 0.49 B. 1.4 Cc. 0.35 
D. 0.837 E. 0.28 
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Understanding 


For questions 14 to 16, solve for x in the following equations. 


14. a. 2*=128 b. 3*=9 c. Bex d. 9 =1 e. 5*=625 
15. a. 64° =8 b. 6 = 6 c. 2*=2,/2 d. 3*= 7 e. 4#=8 

3 
16. a. 9 = 3/3 b. 2*= ss c. 3*t! =27/3 d.2-1= : e. atl= 


a2 32/2 82 


Reasoning 


17. The apparent brightness of stars is measured on a logarithmic scale 
called magnitude, in which lower numbers mean brighter stars. The 
relationship between the ratio of apparent brightness of two objects 
and the difference in their magnitudes is given by the formula: 


b 
my —m, = —2.5 log, , () 
1 


where m is the magnitude and b is the apparent brightness. Determine 
how many times brighter a magnitude 2.0 star is than a magnitude 
3.0 star. 


18. The decibel (dB) scale for measuring loudness, d, is given by the formula d= 10 log x 10'?) , where / is 
the intensity of sound in watts per square metre. 


a. Determine the number of decibels of sound if the intensity is 1. 

b. Evaluate the number of decibels of sound produced by a jet engine at a distance of 50 metres if the 
intensity is 10 watts per square metre. 

c. Determine the intensity of sound if the sound level of a pneumatic drill 10 metres away is 90 decibels. 

d. Determine how the value of d changes if the intensity is doubled. Give your answer to the nearest 
decibel. 

e. Evaluate how the value of d changes if the intensity is 10 times as great. 

f. Determine by what factor does the intensity of sound have to be multiplied in order to add 20 decibels to 
the sound level. 
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19. The Richter scale is used to describe the energy of earthquakes. A formula for the Richter scale is: 
R= : log, )(K) — 0.9, where R is the Richter scale value for an earthquake that releases K kilojoules (kJ) 
of energy. 


a. Determine the Richter scale value for an earthquake that releases the following amounts of energy: 


i. 1000 kJ ii, 2000 kJ iii. 3000 kJ iv. LOOOOkKJ =v. 100000kJ_ vi. 1000000 kJ 
b. Does doubling the energy released double the Richter . Ez; 

scale value? Justify your answer. 
c. Determine the energy released by an earthquake of: 


i. magnitude 4 on the Richter scale 
ii. magnitude 5 on the Richter scale 
iii. magnitude 6 on the Richter scale. 


d. Explain the effect (on the amount of energy released) 
of increasing the Richter scale value by 1. 

e. Explain why an earthquake measuring 8 on the 
Richter scale so much more devastating than one that 
measures 5. 


Problem solving 
20. Solve for x. 
ac 7 wae # 


21. Solve the following for x. 
GIxvy =8" x3? 


22. Solve {x : (3°) = 30x 3*-81}. 
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1.13 Review 


1.13.1 Topic summary 


Number sets 


Natural numbers: NV = {1, 2, 3,4,5.. 
,—2,-1,0,1,2...} 
9 


— 0.36, 2,—, 
7 


J 
¢ Integers: Z= {... 


¢ Rational numbers: Q = }—, 0.36} 
¢ Irrational numbers: J = {/2, z, e} 
¢ Real numbers: R= Q+/ 


Index notation 


¢ Index notation is a short way of writing a repeated 
multiplication. 
e.g. 2x 2x2x2x2x2can be written as 2°, which is 
read ‘2 to the power of 6’. 
¢ The base is the number that is being repeatedly multiplied 
and the index is the number of times it is multiplied. 
e.g.2°=2x2x2x2x2x2=64 


Index laws 


¢ Ist law: a” xa"=a"*" 


e 2nd law: a” an = Gia! 
° 3rd law: a® =1,a +0 


e 4th law: @\= qr*"= qa © Vat pee Nes 

¢ 5th law: (ab)"=a"b" ee 
ay a’ 

+ oth law: (F)= + mas (nyb)= 


¢ 7th law: a" = = 
4 @ 
* 8th law: a™= Va 


INDICES, SURDS AND LOGARITHMS 


Multiplying and dividing surds 


+ Vax vb = Vab 
° see ueouias 


+ A surd is any number that requires a Vx or \/x symbol 
and does not simplify to a whole number. 
e.g. 4/2 is asurd, but /9 = 3 is not. 

¢ To simplify a surd look for the highest square factor. 
e.g.V48 = V16 x 3 =4V3 

¢ Only like surds can be added and subtracted. 
e.g. 75,35 and -6y5 are like surds whereas /7 
and 2/11 are not like surds. 

¢ Surds are added and subtracted the same way like terms 
are combined in algebra. You may need to simplify first. 
e.g. 372 +772 —2V2 =10V2 — 2/2 =8V2 
e.g. V12 + 75 = 2V3 + 5V3=7V3 


Rationalising the denominator 


¢ Involves re-writing a fraction with a 
rational denominator. 


e.g. 2 = 2 ve _2v5, 
yon ey) IB) 
Db It may be necessary to multiply by the 
mie eee in order to rationalise. 
a ee aes 
eee © SG => 1? 


Compound interest 


¢ To calculate the value of an investment earning compound interest: 


e A= future value 


A=P(1+r)" 


e P=principal (starting value) 


e Index form: y = a* 
¢ Logarithmic form: log,(y) =x 
¢ Log laws: 

log,(x) + log,(y) = log, (xy) 


log, (x) — log,(y) = log, () 


log,(x)" = nlog,(x) 


log,(1) = 0 * Simplify both sides of the 
log,(a) = 1 equation so there is at most a 
1 single logarithm on each side. 
1084 6 Noe) ¢ Switch to index form or log form ° 
log,(a*) = x as required. 


* Each log law is equivalent to ee 


one of the index laws. 


= 


log,(x) =4 = x= 
7 => log;(7) =x 


° r =interest rate as a decimal (e.g. 7.5% p.a. is equal to 0.075 p.a.) 
¢ n=number of periods 


¢ To calculate the amount of interest earned: Interest = =A —P 


Compounding multiple times per year 


¢ The more frequently interest is 
compounded per year, the faster the 
value of an investment will grow. 

To account for this, adjust the rule for 
compound interest by: 

n= periods per year x years 


34 r = interest rate + periods per year 
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1.13.2 Success criteria 


Tick a column to indicate that you have completed the subtopic and how well you think you have understood it 
using the traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic 


Success criteria oO O @ 


1.2 | can define the real, rational, irrational, integer and natural numbers. 


| can determine whether a number is rational or irrational. 


1.3 | can determine whether the number under a root or radical sign is a surd. 


| can prove that a surd is irrational by contradiction. 


1.4 | can multiply and simplify surds. 


| can add and subtract like surds. 


| can divide surds. 


| can rationalise the denominator of a fraction. 


1.5 | can recall and apply the index laws. 


| can simplify expressions involving multiplication and division of terms with 
the same base. 


| evaluate expressions involving powers of zero. 


| simplify expressions involving raising a power to another power. 


1.6 | can evaluate expressions involving negative indices. 


| can simplify expressions involving negative indices and re-write expressions 
so that all indices are positive. 


1.7 | can evaluate expressions involving fractional indices. 


| can simplify expressions involving fractional indices. 


1.8 | can simplify algebraic expressions involving brackets, fractions, 
multiplication and division using appropriate index laws. 


1.9 | can calculate the future value of an investment earning compound interest. 


| can calculate the amount of interest earned after a period of time on an 
investment with compound interest. 


1.10 | can convert between index form and logarithmic form. 


| can evaluate logarithms and use logarithms in scale measurement. 


1.11 | can simplify expressions using logarithm laws. 


1.12 | can simplify and solve equations involving logarithms using the logarithm 
laws and index laws. 
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1.13.3 Project 


Other number systems 


Throughout history, different systems have been used to aid with counting. Ancient tribes are known to 
have used stones, bones and knots in rope to help keep count. The counting system that is used around the 
world today is called the Hindu-Arabic system. This system had its origin in India around 300—200BC . The 
Arabs brought this method of counting to Europe in the Middle Ages. 


The Hindu—Arabic method is known as the decimal or base 10 system, as it is based on counting in lots of 
ten. This system uses the digits 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9. Notice that the largest digit is one less than the 
base number, that is, the largest digit in base 10 is 9. To make larger numbers, digits are grouped together. 
The position of the digit tells us about its value. We call this place value. For example, in the number 325 , 
the 3 has a value of ‘three lots of a hundred’, the 2 has a value of ‘two lots of ten’ and the 5 has a value of 
‘five lots of units’. Another way to write this is: 


3x 100+2x10+5x1 or3x10?+2x10!+5x 10° 


In a decimal system, every place value is based on the number 10 raised to a power. The smallest place 
value (units) is described by 10°, the tens place value by 10!, the hundreds place value by 107, the 
thousands by 10° and so on. 


Computers do not use a decimal system. The system for computer languages is based on the number 2 and 
is known as the binary system. The only digits needed in the binary system are the digits 0 and 1. Can you 
see why? 


Decimal [I nea ce 9 10 | 11 | 12 | 13 
number 


Binary 0 | 1 | 10 | 11 | 100 | 101 | 110 | 111 | 1000 | 1001 | 1010 | 1011 | 1100 | 1101 
number 


Consider the decimal number 7. From the table above, you can see that its binary equivalent is 111. How 
can you be sure this is correct? 


111=1x2?4+1x2!4+1x29°=44241=7 


Notice that this time each place value is based on the number 2 raised to a power. You can use this 
technique to change any binary number into a decimal number. (The same pattern applies to other bases, 
for example, in base 6 the place values are based on the number 6 raised to a power.) 
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Binary operations 


When adding in the decimal system, each time the addition is greater than 9, we need to ‘carry over’ into 
the next place value. In the example below, the units column adds to more than 9, so we need to carry over 
into the next place value. 


117 
+ 13 
30 


The same is true when adding in binary, except we need to ‘carry over’ every time the addition is greater 
than 1. 


101 
+ 01 
10 
1. Perform the following binary additions. 
a 11, b. 111, c. 1011, 
+01, +110, + 101, 


2. Perform the following binary subtractions. Remember that if you need to borrow a number from a 
column on the left-hand side, you will actually be borrowing a 2 (not a 10). 
a 11, b. 111, c. 1011, 


=i, = 110; = ili, 


3. Try some multiplication. Remllember to carry over lots of 2. 
a. 11, b. 111, c. 1011, 


x01, x 110, x 101, 


4. What if our number system had an 8 as its basis (that is, we counted in lots of 8)? The only digits 
available for use would be 0, 1, 2, 3, 4, 5, 6 and 7. (Remember the maximum digit is 1 less than the base 
value.) Give examples to show how numbers would be added, subtracted and multiplied using this base 
system. Remember that you would ‘carry over’ or ‘borrow’ lots of 8. 

5. The hexadecimal system has 16 as its basis. Investigate this system. Explain how it would be possible to 
have 15, for example, in a single place position. Give examples to show how the system would add, 
subtract and multiply. 


ion) Resources 


a) 
[4 eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2027) 
& Interactivities Crossword (int-2872) 


Sudoku puzzle (int-3891) 
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Exercise 1.13 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. £1 Identify which of the given numbers are rational. 


6 1 3 
1/ —, V0.81, 5, —3.26, 0.5, aN — 
12 5 12 


3 6 14 
A. VO.81, 5, —3.26, 0.5 and 4/— Bay and 
Va ie 4 
6 3 G 
c. y/—, 0.81 and ,/— D. 5, —3.26 and ,/— 
12 ND ee NS 


E. 70.81 and 5 


2. For each of the following, state whether the number is rational or irrational and give the reason for 
your answer: 


a. V12 b. V 121 @. ; d. 0.6 e. V 0.08 
3. [19 Identify which of the numbers of the given set are surds. 


{3V2,5V7,9V4,6V10,7V12, 12/64} 


A. 91/4, 12/64 B. 32 and 712 only 
c. 39/2, 57 and 6/10 only D. 372,57, 6/10 and 7/12 


E. 5sV7 only 
4. Identify which of 2m, 25m, Vie’ Nie y/m, ¥/8m are surds: 
a. ifm=4 b. ifm=8 


5. Simplify each of the following. 


a. 50 b. /180 c. 2/32 d. 51/80 


6. (9 The expression 1/392x8y7 may be simplified to: 
A. 196x*y34/2y B. 2x*y>/14y C. 14x*y34/2y 
D. 1434532 E: 1487/2 


7. Simplify the following surds. Give the answers in the simplest form. 


Ds 
a. 44/648x’y9 Bee) oi 
M 5Ve 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


. Simplify the following, giving answers in the simplest form. 


a. 7/12 + 8/147 — 1527 


b. u 64a3b3 — an l6ab+ aur 100a>b> 
2 4 Sab 


. Simplify each of the following. 


a. 3x V5 b. 2V6x3V7 c. 3V/10x5V6 


Simplify the following, giving answers in the simplest form. 


a. : 675 X 27 b. 1024x612 
Simplify the following. 


; 30 A 61/45 : 35/20 
/10 31/5 126 


Rationalise the denominator of each of the following. 


2 . V3 2 


c. 


a. iE : ae Vem 


Evaluate each of the following, correct to 1 decimal place if necessary. 


1 1 1 
a. 643 b. 202 c. 103 
Evaluate each of the following, correct to 1 decimal place. 


3 


4} 
b. 24 c. (0.7)5 


Write each of the following in simplest surd form. 


1 1 
ae b. 182 c. 5 


NIw 


= 
LS 


d. 8 


Evaluate each of the following, without using a calculator. Show all working. 


3 1 i 

4 4 2 2\2 

aes b. (1255-275) 
6 x 162 

Evaluate each of the following, giving your answer as a fraction. 

a. 4-1 b. 97! c 44 


d. 10-° 


Determine the value of each of the following, correct to 3 significant figures. 
a2 ee 


aos b. 772 c. (1.25)7! 


Write down the value of each of the following. 


Qa Gy 
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Ne 


20. 


21. 


227 


23. 


24. 


25. 


26. 


27. 


28. 


[1 a. The expression 1/250 may be simplified to: 


A. 251/10 B. 5*/10 Cc. 10/5 pb. 5/50 E. 25 
b. When expressed in its simplest form, 21/98 — 31/72 is equal to: 


A =41y2 54 c. -2/4 


D. 4/2 E. None of these options. 
eye 8x7, 

c. When expressed in its simplest form, a is equal to: 
xyx 
2 
xyx 
4 


ey 
Ww 


A. 


D. E. None of these options. 


Determine the value of the following, giving your answer in fraction form. 


“(5) ~G) 


Determine the value of each of the following, leaving your answer in fraction form. 
=1 
ane b: 3-2 e4> d. (3) 
2 
(1 3d!%e* is the simplified form of: 
10,5 B\2 
A. PPx3de p, 8 C. (3d5e?)” D. 3e(d5)’xe? E. (5) 
2e* e 
OS 8m3n x n* x 2mn? simplifies to: 
A. 10m?°n® B. 16m>n’ C. 16m>n® D. 10m>n’? E. 17mn® 
0 8x3 = 4x73 is equal to: 
fag) Be C2 D: 25 * E. 2 
BG 
Det simplifies to: 
Gy ee , 
AAS B. 8x C. 4x D. 8° E. 4x9 
(eb 
(1 The expression 5 is equal to: 
(2a*b) 
6p 13 316 6p 13 36 
ae. B. 2a%p'3 goal pee pee 
4 2 2 4 
ae aoe 
| MC | (p ) : (p z ) can be simplified to: 


(2p8)° Pa? 


A. a B. Z : : as or 
4p'°q aed) 4p 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


see 
[1S] 167 4 = 92 can be simplified to: 


/N, 2 B. — Cc. cs b. 32 ES i 
216 Pal 8 2 
2 =3 
(26m) 
| MC | ——5 €an be simplified to: 
8 ( + in) 
16 
8m! 2m! 4m! 16m! m! 
A. eae B. a C. a 5 (5. ~|E 
[s B [3 [3 223 
5 ee Oe 
OS \ 3217 j1'k2 can be simplified to: 
30 2 ae eee 39 10 ae eitne 5 2 = 
i771 k5 2 i 2 U7 ji ke 50 25 i715 
pe B. 2i7j11k5 as De 2i7 junk? raga 
> 5 5) 
Simplify each of the following. 
o 26a*b®o 
aon Xo y oly” . 
: ‘ 120 b?c? 
(=) r sy 
c. {| ——— fa fee 
6 21q° 
Evaluate each of the following. 
0 0 
2 4b 
a. 5a — (2) 25) Sey als 
3 2 
Simplify each of the following and express your answer with positive indices. 
a, 2a x4a°b bi4y y= 20% > Cc. (2m-3n2)* 
Evaluate each of the following without using a calculator. 
nye 9\" 5 
a. ;) b. 2x(3) °x( = c. 43x —-5 
2) D, 8-2 
Simplify each of the following. 
4 2 Lag ; z 
a al 13 2.2 4°x4y9 3 
a. 2a5b2 x 3a2b4 x 5a4b5 —— 
16x5y3 ep 
Evaluate each of the following without using a calculator. Show all working. 
3 1 uy 
164 x 814 2 2\2 
ge ee b. (125° -273) 
6 x 162 
Simplify: 


15 
a. Va + V 16a8b2 — 3( Wa) b. 9/32x5 yl0 + ¥/64x3y6 


86 Jacaranda Maths Quest 10 + 10A 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


Simplify each of the following. 


= = = 1 D} 
(Sa~*b) * x daSb-? . eye (5) i A Gar 4m3n-~* : 
Wow Re) ee 1 RGD -6,3 : 1 ce @ 
2 Sab 3y°x 3x °y ne 573 
Simplify each of the following and then evaluate. 
i Ee 
ie: Ao (2 x6) 
a. (9x59)? «32x57? + (3°x5-?) b. (6x3-2) 1+ . 
—6° x (373) 


Ryan invests $12 500 for 3 years at 8% p.a. with interest 
paid annually. By calculating the amount of simple 
interest earned each year separately, determine the 
amount to which the investment will grow. 


Calculate the compound interest earned on $45 000 at 
12% p.a. over 4 years if interest is compounded: 

a. annually b. six-monthly 

c. quarterly d. monthly. 


Evaluate the following. 
a. log,,(18)+log,,(8) _b. log,(60) — log,(15) 
c. log, (9°) d. 2 log, (6) — log,(4) 


Use the logarithm laws to simplify each of the following. 


a. log (16) + log (3) — log, (2) b. log, (xv) 
1 
c. 4log (x) — log, (x?) d. Slog. (+) 
BG 
Solve for x in the following, given that x > 0. 
a. log,(x) =9 b. log.(x) =—2 c. log (25) =2 
d. log (2°) =6 e. log,(729) =x f. log (1) =x 


Solve for x in the following. 
a. log.(4) + log.(x) = log. (24) 
b. log, (x) — log,(5) = log, (7) 


Solve for x in the following equations. 


Big =e eee c. Bt = 8/2 


36 V7 


Solve for x in the following equations, correct to 3 decimal places. 
a5 b: 06° =7 c. 9-* = 0.84 
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Problem solving 


49. Answer the following. Explain how you reached your answer. 


a. What is the hundred’s digit in 339 
b. What is the one’s digit in 6’? 
c. What is the thousand’s digit in 910? 


50. a. Plot a graph of y = 4* by first producing a table of values. Label the y-intercept and the equation of 
any asymptotes. 
b. Draw the line y= x on the same set of axes. 
c. Use the property of inverse graphs to draw the graph of y= log, (x). Label any intercepts and the 
equation of any asymptotes. Use a graphics calculator or graphing software to check your graphs. 


=il 
51. Solve for x: (°) tose! 


x 


=1\-1 


@y! 
52. Simplify (Se 


b2 


53. If m=2, determine the value of: 


6a>" x 2b" x (3ab) 
1 
(4b)” x (Qat")2 


54. Answer the following and explain your reasoning. 


a. Identify the digit in the tens of 3, 
b. Identify the digit in the ones of 6°’. 
c. Identify the digit in the ones of 8107. 


55. For the work shown below: 
a. calculate the correct answer 
b. identify where the student has made mistakes. 


3a°b5c3\” _ (2ab\ _ 3a°b!%c® | 2ab 
5a2b “\c J 10atb? °c 
_ 3aPp inc? Vc 
10a*b? 2ab 
3q5h'9¢7 
~ 20a5b3 
1 3ap 
20 
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56. A friend is trying to calculate the volume of water in 
a reservoir amid fears there may be a severe water 
shortage. She comes up with the following 
expression: 


| 
4 


where r is the amount of rain, dis how dry the area 
is, wis the usage of water by the townsfolk, and W is 
the volume of water in kL. 


a. Help your friend simplify the expression by 
simplifying each pronumeral one at a time. 

b. Explain whether the final expression contain any 
potential surds. 

c. Express the fraction with a rational denominator. 

d. List the requirements for the possible values of r, u and d to give a rational answer. 

e. Calculate the volume of water in the reservoir when r=4, d= 60 and u=9. Write your answer in: 
i. kL ii. L iii. mL. 

f. Does a high value for d mean the area is dry? Explain using working. 


57. The speed of a toy plane can be modelled by the equation $= , where: 


eae 
2+ Vw 
w = wind resistance 

p = battery power (from 0 (empty) to 10 (full). 


a. Rationalise the denominator of the expression. 

b. Using your knowledge of perfect squares, estimate the speed of a toy plane with its battery half full 
and a wind resistance of 2. Check your answer with a calculator. 

c. How does the speed of the toy plane change with increasing wind resistance? Explain providing 
supportive calculations. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources 


lon] Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


ras) 

[4 1.10 
Download the workbook for this topic, which includes 1.11 
worksheets, a code puzzle and a project (ewbk-2027) | 1.12 

a) 

[4 


Download a copy of the fully worked solutions to every 1.2 
question in this topic (sol-0735) 


| 


1.3 


1.3 SkilIISHEET Identifying surds (doc-5354) 44 


1.4 SkilISHEET Simplifying surds (doc-5355) 

SkilISHEET Adding and subtracting surds (doc-5356) 
SkilISHEET Multiplying and dividing surds (doc-5357) 
SkilISHEET Rationalising denominators (doc-5360) 
SkilISHEET Conjugate pairs (doc-5361) 

SkilISHEET Applying the difference of two squares 
rule to surds (doc-5362) 

1.5 SkilISHEET Index form (doc-5168) 

SkilISHEET Using a calculator to evaluate numbers 
given in index form (doc-5169) 

1.7 SKilIISHEET Addition of fractions (doc-5176) 
SkilISHEET Subtraction of fractions (doc-5177) 
SkilISHEET Multiplication of fractions (doc-5178) 
SkilISHEET Writing roots as fractional indices 
(doc-5179) 


1.5 


1.6 


LO OOOO OO OOOO 


1.7 


OOOOOUOOUOOOOOOO OO OO OO YOOOOO OOOOUOUOOOO 


Logarithms (eles-4676) 

Using logarithmic scales in measurement (eles-4677) 
Logarithm laws (eles-4678) 

Solving equations with logarithms (eles-4679) 


OOOO 


Individual pathway interactivity: Number classification 
review (int-8332) 

The number system (int-6027) 

Recurring decimals (int-6189) 

Surds on the number line (int-6029) 

Addition and subtraction of surds (int-6190) 
Multiplying surds (int-6191) 

Dividing surds (int-6192) 

Simplifying surds (int-6028) 

Conjugate surds (int-6193) 

Individual pathway interactivity: Review of index laws 
(int-4652) 

First Index Law (int-3709) 

Second Index Law (int-3711) 

Third Index Law (int-3713) 

Fourth Index Law — Multiplication (int-3716) 

Fifth and sixth index laws (int-6063) 

Individual pathway interactivity: Negative indices 
(int-4563) 

Negative indices (int-6064) 

Individual pathway interactivity: Fractional indices 
(int-4564) 

Fractional indices (int-6107) 


1.2 The real number system (eles-4661) O 1.8 Individual pathway interactivity: Combining index 
1.3 Identifying surds (eles-4662) | laws (int-4565) 
Proof that a number is irrational (eles-4663) L Combining index laws (int-6108) 
1.4 Multiplying and simplifying surds (cles-4664) C] 1.9 Individual pathway interactivity: Compound interest 
Addition and subtraction of surds (eles-4665) L (int-4636) 
Dividing surds (cles-4666) C] Compound interest (int-6075) 
Rationalising denominators (eles-4667) L] Compounding periods (int-6186) 
Rationalising denominators using conjugate surds 4.10 Logarithms (int-6194) 
(eles-4668) LJ 1.11. The first law of logarithms (int-6195) 
Surds (eles-1906) LJ The second law of logarithms (int-6196) 
Rationalisation of surds (eles-1948) C] The third law of logarithms (int-6197) 
1.5 Review of index laws (eles-4669) C] The fourth law of logarithms (int-6198) 
Index laws (eles- 1903) LJ The fifth law of logarithms (int-6199) 
1.6 Negative indices and the Seventh Index Law The sixth law of logarithms (int-6200) 
(eles-4670) C] The seventh law of logarithms (int-6201) 
Negative indices (eles- 1905) [1 41.42 Solving logarithmic equations (int-6202) 
1.7 Fractional indices and the Eighth Index Law 1.13 Crossword (int-2872) 
(eles-4671) C] Sudoku puzzle (int-3891) 
Fractional indicies (eles- 1950) [J 
1.8 Combining index laws (eles-4672) [ 
1.9 Application of indices: compound interest (eles-4673) [] 
The compound interest formula (eles-4674) [] There are many resources available exclusively for teachers 
Compounding period (eles-4675) LC oontine. 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 


Topic 1 Indices, surds and 
logarithms 
Exercise 1.1 Pre-test 


Exercise 1.3 Surds 


1. bandd 
1, Tras 2. b,c and d 
2. Ravicnal 3. aandd 
3. 15n15 4. aandc 
4. apg? 5. a,c andd 
1 6. candf 
°F 7A 
6.D 8. D 
7.B 9.B 
8. 65 10.C 
9. 14/2 11. Any perfect square. 
10.E 12.m=4 
HW. y=—5 13.a. m=5,n=T7andm=4,n= 14 
12.x=-—2 b. 15 
43. $278.18 14. a. Irrational b. Irrational c. Rational 
14.0 15. Sample responses can be found in the worked solutions in 
15.D the online resources. 
16. Irrational 
Exercise 1.2 Number classification review 17a. i. 473 ii. 62 
1.a. Q b. Q c. Q d. I b. Yes. If you don’t choose the largest perfect square, then 
2a./ b. O ao 4. you will need to simplify again. 
c. No 
3.a. Q b. Q c. Q d. Q Geman 
4.a.] b. O c. I d. Q 19. x = 3, rational 
5. a. QO b. I 6: J d. I 
6a. O ay a, 4. O Exercise 1.4 Operations with surds 
7.a. QO b. O c. O d. O ta. 23 b. 2V6 
ba QO b. I et d. O c. 3y3 a. 55 
9a. T b. Undefined 2. a. 36 b. 4ay7 
c. I d. I c. 2V17 d. 65 
10. a. I b. c. Q d. Q 3. a: 2/22 b. 9/2 
Wal b. I c. Q 4. Q c. 71/5 d. 87 
12a. 1 b. O c. O d. I 4a. 4/2 b. 241/10 
13. B c. 36/5 d. 216 
sai 5a 30/3 b. —284/5 
ss c. 64/3 d. 24/2 
iz a 6. a. V2 b. 23 
b c. Lis d. 3 
18.E 3 a 
19.A 7. a. 4a b. 6av/2 
20. p—q c. 3a/10b d. 13a/2 
21. Sample responses can be found in the worked solutions in Sia: 13ab\/2ab b. 2ab?/17ab 
the online resources. e. by? V5 d. 20xy </ 5 
. : aes b. m=2,n=3 9.0. 54°? V2cd b. 18¢%d*V/Sed 
c. m=3,n=2 d. m=1,n=2 c. /22ef d. Te°f \/2ef 
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10. a. 75/5 b. 8/3 
ce. 15/5 +53 d. 411 


. 13572 b. —3/6 

c. 17/3 — 187 d. 8/x+3/y 
10(v2- v3) b. 5(v5+ v6) 
c. 7173 d. 4/5 

. 14/3432 b. 36+ 63 


ce. 15V10—107V15+10 d. —8YV 11+ 22 


14. a. 125/30 — 16/15 b. 12\ab + 73ab 
c. ry2+2N3 d. 15/2 
15.a. 31fa—6y2a b. 52a —29/3a 
c. 6\/6ab d. 32a + 26a + 8a/2 
16. a. avV/2a b. Vat 22a 
c 3aVa+a’V3a d. (a? +a) Vab 
17. a. 4aby/ab + 3a°bV/b 
b. 3x/ab(2a + 1) 
Cc. —6babv/2a + 4a°b3 3a 
d. ~2av/b 
18.a. V/14 b. /42 c. 473 
d. 10 e. 37 f. 27 
19. a. 101/33 b. 1801/5 c. 120 
2 
d. 1207/3 e. 26 f. 25 
3 
20. a. 5 6 b. ryy/y c. ai 
d. 6a°b?\/2b e. 3x*y?/10xy £. 50 BV Sab 
21.a. 2 b. 5 c. 12 
22. a, 15 b. 18 c. 80 
23. a. 28 b. 200 
24.a. 5 b. 2 
c. V6 d. 4 
25. a. v3 b. v5 
4 2 
c. 23 d. 1 
26. a. 13 b. 2/17 a 
y 
v2 Aya 
d. xy e 2xy1/3y f 3 
572 qs 4V11 
27.a. — b. Ge, 
2 3 ll 
46 221 
d. — e. — 
3 7 
2 5 5 
a 3v6 avis 
"6 15 
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29. 


30. 


31. 


32. 


33. 


35. 


36. 


39. 


40. 


5V7 8/15 8/21 
a. — b. —— c. 
14 15 49 
8/105 10 
d. ee — 
7 3 
ane - sales 
125-56 P 9/10 
. 10 5 
310+ 6V/14 : 56 
a, ————_ ‘o— 
4 3 
3/22 - 41/10 2 V21 - V5 
c. 5 : 5 
14-52 12-10 615 — 25 
ae: 16 “70 
; 30+ 72 
j 20 
a. 5-2 b. 2v2+ v5 G: sVi1 +4V/13 
3 31 
15x/15 — 20/6 
a. rT 
b. y= 17 
19-421 
¢ ——————— 
5 
vis -3-V5+1 
a, 
4 
, -6 + 62+ V/10— 2/5 
; 2 
4710+ 15-46 -3 
c. —— 
15 (3v2-2) 
28 
Oy/x + 6x 
* 36x — 16x? 
a. Sample responses can be found in the worked solutions 
in the online resources. 
bi W543 it W543 itt, W342 
2 
7 
a. x=16 b. x= 1 
1 


41. 


Exercise 1.5 Review of index laws 


1. 
2. 
3. 


a. 


a. 


a. 


a! b. a° c. DS d. a‘b! 

nn? b. @b'C cc. men* pd. 6a7b 

10a*b? bb. 36m®n’ = c. 12x°y® a. 4x88 
4 

a b. @ c. bP d. a’ 
3 

4 5 3 1, 
3b b. 4m c. mn d. 5 


10. 


TH: 


12. 


13. 


14. 


15. 


16. 


17. 
18. 


19. 


20. 
21. 


22. 
23. 


24. 


25. 
26. 


La. 7h? 


a. nw Pm 4 
3 


b. 


b. 


a=axaxa 


a =axa 


5 
= py c 
1 Ci 
4 c 
-—7 c. 
b. 16a” 
4 
d. —n8 
9 
9a°b* c. 
at 
ie 
343x7 
Cs 
8yl5 
—32 
D 
b. E 
d. D 
72 c 
1600 c 
1 C: 
@ 
a 
bm 
qQmetnp 


@xXa =axaxaxaxa 


=) 


=a, nota® 


Explanations will vary. 


~ 16m!?n?° 


8la* 
625b!2 


"125 


They are equal when x = 2. Explanations will vary. 
3x° = 3 and (3x) = 1. Explanations will vary. 
es a G]41).2 [3 
3a° O.| 3 | 12 | 27 
5a 0 5 10 15 
3a° + 5a 0 | 8 | 22 | 42 
3a” x 5a 0 | 15 | 120 | 405 


b. 3a” x 5a will become much larger than 3a” + 5a. 


x= —2or4 
1l=1 
2=10 
3=11 
4= 100 
5=101 
6=110 
7=111 
8 = 1000 
9= 1001 
10=1010 


28. a. 


b x= 4 


b. x=0, 2 


abc! 


. The student made a mistake when multiplying the 


two brackets in line 3. Individual brackets should be 
expanded first. 


Exercise 1.6 Negative indices 


1. 


13. 


15. 


16. 


17. 


a9 » 


2 


1 2 , 
x5 yt a * 543 
3x7 ‘ 1 6a° aos 
— : c. — -a 
y 4m3n4* bed 
2a*t 2 7b? Imi a 
— b. 2ab cc — —- 
3 2a* 3b*n? 
1 6 3 
= ne oe 
a’b3 xoy ns 
4 2y 
ae a 
ab? 3x 
Sy ‘ 3 4y'? 
= f ce. — 
6x3 nen x 
1 1 
.— e. ———— 
3m nt 32a!5m20 
48 3 27q° 
— b. e.. 
p'4 asp!2 8p 
ve 1 
2 .—_— 
4a’ 8a°b® 
1 1 1 8 
= b — ..= d. - 
8 36 81 9 
1 5 32 
_— b; — c. 48 — 
16 36 27 
27 2 
== 1. — b. 4 
25 25 
3 
125 d. - 
4 
2 bi 2” ce. 2° d. 2-6 
x=3 b. x= —2 c x=] 
x=3 e x=-—2 
x=0 b. x=3 ce x=-—3 
x=-6 e x=-2 
3 4 2 
a b. = Co .= d. 5 
2 5 7 
b ‘. bb a ve 
- 2 c. — 
a a b3 mi n2 
1 
729 
1 
20736 
. 0.000059499 or 
16807 
16 384 
. 256 —- c. 9765 625 
2187 
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37 veo 13H 
18. B 15. a. x3y5 b. aabis c. —m8n36 
19.B 3 
2.3 Me 1a 1 
20. D 16. a, 2x15y4 b. —a20b20 ce. =pugqi2 
4 7 
21.C 
2 a 6 
22.E 17. a. 220 b. 56 c. 75 
m nr 25 3 1 ? a 
ee ns as Wi mae: 18. a. ai0 b. m6 c. 2356 
6 _ 6 2 m oa 
pe Ts 19. a. 4p5 b. xP c. 3eme 
b. m4 2mPn? + n° ie 67 
‘1 20. a. a4b6 b. aba c. x5y4 
2 1 
ere Lind Lit a 
25, 277-4 21.a. 33a9b5c4 bb. Sx y3.z5 a> 
26. 6°” b3 
= 8 2 17 
27.x=3 m3 bs 233 
28. a. As x gets closer to 0 coming from the positive direction, 22: 4. — b. — . — 
y gets more and more positive, approaching oo. n4 c27 y8 
b. As x gets closer to 0 coming from the negative direction, 23. a. E b. C c. B 
y — more and more negative, approaching —oo. dl sR 
29. 2°" = 25. a. a’ b. b° c. m! 
- ns — it 
A n increases, the value of 2” increases, so the value of 2 6a 42 b. ay? Pe 2293 
gets closer to 0. ee Sek 
30. Sample responses can be found in the worked solutions of 27. a. 3m'n b. 2pq c. 6a°b 
your online resources. 28. a. 2.007s b. 20.07s c. 4.98 swings 
31.x%=—-2,y=-—3 1 
ee 29. (245b!)3 = 2ab? 
6: = 3, yo 127 a (3- vb") 
30. gap 7 Tr 
Exercise 1.7 Fractional indices a= ; 
1 1 ool 
tia. 15 b. y/m 31.a. x2+y2—z2 b, £10 
c. 3 72 d. V/75 32. m—n* 
1 1 1 
2a. Ww b. Vws 33. m5 —n5 + ps 
3 10 -1 8 
c. V5!0 d. a 34.a. a 4xb2 
1 7 b. No, because you can’t take the fourth root of a negative 
3.a. £2 b. 54 b 
id : number. 
c. 66 d. x7 c a=l1 
d 2 
4. a. a b. w ; Exercise 1.8 Combining index laws 
c. w2 d. 11s an 
joa. 54a!p? b. 48a°b!° Cc. — 
5.a. 4 b. 5 c. 9 m 
15b° 
6. a. 2 b. 4 Gx 3. ie 500p8q!8 b. 36a29p!9 ce. 
Ti. 22 b. 1.5 c. 1.3 7 
7 5 15 6 
8. a. 2.5 b. 12.9 c. 13.6 3. a, 12x8yI5 b. 8m4n4 c. 
9. a. 0.7 b. 0.8 c. 0.9 a ia 
4 1 5 d. 8p45qi8 
10. a. 45 b. 22 c. ab , 5 : eS 17 
23 8 5 ae = c. ——— 
11. a. x20 b. 10mi5 c. 2b7 8a’ 4yé 128m?n?6 
20 9 1 64y° 27h? 
12.a, —4y9 b. 0.02a8 c. 5x2 5. a. b. 24a’ c. 
24 826 
5 3 3 su 35 1 625 5 13 
2 5y9 5p15 35 1 3 13 
13. a. ab b. x5y c. 6a5b 6a. p3@? b. ee c. xB y8z2 
D2 955 2.2 81b20¢28 
14. a. 2m28n5 b. x6 y6z6 c. 8a5b8c 
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7.2: — b. 8n7 
2 
Ax? 36x° 
8. a. — b.. — 
3y8 y 
b! 15q° 
oa — b. ae 
3a4 2p!! 
2 4a°b? 
10.a. —— b. 
5a*b! 15 
r 4m? : 4 
rae 5 
9n!5 81x2yl4 
1 
3p" 2p3 
12;.'a; a b. —= 
5° ale 
3a24 
5 56a!!p° 
13: a. — b. 
2a'3 81 
a 102467 _ 25 
ss ; 
8la 128x234 
un 
16m!2 
15. a. 6m?n!? b. cs 
3 
125 
16. a. — b. 1 
8 
a br gam 
18. a, 59! b. y=4 
19.E 
20. A 
dee m 
21. a. mon 6 or © a 
n 
b. g hn? 
ea greed 
c: 33x35 6 
1 a’ 
22.a. 2 or - b. a°b™ or — 
4 bs 
23. a. 12 b. 1536 
24. a. 80 koalas 
b. During the 6th year. 
25. a. 79% b. 56% 
3 
26. — 
2 
4 
227i. 
21 


28.2 +2745 


14 


Te 5 
c. di5 or Vd'4 


c. 14 days 


c. 31% 


Exercise 1.9 Compound interest 


1. a. $3244.80 
2. a. $24617.98 
3. a. $14 838.45 
4. a. $932.52 


5. a. $202 760.57 


io” 


. $25 816.04 


b. $10939.56 
b. $14678.02 
b. $129 394.77 
b. $10 650.81 


6. a. $3 145511.41 
b. $443 014.84 
7. $8784.60 
8. $3376.26 
9. a. $2837.04 
10. $17 240.15 
11. $605.42 
12. $18 503.86 
13. a. 0.5833% 
14. 
15. 
16. 
17. 
18. 


b. $837.04 


» 


b. $42 891.60 


0.0247% 
. $131 295.85 
. & $11 295.85 
. $495.85 
i. $17 745.95 
ii. $17 786.61 
ii. $17 807.67 
iv. $17821.99 
. The interest added to the principal also earns interest. 
. $7920 
. David’s investment = $8108.46 


Because David’s interest is compounded, the interest 
is added to the principal each quarter and earns itself 
interest. 


21. a. $3750 interest 
i. $3820.32 interest 
ii. $3881.05 
iii. $3912.36 


c. Compound quarterly gives the best return. 


pnoTrTrea Qawws 


19. 


20. 


ov a oF 


d. If we assume that interest is compounded annually, an 
equivalent return of J= 7% would be achieved. 


e. i. Yes 
ii. No 
22. Neither is correct. The best option is to choose 3.895% p.a. 
compounding monthly. 


23. a. Bank east b. $19976.45 
24. a. i. $2.44 ii. $2.61 
iii. $2.71 iv. $2.71 


b. Compounding more frequently increases the final value, 
but the amount of increase becomes less and less. The 
final value of iv. is 2.7181 which is almost equal to iii. 


Exercise 1.10 Logarithms 
1. a. log (16) = 2 b. log, (32) =) 
c. log,(81) =4 d. log (36) =2 
e. log , (1000) =3 
2. a. log.(25) =2 
c. log.(125) =x 
e. log (16) =4 


b. log, (x) =3 
d. log, (49) =x 
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1 
3. a. log,(3) = 5 b. log, (0.1) =—1 6. a. 2 b. 3 
il iT 7a. 1 b. 4 
“eal 2=- d. | -}=-1 
& log.) 3 O85 (;) 8. a. 3 bi'5 
ae 1 
2. 1og,(8)= 5 0.0.2 ». 
.D 
4 P 10. a. 1 b. 3 
a 2°=16 b. 3° = 27 1 
ce. 10°= 1000000 d. 5° = 125 Peel bens 
1 
6. a. 162 =4 b. 4° = 64 12. 3 
1 
c. 492 =7 d. 3 =x 13. a. 2 b. 4 
1 14. a. 3 b 
7a. 812=9 b. 1077 =0.01 
1 15. a. 1 b. 0 
e. 8 =8 d. 643 =4 -1 d. 5 
8. B 16. a, —2 b. 1 
a. 4 b. 2 . 0 d. —2 
c. 2 d. 5 1 1 
10. a. 5 b. i Tae s ae) 
c. 0 d. 3 é il d i 
11 1 b. 1 . : :. 
— a 18. a. log (40) b. log (18) 
c. —2 d. 3 c. log (48) d. log (4) 
12. a. 0 b. 1 c. 2 19. a. log (x) b. 1 
13. a. 3 b. 4 c. 5 a at 
14. a. Oand 1 b. 3 and 4 c. land2 20. a. t b. 3 
2 2 
15. a. 4and5 b. 2 and 3 c. 4and5 1 
c. —6 d. —= 
16. a. 6.1 b. 6.3 c. 8.2 3 
aap r _ o> k\2 p 21.a. B b. B, D 
17. a. log,,(g) =k implies that g =k so g° = (10 ) . That is, c. A,B 4 C.D 
g° = 10", therefore, log ( g’) = 2k. 
10 ‘ 22. a. log,(80) b. log,(105) 
b. log (y) = 2 implies that y= x’, sox = y? and therefore c. log, (100) = 2 d. log.(56) 
log (x)= = 23. a. log, (4) =2 »b log,(3) =1 «e log.(12.5) 
Yk d. log,(3) 
c. The equivalent exponential statement is x = 4”, and we * 108) 
know that 4” is greater than zero for all values \ \ 1 
of y. Therefore, x is a positive number. Be ee 1083) b. 10819 4 
18. a. 6 b. —4 c. —5 c. log, (4) d. log, (3) 
1 
19... 5 b. 3 - e. log,(20) t. log,(2)= 5 
2 
1 25. a. C b. B c A 
eas 3 Be? ag 26. a. 12 (Evaluate each logarithm separately and then find the 
21. x product.) 
22. 9 b. 4 (First simplify the numerator by expressing 81 as a 
x power of 3.) 


c. 7 (Let y =5'5 and write an equivalent statement in 


Exercise 1.11 Logarithm laws os 
logarithmic form.) 


1. a. 1.69897 b. 1.39794 


c. 0.698 97 d. 0.301 03 an 
. oe 28. 7 — 3 log, (3) 
2. Sample responses can be found in the worked solutions in 1 e 
the online resources. a 
3.a. 1 b. 3 ee = 8 
31.7 
4.a. 2 b. 3 
5. a. 4 b. 1 


96 Jacaranda Maths Quest 10 + 10A 


Exercise 1.12 Solving equations 


Project 

1. a. 100, b. 1101, c. 10000, 
2.a. 10, b. 1, c. 110, 
3.a. 11, b. 101010, c. 110111, 


4. Sample responses can be found in the worked solutions in the 
online resources. The digits in octal math are 0, 1, 2, 3, 4, 5, 
6, and 7. The value “eight” is written as “1 eight and 0 ones”, 
or 108. 


5. Sample responses can be found in the worked solutions in the 
online resources. The numbers 10, 11, 12, 13, 14 and 15 are 
allocated the letters A, B,C, D, E and F respectively. 


Exercise 1.13 Review questions 
1A 


2. a. Irrational, since equal to non-recurring and 
non-terminating decimal 


Rational, since can be expressed as a whole number 
Rational, since given in a rational form 


Rational, since it is a recurring decimal 


eo fa2o 8 


Irrational, since equal to non-recurring and 
non-terminating decimal 


PON SY ee 
m 


fm 1 
Vv 25m, 4/—,1/ — 
16 m 


5. a. 52 b. 6/5 


o 


872 a. 2075 


1 
1. a. 25 b. 81 ce = 
i 8 
d. — e. 100, —100 
16 
2.a. 16 b. 26 c. 127 
d. 2 e. 0 
1 1 
3a. -—— -- c. —624 
32 9 
d. —2.5 
4.a. 3 b. 2 co; 125 
5. a. 625 b.. 2 c. 8 
6. a. 6 b. 4 
7.a. 3 by 2 c. —1 
1 1 
8. a. —2 bs = (ae 
2: 3 
9. a. 0 b. 0 c. —1 
d. —2 
10. a. 5 b. 6 c. 10 
d. 8 
it.a. 4 b. 2 c. 9 
py 
a. = 
5 
12. a. 500 b. 128 cy} 
d. 6 e. 1 ff 2 
13. a. B b. A c. D 
d. B 
14. a. 7 b: 2 c. —2 
d. 0 e. 4 
1 1 3 
15;'a: “= b.. = iC 
2 2 2: 
1 3 
d -—- eae - 
2; Dy) 
3 BS 5 
16. a. — b =— CG = 
4 wo) 2 
9 11 
d. —= e. —— 
2, 4 
17. Approximately 2.5 times brighter. 
18. a. 120 b. 130 
c. 0.001 d. 3dB are added. 
e. 10dB are added. f. 100 
19a. i. 1.1 ii. 1.3 iii. 1.418 
iv. 1.77 v. 2.43 vi. 3.1 
b. No; see answers to 19a i and ii above. 
i. 22387211 KJ 
ii. 707945 784 KJ 
iii, 22387211 386KJ. 


d. The energy is increased by a factor of 31.62. 


e. It releases 31.62° times more energy. 
20.a. x=0.7712 ~—b. x= 1.2966 
21.457 
22: %=1;3 


c 
xe 
1 
7. a. T2x*y44/2. b. —-x’y? 
a. T2x°y"4/2xy eo Jy 
8. a. 25/3 b. 3ab\/ab 
9a. V/15 b. 6/42 
c. 307/15 d. 5 
10. a. 27 b. 720/72 
ita V3 b. 6 
Vio 30 1 
c. or d= 
aya 2 2 
6 2 
hae we 
3 4 
c. 27544 d.2=43 
13.4. 4 b. 4.5 
c. 2.2 d. 2.7 
14. a. 7.4 b. 1.7 
. 0.8 d. 0.8 
15.a. /2 b. 3/2 
c. 55 d. 16 
16. a. 1 . 4 
1 1 
dia b. = 
4 9 
1 1 
C..— d — 
16 1000 
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18a 


19. 


20. 


21. 


22. 


23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. a 


39. 


40. 


41 


43. 


9 
| 


DaAawWDPrPrPpadnansd 


gx!0y10 


27 


41 33 
a. 30a20b520 


a. 46 


. $15 746.40 
42. 


a. $25 808.37 
c. $27211.79 


a. 2 
c. 8 


1000m'>n® 


as os 


EIN Ole 


$26 723.16 
$27 550.17 


1 
2 
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44, a. log (24) 


b 
c. log, (x’) or 2log (x) d. —5 


NI] w 


1 


45. a. 512 b — c 5 
25 
d. 2 e. 6 f. 0 
46. a. 6 b. 35 
1 5 
47. a. —2 b. —= (ios 
2 2 
c. 0.079 
c. 0 
52. : 
abs 
1 
53. — 
36 
54. a. 8 b. 6 c. 2 
Sab"! 
55. a 
50 


56. a. 


57. 


. The student has made two mistakes when squaring the 


left-hand bracket in line 1 : 37 = 9, 5*= 25. 
Vr 
dvi 


. Yes, Vr, Vd 


~ db 
. r should be a perfect square, u should be a perfect cube 


and d should be a rational number. 
i. 0.0012346 kL 

ii. 1.2346L 

iii, 1234.6mL 


. A high value for d causes the expression to be smaller, 


as d only appears on the denominator of the fraction. 
This means that when d is high there is less water in the 
reservoir and the area is dry. 


P0-ve) 


4-w 


. Sample responses can be found in the worked solutions 


in the online resources; approximately 5. 


. Speed decreases as wind resistance increases. 


2 Algebra and equations 


LEARNING SEQUENCE 


Overview 


Substitution .... 

Adding and subtracting algebraic fractions 
Multiplying and dividing algebraic fractions 
Solving simple equations 

Solving multi-step equations .... 

Literal equations ... 


2.1 Overview 


Why learn this? 


Algebra is like the language of maths; it holds the key to understanding 
the rules, formulae and relationships that summarise much of our 
understanding of the universe. Every maths student needs this set of 
skills in order to process mathematical information and move on to more 
challenging concepts. 


To some extent, this explains why those who want to pursue a career in 
maths need algebra. Every maths teacher is faced with the question ‘Why 
do J need to study algebra, I’m never going to use it?’ and yet no one asks 
why a professional footballer would lift weights when they don’t lift any 
weight in their sport. The obvious answer for the footballer is that they 

are training their muscles to be fitter and stronger for upcoming matches. 
Learning algebra is no different, in that you are training your mind to 
better handle abstract concepts. Abstraction is the ability to consider 
concepts beyond what we observe. Spatial reasoning, complex reasoning, 
understanding verbal and non-verbal ideas, recognising patterns, analysing 
ideas and solving problems all involve abstract thinking to some degree. 

If some food were to fall on the ground, an adult would think about how 
long the food has been there, whether the ground is clean, whether the food surface can be washed; whereas 

a young child would just pick up the food and eat it off the ground, because they lack the ability to think 
abstractly. Being able to think about all these considerations is just a simple example of abstract thinking. We 
use abstract thinking every day, and develop this skill over our life. Those who have strong abstract reasoning 
skills tend to perform highly on intelligence tests and are more likely to be successful in later life. Algebra helps 
us develop our abstract reasoning skills and thus is of use to all students! 


Bt 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 
concepts covered in this topic. 


Fully worked 
solutions 
to every 
question 


Video Interactivities 
eLessons 


Digital 
documents 


eWorkbook 
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Exercise 2.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 
2 


2 een eee 
C 3 


1. Evaluate 


2. If c= Va? + b?, calculate c, if a=4 and b=3. 


3. 11 Given the integer values x = 3 and y = —2, state whether the Closure Law holds for 3y + x. 
. Yes, the answer obtained is an integer value. 

. No, the answer obtained is a negative integer. 

. Yes, the answer obtained is a natural number. 

. No, the answer obtained is irrational. 

. No, the answer obtained is a terminating decimal. 


00OW > 


m 


4. Simplify the following: 


ee 
»> © 
5. [9 The expression = 5 can be simplified to: 
Xx+1 (+1) 
=1 2 2x 1 
oo —— c. ~—, D. —\ — 
x+1 (x+ 1) (x+ 1) (GéaP Il) (x+ 1) 


6. [1 The expression ES AP Es simplified is: 
se Bis 


ao eu 08 5 an 
Sue 6x 6x 6x2 6x2 


7. Simplify the expression: 
0) 
x 
5 3yy 


8. If the side length of a cube is xcm, then the cube’s volume, V, is given by V= x°. Calculate the side 
length, in cm, of a cube that has a volume of 1 m. 


2A 3) Or) 


9. Solve the equation A 


cues) aCe) Il 


10. Solve the equation : 
2D 2 


3 
a 
11. Solve the equation ue =—2. 


12. Ata charity fundraising event, three-eighths of the profit came from sales of tickets, one-fifth came 
from donations. A third of the profit came from the major raffle and a pop up stall raised $2200. 
Determine the amount of money raised at the event. 
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13. Dif pesca ere oe + aay the values of a and b respectively are: 
(x+1)(x-2) x41 x-2 


A. a=x and b=4 Bea leandib=2) Cra —— leandib=2) 
D. a=1andb=-2 E. a=—landb=-2 


i 
14. 19 Solve the literal equation ar b = -— fora. 
a G 


A. a= Be B. a= : C.a= be 
b-c b—c bre 
D. a=c—b Ea — boc 
pa+qb 
15. M1 Rearrange the literal equation m= to make p the subject. 
b = +b 
A. p= pops eae) ) cup e aaa 
=a m+a m+a 
+b 
pepe) ) E. p= gail 
id= @ m+q 


2.2 Substitution 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e evaluate expressions by substituting the numeric values of pronumerals 
e understand and apply the Commutative, Associative, Identity and Inverse laws. 


® 2.2.1 Substituting values into expressions 


eles-4696 P ee x : 
e An expression can be evaluated by substituting the numerical value of pronumerals into an 


algebraic expression. 
e The substituted values are placed in brackets when evaluating an expression. 


WORKED EXAMPLE 1 Substituting values into an expression 


If a=4, b =2 and c = —7, evaluate the following expressions. 


a. a—b b. ae +9b—c 
THINK WRITE 
a. 1. Write the expression. a. a—b 
2. Substitute a= 4 and b=2 into the expression. =4—2 
3. Simplify and write the answer. =?) 
b. 1. Write the expression. b. a? +9b-c 
2. Substitute a= 4, b=2 and c= -—7 into the expression. = (4) +9(2)—(-7) 
3. Simplify and write the answer. =644+18+7 


= 89 
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® 


eles-4697 


WORKED EXAMPLE 2 Substituting into the Pythagoras theorem 


If c= Va? + b?, calculate c if a=12 and b=—5. 


THINK WRITE 

1. Write the expression. C=Vae+e 

2. Substitute a= 12 and b=—5 into the expression. =// (12)° + (=5) 

3. Simplify. = y 144425 

=i 4V/ IIS) 

4. Write the answer. = 13} 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
In a new document, open a To type the equation, is on © Edit Action Interactive 


calculator page. To substitute 
values, use the symbol |. Press 
CTRL and then = to bring up 
the palette; use the Touchpad 
to select the | symbol. Then 
type ‘and’ or find it in the 
CATALOG. 

Complete the entry line as: 
c=Va+b*| a= 12 and 
b=-5 

Then press ENTER. 


cnJa2+b? jam12 and b=-5 cml’ 


If a= 12 and b= —5, then 


6=Vae+ bt = 13. 


2.2.2 Number laws 


e Recall from previous studies that when dealing with numbers and pronumerals, particular rules must be 
obeyed. Before progressing further, let us briefly review the Commutative, Associative, Identity and 


Inverse Laws. 


the Keyboard Math! screen. The 
vertical line | is on the Keyboard 
Math3 screen. 

Complete the entry line as: 
c=V@2+b*| a= 12 and 
b=-5 

Then press EXE. 


Mish Cog eae 


c=va7+b? [a=12 and b=-5 


o 
e=13 
pb 
iv} 
a 


Peel Rad 


Ale Standard 


Ifa=12andb=—5 


thenc = Va2+b2 = 13. 


e Consider any three pronumerals, y and z, where x, y and z are elements of the set of real numbers. 


Commutative Law 


e The Commutative Law holds true for addition and multiplication. That is, you can add or multiply in any 
order, since the order in which two numbers or pronumerals are added or multiplied does not affect the 


result. 


e The Commutative Law does not hold true for subtraction or division. 


Commutative Law 


x+y=ytx 
x—yFY—X 
xXy=yxXx 


xtyF#ytx 


For example: 3+ 2=5 and2+3=5 
Forexample: 3 >2—= 1 but 2—3'=— 1 
For example: 3 x 2=6 and 2x3=6 


For example: 3 + 2 = .. butrZ 3 — : 
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Associative Law 


e The Associative Law holds true for addition and multiplication since grouping two or more numbers or 
pronumerals and calculating them in a different order does not affect the result. 
e The Associative Law does not hold true for subtraction or division. 


Associative Law 


x+(y+z)=H+y) +z For example: 2+ (3+4)=2+7=9 and (2+3)+4=5+4=9 
x-—(y-z)#(xX-y)-Z Forexample: 2—(G—4) —2 —— 1 — 3) but 2 — 3) —4 = — 4 — 5 
SO XMA)Ha EMIS For example: 2 x (3 x 4) =2 x 12 =24 and (2X3) x4=6x4=24 


XE(VFZFAtY) FZ For example: 22G44)=242=2x5 == but 
Cease eae ae 
3 3 ah I © 


Identity Law 
e Under the Identity Law, the sum of zero and any number is the number, and the product of 1 and any 
number is the number. That is, x has not been changed (it has kept its identity) when zero is added to it or 
it is multiplied by 1. 
e The Identity Law does not hold true for subtraction or division. 


Identity Law 
x+0=04+x=x Rowexample: 5-0! —0Fn si — 5) 
x—040-x For example: > —0/=5 and 0i—5 =—5 
xxX1=1xXx=x For example: 7 x l=1x7=7 
xt1A41ix For example: 8 + 1=8 and 1 +8 == 
Inverse Law 


e The inverse of a real number x under addition is —x. 
e The inverse of a real number x under multiplication is its reciprocal, —. 
x 


e The Inverse Law states that in general: 
e when the additive inverse of a number or pronumeral is added to itself, it equals 0. 
e when the multiplicative inverse of a number or pronumeral is multiplied by itself, it equals 1. 


Inverse Law 


X+—xX=—-x+x=0 Forexample; 5-5 ==) +5 —0 


1 1 f oll 
x¥X-=-xXx=1 For example: 7X - =-x7=1 
ne ps YF 


e It is worth noting that the subtraction (5 — 2 = 3) is equivalent to adding an inverse (5 + (—2) = 3), and that 


the division (10 + 2 = 5) is equivalent to multiplication by an inverse (10 x 5 = 5). 
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Closure Law 


e The Closure Law states that, when an operation is performed on an element (or elements) of a set, the 
result produced must also be an element of that set. 
For example, addition is closed on natural numbers (that is, positive integers: 1, 2,3, ...) since adding a pair 
of natural numbers produces a natural number. 

e Subtraction is not closed on natural numbers. 
For example, 5 and 7 are natural numbers and the result of adding them is 12, a natural number. However, 
the result of subtracting 7 from 5 is —2, which is not a natural number. 


WORKED EXAMPLE 3 Determining which operations with the integers are closed 


Determine the value of the following expressions, given the integer values x = 4 and y = —12. 
Comment on whether the Closure Law for integers holds for each of the expressions when these 
values are substituted. 


a. x+y Sse) Cc. xXy d. x+y 
THINK WRITE 
a. 1. Substitute each pronumeral into the expression. a, x-+y—4-+ (—12) 
2. Evaluate and write the answer. =—8 
38. Determine whether the Closure Law holds; that is, The Closure Law holds for these substituted 
is the result an integer? values. 
b. Repeat steps 1-3 of part a. bay — 4 (2) 
The ne Law holds for these substituted 
values. 
c. Repeat steps 1-3 of part a. c. xXy=4x(€12) 
The ee Law holds for these substituted 
values. 
d. Repeat steps 1-3 of part a. d. x-y=4=(€12) 
4 
5 SE 
1 
"25 


The Closure Law does not hold for these 
substituted values since the answer obtained 
is a fraction, not an integer. 


It is important to note that, although a particular set of numbers may be closed under a given operation, for 
example multiplication, another set of numbers may not be closed under that same operation. 
For example, in part c of Worked example 3, integers were closed under multiplication. 


e In some cases, however, the set of irrational numbers is not closed under multiplication, since V3 x V3 = 
V9 = 3. In this example, two irrational numbers produced a rational number under multiplication. 
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ion) Resources 


7A) 
[4 eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2028) 


ei Digital documents SkillISHEET Like terms (doc-5183) 
SKilISHEET Collecting like terms (doc-5184) 
SKilISHEET Finding the highest common factor (doc-5185) 
SkilISHEET Order of operations (doc-5189) 


® Video eLesson Substitution (eles-1892) 


ye Interactivities Individual pathway interactivity: Substitution (int-4566) 
Substituting positive and negative numbers (int-3765) 
Commutative Law (int-6109) 
Associative Law (int-61 10) 
Identity Law (int-6111) 
Inverse Law (int-61 12) 


Exercise 2.2 Substitution learn@) 
Individual pathways 

HM PRACTISE Hi CONSOLIDATE BH MASTER 

1, 4 &, WO, 183, W244, 17, 22 2. fy, 8), Wl, as, ifs, WS), Zs 3, 7%, WZ, WS, 20), Zi, 24 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


| WE! | For questions 1 to 3, if a= 2, b=3 and c=5S, evaluate the following expressions. 


1.a.at+b b.c—b c.c-—a—b d. c—(a—b) 
a bc 

2. a. Ta+8b—11c b. —-+—-+-— c. abc d. ab(c—b) 
2 3 5 

3.a.7+b°-—c b. ?+a c. -aXbx—c d. 2.3a—3.2b 


For questions 4 to 6, if d= —6 and k= —5, evaluate the following. 


4.a.d+k b. d-—k c. k-d 
5. a. kd b. —d(k+1) c. 
6. a. kK? b. — c. 3k—5d 


7. Ifx= : and y= 7 evaluate the following. 


a. x+y b. y—x c. xy 
d. = e. yr f. Zs 
y y 
8. If x=3, determine the value of the following. 
a. x? b. —x? c. (—x)’ 
d. 2x? e. —2x? f. (—2x)’ 
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9. If x= —3, determine the value of the following. 


a. x2 b. —x? 


d. 2x2 e. —2x?2 


c. (—x)’ 
f, (=23) 


A For questions 10 to 12, calculate the unknown variable in the following real-life mathematical formulas. 


10. a. Ifc= Va? + D2, calculate c if a=8 and b= 15. 


b. IfA= : bh, determine the value of A if b=12 andh=5. 


c. The perimeter, P, of a rectangle is given by P=2L+ 2W. Calculate the perimeter, P, of a rectangle, given 


L=1.6 and W=2.4. 


11. a. If T= <, determine the value of Tif C= 20.4 and L=5.1. 


b. If K= , determine the value of K ifn=5. 
nan 


c. Given F= = + 32, calculate F if C= 20. 


12. a. Ifv=u-+at, evaluate v if u= 16, a=5, t= 6. 


b. The area, A, of a circle is given by the formula A = zrr’. Calculate the area of a circle, correct to 1 decimal 


place, if r=6. 
ce. If E= sm calculate m if E= 40, v=4. 


d. Given r= fe , evaluate A to 1 decimal place if r= 14.1. 
1 


13. WG a. If p=—5 and gq =4, then pq is equal to: 
A. 20 B. 1 c. -1 


b. If c? =a? +b?, and a=6 and b=8, then c is equal to: 


A. 28 B. 100 c. 10 
c. Given h=6 and k=7, then kh? is equal to: 
A. 294 B. 252 Cc. 1764 


Understanding 


D. —20 E = 

4 
D. 14 E. 44 
D. 5776 E. 85 


14. Knowing the length of two sides of a right-angled triangle, the third side can be calculated using Pythagoras’ 
theorem. If the two shorter sides have lengths of 1.5 cm and 3.6 cm, calculate the length of the hypotenuse. 


4 
15. The volume of a sphere can be calculated using the formula i What is the = 


volume of a sphere with a radius of 2.5 cm? Give your answer correct to 


2 decimal places. 


16. A rectangular park is 200 m by 300 m. If Blake runs along the diagonal of the park, 
calculate how far he will run. Give your answer to the nearest metre. 


Reasoning 


17. EXE) Determine the value of the following expressions, given the integer values 
x= 1, y=—2 and z=—1. Comment on whether the Closure Law for integers holds 
true for each of the expressions when these values are substituted. 


a. x+y b. y—Z 


c. yXZ 
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18. 


19. 


20. 


21. 


Determine the value of the following expressions, given the integer values x = 1, y= —2 and z=—1. 
Comment on whether the Closure Law for integers holds true for each of the expressions when these values 
are substituted. 


ax+Z b. 7-x Cc x+y 

For each of the following, complete the relationship to illustrate the stated law. Justify your reasoning. 
a. (a+2b)+4c= Associative Law 

b. (xX 3y) xX 5c= Associative Law 

c. 2p+qF# Commutative Law 

d. 5d+q= Commutative Law 

Calculate the value of the following expressions, given the natural number values x =8, y=2 and z=6. 
Comment on whether the Closure Law for natural numbers holds true for each of the expressions. 
a.xt+y b. y—Zz Cc. YXZ 

d. x+z e. Z-X f. x+y 


For each of the following, complete the relationship to illustrate the stated law. Justify your reasoning. 


a. 3z+0= Identity Law 

b. 2x X = Inverse Law 

c. (4x + 3y)+5zF Associative Law 
d. 3d—4y4 Commutative Law 


Problem solving 


22. 


23. 


24. 


1 : eee : i 
s=ut + —at’ where tis the time in seconds, s is the displacement 
in metres, u is the initial velocity and a is the acceleration due 
to gravity. 


a. Calculate s when u= 16.5 m/s, t= 2.5 seconds and 
a=9.8 m/s’. 

b. A body has an initial velocity of 14.7 m/s and after t seconds 
has a displacement of 137.2 metres. Determine the value of t 
if a=9.8 m/s”. 


Calculate the value of mifn=py/1+ = when n= 6 and p=4. 
m 


The formula for the period (7) of a pendulum in seconds is T= 27 es where 
& 


Lis the length in metres of the pendulum and g = 9.81 m/s? is the acceleration 
due to gravity. 

Determine the period of a pendulum, to 1 decimal place, in a grandfather clock 
with a pendulum length of 154cm. 
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2.3 Adding and subtracting algebraic fractions 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine the lowest common denominator of two or more fractions with pronumerals in the 
denominator 
e add and subtract fractions involving algebraic expressions. 


® 2.3.1 Algebraic fractions 


eles-4698 : Fi é 5 
e In an algebraic fraction, the denominator, the numerator or both are algebraic expressions. 


x 3x+1 
For example, —, a 
2 2x-5 


e As with all fractions, algebraic fractions must have a common denominator if they are to be added or 
subtracted, so an important step is to determine the lowest common denominator (LCD). 


WORKED EXAMPLE 4 Simplifying fractions with algebraic numerators 


Simplify the following expressions. 


1 
nd > ae all algebraic fractions. 
x +5 


2x Xx “ x+1 %*+4 
a2 6 4 
THINK WRITE 
2D 
a. 1. Write the expression. a. = = . 
Dye DP 
2. Rewrite each fraction as an equivalent SS 2 
fraction using the LCD of 3 and 2, which 302 2 3 
is 6. _4x 3x 
6 6 
Alga 
3. Express as a single fraction. =-— A 2 
4. Simplify the numerator and write the answer. = 2 
1 4 
b. 1. Write the expression. be a alas 
6 4 
Ie 2 4 
2. Rewrite each fraction as an equivalent el Kee i x 2 
fraction using the LCD of 6 and 4, which 6 2 4 3 
isl ee i) 
12 12 
2 1)+3 4 
3. Express as a single fraction. = a 


Pee ae 
7 12 

_ 5x+14 

> Tie 


4. Simplify the numerator by expanding 
brackets and collecting like terms. 


5. Write the answer. 
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® 2.3.2 Pronumerals in the denominator 


eles-4699 
e If pronumerals appear in the denominator, the process involved in adding and subtracting the fractions is to 


determine a lowest common denominator as usual. 

e When there is an algebraic expression in the denominator of each fraction, a common denominator 
can be obtained by writing the product of the denominators. For example, if x + 3 and 2x — 5 are in the 
denominator of each fraction, then a common denominator of the two fractions will be (x + 3) (2x —5). 


WORKED EXAMPLE 5 Simplifying fractions with algebraic denominators 


a 1 
Simplify — — —. 
3x 


4x 
THINK WRITE 
: 3 ell 
1. Write the expression. ———— 
3x 4x 
: : ; . 2 ADS I 3 
2. Rewrite each fraction as an equivalent fraction SS eS 
using the LCD of 3x and 4x, which is 12x. a 
Note: 12x* is not the lowest LCD. _ Roe eos 
12x 12x 
: : 8—3 
3. Express as a single fraction. = 
12x 
4. Simplify the numerator and write the answer. = = 
Be 


WORKED EXAMPLE 6 Simplifying by finding the LCD of two algebriac expressions 


1 2&x-1 
Simplify ane + — by writing it first as a single fraction. 
x+3 4x42 
THINK WRITE 
1 2x-1 
1. Write the expression. ale z 
x+3 x+2 


1 2 2x-1 
2. Rewrite each fraction as an equivalent fraction = Ce) ee) a x oe) 
using the LCD of x +3 and x + 2, which is the (x+3) (+2) +2) +3) 
product (x + 3)(x+ 2). Z (Con ME) Cs iG 3) 
(x+3)+2) (x+3)(%+4+2) 


. : (Gear I) (Gese 2) ap (ae — I(GesP 3) 
3. Express as a single fraction. = A 
(G3) @ 2) 
(9? +2x +242) + (2? +6x—x—3) 
4. Simplify the numerator by expanding brackets yy 
and collecting like terms. @+3)@+2) 
Note: The denominator is generally kept in (x? + 3x+2 42x? + 5x-3) 
factorised form. That is, it is not expanded. Wea oe 


2 = 
5. Write the answer. = Se rey 
GE S)iGe) 
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WORKED EXAMPLE 7 Simplification involving repeated linear factors 


a -1 
Simplify pana <r Z 5 by writing it first as a single fraction. 
x-3 (x-3) 
THINK WRITE 
2D —1 
1. Write the expression. at ——, 
Lo = 3) 
2 — -1 
2. Rewrite each fraction as an equivalent fraction aan coat ———— 
using the LCD of x —3 and (x —3)’, which %= 3) X—3 (x —3) 
is (x—3)°. ~G223G—3) | z= 1 
Ca (aes 
_—x-x-6, x-1 
C= Gs: 


2 x-64+x-1 
3. Express as a single fraction. See 


G3) 
rT 
4. Simplify the numerator and write the answer. = : 

@— 3)" 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
On a Calculator page, press 7) es On the Main screen, complete © Gait Action iterective 
CTRL and + to get the fraction aes ; the entry line as: sS5 - = 
template, and then complete the 4 3° (e-3)? 3 . x+2 | combine 53 a)?? 

i -3)7 i hes 
entry line as: f combine x-3 = (x— 3) F aa 
x+2 x-1 

+ Then press EXE. 

x-3 (x-3) 
Then press ENTER. 
x2 = ¥=-7 
x=3 @=3P G3) 
a 
Ng Stardard Real Pad a 
HED a= x =7 
x-3  (x-3P  (@w-3) 
DISCUSSION 


Explain why we can’t just add the numerators and the denominators of fractions, as shown in the incorrect 


expression below: 


a (C 
= 
b> @l 


b+d 
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ion) Resources 


=A 
[4 eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2028) 


&] Digital documents SkilISHEET Addition and subtraction of fractions (doc-5186) 
SKilISHEET Writing equivalent algebraic fractions with the lowest common denominator 
(doc-5190) 


eB Interactivities Individual pathway interactivity: Adding and subtracting algebraic fractions (int-4567) 
Adding and subtracting algebraic fractions (int-61 13) 
Lowest common denominators with pronumerals (int-61 14) 


Exercise 2.3 Adding and subtracting algebraic fractions learn@) 
Individual pathways 

m@ PRACTISE @ CONSOLIDATE @ MASTER 

1,4, 7, 10, 13, 16, 19 2, 5, 8, 11, 14, 17, 20 3, 6, 9, 12, 15, 18, 21 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
For questions 1 to 3, simplify each of the following. 
4 2 1 5 3 6 
1.a-+- b. ~-+— c. -+— 
7 3 8 9 5 15 
4 3 3 2 1 x 
— b. =-—= e --= 
9 11 7 5 5 6 
Ls Se ee 
9 27 “8 5 “£3 
3 For questions 4 to 6, simplify the following expressions. 
2 
ia io =e ee co 
3.4 8 5 3. 4 9 3 
2 12 
ie eee a ae rea eat 
14 28 20 4 5 67 5 15 
xX+1  x+3 x+2 x+6 2x—-1 2x+1 3x+1  5x+2 
6. a. + — b. + — Cc. — d. 
5 2 4 3 5 6 2 3 
RF For questions 7 to 9, simplify the following. 
2 1 3. 1 Pe) 1 
1.8. — b. — — — c. — +— 
4x 8x 4x 3x 3x 7x 
12. 4 1 1 
8. a. — + — b. — + — c = - i 
5x 15x 6x 8x 4x 5x 
2 7 1 5 4 3 
a. —— + — ._— +5 65 = 
100x 20x 10x x 3x 2x 
For questions 10 to 12, simplify the following by writing as single fractions. 
2 
ee eee ena eet 
x+4 x-2 xX+5  x-1 2x+1 x-2 x+t1  2x-7 
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4x 3x x4+2 x-1 x+8 2x4+1 x+5 x-1l 
+ + ~ 


di. a b. ——-+— Cc. d. — 
x+7 x-5 x+1l <xt+4 xtl x+2 x+3 x-2 
o.2°) 2 ie yee Se go) 
x+2 3x-1 x-l 1l-x (+1 x41 x-1 (-1) 


Understanding 
13. A classmate attempted to complete an algebraic fraction subtraction problem. 
a Se gee 3 gv=V 
¥—-A XS Xo &@H—2) Ke Ge HD 
x(x — 2) — 3(x — 1) 


(x — D& +2) 
_xt—xk-3x-1 
(x — 1)(x + 2) 
— xt— 5x -1 
(x — 1)(x + 2) 
a. Identify the mistake she made. 
b. Determine the correct answer. 
14. Simplify the following. 
—< gece 
x-y x-2 2-—x 
15. Simplify the following. 
3 3x 1 2x x 
: ; b. — ; + mae 
3—x (x—3) x-2 (2-x) (x-2) 


Reasoning 
16. Simplify the following. 


" 1 2 1 
x+2 x+1 x+4+3 
1 4 2 
b. —— + —— 


x-1 x+2 x-4 
17. Simplify the following. 


ts is 
“x41 x+3 x+2 
2 3 5 


——=— + —— 

x-4 x-1l x+3 

c. Explain why the process that involves determining the lowest 
common denominator is important in parts a and b. 


18. The reverse process of adding or subtracting algebraic fractions is quite complex. Use trial and error, or 
7x—4 a 3 


technology, to determine the value of aif ———————~ = —— + ——. 
(x—8)(x+5) x-8 x+4+5 
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Problem solving 
1 2 


3 
19. Simplify ————_ —- ————_. + ———__ 
7 ore, aie VP+x-6 x7 4+2x-8 


x74+3x-18 x7-3x42 
20. Simplify ———_- — ——— 
a wr—x-42 x? —5x44 


x? —25 x? + 12x +32 2x2 
21. Simplify ————_ + ———__ —- ———. 
: ) Does x +4x-32 x*-x-12 


2.4 Multiplying and dividing algebraic fractions 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e cancel factors, including algebraic expressions, that are common to the numerator and denominator 
of fractions 
e multiply and divide fractions involving algebraic expression and simplify the result. 


® 2.4.1 Multiplying algebraic fractions 


les-4700 : ‘ ote’ : ’ . 
= e Algebraic fractions can be simplified using the index laws and by cancelling factors common to the 


numerator and denominator. 
e A fraction can only be simplified if: 
e there is acommon factor in the numerator and the denominator 
e the numerator and denominator are both written in factorised form, that is, as the product of two or 
more factors. 


3ab _'% x 'd x b < product of factors 3a+b _ 3X a+b<nota product of factors 


12a 414% x 1g =< product of factors 12a 12x a <product of factors 


= ‘ Cannot be simplified 


e Multiplication of algebraic fractions follows the same rules as multiplication of numerical fractions: 
multiply the numerators, then multiply the denominators. 


WORKED EXAMPLE 8 Multiplying algebraic fractions and simplifying the result 


Simplify each of the following. 


Sy 6Z 2x x+1 
a —xX— b. ————_——_- X ——_ 
3x Ty (x + 1) 2x — 3) x 
THINK WRITE 
5 
a. 1. Write the expression. a a: 


She Ty 


114 Jacaranda Maths Quest 10 + 10A 


2. Cancel common factors in the numerator and denominator. Sees ar 
The y can be cancelled in the denominator and the ax Vy 
numerator. Also, the 3 in the denominator can divide into a= 5 x 22 
the 6 in the numerator. x 7 
: ‘ : 10z 
3. Multiply the numerators, then multiply the denominators =— 
and write the answer. 1% 
2 1 
b. 1. Write the expression. a fan 
(x+ 1) (Qx-3) 5 
Ds : 
2. Cancel common factors in the numerator and the = ee x aa 
denominator. (x + 1) and the x are both common in the (4+T) (2x — 3) x 
numerator and the denominator and can therefore be = 2 1 
cancelled. 2x-3 1 
: 2 
3. Multiply the numerators, then multiply the denominators =5 3 
—_ 


and write the answer. 


® 2.4.2 Dividing algebraic fractions 


eles-4701 . : 
e When dividing algebraic fractions, follow the same rules as for division of numerical fractions: write the 


division as a multiplication and invert the second fraction. 
e This process is sometimes known as multiplying by the reciprocal. 


WORKED EXAMPLE 9 Dividing algebraic fractions 


Simplify the following expressions. 


Sxy , 4x ~ 4 _x-7 
eh = =| it a Sea ee ae, 
2 9y (x+1)(3x-5) x+1 
THINK WRITE 
; ; 3xy 4x 
a. 1. Write the expression. a. —+— 
2 Oy 
eee: eee ee ; 3xy - Oy 
2. Change the division sign to a multiplication sign and write = SKS 
: : ; 2 4x 
the second fraction as its reciprocal. 
9 
3. Cancel common factors in the numerator and denominator. ee x = 
The pronumeral x is common to both the numerator and 
denominator and can therefore be cancelled. 
, 27" 
4. Multiply the numerators, then multiply the denominators = — 
and write the answer. : 
: 4 c—7 
b. 1. Write the expression. ee ae 
(x+1)x-5) x+1 
4 sap Il 


2. Change the division sign to a multiplication sign and write [SK - 
the second fraction as its reciprocal. GPNGx— Ss) x7 


> 
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: ; 4 1 
3. Cancel common factors in the numerator and denominator. = Sues x a, 
(x + 1) is common to both the numerator and denominator ee. 
and can therefore be cancelled. 
: : . 4 
4. Multiply the numerators, then multiply the denominators = 
and write the answer. Gx—S)@—7) 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a. a. a-b. a-b. 
On a Calculator page the i > os On the Main screen used the © Edit Action erection 
fraction template, twice to Aes , | fraction template, twice to eS =e [ [THT L 
ax 7+ y= m Sxxy _ 4x C 
complete the entry line as: ae a complete the entry line as: a By A 
3xy : 4x &x 3 xX xy 4x y ; ary 
dare vy > WI HEBY ae 
- \ 7 ” a STH 
Then press ENTER. 4 a 7 b 
(«+ )@Gx—-5) x41 
Press EXE after each entry. 
3xy 4x 2Ty 
2 - OY 8 
b. b. Alg Standard Feat fad a 
3xy 4x 2Ty 
Ona Calculator page, se | ETS ES rare 
the fraction template twice to x 4 2 9y 8 
complete the entry line as: ye (c+) (2-x-5) (7) (@x-5) 4 =F 
: ia = (x+1)Gx-5) x41 
(x+1)G3x—-5) x4+1 4 
| — ——— 
Then press ENTER. =) Gx=5) 
4 _*=7 
(x+1)(Gx—-5) xt] 
_ 4 
@= 7). Gx—=5) 
DISCUSSION 


Explain how multiplying and dividing algebraic fractions is different to adding and subtracting them. 


ion) Resources 


ey 
[4 eWorkbook 


Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2028) 


| Digital documents SkilISHEET Multiplication of fractions (doc-5187) 
SKilISHEET Division of fractions (doc-5188) 
SKilISHEET Simplification of algebraic fractions (doc-5191) 


ys Interactivities 


Simplifying algebraic fractions (int-61 15) 
Multiplying algebraic fractions (int-61 16) 
Dividing algebraic fractions (int-6117) 
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Individual pathway interactivity: Multiplying and dividing algebraic fractions (int-4568) 


Exercise 2.4 Multiplying and dividing algebraic fractions learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
1,4, 7, 10, 13, 16, 19 2,5, 8, 11, 14, 17, 20 3,6, 9, 12, 15, 18, 21 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
EES For questions 1 to 3, simplify each of the following. 
fo ee e2e= dix? 
5S oy 4 y 4 x 2 2y 
oe, iy ee ae 
10 2y —-14 x 4x Ty 3x —Ty 
oii ee ge goog s ee 
3z2y 3x 8y 7x Sy —3w 2y 
I For questions 4 to 6, simplify the following expressions. 
2x x-1 x 4x+7 
4. a. ———————_ X b. ——————_ X 
(x — 1)Gx-2) x (x — 3)(4x + 7) x 
9x 5x+1 (x+4) x4+1 
Ci. ee d. ———_—_—__ X — 
(5x + 1)(x-6) 2x (x+1)(~+3) x+4 
ae 2x x—-1 ” 2 x(x+ 1) 
x+1 (x+)D@-1) x(2x — 3) 4 
2x 3a 15c 21d 
c. x — d. ————_ X — 
4(a+3) 15x 12(d—3) 6c 
6x7 15(x— 2) 7x*(x — 3) 3(x — 3)(x+ 1) 
a. Beh. Janos x rar a b. — oe ae x Situs ake oad 
20(x — 2) 16x SxQx+1)  140-3)'(x-1) 
| WEoa Bee questions 7 to 9, simplify the following expressions. 
3.5 2.9 4 12 20 . 20 
a bi 25 2.5 sae ates 
x Xx a ok x Xx y  3y 
ey 22 7.3 By. 3x 2xy , 5x 
Sw w 2x 5x 7 Ay 5 y 
6y 3x 8wx . 3w 2xy  3xy 10xy 20x 
9. a. — + — b. — + — °. SS d. — + — 
9 Axy 5) 4y 5 5 7 14y 
EI For questions 10 to 12, simplify the following expressions. 
er —— ee 
(x-—1)8Bx-7) x-1 (x+2)(2x-—5) 2x—-—5 
9, 12-3)". 4@-3) : 13 341) 
© (X+5)(x-9) | 7(x-9) 6-4-1) 2@—-4)(@—1) 
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16(¢+5)(x—4) , 8@4+3)A45) (x +2) (x +3) (4+ 4) oe +a-12 


> b. : 
(x+3)(x+4) (x—4)(x+4) (x=—2) (x +3)" 4 
Understanding 
For questions 13 to 15, determine the missing fraction. 
5,4, 2s =5 —s =e 
3 x 4 
2 _ 2(x— 
14. a. +3) @+2) x = cs 5 b. 3) = = 3x 
(x—4) x+2 (x +4) (x—5) 2(x+4) 
x + 8x+15 x —25 w—2x-24 x? 4+12x+36 
15. a. ————_—_ X = > b. > FS Mm _ 
x —4x—21 x* — 11x +28 x” — 36 Es 
Reasoning 
16. Explain whether is the same as + : + : , 
x+2 X+2 x+2 x4+2 
12xy + 16yz" 
17. Does as simplify to at =) Explain your reasoning. 


20xyz 
@-4) G43) xv —x 
x (x+3)(@@-1) 
b. Identify and explain the error in the following reasoning. 


18. a. Simplify 


(x— 4) (x+3) rx 
4x — x2 (x+3)(x-1) 
TS) 2 x(x-1) 


x(4—x) (x+3)(x-1) _ 


Problem solving 


49. Simplif x= 2x-3 xt dx—5 + 7xt 10 
; co x*-1 x —5x+6 x4-3x?-4 


x+1 x-1 
where a= ——. 
x 


20. Simplify oe 


21. Simplify 
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2.5 Solving simple equations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e solve one- and two-step equations using inverse operations. 
e solve equations with pronumerals on both sides of the equals sign. 


® 2.5.1 Solving equations using inverse operations 


eles-4702 


e Equations show the equivalence of two expressions. 

e Equations can be solved using inverse operations. 

Determining the solution of an equation involves calculating the 

value or values of a variable that, when substituted into that + and — are inverse operations 

equation, produces a true statement. 

e When solving equations, the last operation performed on the 
pronumeral when building the equation is the first operation undone 
by applying inverse operations to both sides of the equation. 

For example, the equation 2x + 3 =5 is built from x by: 
First operation: multiplying by 2 to give 2x 
Second operation: adding 3 to give 2x + 3. 

e In order to solve the equation, undo the second operation of adding 3 by subtracting 3, then undo the first 

operation of multiplying by 2 by dividing by 2. 


Inverse operations 


x and + are inverse operations 


? and y are inverse operations 


2x+3=5 


e Equations that require one step to solve are called one-step equations. 


WORKED EXAMPLE 10 Solving equations using inverse operations 


Solve the following equations. 


d 1 4 
a. a+27=71 b. — =3- @ = 0.87 d. f? = — 
16 64 ve f 25 
THINK WRITE 
a. 1. Write the equation. a. a+2T— 71 
2. 27 has been added to a resulting in 71. The addition of a+27—27=71 —27 
27 has to be reversed by subtracting 27 from both sides a=44 
of the equation to obtain the solution. 
: : d 1 
b. 1. Write the equation. [, =SS5= 
16 4 


1 : : 
2. Express oF as an improper fraction. = =— 
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3. The pronumeral d has been divided by 16 resulting ee ~16— a x 16+ 
in =. Therefore the division has to be reversed HD 


by multiplying both sides of the equation by 16 to obtain d. 


c. 1. Write the equation. c. Je =0.87 
2 
2. The square root of e has been taken to result in (ve) = 0.877 
0.87. Therefore, the square root has to be reversed 
by squaring both sides of the equation to obtain e. e= 0.7569 
: : »_ 4 
d. 1. Write the equation. Ch f= 55 
rear Ce 4 
2. The pronumeral f has been squared, resulting in 55 aes 55 


Therefore the squaring has to be reversed by taking 2 
the square root of both sides of the equation to US ao 
obtain f; Note that there are two possible solutions, 

one positive and one negative, since two negative 

numbers can also be multiplied together to produce 

a positive result. 


® 2.5.2 Two-step equations 


eles-4704 ‘ 7 ‘ : P ‘ ‘ 
e Two-step equations involve the inverse of two operations in their solutions. 


WORKED EXAMPLE 11 Solving two-step equations 


Solve the following equations. 


a. 5y—6=79 b. —=5 
9 
THINK WRITE 
a. 1. Write the equation. a. sy —6=79 
2. Step 1: Add 6 to both sides of the equation. 5yV— 6-6) —79--6 
Sy =8) 
ae : : os) is 
3. Step 2: Divide both sides of the equation by 5 to === 
obtain y. 5 5 
4. Write the answer. eli, 
4 
b. 1. Write the equation. b. a =5 
: i : 4x 
2. Step 1: Multiply both sides of the equation by 9. ca xD SSD 
Angas) 
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ae ; : 45 
3. Step 2: Divide both sides of the equation by 4 to = 7 
obtain x. 
45 
x= — 
4 
4 1 
4. Express the answer as a mixed number. i a 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a. a. a-b. a-b. 


On a Calculator page to solve 
equation press: 

e MENU 

e 3: Algebra 

° 1: Solve 
Then complete the line as: 
solve(Sy — 6 = 79, y) 
The ‘comma y’ (,y) instructs 


solve(5- y-6=79,y) yn l7 


the calculator to solve for the 

variable y. 5Sy=6=79 
The press ENTER. =Sy=17 

b. b. 


On a Calculator page, complete 
the entry line as: 


4x 
solve (= = 5.x) 
9 


The result is given as an 
improper fraction. | 
To change to a proper fraction, 
press: 

e MENU 

e 2: Number 

e 7: Fraction Tools 

e 1: Proper Fraction 
Then complete as shown and 
press ENTER. 


130s eS 


45 


o— 


ax 
soive( “53 
9 4 


proptine | it 
4 4 


On the Main screen, to solve the 
equation tap: 
e Action 
e Advanced 
® slove 
Then complete the entry 
line as: 
solve(Sy — 6 =79, y) 
Then press EXE. 
The ‘comma y’ (,)) instructs 
the calculator to solve for the 
variable y. 
Then complete the entry line as: 


4x 
solve (= = 5) 
9 


The result is given as an 
improper fraction. 
If required, to change to a 
proper fraction, tap: 

e Action 

e Transformation 

e Fraction 

© propFrac 
Then complete as shown and 
press EXE. 
If x is the only pronumeral, it is 
not necessary to include x at the 
end of the entry line. 


© Edit Action intarsctive 
» 


solve (Sy-6=79, 9) 


Ax 
solve ( 9 =5) 


® 2.5.3 Equations where the pronumeral appears on both sides 


eles-4705 


e In solving equations where the pronumeral appears on both sides, subtract the smaller pronumeral term so 


that it is eliminated from both sides of the equation. 


WORKED EXAMPLE 12 Solving equations with multiple pronumeral terms 


Solve the following equations. 
a. 5h+13=2h—2 


THINK 


a. 1. Write the equation. 


2. Eliminate the pronumeral from the right-hand side 
by subtracting 2h from both sides of the equation. 


b. 14—4d=27-d 


WRITE 
ais — 2 
sh 13 = 2 
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c. 2(x—3)=5 (2x +4) 


121 


3. Subtract 13 from both sides of the equation. 3h = —I'5 


4. Divide both sides of the equation by 3 and write h=—5 
the answer. 
b. 1. Write the equation. b. 14—4d=27-d 
2. Add 4d to both sides of the equation. 14=27+3d 
3. Subtract 27 from both sides of the equation. Slsi—id 
1 
4. Divide both sides of the equation by 3. -2 =a! 
? 1 
5. Express the answer as a mixed number. —4-=d 
6. Write the answer so that d is on the left-hand side. d= -4- 
c. 1. Write the equation. & 2(x—3)=5(2x+4) 
2. Expand the brackets on both sides of the equation. 2x—6'= 110x%=- 20 
3. Subtract 2x from both sides of the equation. =—6 =18x-+ 20 
4. Subtract 20 from both sides of the equation. —26 = 8% 
a : : 26 
5. Divide both sides of the equation by 8. ae =i 
ee : : 18 
6. Simplify and write the answer with the pronumeral x=-—— 


on the left-hand side. 


DISCUSSION 


Describe in one sentence what it means to solve linear equations. 


ion) Resources 


5-5) 
[4 eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2028) 


‘C) Video eLessons Solving linear equations (eles-1895) 
Solving linear equations with pronumerals on both sides (eles-1901) 


&B Interactivity Individual pathway interactivity: Solving simple equations (int-4569) 
Using algebra to solve problems (int-3805) 
One-step equations (int-61 18) 
Two-step equations (int-61 19) 
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Exercise 2.5 Solving simple equations learn@y) 


Individual pathways 


@ PRACTISE mf CONSOLIDATE @ MASTER 
1,4, 7, 10, 13, 16, 18, 21, 25, 26, 2,5, 8, 11, 14, 17, 19, 22, 23, 27, 3, 6, 9, 12, 15, 20, 24, 29, 32, 35, 
30, 33, 36, 40, 43, 46 28, 31, 34, 37, 41, 44, 47 38, 39, 42, 45, 48 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


MSE ror questions 1 to 3, solve the following equations. 


1. a. a+61=85 b. k—75=46 ce. g+ 9.3 =12.2 
2. a. r—2.3=0.7 b. h+0.84= 1.1 ce. i+5=3 

1 1 
3. a. t—12=—-7 b.g+t-=- c. x-2=-2 

3 2 


| WE10b Bre questions 4 to 6, solve the following equations. 


ia =4 b. —=-6 c. 6z= —42 
A 10 
5. a. 9V=63 b. 6w = —32 a 
12 6 
6. a. 4a=1.7 pe! ee 
19 8 4 “8 
| WE10c, d | For questions 7 to 12, solve the following equations. 
7. a. V/t=10 b. y? =289 S.3/g=25 
4 9 
8. a. 2=1.44 b. =- Cc 2a oe 
f a P64 
15 196 7 
9. . =— b. 2 — —"~ c. 2 =. 
ab AB 59 061 ooo 
10. a. /t-3=2 b. 5x? =180 c. 3y/m= 12 
d. —2P =—18 ef +11=111 f. Vim—5=0 
11. a x=? b. 2° =—27 Cc. m= 5 
oF 5 
d. xe = — e. ¥/m=0.2 f. w=15> 
64 wm me 
12a 2 +1=0 b. 3x3 =—24 c. W/m+5=6 
d. -2x v/w= 16 e. Wt-13=-8 f. 23-14=2 
| WE11a Boe questions 13 to 20, solve the following. 
13. a. 5a+6=26 b. 6b+8 =44 c. 81-9=15 
14. a. 7f—18=45 b. 89+ 17=26 ce. 10r—21=33 
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15. a. 65+46=75 b. 5t-28=21 c. 8a+88 = 28 


16. a. 2 +6=16 b. §44=9 c. X+6=5 
4 6 10 
17. a. ~—12=-10 b. —+5=8.5 c. 2-18=34 
9 8 12 
18. a. 6(v+ 8) =56 b. 7(y—4) =35 c. S(m—3)=7 
19. a, 3(2k+5)=24 b. 5(3n—1)=80 c. 6(2c+7)=58 
20. a. 2(x—-5)+3(4—-7)=19 b. 3(4+5)-SQ@-)D=12 c. 3(2x—7)—-(x+3) =—60 
| WE11b Bales questions 21 to 24, solve the following. 
7 
ata, 6 =15 bp. = 18 c. 2 =-8 
5 8 10 
22. a. ee ae, c. 4 0.8 
11 4 15 
ei ay ges pee 
3 3 4 
24. a. eS 4 | c. =a 
2 3 4 
25. [1 a. The solution to the equation 7 +2=7 is: 
A. p=5 B. p=25 Cc. p=45 D. p=10 E. p=1 
b. If 5h+8=53, then h is equal to: 
A. 2 B. 12.2 C. 225 D. 10 E. 9 
c. The exact solution to the equation 14x = 75 is: 
A. x=5.357 142857 B. x=5.357 (to 3 decimal places) 
C. pe D. x=5.4 
14 
E. x=5.5 
For questions 26 to 29, solve the following equations. 
26. a. —5h=10 b. 2—d=3 c. 5—p=—2 d. -7-x=4 
27. a. —6t=—30 b. -——=4 ee d. —4¢=3.2 
5 12 4 
28. a. 6—2x=8 b. 10—3v=7 c. 9-6/=—3 d. —3—2g=1 
4 
29. a. —S—4t=-17 sae ail c. Cuies d. fees 
5 4 7d 
| WE12a Boe questions 30 to 32, solve the following equations. 
30. a. Ox+5=5x+7 b. 7b+9=6b+ 14 c. llw+17=6w+27 
31. a. 8f-—2=7f+5 b. 10t—11=51r+4 c. 12r—16=3r+5 
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32. a. 12g—19=3¢-31 b. Th+5=2h-6 c. 5a—2=3a-2 


| WE12b Beng questions 33 to 35, solve the following equations. 


33. a. 5-—2x=6-—x b. 10O—3c=8-—2c c. 3r+13=9r—3 
34. a. kK-—S5=2k—-6 b. Sy+8=13y+17 c. 17-3g=3-¢g 
35. a. 14-—Sw=w+8 b. 4m+7=8-—m c. 14-—5p=9-2p 


SES For questions 36 to 38, solve the following equations. 


36. a. 3(4 +5) = 2x b. 8(y+3)=3y c. 6(t—5)=4(t+3) 
37. a. 10(u+1)=3 (u—3) b. 12(f— 10) =4(f—5) c. 2(4r+3)=3 (2r+7) 
38. a. 5 (2d+ 9) =3 (3d + 13) b. 5(h—3)=3 Qh-1) ce. 2(4x+1)=5GB-x) 
39. HG a. The solution to 8 — 4k = —2 is: 
‘.=5- eka exit b.k=-14 BE k=2 
2 2 2 2, 5 


b. The solution to = +3=-7 is: 


A. naa B. nea Cc. “a D. ie E. n=—-8- 
3 3 3 3 3 
c. The solution to p—6=8 — 4pis: 
2 4 2 2 4 
A. p= B. p=2- Cc. p=4- D. p=- E. p= 
PSs aaial: Peng ane PSs 
Understanding 


40. If the side length of a cube is xcm, then its volume V is given by V=.x°. Calculate the 
side length (correct to the nearest cm) of a cube that has a volume of: 
a. 216cm? b. 2m. 


41. The surface area of a cube with side length xcm is given by A = 6x”. Determine the side 
length (correct to the nearest cm) of a cube that has a surface area of: 
a. 37.5cm? b. 1m. 


42. A pebble is dropped down a well. In time f¢ seconds it falls a distance of d metres, 
given by d=5?r. 


a. Calculate the distance the pebble falls in 1 second. 
b. Calculate the time the pebble will take to fall 40 m. (Answer in seconds correct 
to 1 decimal place.) 


Reasoning 


43. The surface area of a sphere is given by the formula A = 477°, where r is the radius 
of the sphere. 


a. Determine the surface area of a sphere that has a radius of 5 cm. Show 
your working. 

b. Evaluate the radius of a sphere that has a surface area equal to 500 cm?. 
(Answer correct to the nearest mm.) 


44. Determine the radius of a circle of area 10 cm*. Show your working. 


TOPIC 2 Algebraand equations 125 


4 
45. The volume of a sphere is given by the formula V= —7r°, where r is the radius of the sphere. If the sphere 


can hold 1 litre of water, determine its radius correct to the nearest mm. Show your working. 


Problem solving 


46. The width of a room is three-fifths of its length. When the width is increased by 
2 metres and the length is decreased by 2 metres, the resultant shape is a square. 
Determine the dimensions of the room. 


47. Four years ago, Leon was one third of James’ age. In six years’ time, the sum of 
their ages will be 60. Determine their current ages. 


48. A target board for a dart game has been designed as three concentric circles 
where each coloured region is the same area. If the radius of the blue circle is 
rcm and the radius of the outer circle is 10cm, determine the value of r. 


2.6 Solving multi-step equations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e expand brackets and collect like terms in order to solve a multi-step equation 
e solve equations involving algebraic fractions by determining the LCM of the denominators. 


® 2.6.1 Equations with multiple brackets 


les-4706 
poe e Equations can be simplified by expanding brackets and collecting like terms before they are solved. 


WORKED EXAMPLE 13 Solving equations with brackets 


Solve each of the following linear equations. 


a. 6(4+1)-—4(x-2)=0 b. 7(5—x)=3(x+1—-10 
THINK WRITE 
a. 1. Write the equation. a. 6(4+1)-—4(@—-2)=0 
2. Expand all the brackets. (Be careful with 6x+6—4x+8=0 
the —4.) 
3. Collect like terms. 2x+ 14=0 
4. Subtract 14 from both sides of the equation. 25 — 
5. Divide both sides of the equation by 2 to %——/ 
obtain the value of x. 
b. 1. Write the equation. b. 7(5—x)=3(x+1)-10 
2. Expand all the brackets. Sy = Tho Shee 3) — IC 
3. Collect like terms. SG i, 
4. Create a single pronumeral term by adding 7x spy IES 7/ 
to both sides of the equation. 
5. Add 7 to both sides of the equation. 42 = 10x 
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6. Divide both sides of the equation by 10 to == 


solve for x and simplify. i 
21 
—=xX 
5 
: F ; 1 
7. Express the improper fraction as a mixed ae =x 
number fraction. 
: : P 1 
8. Rewrite the equation so that x is on the i oe 
left-hand side. 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-b. a-b. a-b. a-b. 
On a Calculator page, complete : = : On the Main screen, complete 
the entry lines as: /solve(6: (x+1)-4 (e-2)=0.x) «7  |the entry lines as: 
solve solve(7: (S-x)=3- (x+1)-10,x) 2 /solve 
(6(x + 1) — 4(x — 2) =0, x) ~S \(6(x+ 1) — 4(x— 2) =0, x) 
solve : | faa | Re solve 
(15 —x) =3e+1—10,x) MENG 5 |7S—xn=34+1)—10, 9 


Press ENTER after each entry. Press EXE after each entry. 
Convert b to a proper fraction. Convert b to a proper fraction. 


64+ 1)- 4-2) =0 


>x=-7 
15 —x) =3(x+ 1) — 10 6(x+ 1)—4@—2) =0 
soade ss oe 
5 1G=2x)=30+ Tl) = 10 
re 


® 2.6.2 Equations involving algebraic fractions 


eles-4707 
e To solve an equation containing algebraic fractions, multiply both sides of the equation by the lowest 


common multiple (LCM) of the denominators. This gives an equivalent form of the equation 
without fractions. 


WORKED EXAMPLE 14 Solving equations with algebraic fractions 


—5 7 
Solve the equation = = and verify the solution. 
THINK WRITE 
= 7 
1. Write the equation. s 5 2 = — 


4 3 
Wie—5) 347 
2. The LCM is 3 x4 = 12. Multiply both sides of Cia) eae) 


the equation by 12. 3 A 
3. Simplify the fractions. 4(x-—5)=3(*«+7) 
4. Expand the brackets. 4% — 20 =3x-- 21 
5. Subtract 3x from both sides of the equation. 2021 
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6. Add 20 to both sides of the equation and write x=41 
the answer. 

7. To verify, check that the answer x = 41 is 
true for both the left-hand side (LHS) and 
the right-hand side (RHS) of the equation by 


substitution. 
: : 41-5 
Substitute x = 41 into the LHS. LAS= es 
_ 36 
3 
= iy 
Substitute x = 41 into the RHS. RHS = — i 
_ 48 
4 
= ||2 
8. Write the answer. Because the LHS = RHS, the solution 


Go lisiconkects 


WORKED EXAMPLE 15 Solving involving algebraic fractions 


Solve each of the following equations. 


5 3 3(~~-1 
qe — 
6 5 3@-1 x+1 
THINK WRITE 
a. 1. Write the equation. eee =4+ ae) 
6 5) 
2. The lowest common denominator of 5 and Ase) = ae af pula 
6 is 30. Write each term as an equivalent 30 30 30 
fraction with a denominator of 30. 
3. Multiply each term by 30. This effectively 236-3) 120-6 18iGe— I) 
removes the denominator. 
4. Expand the brackets and collect like terms. MSgssr Hy WADE Itspe— Its} 


25% t/a — OZ ls 


5. Subtract 18x from both sides of the equation. PS — 102 
6. Subtract 75 from both sides of the equation. es 27 
: : 27 
7. Divide both sides of the equation by 7 to x= — 
solve for x. y 
8. Express the answer as a mixed number. x=3- 
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A 1 


. 1. Write the equation. = 
3(a-1) x41 
4 1 3(x-1 

2. The lowest common denominator of 3, ees = pos ee 
x+ land x—1 is 3(x—1)(x+ 1). Write each AO Neel a WiGcn) 
term as an equivalent fraction with a common 
denominator of 3 (x— 1)(x+ 1). 

3. Multiply each term by the common 4(x+1)=3(«-1) 
denominator. 

4. Expand the brackets. 4x+4=3x—-3 

5. Subtract 3x from both sides of the equation. x+4=—3 

6. Subtract 4 from both sides of the equation to xt4—4—=—3—4 
solve for x. 

7. Write the answer. Sei 


DISCUSSION 


Do the rules for the order of operations apply to algebraic fractions? Explain. 


ion) Resources 


a) 
[4 eWorkbook 


C) Video eLesson Solving linear equations with algebraic fractions (eles- 1857) 


Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2028) 


J Interactivities Individual pathway interactivity: Solving multi-step equations (int-4570) 
Expanding brackets: Distributive Law (int-3774) 


Exercise 2.6 Solving multi-step equations learn@) 


Individual pathways 


mM PRACTISE 
1,4, 7, 10, 13, 17, 20 


m CONSOLIDATE 
2,5, 8, 11, 14, 18, 21 


m@ MASTER 
3,6, 9, 12, 15, 16, 19, 22 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


| WE13 Br 3, solve each of the following linear equations. 


1. a. 6(4x—-3) +741) =9 b. 9B —2x)+2 (5x+1)=0 
2. a. 8(5 — 3x) —4(2+ 3x) =3 b. 911 +x) -—8 (42) =2x 


3. a. 6(443x)=7(x-l +1 b. 10(4x+2)=3(8—x) +6 
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| WE14 Bowne questions 4 to 6, solve each of the following equations and verify the solutions. 


x+1  x+3 x-7 x-8 x-6 x-2 
4. a, —— = —— b, ~—‘= yaa 
2 3 5 4 4 2 
8x +3 2x-1 x-3 4x+1 x+2 
. a. —  =2x b, —— = —— ce. ——= 
5 5 4 3 4 
6-x 2x-1 8-x 2x4+1 2(x+1) 3-2x 
i eee aes b, ——— = c. = 
3 5 9 3 5 4 
For questions 7 to 9, solve each of the following linear equations. 
x Ax x x 3 x 4x —3x x 1 
70a, -+—=- a ~——=2 d. —+==- 
3 5 3 4 5 4 4 7 5 8 4 
ae ee ee a de 
3 6 4 8 3 7 8 8 x 6 x 
ee ee beige o. M4622 poe, 
x x 3 x x 5 2 2 3 


RS ror questions 10 to 12, solve each of the following linear equations. 
3@+1)  5@4+1) _ 


207) er). 


10. a. + 4 b. 0 
2 3 7 8 
- 2(4x+3) 6(%—-2)_1 a Six+3) 3G4+2) 
; 5 2 2 5 5 4 


ies oe Say Oe") 5g pg, 2) Ie), It 


2 7 3 6 3 
; —5(@—2) 6Qx—-1)_ 1 r 9(@x—-1) 4-5) 
“3 5 3 ny i) 
12. a. ae es b a + 5 oe 
x-1l x+1 x+t+l xtl x-4 x41 
Be fe 
x-l x x-l 2x-l x x 


Understanding 


13. Last week Maya broke into her money box. She spent 
one-quarter of the money on a birthday present for her 
brother and one-third of the money on an evening out 
with her friends, leaving her with $75. 

Determine the amount of money in her money box. 


14. At work Keith spends one-fifth of his time in planning 
and buying merchandise. He spends seven-twelfths of his 
time in customer service and one-twentieth of his time 
training the staff. This leaves him ten hours to deal with 
the accounts. 

Determine the number of hours he works each week. 
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15. Last week’s school fete was a great success, raising a good 
deal of money. Three-eighths of the profit came from sales of 
food and drink, and the market stalls recorded one-fifth of the 
total. A third of the profit came from the major raffle, and the 
jumping castle raised $1100. 

Determine the amount of money raised at the fete. 


16. Lucy had half as much money as Mel, but since Grandma gave 
them each $20 she now has three-fifths as much. Determine the 
amount of money Lucy has. 

Reasoning 


17. Answer the following question and justify your answer: 


ian wel 


WA, 


Lwyy 


a. Determine numbers smaller than 100 that have exactly 3 factors (including | and the number itself). 


b. Determine the two numbers smaller than 100 that have exactly 5 factors. 
c. Determine a number smaller than 100 that has exactly 7 factors. 


18. To raise money for a charity, a Year 10 class has decided 
to organise a school lunch. Tickets will cost $6 each. 
The students have negotiated a special deal for delivery of 
drinks and pizzas, and they have budgeted $200 for drinks 
and $250 for pizzas. If they raise $1000 or more, they qualify 
for a special award. 


a. Write an equation to represent the minimum number of 
tickets required to be sold to qualify for the award. 

b. Solve the equation to find the number of tickets they must 
sell to qualify for the award. Explain your answer. 


19. If ee a =, explain why a must be equal to 5. 
(x+2)(x+3) x+2 x+4+3 
(Note: ‘=’ means identically equal to.) 


Problem solving 
20. Solve for x: 


2 5 2 7 
— —l)--— a) =-— —4)-— — 
5 ) av ) Pi ) 


12 


2(4x+ 3 
21. If eee = zs + =a determine the values of a and b. 
(x—3)(@+7) x-3 x+4+7 
22. If ibsawe = p ee , determine the values of a and b. 


ae Sf a ef 
x4+7x4+12 x43 x4+4 2247x412 
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2.7 Literal equations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e solve literal equations, which include multiple variables, by changing the subject of an equation to a 
particular pronumeral 
e determine any restriction on a variable in an equation due to limitations imposed by the equation or 
context of the question. 


® 2.7.1 Literal equations 


eles-4708 s 7 : F ‘ é s : 
e Literal equations are equations that include several pronumerals or variables. Solving literal equations 


involves changing the subject of the equation to a particular pronumeral. 

e A variable is the subject of an equation if it expressed in terms of the other variables. In v= u + at, the 
subject of the equation is v as it is written in terms of the variables u, a and t. 

e A formula is a literal equation that records an interesting or important real-life relationship. 


WORKED EXAMPLE 16 Solving literal equations 


Solve the following literal equations for x. 


a. ax*+bd=c b. ax=cx+b 
THINK WRITE 
a. 1. Write the equation. a. ax’>+bd=c 
2. Subtract bd from both sides of the equation. ax? =c—bd 
—b 
3. Divide both sides by a. pa card 
a 
¢—bd 
4. To solve for x, take the square root of both Ret 
sides. This gives both a positive and negative a 
result for x. 
b. 1. Write the equation. b. ax=cx+b 
2. Subtract cx from both sides. ax—cx—b 
3. Factorise by taking x as a common factor. x(a—c¢)) = ib 
ee : b 
4. To solve for x, divide both sides by a—c. x 
(0 reed 
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-b. a-b. a-b. a-b. 
In a new problem ona Tse) ES | On the Main screen, complete bes SE 
Calculator page, complete mivlectindeen) the entry lines as: oO 
the entry lines as: 2 fe d-c) Be - d- solve (aXx° +bxd=c,x) is tyeith 
-|(—- ——0orx= |—— | sotwo( Sa) 
solve (axx° + bxd=c,x) a @ a solve (aXx=cXx+b,x) “s [2] 
solve (aX x=cxXx+b,x) | solve(a: x=e-x+b,x) pa Press EXE after each entry. dag . 
Press ENTER after each entry. anc . up 
4 
|| jp 
c—bd 
x=+ 
a a 
b [alg Stardard Fal fad ow 
x= 
oe c—bd 
x=+ 
a 
b 
x= 
a-c 


WORKED EXAMPLE 17 Rearranging to make a variable the subject of an equation 


Make b the subject of the formula D = Vb? — 4ac. 


THINK WRITE 

1. Write the formula. D=vb? —4ac 

2. Square both sides. D? = b’ —4ac 

3. Add 4ac to both sides of the equation. D? + 4ac = b? 

4. Take the square root of both sides. + D2 +4ac=b 

5. Make b the subject of the formula by b= +/D? + 4ac 


solving for b. 


® 2.7.2 Restrictions on variables 
les-4709 
~ e Some variables may have implicit restrictions on the values that they may be assigned in an equation or 
formula. 


For example: 


eifV= a then ¢ cannot equal zero, otherwise the value of V would be undefined. 


t 
e ifd=Vx-—9, then: 
e the value of d will be restricted to positive values or 0 


e the value of x—9 must be greater than or equal to zero because the square root of a negative number 
cannot be found. 


x-9 >0 
x >9 (Hence x must be greater than or equal to 9) 
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e Other restrictions may arise once a formula is rearranged. For example, if we look at the formula V = /s”, 
there are no restrictions on the values that the variables / and s can be assigned. (However, the sign of 
V must always be the same as the sign of / because s” is always positive.) If the formula is transposed to 
make s the subject, then: 


This shows the restrictions that /#0 and ; >0. 


e If the formula V=/s* represents the volume of the rectangular prism shown, additional restrictions become 
evident: the variables / and s represent a length and must be positive numbers. Hence, when we make s the 


subject we get s= 7 


WORKED EXAMPLE 18 Identifying restrictions on variables 


List any restrictions on the variables in the equations below. 


100.\/y +4 


a. The literal equation: x = 
z—10 


bh 
b. The area of a triangle: A = ns where b = base length and h = height 


THINK WRITE 
a. We cannot substitute a negative value into a square root. a. yt+4>0 
This affects the possible yee 
values for y. 
A fraction is undefined if the denominator is z—1040 
equal to 0. This affects the possible values ges IO) 
for z. 
b. In this case the restrictions do not come from the b. b>0 andh>0 
equation, but from the context of the equation. This also implies that A > 0. 


Since b and h represent lengths of a shape, they 
must have positive values or else the shape would 
not exist. 


DISCUSSION 


Why is it important to consider restrictions on variables when solving literal equations? 
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ion) Resources 


any 
[4 eWorkbook _ Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2028) 


} Interactivities Individual pathway interactivity: Literal equations (int-457 1) 
Restrictions on variables (int-6120) 


Exercise 2.7 Literal equations learn@) 
Individual pathways 

m@ PRACTISE m@ CONSOLIDATE @ MASTER 

1,4, 7, 10, 13, 16 2,5, 8, 11, 14, 17 3,6, 9, 12, 15, 18 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
ES For questions 1 to 3, solve the following literal equations for x. 
1a = b. ~—be=d Cc. VJxtn=m 
be a 
b 
2. a. acx*=w b.-=- oe oy 
x oy n 
a_b 
3. a. ab(x+b)=c b. -=-+m 
x ¢ 
x 
c. mx =ay— bx d. —+a=- 
m 


For questions 4 to 6, rearrange each of the following literal equations to make the variable in brackets 
the subject. 


4. a. V=Ibh [I] b. P=21+ 2b [b] 
c. A= sph [h] d.c=Va@+b? [a] 
9C 
5. a. hes teil b. A=a?r [r] c. v=u+at [a] 
d =~ e. E= Fm? [mm] 
6. a. E= Sm? [v] b. v? =u? + 2as [a] c. v? =u? + 2as [u] 
x a b m+n 


For questions 7 to 9, complete the following. 
7. a. Ifc= Va? +bP?, calculate a if c=13 and b=5. 
b. IfA= bh, calculate the value of h if A=56 and b= 16. 


c. If F= ~ + 32, calculate the value of C if F= 86. 
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8. a. If v=u-+at, calculate the value of a if v= 83.6, u=15 and t=7. 
b. If V=Is?, calculate the value of s if V= 2028 and /= 12. 
c. If v? =u? + 2as, calculate the value of u if v= 16, a= 10 and s=6.75. 


9. a. IfA= sh (a+b), calculate the value of a if A= 360, b= 15 andh=18. 


NX; + MX) : 
b. Ifx= a calculate the value of x, if x= 10, m=2,n=1 and x, =4. 
m+n 


Understanding 
10. For the following equations: 
me WE18 BE any restrictions on the variables in the equation. 


ii. rearrange the equation to make the variable in brackets the subject. 


iii. list any new restrictions on the variables in the equation formed in part ii. 

2 

a y=x+4 = [a] b. a [x] c. v=u+at [tl 
x— 


11. For the following equations: 


i. list any restrictions on the variables in the equation. 
ii. rearrange the equation to make the variable in brackets the subject. 
iii. list any new restrictions on the variables in the equation formed in part ii. 


b+ 
a. c=Vae+b2 _ [b] bs so [r] Cc. ree # [b] 
l-r pt+q 


12. For the following equations: 


i. list any restrictions on the variables in the equation. 
ii. rearrange the equation to make the variable in brackets the subject. 

iii. list any new restrictions on the variables in the equation formed in part ii. 

—b+ Vb? —4ac i pb+qa 

._ m=— 


,=——— Ie] 


7 awe c. E2=(pey+(me2)” [ml 


Reasoning 


13. The area of a trapezium is given by A= ; (a+b) h, where a and b are the lengths of the top and the base and 
his the height of the trapezium. 


a. State any restrictions on the variables in the formula. Justify your response. 

b. Make b the subject of the equation. 

c. Determine the length of the base of a trapezium with a height of 4 cm and top of 5 cm and a total area 
of 32 cm?. Show your working. 


14. The volume of a cylinder is given by V=77°h, where r is the radius and h is the height of the cylinder. 


a. State any restrictions on the values of the variables in this formula. Justify your response. 
b. Make r the subject of the formula. 
c. List any new restrictions on the variables in the formula. Justify your response. 


15. Tis the period of a pendulum whose length is / and g is the acceleration due to gravity. The formula relating 


these variables is T= 27 . 
8 
. State what restrictions are applied to the variables T and /. Justify your response. 
. Make / the subject of the equation. 
. Justify if the restrictions stated in part a still apply. 
. Determine the length of a pendulum that has a period of 3 seconds, given that g = 9.8 m/s”. Give your 
answer correct to 1 decimal place. 
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aQaon7 » 


Problem solving 
16. F=32+ ae is the formula relating degrees Celsius (C) to degrees Fahrenheit (F). 


a. Transform the equation to make C the subject. 
b. Determine the temperature when degrees Celsius is equal to degrees Fahrenheit. 


mM 


17. Newton’s law of universal gravitation, F = G , tells us the gravitational force acting between two 


objects with masses m, and my, at a distance r metres apart. In this equation, G is the gravitational constant 
and has a fixed value of 6.67 x 107". 


a. Transform the equation to make m, the subject. 

b. Evaluate the mass of the Moon, to 2 decimal places, if the value of F between Earth and the Moon is 
2.0 107° N and the distance between Earth and the Moon is assumed to be 3.84 x 10° m. Take the mass 
of Earth to be approximately 5.97 x 10 kg. 


18. Jing Jing and Pieter live on the same main road but Jing Jing lives a kilometres to the east of Pieter. 
Both Jing Jing and Pieter set off on their bicycles at exactly the same time and both ride in a westerly 
direction. 

Jing Jing rides at j kilometres per hour and Pieter rides at p kilometres per hour. It is known that j > p. 
Determine an equation in terms of a, j and p for the distance Jing Jing has ridden in order to catch up 
with Pieter. 
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2.8 Review 
2.8.1 Topic summary 


¢ We can only add and subtract like terms: 
3x + 6y — 7x + 2z = 6y + 2z — 4x 
* Multiplying algebraic terms: 10x3y? x 4x2z = 40x yz 
* Cancelling down fractions: only cancel what is common 
to all terms in both the numerator and denominator. 
3ac +5ab _ 3ac+5ab _ 3c +5b 
10abe 10abc 10be 
¢ Expanding brackets: x(a + b) =ax + bx 


¢ Inverse operations are 
used to solve equations. 
Add (+) and subtract 
(—) are inverses 
Multiply (x) and 
divide (+) are inverses 
Squares (x?) and 
square roots (Vx ) 
are inverses 
¢ One-step equations can 
be solved using one 
inverse operation: 


Solving complex 
equations 


¢ Solving two-step and 

multi-step equations will 

involving the following. 

e Using inverse 
operations 

e Expanding brackets 

° Collecting like terms 

¢ Finding the LCM of 
algebraic fractions, 


eg. x+5=12 then multiplying by 
ethos D8 the LCM to remove 
aT all denominators 


Literal equations 


¢ Literal equations are equations that involve multiple 
pronumerals or variables. 

¢ The same processes (inverse operations etc.) are used 

to solve literal equations. 

Solving a literal equation is the same as making one 

variable the subject of the equation. This means it is 

expressed in terms of the other variables. 

e.g. P is the subject of the equation: P = we 


, P 
To make T the subject, transpose to get: T= — 
n. 


Algebraic fractions: + and — 


Fractions can be added and 
subtracted if they have the same 
common denominator. 

5 nN + BIO) es 15y + 8x 
2x 3y 6xy 6xy 6xy 


Algebraic fractions: x 


¢ When multiplying fractions, multiply 
the numerators together and the 
denominators together. 

Cancel any common factors in the 
numerator and denominator. 


Substitution 


¢ When the numeric value of a pronumeral is known, it can 
be substituted into an expression to evaluate the expression. 
¢ It can be helpful to place substituted values inside brackets. 
e.g. Evaluate the expression b? — 4ac when a = -3, 
b=—2andc=4: 
b?— 4ac = (-2)* — 4 x (-3) x (4) 
=4+48 
=52 


¢ Commutative law: the order in which an operation is 
carried out does not affect the result. It holds true for: 

e Addition: x+y=y+x 

° Multiplication: x x y=yxx 

Associative law: when calculating two or more numerals, 
how they are grouped does not affect the result. It holds 
true for: 

« Addition: x + (y+z)=(«+y)+z 

° Multiplication: x x (y x z)=(x x y) Xz 

Identity law: an identity is any number the when applied 
to another number under a specific operation does not 
change the result. 

° For Addition the identity is 0 

* For Multiplication the identity is 1 

Inverse law: an inverse is any number that when applied 
to another number produce 0 for addition and 1 for 
multiplication. 

« Under addition, the inverse of x is —x as x + (—x) =0 


Sree ; ell 1 
¢ Under multiplication, the inverse of x is — asx x—=1 
x x 


ALGEBRA & EQUATIONS 


Closure 


¢ A set of numbers is closed if under a specific operation, 
the result produced is also an element of the set. 
e.g. For integers, multiplication is closed as the product 
of two integers is always an integer. (i.e. 3 x (-5) =—15) 
For integers, division is not closed as 
the quotient of two numbers is often 
not an integer. 
(ie. 3 + (5) = -3) 


Algebraic fractions: + 


¢ When dividing two fractions, multiply 


oe 2 3(x—2) 2(x+2) eves the first fraction by the reciprocal of 
@+2) @-2) *-4 2-4 5y 7x _ (Sy , a iy ee f tis 2 
Seioe ue 12x 15z (3)45z  36z ee ee eas 
- 2-4 Cancel common factors from top oa 
a 2 2 
_ x-10 and bottom. 10x", 6x" _ (5)40x" iy) = 2y 
~ aA Write variables in alphabetical order. 33z lly (3)33z (G)éx" 9z 
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2.8.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Success criteria rw) O | @ 


2.2 | can evaluate an expression by substituting in values for each pronumeral. 


Subtopic 


| understand the Commutative, Associative, Identity and Inverse laws and 
determine in which situations they apply. 


2.3 | can determine the lowest common denominator of two or more fractions 
with pronumerals in the denominator. 


| can add and subtract fractions involving algebraic expressions. 


2.4 | can cancel factors, including algebraic expressions, that are common to the 
numerator and denominator of fractions. 


| can multiply and divide fractions involving algebraic expression and simplify 
the result. 


2.5 | can solve one and two-step equations using inverse operations. 


| can solve equations with pronumerals on both sides of the equals sign. 


2.6 | can expand brackets and collect like terms in order to solve a multi-step 
equation. 


| can solve equations involving algebraic fractions by determining the LCM of 
the denominators. 


2.7 | can solve a linear literal equation, which include multiple variables, by 
changing the subject of an equation to a particular pronumeral. 


| can determine any restrictions on a variable in an equation due to limitations 
imposed by the equation or context of the question. 


2.8.3 Project 


Checking for data entry errors 


When entering numbers into an electronic device, or even writing numbers 
down, errors frequently occur. A common type of error is a transposition 
error, which occurs when two digits are written in the reverse order. Take 
the number 2869, for example. With this type of error, it could be written as 
8269, 2689 or 2896. A common rule for checking these errors is as follows. 


If the difference between the correct number and the recorded number is 
a multiple of 9, a transposition error has occurred. 


We can use algebraic expressions to check this rule. Let the digit in the 
thousands position be represented by a, the digit in the hundreds position 
by b, the digit in the tens position by c and the digit in the ones position by d. So the real number can be 


represented as 1000a + 100b + 10c +d. > 
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1. If the digits in the ones position and the tens position were written in the 
reverse order, the number would be 1000a + 100b + 10d+ c. The 
difference between the correct number and the incorrect one would then 
be: 1000a + 100b + 10c + d—(1000a + 100b + 10d +c). 

a. Simplify this expression. 
b. Is the expression a multiple of 9? Explain. 

2. If a transposition error had occurred in the tens and hundreds position, the 
incorrect number would be 1000a + 100c + 10b + d. Perform the 
procedure shown in question 1 to determine whether the difference 
between the correct number and the incorrect one is a multiple of 9. 

3. Consider, lastly, a transposition error in the thousands and hundreds 
positions. Is the difference between the two numbers a multiple of 9? 

4. Comment on the checking rule for transposition errors. 


ion) Resources 


Az 
[4 eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2028) 
Interactivities Crossword (int-2830) 


Sudoku puzzle (int-3589) 


Exercise 2.8 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. DS Given E= sm where m= 0.2 and v=0.5, the value of E is: 
A. 0.000625 B. 0.1 Cc. 0.005 D. 0.025 E. 0.0025 


2. (09 The expression —6d + 3r— 4d —r simplifies to: 
A. 2d+2r B. —10d+ 2r c. —10d—4r D. 2d+4r E. —8dr 


3. OO The expression 5 (2f+ 3) + 6 (4f— 7) simplifies to: 
A. 34f-+2 B. 34f—4 C. 34f—27 D. 34414 Eile o4 


4. 1 The expression 7 (b — 1) — (8 — b) simplifies to: 
A. 8b-—9 B. 8b-—15 Cc. 6b-9 D. 6b-—15 E. 8b+1 


5. HS If 14p — 23 = 6p —7 then p equals: 
A. —3 B. —1 C. 1 D. 2 E. 4 


6. Simplify the following by collecting like terms. 
Gh SO s)q PHO 8) b. —3k+ 12m—4k—9m 
c. —d+3c—8c—4d d. 6y? + 2y+y? —Ty 


7. IfA= sph, determine the value of A if b= 10 and h=7. 
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8. For each of the following, complete the relationship to illustrate the stated law. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


a. (a+3b)+6c= 
. 12a-—3bF 

7p xX = 

- («X5y)X7z= 
12p--0'= 
Gp—5q)—7r= 
. 9d+l1le= 

. 4a-bF 


sa*opaosd 


Associative Law 
Commutative Law 
Inverse Law 
Associative Law 
Identity Law 
Associative Law 
Commutative Law 
Commutative Law 


. Determine the value of the following expressions given the natural number values x = 12, y=8 and 


z=4. Comment on whether the Closure Law holds for each of the expressions when the values 


are substituted. 


a.xXy 2. Beat Cc. y—x 
Simplify the following. 
Sy pe ees SO as 
3 2 S) z 3x 5x 
Simplify the following. 
p} 
‘ y x 32 b. 20y x 352 
4 x 7x  l6oy 
KK ee 


a. p—20=68 


Solve the following. 
a. 42—7b=14 


b. s—0.56= 2.45 
ony 2 


h. a2 =36 


b. 12t-—11=4t+5 


Solve each of the following linear equations. 


a. 5~—2)+3(+2)=0 


ce. 54+ 1)-6Qx—-—1)=7(«4+2) 
e. 72x—5)—4(«+ 20) =x- 


x-1l 2x-5 
_——+ 
x+3 x4+2 
x+6 S(a~+1) 
ee eo eo 
Die _9x+1 


(x+ 8) (x-1) . x+8 


. 3b=48 
» 2(@+5)=—3 


i S—k=—7 


. 2(4p —3) =2 (3p —5) 


b. 76=2x)—3(1—3x) = 1 


d. 83x—-—2)4+ (44-5) =7x 


5 f. 3@@+1)+6@+4+5)=3x+40 


Solve each of the following equations. 


anes 
Gh Sap SS 


eee eg 

a5 
2x-3 3 _ x+3 
a 5 5 


a. Make x the subject of bx + cx= 7 


b. Make r the subject of V= : 


rr. 


au _& 2 
ney kee) 
3 7 3 
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Problem solving 


17. A production is in town and many parents are taking their children. An adult ticket costs $15 and a 
child’s ticket costs $8. Every child must be accompanied by an adult and each adult can have no more 
than 4 children with them. It costs the company $12 per adult and $3 per child to run the production. 
There is a seating limit of 300 people and all tickets are sold. 

a. Determine how much profit the company makes on each adult ticket and on each child’s ticket. 

b. To maximise profit, the company should sell as many children’s tickets as possible. Of the 300 
available seats, determine how many should be allocated to children if there is a maximum of 4 
children per adult. 

c. Using your answer to part b, determine how many adults would make up the remaining seats. 

d. Construct an equation to represent the profit that the company can make depending on the number of 
children and adults attending the production. 

e. Substitute your values to calculate the maximum profit the company can make. 


18. You are investigating prices for having business cards printed for your new games store. A local 

printing company charges a flat rate of $250 for the materials used and $40 per hour for labour. 

a. If h is the number of hours of labour required to print the cards, construct an equation for the cost of 
the cards, C. 

b. You have budgeted $1000 for the printing job. Determine the number of hours of labour you can 
afford. Give your answer to the nearest minute. 

c. The printer estimates that it can print 1000 cards per hour of labour. Evaluate the number of cards 
that will be printed with your current budget. 

d. An alternative to printing is photocopying. The company charges 15 cents per side for the first 10 000 
cards and then 10 cents per side for the remaining cards. Justify which is the cheaper option for 18 
750 single-sided cards and by how much. 


19. A scientist tried to use a mathematical formula to predict people’S pes 
moods based on the number of hours of sleep they had the previous 
night. One formula that he used was what he called the ‘grumpy 
formula’, g = 0.16(h— 8)°, which was valid on a ‘ grumpy scale’ | 
from 0 to 10 (least grumpy to most grumpy). { 

a. Calculate the number of hours needed to not be grumpy. 
b. Evaluate the grumpy factor for somebody who has had: jk 
i. 4 hours of sleep 
ii. 6 hours of sleep 
iii. 10 hours of sleep. 
c. Determine the number of hours of sleep required to be most grumpy. 


= 


a, A 
ae 


Another scientist already had his own grumpy formula and claims that the scientist above stole his 
idea and has just simplified it. The second scientist’s grumpy formula was 
_ DNS) BOS). 2h 

8—h 3(h-8)  3(h—8)° 


d. Write the second scientist’s formula in simplified form. 
e. Are the second scientist’s claims justified? Explain. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources (35) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


i) 2.3 Individual pathway interactivity: Adding and subtracting 
algebraic fractions (int-4567) Bl 
Download the workbook for this topic, which includes Adding and subtracting algebraic fractions (int-61 13) C 
worksheets, a code puzzle and a project (ewbk-2028) O Lowest common denominators with pronumerals 
: (int-6114) C 
i 2.4 Individual pathway interactivity: Multiplying and dividing 
Download a copy of the fully worked solutions to every algebraic fractions (int-4568) CL] 
question in this topic (sol-0736) Oo Simplifying algebraic fractions (int-61 15) L 
Multiplying algebraic fractions (int-61 16) [=] 
Dividing algebraic fractions (int-61 17) ra 


| 


2.5 Individual pathway interactivity: Solving simple equations 
(int-4569) 
Using algebra to solve problems (int-3805) 
One-step equations (int-6118) 
Two-step equations (int-61 19) 
2.6 Individual pathway interactivity: Solving multi-step 
equations (int-4570) 
Expanding brackets: Distributive Law (int-3774) 
2.7 Individual pathway interactivity: Literal equations 
(int-4571) 
Restrictions on variables (int-61 20) 
Crossword (int-2830) 
Sudoku puzzle (int-3589) 


2.2 SkilISHEET Like terms (doc-5183) 

SkilISHEET Collecting like terms (doc-5184) 
SkilISHEET Finding the highest common factor 
(doc-5185) 

SkilISHEET Order of operations (doc-5189) 

2.3 SkiIISHEET Addition and subtraction of fractions 
(doc-5186) 

SKilIISHEET Writing equivalent algebraic fractions with th 
lowest common denominator (doc-5190) 

2.4 SkilISHEET Multiplication of fractions (doc-5187) 
SkilISHEET Division of fractions (doc-5188) 
SKilISHEET Simplification of algebraic fractions 
(doc-5191) 


nd 
© 


8 PF 


fap en |e a ef 


Teacher resources 


There are many resources available exclusively for teachers 


2.2 Substituting values into expressions (eles-4696) : 
online. 


Number laws (eles-4697) 
Substitution (eles-1892) 
2.3 Algebraic fractions (eles-4698) 
Pronumerals in the denominator (eles-4699) 
2.4 Multiplying algebraic fractions (eles-4700) 
Dividing algebraic fractions (eles-4701) 
2.5 Solving equations using inverse operations (eles-4702) 
Two-step equations (eles-4704) 
Equations where the pronumeral appears on both 
sides (eles-4705) 
Solving linear equations (eles- 1895) 
Solving linear equations with pronumerals on both sides 
(eles-1901) 
2.6 Equations with multiple brackets (eles-4706) 
Equations involving algebraic fractions (eles-4707) 
Solving linear equations with algebraic fractions 
(eles-1857) 
Literal equations (eles-4708) 
Restrictions on variables (eles-4709) 


bes 
N 
WOU UU UU YOOUUOUOUOO 


2.2 Individual pathway interactivity: Substitution (int-4566) 
Substituting positive and negative numbers (int-3765) 
Commutative Law (int-6109) 

Associative Law (int-61 10) 
Identity Law (int-611 1) 
Inverse Law (int-61 12) 


OOOOOU 


To access these online resources, log on to www.jacplus.com.au. 


TOPIC 2 Algebraand equations 143 


Answers 


Topic 2 Algebra and equations 
Exercise 2.1 Pre-test 


15. 


BO Oe BR ON ce 


»a=—512 
. $24 000 
eC 

A 

D 


Exercise 2.2 Substitution 


18. 


Eds, O by 2: c. 0 d. 6 
a. —17 b. 3 c. 30 d. 12 
a. —12 b. 27 c. 30 d. —5 
a. —11 b. -—1 co. 1 
a. 30 b. —24 c. 36 
a. —125 b. 1 c. 15 

7 1 1 
a — b, =— o., = 
12 12 12 
1 1 
d. 1- e. — f. 48 
3 576 
a. b. —9 c. 9 
d. 18 e. —18 f. 36 
a. 9 b. —9 ce: 9 
d. 18 e. —18 f. 36 
a. 17 b. 30 c. 8 
a. 4 b. 1.5 c. 68 

.a. 46 b. 113.1 eo. 5 
d. 624.6 

ar: a D) b. C c. B 

. 3.9cem 

. 65.45 cm? 

. 361m 


. a. —1; in this case, addition is closed on integers. 


b. —1; in this case, subtraction is closed on integers. 
c. 2; in this case, multiplication is closed on integers. 
a. —1; in this case, division is closed on integers. 

b. —2; in this case, subtraction is closed on integers. 
c. 
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. (a+ 2b) + 4c =at(2b+4+ 4c) 
. (xx 3y) x 5c =xx (3yx 5c) 
. 2p+q#q+2p 

. Sd+q=qt5d 


20.a. 10; in this case, addition is closed on natural numbers. 


ST ® @g@ond&p 


—4; in this case, subtraction is not closed on natural 
numbers. 


c. 12; in this case, multiplication is closed on natural 
numbers. 

d. 3 in this case, division is not closed on natural numbers. 

e. —2; in this case, subtraction is not closed on natural 
numbers. 

f. 4; in this case, division is closed on natural numbers. 


21.a. 3z+0=0+4+ 3z=32z 
1 1 
b. 2xX — =—x2v=1 
2X i 2% 
(on (4x + 3y) =5z#4x+ (3y+5z) 
d. 3d—4y#4y—3d 
22. a. s = 71.875 metres b. t=4 seconds 
4 
23. m= — 
D) 


24. 2.5 seconds 


Exercise 2.3 Adding and subtracting algebraic 


_ 3? in this case, division is not closed on integers. 


fractions 
26 5 49 
1.a. —orl— b — ce 1 
21 21 72 
17 1 6—5x 
2a be Cc 
99 35 30 
15x—4 15 — 16x 15 — 2x 
3.a b. c 
27 40 3x 
5 3 13. 14. 
4. a. = =o Ce nae d. a 
12 40 12 9 
5) 89 32. 
5..a als b. ar c us d = 
28 35 15 
Tx +17 Tx +30 
6. a b. 
10 12 
2x—11 19x +7 
(om d. 
30 6 
5 5: 38 
as, — b. — . — 
8x 12x 21x 
8 7 9 
8a. — b. — c. — 
3x 24x 20x 
37 51 1 
9. a. b. — ec. -— 
100x 10x 6x 
- 3x? + 14x -4 2x? + 3x +25 
er re 
(x + 4) — 2) (x+5)@-1) 
2x" + 6x — 10 F 4x? — 17x —3 
Oro) Gee eT 
4 Ie +x 2x7 + 6x+7 
aa... = <= 
(x+7)(x—-5) (x+ D@+4) 
—+7x+ 15 x-7 
(«+ D+ 2) " (@+3)(@—2) 


x + 3x49 5 — 5x 5 
12... b. ———— = — 
(x + 2) 3x — 1) (x«-1lQd-x x-1 
3x+7 3x-4 
CG: 7 E ; 
(x+ 1) (x— 1) 
13. a. The student transcribed the denominator incorrectly and 
wrote (x + 2) instead of (x — 2) in line 2. 
Also, the student forgot that multiplying a negative 
number by a negative number gives a positive number. 
Line 3 should have +3 in the numerator, not — 1. They 
didn’t multiply. 
x —5x+3 
b. ————_ 
(@— 1I)@—2) 
-1 
14.a. -—1 b. 
(x — 2) 
9 4 
15. a. 5 b. z 
(x — 3) (x — 2) 
” 4x° + 17x +17 Tx? — 20x +4 
a —<— —$ ———— b, 
(x+2) (+ D@+3) (x— I @+2)@-4) 
= 4x? + 17x +19 2 (2x? — 9x + 25) 
oo 
(x+ 1) (~+3)@+2) (x-—4)(—- 1) +3) 
c. The lowest common denominator may not always be 
the product of the denominators. Each fraction must 
be multiplied by the correct multiple. 
18.a=4 
4(x—- 1) 
19. —— 
(x + 3)(x+4) (x — 2) 
2(x— 1) 
20> Se 
(x-7) (4-4) 
8(x—- 1 
Pig aie a 
(x — 4) (x + 3) 
Exercise 2.4 Multiplying and dividing algebraic 
fractions 
4x 3x 4y 9x 
ara Peat b:. Co. ao 
y ¥ x dy 
—5x 3w 6z 2z 
25a —— b. — Cc — d. — 
4y 2x 7x 7x 
—3x 5 12z —x 
3. a. — b. — C.. — — 
2y 24 x 6w 
2 5 9 1 
4. a. b. c. d. 
3x—2 x-3 2(x— 6) x+3 
2x x+1 
5. a. b. ——— 
(x + 1)? 2 (2x — 3) 
a 35d 
(oi ore d. 
10(a+3) 8 (d— 3) 
9 3x 
2a. oa Tre 
32x? (x — 2) 10(x- 1) 
3 2 1 
Tay = Bi Go d. 3 
5 9 3 
35 5 
8. a. b. — or5— 
6 6 
Ay? 2? 
(ere d. <2 
7 25 


10. 


11. 


13. 


14. 


and therefore can be added together. 


. No, x and z are not common to all terms so cannot be 


cancelled down. 


.a. —l1 


b. 4—.x considered to be the same as x — 4. 


Exercise 2.5 Solving simple equations 


1. 
2 


3. 


= 


10. 


11. 


12. 


13. 


14. 


a. a=24 b. k= 121 c. g=2.9 
a r=3 b. h=0.26 c. i= —2 
1 
a. t=5 b g=- ce x=0 
6 
a. f=12 b. i= —60 CG. —/ 
1 
a v=7 b ae c. k=10 
5 1 
a. a=0.425 b. m= 16- c y=21- 
8 2 
a. t= 100 b. y=Hl7 c. gq=6.25 
f=+i.2 b. h 18 e 
a = . = — c =+- 
49 veg 
_ 225 ‘ Eo: | 
= ie Tx a 
a. f=25 b. x=+6 c. m=16 
d. t=+3 e. t=+10 f. m=25 
1 
a. x=8 b. x=-—3 c aaa 
3 1 
d. x= e. m=0.008 f. w=2- 
4 2 
a. x=-1 b. x= —2 c. m=1 
d. w= —512 e. f= 125 fi x*x=2 
a. a=4 b. b=6 G 1=3. 
1 
a. f=9 b Tas ce. r=5- 
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8 32. 2 
a. a b. cued Cc d. y 
9 15 3 . 
9 1 
1 SS 
(3x — 7) (x + 3) (x + 2)(«- 9) 
21 (x-3) 13 
a5 by 
x+5 9a~-4)ax4+)D 
2x - 4) G27 
a. = SS ——— 
(x + 3) (x + 3) (x-3) 
15 12 
a. b — 
(x + 2) x2 
(x — 4) (x —5) ‘ 2x (x — 3) 
a, —————— : 
(x + 3) (x+2) 3(x—5) 
(x—5) ss (x + 4) («+ 6) 
(x—4) : x2 
. Yes, because all of the fractions have the same denominator 
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4 
15.a. s= 6 b. t= 5 c. ai 46. Dimensions are 10m by 6m. 
7 = 40 eean ih 47. Leon is 14 and James is 34. 
.a f= .g= ce. r= 103 
17.a. m=18 b. n=28 c. p=62.4 48. eo 
ae I=? SS Exercise 2.6 Solving multi-step equations 
iT 2 T 20 5 
art ayo enn ee 1a. x4 = — b. x=3- 
19. a. aa b. n= 3 cc ¢= 3 31 8 
1 _ 29 a, 
20. a. x= 10 b. x=4 c. x=—T= 2a. x= 7 b. x= — 
5 36 
3 i 5 8 ‘ 10 
= = Sf] a x= —2— x= 
21. a. k=25 b. m= 16 c. p= 11; 11 43 
1 8 4.a. x=3 b. x= 12 ce x=-2 
22. a. u= —4— b. x= — c. v=3 
8 11 3 11 
5. a. x= = x=—-—— orx=—3- 
25 2 3 
23. a. x= 26 b. m=—5 c. w= — 
3 ee 
19 Cc. ae 
24.a. t=5 b. x=9 nS — 
3 5 a 
6.a. x=3 bx = x= = 
25. a. B b. E ce. € 7 18 
26. a. h=—2 b. d=—1 c. p=7 7a wee: b: x= 15 
d. x=-11 17 
10 
27. a. t=5 b. v= —20 Cor==3 c. x=—6- d = 6 
d. g=—0.8 
28.a. x= —1 b v=l Gil hel oa} b. x= —192 
d. g=—- 4 
. 65 XS= d. x=12 
1 7) 
29..a; ¢=3 b. e= —23- c. k= —36 I 
3 9..ai x= 3— b. x=3 
d fe-12- i 5 
4 6p K=52 x= F 
30. a. x=2 b. b=5 » wa=2 
a. x c. Ww 5 31 
1 10. a. x= — b. x= 1— 
31.a. f=7 b; ¢=3 Gr =2- 19 58 
3 it 15 
1 1 ce x=4— d. x= —-3— 
32.a. g=—l1- b. h=—2- c. a=0 14 17 
3 5 20 10 
g} 1i.a. x=5— b. x= —-1— 
33. a. x= —1 b. c=2 c. r=2= 43 13 
3 9 
1 Cy t= 1 — d. x= —-—4— 
34.a. k= 1 ce aa c g=7 61 26 
1 
1 12.a. x=1.5 b. ‘ae 
35. a. w= 1 b m=- np 
a i 5 ag c. x=3 d.x=1 
4 
$.ax=-15 by=—-4- « t=21 meoint 
5 14. 60 hours 
5 1 1 
37.a.u=—2-  b, f= 12- c. r=7- 15. $12000 
7 2 2 16. $60 
38. a. d=—6 b. h=—12 c. x= 17. a. 4,9,25,49 b. 16,81 c. 64 
39.a. A b. D c. B 18. a. 6x — 450 = 1000 
1 
40. a. 6cm b. 1.26m b. 241 - tickets. This means they need to sell 242 tickets to 
41. a. 2.5cm b. 41cm qualify, as the number of tickets must be a 
42. a. 5m b. 2.85 whole number. 
bea hiaene eee 19. Sample responses can be found in the worked solutions in 


the online resources. 
20. 4 
2..a=33b=5 
22.a=—8 and b = 15 


44. 1.8cm 
45. 6.2cm 
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Exercise 2.7 Literal equations b. i. p#—q 


bcd d q(a—m) 
1a x=— b. x=a(d+bc) c. x=(m—n) p= 
a m—b 
: a 7 oon ay 7 iii. m#b 
a x=+ a Se c. x=nw—m c i E> (pc) 
c 2 
3.a.x=—-—b bi x= te . EB — (pe) 
ab b+mc i, m= —,—_ 
c 
a ay Op i Sm ue ii, c#0 
m+b d 13. a. No restriction, but all values must be positive for the 
V P-2I i i 
ee — trapezium to exist. 
bh 2 2A 
b. b= —-—a 
_ 2A = ae h 
aah d. a=+ ce —b c. b=1lcem 
5 14. a. No restrictions, all values must be positive for a cylinder 
[A : 
5.a. C= -(F—32) b. r=+41/ — to exist. 
9 a V 
vou 1007 b. r=4/— 
c. a= d. N= — 7h 
t PR c. h#0, no new restrictions 
n= 2E 15. a. Tand/ must be greater c. The restrictions still 
v than zero. hold. 
, 2E i eae ae ee d. 2.2m 
a vot — ey? l= 
“Vm 2s 47? 
b 
c. u=+Vv2 —2as d == 1a C= Pl 3 
—x 
x(m +n) — mx, b. —40° 
ex, = 
: id 7.41 x 10” k, 
Zaa=+12 bh=7 e. C=30 Ba ce sl 
8 a a=9.8 b. s=+13 c. u=+l11 : : : : , ; 
18. Distance Jing Jing has ridden is - kilometres. 
9.a. a=25 b. xX, = 13 J—P 
10. a. i. No restrictions on x Project 
ii, x=+r/y—-4 
i +o - 1. a. 9(c—d) 
as b. Yes, this is a multiple of 9 as the number that multiples 
Be hee - the brackets is 9. 
i. x= -4+3 2. 90(b — c);90 is a multiple of 9 so the difference between the 
tie 2 5 correct and incorrect one is a multiple of 9. 
aed aan 3. 900 (a — b); again 900 is a multiple of 9. 
c. i. No restrictions : ee : 
_vru 4. If two adjacent digits are transposed, the difference between 
ae a the correct number and the transposed number is a multiple 
iii, a#O of 9. 


tia ti. c0 : : . 
Exercise 2.8 Review questions 


iil, fel > lal sae 
beter 28 
_sn-a 3.C 
Paes 4.B 
iii, s 40 5.D 
c. i. p#—q 6. a. 7c— 13 b. —7k+3m 
3 m(p+q)—4qa c. —5c—5d d. Ty — 5y 
iT] SS 
Pp 7. 35 
iii. p#O 8. a. (a+ 3b) + 6c=a+ (3b + 6c) 
12.4. i a#0,b’ > 4ac b. 12a—3b#3b— 12a 
b — (2ax + by : je 
ii, c= —— orc= —ax" — bx c. 7pPX— = —XTp=1 
4a Tp Tp 


iii. No new restrictions Pr (x x sy) eau (sy x 72) 
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. 12p+0=0+4 12p= 12p 

. (3p +5q) + Ir# 3p = (5q=71r) 

. 9d+ lle=1le+9d 

. 4a+b#b+4a 

. 96; in this case, multiplication is closed on natural 


numbers. 


1 
i 3° in this case, division is not closed on natural numbers. 


. —4; in this case, subtraction is not closed on natural 
numbers. 
ay ‘ 7x +18 
10 
g Be teen 17 
" (+3) (¢+2) 
5 
x+3 
2x 

(x— 1) (9x4 1) 


. b=16 
ae 


c. 


x= b. fees 
“Shee = Var 


. $3 per adult ticket; $5 per child’s ticket. 
. 240 
. 60 


. P=3a+5c, where a = number of adults and 
c = number of children. 


. $1380 
. C= 250+ 40h 
. 18 hours 45 minutes 
. 18750 
. Printing is the cheaper option by $1375. 
. hours 
i. 2.56 
ii. 0.64 
iii. 0.64 
. 0.094 hours or 15.9 hours 
fe 0.16(h — 8)" 


h 
. No, the formula is not the same. 


ROWLAND rere ee as Se ecg ce ee rca cet eee ee cre aa er a ere reer EA EER once 
Sketching linear graphs Be 
PetenmininglineagequatiomSiee ee nee 
RarallellandiperpendiculanmilinGs yescescte cee eer ete eer nee re eee een 
The distance between two points . 
Memmi pOinisOtzalliMe!SSC Ine tye eee eee eee ee eee 
ApplicatiomSramGtcollime clits ccs meres ateemeete ts cc tetereer ements ea tent eee eee etcetera 


3.1 Overview 
Why learn this? 


Coordinate geometry in many ways represents the foundation upon 
which your understanding in maths will be built upon over the final 
years of your secondary schooling. The principles you learn in this 
topic will be applied to a variety of contexts you encounter as you learn 
about higher order polynomial functions and conic sections. Indeed, 
skills presented in this subject, such as determining the midpoint 

and length of a line segment, are regularly applicable to the study of 
differential calculus, which forms a large part of your study in the final 
years of high-school mathematics. 


In the world beyond education, understanding the principles of 
coordinate geometry will help you model real-world data and 
behaviour, interpret the nature of market trends and population trends, 
and determine points of market equilibrium in the finance sector. A 
knowledge of algebra, linear quadratic and simultaneous equations is 
used to create the computer games. Establishing a relationship between 
variables is also fundamental to the study of science, and the principles 
learned in this topic will help inform your understanding of the world 
around us! 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 
eLessons 


Digital 
documents 


eWorkbook 


Fully worked 
solutions 
to every 
question 
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Exercise 3.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1 


10. 


. 2 Lines that have the same gradient are: 


A. parallel B. collinear GC. perpendicular 
D. of same lengths E. of different lengths 
. Determine the x-intercept of the line 6x + y—3=0. 


. Sammy has $35 credit from an App Store. She only buys apps that cost $2.50 each. 


Calculate the number of apps Sammy can buy and still have $27.50 credit. 


. Determine the equation of the line, in the form y= mx +c. 


. 9 The distance between the points (—3a, 6b) and (a, 2b) is: 


A. V4a?2+16b2 BB. 2a? + 4b2 C. 2a? + 8b? D. 4Va2+b2 E. 16Va2 +b? 


. 1 Identify the equation of the vertical line passing through the point (—2, 3). 


A. y=—2 Bax ——2 Cc. y=3 >) = = SSP 


. The distance between the points (—3, 10) and (6, a) is 15 units. Determine the possible values of a. 


Write the lowest value first. 


. Hi The midpoint of a line segment AB is (3, —2). If the coordinates of A are (10, 7), the coordinates 
of B are: 
melee >) B. (Z. >) c. (Z. >) D. (5, 9) E. (4, 11) 
a; QB OO 


. £1 The equation of the straight line, in the form y= mx + c, passing through the point (3, —1) with a 


gradient of —2 is: 
A. y=—2x+2 Bo y=—2x 9 Ci y= 2x -3 Day ——2 yl Evy —3x—1 


1 
(1 The equation of the straight line, in the form by + ax =k, that passes through (2 -5) and 


(-6, >) is: 
2 


A. 2y—4x=15 B. 2y+4x=7 C. 2y-+-8x=7 D. 2y+8x=15 Ey 8x — 15 
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11. ABCD is a parallelogram. The coordinates are A(3, 8), B(6, 1), C(4, —1) and Dd, a). 
Calculate the value of a. 


12. Determine the equation of the straight line, in the form y= mx + c, that passes through the midpoint of 
A(0.5, —3) and B(-2.5, 7) and has a gradient of —2. 


13. If 2y-+5x=7 is perpendicular to 3y + 12 =nx, determine the value of n. 


14. £09 A is the point (—3, 2) and B is the point (7, —4). 
The equation of the perpendicular bisector of AB, in the form y=mx +c, is: 
By 18} 5) 11 3 il Be oh ee ul 


A. y= —-x-— — 2) WS Soese Cc. y=——-x+ — D. y=—=x+ = E. y=——x+ — 
baa =e OTe cae DE mses me 


15. Write the equation of the straight line 8(y — 2) = —2(x + 3) in the standard form y= mx +c. 


3.2 Sketching linear graphs 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e plot points on a graph using a rule and a table of values 
e sketch linear graphs by determining the x and y intercept 
e sketch the graphs of horizontal and vertical lines 
e model linear graphs from a worded context. 


® 3.2.1 Plotting linear graphs 


les-4736 : : : ‘ : — 
7 e If aseries of points (x, y) is plotted using the rule y= mx +c, then the points |” 


always lie in a straight line whose gradient equals m and whose y-intercept 
equals c. Quadrant 2 

e The rule y= mx +c is called the equation of a straight line written in 
“gradient—intercept’ form. 


e To plot a linear graph, complete a table of values to determine the points. -10. 5 
Quadrant 3 


f= Px +5 


Quadrant 1 


T 
5 10 
Quadrant 4 


|_| 
I 
. 


WORKED EXAMPLE 1 Plotting linear graphs 


Plot the linear graph defined by the rule y = 2x — 5 for the x-values —3, —2, —1, 0, 1, 2 and 3. 


THINK WRITE/DRAW 
1. Create a table of values using the given mm -3/-2/-1]/ o 1/2/13 
x-values. 5 
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2. areas the Hee aene ee by Es | Bl 29 rar ig 1 5) 3 
titut. - t : 
substituting each x-value into the rule 5 =11 ol 7 3 ol 
3. Plot the points on a Cartesian plane and rule a YA 
straight line through them. Since the x-values 3, 1) 
have been specified, the line should only be 
~ > 
drawn between the x-values of —3 and 3. a4 4 ol Oia a 
4. Label the graph. , 2,-1) 
3 +3) 
2 (0, -5 
C= 
85 
-2,-9) J 9 
=19 42 24- 
-l1 
3,411) Jo 
Y 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 


1. In anew document, ona 1. On the Spreadsheet © File Edit Graoh Calc 


iF screen, enter the x-values 


Lists & Spreadsheet page, 4 8 c D 
label column A as x and =| | | into column A. = 
label column B as y. | = P2ar-s | | | Then in cell B1, complete : 2 
Enter the x-values into | 2 | | the entry line as: =z | 
column A. a al | | | =2A1—5 _ 
Then in cell B1, complete hl ol | | | Then press EXE. ie 
the entry line as: = Eee = fed 
=2a1—5 - — Te 
Then press ENTER. i a 
=2-A1-5 [vix 
Bi-11 a 
2. Highlight cell B1, then ‘he “Coordinate sty <>  RADST 2. Highlight cell B1 to B7, © Fille Eait Grech Cale 
press CTRL then click ei, By c io la then tap: MBE SOscome ¢ 
(St } } f —s 
(the button in the middle = ° Edit H | : = i 
of the direction arrows). = 1 7, ° Fill =z 
Press the down arrow y 0} | : a if 3 
: =| : e Fill Range 8 20-1 
until you reach cell a a ee ° OK al 3 1 
B7 then press ENTER. al = =A a” 
= i 
: 
ie 
15" 
16. 2 
=2AI-5 v- 1x 
BI-11 i] 
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3. Open a Data & Statistics 3. Highlight cells Al to B7, [lo Edit View Type Gale % 
page. then tap: () BO PARES 9 


Press TAB to locate the Poa a 
label of the horizontal 
axis and select the 
variable x. 

Press TAB again to 

locate the label of the 
vertical axis and select the 
variable y. The graph will 
be plotted as shown. 


© Graph lee 
° Scatter [fe 


4. To join the dots with a 4. To join the dots with a 


line, press: 4 line, tap: 
4 | Linear Reg 
e MENU 3 © Calc 
© 2: Plot Properties os e Regression ee 
e 1: Connect Data Points e Linear Reg r=1 
= Note that the equation is ee 
“12 given, if required. 


® 3.2.2 Sketching linear graphs 


eles-4737 
Sketching a straight line using the x- and y-intercepts 


e We only need two points in order to sketch a straight-line (linear) graph. 

e Since we need to label all critical points, it is most efficient to plot these graphs by determining the x- and 
y-intercepts. 

e We determine the x-intercept by substituting y=0. 

e We determine the y-intercept by substituting x =0. 


Sketching a straight-line graph 
e The x- and y-intercepts need to be labelled. 
e The equation needs to be labelled. 
YA 


y=mx+tc Let y = 0 to determine 
the x-intercept 


sV 


Let x = 0 to determine 
the y-intercept 
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WORKED EXAMPLE 2 Sketching linear graphs 


Sketch graphs of the following linear equations. 


a. 2x +y=6 


THINK 


a. 


1 


2. 


. Write the equation. 


Determine the x-intercept by substituting y = 0. 


. Determine the y-intercept by substituting x = 0. 


. Plot both points and rule the line. 
. Label the graph. 


. Write the equation. 


. Determine the x-intercept by substituting y= 0 


i. Add 12 to both sides of the equation. 
ii. Divide both sides of the equation by —3. 


. Determine the y-intercept. The equation is in the 


form y= mx +c, so compare this with our equation 
to determine the y-intercept, c. 


. Plot both points and rule the line. 
. Label the graph. 


b. y 


S—s92— 14 


WRITE/DRAW 
ay 2x1) — 0 
x-intercept: when y =0, 
2x-+0'=6 
2 = 
= 3 
x-intercept is (3, 0). 


y-intercept: when x =0, 
2(0)+y=6 

v=o 
y-intercept is (0, 6). 


b. y= —3x—12 


x-intercept: when y =0, 
3x20) 
=3x% = 12 
x=—4 
x-intercept is (—4, 0). 


c=-12 
y-intercept is (0, —12). 
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Sketching a straight line using the gradient-intercept method 


e This method is often used if the equation is in the form y = mx +c, where m represents the gradient (slope) 
of the straight line, and c represents the y-intercept. 
e The steps below outline how to use the gradient—intercept method to sketch a linear graph. 
Step 1: Plot a point at the y-intercept. 
: ae rise . : : 
Step 2: Write the gradient in the form m = —. (To write a whole number as a fraction, place it over a 


; run 
denominator of 1.) 


Step 3: Starting from the y-intercept, move up the number of units suggested by the rise (move down if 
the gradient is negative). 

Step 4: Move to the right the number of units suggested by the run and plot the second point. 

Step 5: Rule a straight line through the two points. 


WORKED EXAMPLE 3 Sketching more linear graphs 


2 
Sketch the graph of y = = — 3 using the gradient—intercept method. 


THINK WRITE 

1. Write the equation of the line. y= =x =3 

2. Identify the value of c (that is, the y-intercept) and plot. c=—3, so y-intercept: (0, —3) 
this point. 

3. Write the gradient, m, as a fraction. w= : 


rise : 
4. m= —., note the rise and run. 
run 


5. Starting from the y-intercept at (0, —3), move 2 units up 
and 5 units to the right to find the second point (5, —1). 
We have still not found the x-intercept. 


Sketching linear graphs of the form y = mx 
eles-4738 © Graphs given by y=mx pass through the origin (0, 0), since c=0. 
e A second point may be determined using the rule y = mx by substituting a value for x to determine y. 


WORKED EXAMPLE 4 Sketching linear graphs of the form y = mx 


Sketch the graph of y = 3x. 


THINK WRITE/DRAW 
1. Write the equation. y— 3% 
2. Determine the x- and y-intercepts. x-intercept: when y=0, 


Note: By recognising the form of this linear (0) She 
equation, y= mx you can simply state that the x= 0 
graph passes through the origin, (0, 0). y-intercept: (0, 0) 
Both the x- and y-intercepts are at (0, 0). 
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3. Determine another point to plot by calculating Whenx=1, y=3x1 
the y-value when x= 1. = 3) 
Another point on the line is (1, 3). 
4. Plot the two points (0, 0) and (1, 3) and rule a 
straight line through them. 


5. Label the graph. 


® 3.2.3 Sketching linear graphs of the form y =c andx =a 


eles-4739 
e The line y=c is parallel to the x-axis, having a gradient of zero and a y-intercept of c. 
e The line x =a is parallel to the y-axis and has an undefined (infinite) gradient. 


Horizontal and vertical lines 


e Horizontal lines are in the form y=c. 
e Vertical lines are in the form x =a. 


YA YA 
X=a4 
y=c 
—_——— OOo eee eee 
(0, c) 
(a, 0) 
~< > ~< 
0 x 0 x 
Y Y 


WORKED EXAMPLE 5 Sketching graphs of the form y = c and x =a 


Sketch graphs of the following linear equations. 


a. y=—3 b. x=4 
THINK WRITE/DRAW 
a. 1. Write the equation. a. y——3 


2. The y-intercept is —3. As x does not appear in the equation, the y-intercept = —3, (0, —3) 
line is parallel to the x-axis, such that all points on the line have 
a y-coordinate equal to —3. That is, this line is the set of points 
(x, —3) where x is an element of the set of real numbers. 
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. 1. Write the equation. 


3. Sketch a horizontal line through (0, —3). Z 


4. Label the graph. 


b. x=4 

2. The x-intercept is 4. As y does not appear in the equation, the 
line is parallel to the y-axis, such that all points on the line have 
an x-coordinate equal to 4. That is, this line is the set of points 
(4, y) where y is an element of the set of real numbers. 

3. Sketch a vertical line through (4, 0). 


x-intercept = 4, (4, 0) 


4. Label the graph. 


® 3.2.4 Using linear graphs to model real-life contexts 


eles-5359 


158 


If a real-life situation involves a constant increase or decrease at regular intervals, then it can be modelled 
by a linear equation. Examples include water being poured from a tap into a container at a constant rate, or 
money being deposited into a savings account at regular intervals. 

To model a linear situation, we first need to determine which of the two given variables is the independent 
variable and which is the dependent variable. 

With numerical bivariate data, we often see the independent variable being referred to as the explanatory 
variable. Likewise, another way to reference the dependent variable is to call it the response variable. 
The independent variable does not depend on the value of the other variable, whereas the dependent 
variable takes its value depending on (or in response to) the value of the other variable. When plotting 

a graph of a linear model, the independent variable will be on the x-axis (horizontal) and the dependent 
variable will be on the y-axis (vertical). 

Real-life examples identifying the variables are shown in the following table. 


Situation 


(explanatory variable) 


Independent variable 


Dependent variable 
(response variable) 


depth of the snow 


Money being deposited into a savings Time Money in account 
account at regular intervals 

The age of a person in years and their Age in years Height in cm 
height in cm 

The temperature at a snow resort and the Temperature Depth of snow 


The length of Pinocchio’s nose and the 
number of lies he told 


Number of lies Pinocchio 
told 


Length of Pinocchio’s nose 


The number of workers building a house 
and the time taken to complete the project 


Number of workers 


Time 


Note that if time is one of the variables, it will usually be the independent variable. The final example 
above is a rare case of time being the dependent variable. Also, some of the above cases can’t be modelled 
by linear graphs, as the increases or decreases aren’t necessarily happening at constant rates. 
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WORKED EXAMPLE 6 Using linear graphs to model real-life situations 


Water is leaking from a bucket at a constant rate. After 1 minute there is 45 litres in the bucket; after 

3 minutes there is 35 litres in the bucket; after 5 minutes there is 25 litres in the bucket; and after 

7 minutes there is 15 litres in the bucket. 

a. Define two variables to represent the given information. 

. Determine which variable is the explanatory variable and which is the response variable. 

. Represent the given information in a table of values. 

. Plot a graph to represent how the amount of water in the bucket is changing. 

. Use your graph to determine how much water was in the bucket at the start and how long it will take 
for the bucket to be empty. 


oao & 


THINK WRITE/DRAW 

a. Determine which two values change a. The two variables are ‘time’ and ‘amount of water in 
in the relationship given. bucket’. 

b. The response variable takes its b. Explanatory variable = time 
value in response to the value of Response variable = amount of water in bucket 


the explanatory variable. 

In this situation the amount of water 
depends on the amount of time 
elapsed, not the other way round. 


c. The explanatory variable should @: 
appear in the top row of the table of 
values, with the response variable 
appearing in the second row. 


Time (minutes) 1 3 5 7 


Amount of water in 
bucket (litres) 


45 | 35 | 25 | 15 


d. The values in the top row of the 
table represent the values on the 
horizontal axis, and the values in the 
bottom row of the table represent 
the values on the vertical axis. As 
the value for time can’t be negative 
and there can’t be a negative amount 
of water in the bucket, only the first 
quadrant needs to be drawn for the 
graph. Plot the 4 points and rule a 
straight line through them. Extend 
the graph to meet the vertical and 
horizontal axes. 

e. The amount of water in the bucket e. There was 50 litres of water in the bucket at the start, 
at the start is the value at which the and it will take 10 minutes for the bucket to be empty. 
line meets the vertical axis, and 
the time taken for the bucket to be 
empty is the value at which the line 
meets the horizontal axis. 

Note: Determining the time when 
the bucket will be empty is an 
example of extrapolation as this 
time is determined by extending 
the graph beyond the known data 
points. 


Time (minutes) 
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DISCUSSION 


What types of straight lines have an x- and y-intercept of the same value? 


ion) Resources 
—_ 


5 eWorkbook Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2029) 


g Digital documents SkilISHEET Describing the gradient of a line (doc-5197) 
SKilISHEET Plotting a line using a table of values (doc-5198) 
SKilISHEET Stating the y-intercept from a graph (doc-5199) 
SKilISHEET Solving linear equations that arise when determining x- and y-intercepts (doc-5200) 
SKilISHEET Using Pythagoras’ theorem (doc-5201) 
SKilISHEET Substitution into a linear rule (doc-5202) 
SKilISHEET Transposing linear equations to standard form (doc-5203) 


‘C) Video eLessons = Sketching linear graphs (eles- 1919) 
Sketching linear graphs using the gradient-intercept method (eles- 1920) 


lS Interactivities Individual pathway interactivity: Sketching graphs (int-4572) 
Plottling linear graphs (int-3834) 
The gradient-intercept method (int-3839) 
The intercept method (int-3840) 
Equations of straight lines (int-6485) 


Exercise 3.2 Sketching linear graphs learn@i) 
Individual pathways 

H@ PRACTISE Hi CONSOLIDATE @ MASTER 

1, 4, 7, 10, 13, 16, 21, 24 2, 5, 8, 11, 14, 17, 19, 22, 25 3,6, 9, 12, 15, 18, 20, 23, 26 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 
Fluency 


1. EXSY Generate a table of values and then plot the linear graphs defined by the following rules for the given 
range of x-values. 


Rule x-values 
a. y=10x+25 —5, —4, —3, —2, -1, 0, 1 
b. y=5x-—12 —1, 0, 1, 2, 3, 4 
y=—0.5x+ 10 —6, —4, —2, 0, 2, 4 


2. Generate a table of values and then plot the linear graphs defined by the following rules for the given range 


of x-values. 
Rule x-values 
y= 100x — 240 0, 1, 2; 3, 4, ) 
y=—-5x+3 —3, —2, —1, 0, 1,2 
y=7—-4x —3, —2, —l, 0, 1,2 
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3. Plot the linear graphs defined by the following rules for the given range of x-values. 


Rule x-values 

a. y=—3x+2 mm 6)-4)-210)21)416 
y 

b. y=—x+3 mm 3] —21]-1] 0 Pe 3 
y 


c. y=—2x+3 


| WE2 | For questions 4 to 6, sketch aphs of the following linear equations b determining the x- and 
y-intercepts. 


4. a. 5x—3y=10 b. 5x+3y=10 ce. —5x+3y=10 d.—5x-—3y=10 e. 2x—8y=20 


5. a. 4x+4y=40 b. —x+ 6y= 120 c. —2x+8y=—20 
d. 10x + 30y = —150 e. 5x + 30y=—150 
6. a. —9x+4y=36  b. 6x-—4y=—24 co. y=2x-10 d. y=—5x+20 ee 


2 
EES For questions 7 to 9, sketch graphs of the following using the gradient—intercept method. 


7. a. y=4x+1 b. y=3x-7 c. y=—2x+3 
8. a 5x—4 b _ 2 c 243 
» a. =- IX — E =-x-— 2 — 

y y 3 y 5 
9. a. y=0.6x + 0.5 b. y=8x G. y=x-7 


3 For questions 10 to 12, sketch the graphs of the following linear equations on the same set of axes. 
1 


10.a. y=2x b. a. c. y=—2x 
1 5 
Wi. a. y=5x b. y==-x Cc y=—-=x 
y y 3 y 5 
3 
12.a. y=—-x b. y=—3x c ae 
Ed For questions 13 to 15, sketch the graphs of the following linear equations. 
13. a. y=10 b. x=—-10 c. x=0 
14. a. y=—10 b. y= 100 c. x=—100 
15. a. x=10 b. y=0 c. y=—12 


Understanding 


For questions 16 to 18, transpose each of the equations to standard form (that is, y= mx +c). State the x- and 
y-intercept for each. 


16. a. 5(yv +2) =4(4+ 3) b. 5(y— 2) = 4-3) c. 2(y+ 3) =3(4+ 2) 
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417. a. 10(y —20) =40(x—2) b. 4(y+2)=—4(x+ 2) c. 2(y—2) =—(x +5) 


18. a. —5(y + 1) =4(x—-4) b. 5(y + 2.5) =2(x — 3.5) c. 2.5(y— 2) =—-6.5(x— 1) 
19. Determine the x- and y-intercepts of the following lines. 
a. —y=8—4x b. 6x—y+3=0 c. 2y—10x=50 


20. Explain why the gradient of a horizontal line is equal to zero and the gradient of a vertical line is undefined. 


Reasoning 


21. EES Your friend loves to download music. She earns $50 and spends 
some of it buying music online at $1.75 per song. She saves the 
remainder. Her saving is given by the function y = 50 — 1.75x. 


a. Determine which variable is the explanatory variable and which is 
the response variable. 

b. Sketch the function. 

c. Determine the number of songs your friend can buy and still 
save $25. 


: dex : : . 
22. Determine whether ~ — y= isthe equation of a straight line by 


rearranging into an appropriate form and hence sketch the graph, 
showing all relevant features. 


23. Nikita works a part-time job and is interested in sketching a graph of her weekly earnings. She knows that in 
a week where she does not work any hours, she will still earn $25.00 for being ‘on call’. On top of this initial 
payment, Nikita earns $20.00 per hour for her regular work. Nikita can work a maximum of 8 hours per day 
as her employer is unwilling to pay her overtime. 


a. Write a linear equation that represents the amount of money Nikita could earn in a week. 
(Hint: You might want to consider the ‘on call’ amount as an amount of money earned for zero 
hours worked.) 

b. Sketch a graph of Nikita’s weekly potential earnings. 

c. Determine the maximum amount of money that Nikita can earn in a single week. 


Problem solving 


24. The temperature in a room is rising at a constant rate. Initially (when time equals zero), the temperature 
of the room is 15°C. After 1 hour, the temperature of the room has risen to 18 °C. After 3 hours, the 
temperature has risen to 24 °C. 


a. Using the variables ¢ to represent the time in hours and T to represent the temperature of the room, 
identify the response and the explanatory variable in this linear relationship. 

b. i. Construct a table of values to represent this information. 
ii. Plot this relationship on a suitable axis. 

c. If the maximum temperature of the room was recorded to be 30 °C, evaluate after how many hours was 
this recording taken. 


25. Water is flowing from a tank at a constant rate. The equation relating the volume of water in the tank, 
V litres , to the time the water has been flowing from the tank, minutes, is given by V= 80—41#, t>0. 


. Determine which variable is the explanatory variable and which is the response variable. 
. Calculate how much water is in the tank initially. 

. Explain why it is important that t> 0. 

. Determine the rate the water is flowing from the tank. 

. Determine how long it takes for the tank to empty. 

. Sketch the graph of V versus ¢. 


+O Q0 5 ® 
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26. A straight line has a general equation defined by y= mx + c. This line intersects the lines defined by the rules 
y=7 and x=3. The lines y=mx+c and y=7 have the same y-intercept while y= mx-+ c and x=3 have the 


same x-intercept. 


aao°no 


A. xt+y=3 


. On the one set of axes, sketch all three graphs. 
. Determine the y-axis intercept for y= mx +c. 
. Determine the gradient for y=mx-+c. 

. 09 The equation of the line defined by y= mx + c is: 


B. 7x+3y=21 C. 3x+7y=21 


D. x+y=7 E. 7x+3y=7 


3.3 Determining linear equations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 


e determine the equation of a straight line when given its graph 

e determine the equation of a straight line when given the gradient and the y-intercept 
e determine the equation of a straight line passing through two points 

e formulate the equation of a straight line from a written context. 


@® 3.3.1 Determining a linear equation given two points 


eles-4741 


e The gradient of a straight line can be calculated from the coordinates of two points (x;, y,) and (x2, y) that 


lie on the line. 


e The equation of the straight line can then be found in the form y= mx-+c, where c is the y-intercept. 


Gradient of a straight line 


YA 
y24 


yi 


(, yy) 


| (2, Ya) 


re 
Irise = y)— yy 
I 


y-intercept 


e The equation of a straight line is given by y=mx +c. 
e mis the value of the gradient and c is the value of the y-intercept. 


Gradient =m = 


rise y2—-)1 


run 0.89) 3 Sh 
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WORKED EXAMPLE 7 Determining equations with a known y-intercept 


Determine the equation of the straight line shown in the graph. 


THINK WRITE 


1. There are two points given on the straight line: (3, 0), (0, 6) 
the x-intercept (3, 0) and the y-intercept (0, 6). 


2. Calculate the gradient of the line by applying the m= = 


: a run 
formula m= pees EG where ve 
Tun Xy— XxX, == 271 
(x1, y1) = (3, 0) and (%2, y2) = (0, 6). Waal 
26-0 
0-3 
a 
=-—2 


The gradient m=—2. 


3. The graph has a y-intercept of 6, so c=6. y= mx +c 
Substitute m=—2, and c= 6 into y=mx+c to y=—2x+6 
determine the equation. 


WORKED EXAMPLE 8 Determining equations that pass through the origin 


Determine the equation of the straight line shown in the graph. 


YA 


THINK WRITE 


1. There are two points given on the straight line: the (O, OF @, 1} 
x- and y-intercept (0, 0) and another point (2, 1). 
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2. Calculate the gradient of the line by applying the 
rise =i 
formula m = —— = ———, where 
run XQ — X41 


(x1, ¥1) =(, 0) and (x, yo) =(2, 1). 


: : : 1 
3. The y-intercept is 0, so c=0. Substitute m= — and 


eles-5360 


y=mx+c 
c=0 into y=mx +c to determine the equation. 
y==x+0 
= =x 
a 
® 3.3.2 A simple formula 
e The diagram shows a line of gradient m passing YA 


through the point (x), y;). 
e If (x, y) is any other point on the line, then: 


rise 
m= — 
run 
YY 
n= - 
X—X, 


mMx—x;)=y-yy 
yy, = mMx- x) 


e The formula y— y,; =m(x—x,) can be used to write 
down the equation of a line, given the gradient and 


the coordinates of one point. 


~< 


The equation of a straight line 


e Determining the equation of a straight line with 
coordinates of one point (x,, y,) and the gradient (m): 


y—yy=m(x —x)) 
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WORKED EXAMPLE 9 Determining the equation using the gradient and the y-intercept 


Determine the equation of the straight line with a gradient of 2 and a y-intercept of —5. 


THINK WRITE 
1. Write the gradient formula. y-y, =mx—x) 
2. State the known variables. m=2, (x, y,) = (0, —5) 
3. Substitute the values into the formula. y—(—5) = 2(x—-0) 
y+ = 2x 
4. Rearrange the formula. y = 2x—5 


Note: You could also solve this by using the 
equation y= mx +c and substituting directly 
for m and c. 


WORKED EXAMPLE 10 Determining the equation using the gradient and another point 


Determine the equation of the straight line with a gradient of 3 and passing through the point (5, —1). 


THINK WRITE 

1. Write out the gradient formula. y-y, = mx—x) 

2. State the known variables. = 3524 =, i Sl 

3. Substitute the values m= 3, x, =5, y, =—1 y—(—1) =3@ — 5) 
into the formula. y+1=3x-15 

4. Rearrange the formula to state the equation y= She — 1G) 


of the line in the form y= mx +c. 


TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
In a new problem ona On the Main screen, © Edit Action Interactive 
Calculat : let a lete the entry li Pim 2) Good) cd ae 
= cula as comp ete ara ae ee e ‘i = ry lines as ee Sew 
e entry lines as: ee Ae a solve (y= 3x +c, c) | {e-i6) 
y=mxx+clm=3 mee maa x= 5|y=-1 ° 
: - ped: x 
solve (y= 3x4+c, c)|x=5 ee Press EXE. 
and y=-—1 
y=3x+clc=—-16 
Press ENTER after each 
entry. 
The equation is y= 3x — 16. 
l a 
[Al Standard = Res! Deg a 
The equation is y = 3x — 16. 
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WORKED EXAMPLE 11 Determining the equation of a line using two points 


Determine the equation of the straight line passing through the points (—2, 5) and (1, —1). 


THINK WRITE 
1. Write out the gradient formula. y— yi —m— x) 
2. State the known variables. Cy) 
(%2, y2) = (1, -1) 
; oa 
3. Substitute the values (x,, y;) =(—2, 5) and m= ——— 
(x2, Y2) =(1, —1) to calculate the gradient from a) 
the given points. iw ales 
1-—-2 
—6 
m= — 
3 
=-—2 


4. Substitute the values m= —2, (x;, y,) =(—2, 5) Y=yji = MX%—X) 
into the formula for the equation of a straight line. y — 5 = —2(x——2) 


5. Rearrange the formula to state the equation of y= 5 = —2 -F 2) 
the line in the form y=mx+c. y=—2x-44+5 
Via Oe rl 


WORKED EXAMPLE 12 Writing an equation in the form ax + by +c =0 


Determine the equation of the line with a gradient of —2 which passes through the point (3, —4). Write 
the equation in general form, that is in the form ax + by +c =0. 


THINK WRITE 


1. Use the formula y — y,; = m(x— x,). Write the m=-2, x,=3, y=—4 


values of x,;, y,, and m. y-y, =m(x—x,) 


2. Substitute for x,;, y,, and m into the equation. y—(—4) = —2(x—3) 


y+4=—2x+6 
3. Transpose the equation into the form V4 20 — 16) — 0 
ax+by+c=0. Dap Wi 1 = (0) 


TOPIC 3 Coordinate geometry 167 


WORKED EXAMPLE 13 Applying equations of lines to model real-life situations 


A printer prints pages at a constant rate. It can print 165 pages in 3 minutes and 275 pages in 
5 minutes. 
. Identify which variable is the explanatory variable (x) and which is the response variable (y). 


a 


b. Calculate the gradient of the equation and explain what this means in the context of the question. 
c. Write an equation, in algebraic form, linking the explanatory and response variables. 
d. Rewrite your equation in words. 
e. Using the equation, determine how many pages can be printed in 11 minutes. 
‘ sz 
THINK WRITE/DRAW 
a. _ The value of the response variable is explained a. Explanatory variable = time 
by the value of the explanatory variable. In this Response variable = number of pages 
situation the number of pages is explained by (or 
is in response to) the time elapsed, not the other 
way round. 
b. 1. Determine the two points given by the information b. (x), y;) = (3, 165) 
in the question. (x5, yo) = (5,275) 
2. Substitute the values of these two points into the ee 2a 
formula to calculate the gradient. aa 
© 275 =165 
5=3 
_ 110 
2) 
= 55) 

3. The gradient states how much the response In the context of the question, this means that 
variable increases for each increase of 1 unit in the each minute 55 pages are printed. 
explanatory variable. 

c. The graph travels through the origin, as the time Ch PS ee 
elapsed for the printer to print 0 pages is 0 seconds. W = Sue 
Therefore, the equation will be in the form y = mx. 
Substitute in the value of m. 
d. Replace x and y in the equation with the d. Number of pages = 55 X time 
explanatory and response variables. 
e. 1. Substitute x= 11 into the equation. e. y= 55x 
=55 X11 
= 605 


. Write the answer in words. 


The printer can print 605 pages in 11 minutes. 
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DISCUSSION 


What problems might you encounter when calculating the equation of a line whose graph is actually 
parallel to one of the axes? 


ion) Resources 
= 


[J eWorkbook Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2029) 


g Digital documents SkilISHEET Measuring the rise and the run (doc-5196) 
SkilISHEET Determining the gradient given two points (doc-5204) 


CO) Video eLesson The equation of a straight line (eles-2313) 


&} Interactivities Individual pathway interactivity: Determining the equation (int-4573) 
Linear graphs (int-6484) 


Exercise 3.3 Determining linear equations learn@) 
Individual pathways 

@ PRACTISE H@ CONSOLIDATE @ MASTER 

1,4, 7, 10, 13, 16 2,5, 8, 11, 14, 17 3,6, 9, 12, 15, 18 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. Determine the equation for each of the straight lines shown. 


a. YA b. y, c. d YA 
4 12 
=«—_ 
0 x 
a 4 
0) x 
2 
0 x -8 
, Y 
2. Determine the equation for each of the straight lines shown. 
a. y b. y Cc. YA d. YA 
3 
~= 0 > 
P | - —16 «<— Oo; 
—6 = 0 xX = 
pi) 
7 
= 15 
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3. EE) Determine the equation of each of the straight lines shown. 


a. b YA 
(4, 12) 127 
~ 1 > 
_4 0 x 
Y 
c. d. 


4, EE) Determine the linear equation given the information in each case below. 


a. Gradient = 3, y-intercept =3 b. Gradient = —3, y-intercept = 4 
c. Gradient = — 4, y-intercept = 2 d. Gradient = 4, y-intercept = 2 
e. Gradient = —1, y-intercept = 4 


5. Determine the linear equation given the information in each case below. 
a. Gradient = 0.5, y-intercept = —4 b. Gradient =5, y-intercept = 2.5 


c. Gradient = —6, y-intercept = 3 d. Gradient = —2.5, y-intercept = 1.5 
e. Gradient = 3.5, y-intercept = 6.5 


6. ESD) For each of the following, determine the equation of the straight line with the given gradient and 
passing through the given point. 
a. Gradient = 5, point = (5, 6) b. Gradient = —5, point = (5, 6) 
c. Gradient = —4, point = (—2, 7) d. Gradient = 4, point = (8, —2) 
e. Gradient = 3, point = (10, —5) 
7. For each of the following, determine the equation of the straight line with the given gradient and passing 
through the given point. 
a. Gradient = —3, point = (3, —3) b. Gradient = —2, point = (20, —10) 
c. Gradient = 2, point =(2, —0.5) d. Gradient = 0.5, point = (6, —16) 
e. Gradient = —0.5, point = (5, 3) 


3, EXE Determine the equation of the straight line that passes through each pair of points. 
a. (1, 4) and (3, 6) 
b. (0, —1) and (3, 5) 
c. (-1, 4) and @, 2) 


9. Determine the equation of the straight line that passes through each pair of points. 


a. (3, 2) and (—1, 0) 
b. (—4, 6) and (2, —6) 
c. (—3, —5) and (-—1, —7) 


170 Jacaranda Maths Quest 10 + 10A 


Understanding 


10. ESE) a. Determine which variable (time or cost) is the explanatory 
variable and which is the response variable in the Supa-Bow] 
advertisement on the right. 


Save $$$ with Supa-Bow|!!! 
NEW Ten-Pin Bowling Alley 
Shoe rental just $2 (fixed fee) 
b. If trepresents the time in hours and C represents cost ($), construct Rent a lane for ONLY $6/hour! 


a table of values for 0O—3 hours for the cost of playing ten-pin 
bowling at the new alley. 

c. Use your table of values to plot a graph of time versus cost. (Hint: Ensure your 
time axis (horizontal axis) extends to 6 hours and your cost axis (vertical axis) 
extends to $40.) 

d. i. Identify the y-intercept. 

ii. Describe what the y-intercept represents in terms of the cost. 

e. Calculate the gradient and explain what this means in the context of the 
question. 

f. Write a linear equation to describe the relationship between cost and time. 

g. Use your linear equation from part f to calculate the cost of a 5-hour 
tournament. 

h. Use your graph to check your answer to part g. 


11. A local store has started renting out scooters to tour groups who pass through the 
city. Groups are charged based on the number of people hiring the equipment. There is a flat charge of 
$10.00 any time you book a day of rentals and it is known that the cost for 20 people to hire scooters is 
$310.00. The cost for 40 people to hire scooters is $610.00. 


a. Label the cost in dollars for hiring scooters for a day as the variable C. Let the number of people 
hiring scooters be the variable n. Identify which is the response variable and which is the 
explanatory variable. 

b. Formulate a linear equation that models the cost of hiring scooters for a day. 

c. Calculate how much it will cost to hire 30 scooters. 

d. Sketch a graph of the cost function you created in part b. 


12. The Robinsons’ water tank sprang a leak and has been losing water at a steady rate. Four days after the leak 
occurred, the tank contained 552 L of water, and ten days later it held only 312 L. 


a. Determine the rule linking the amount of water in the tank (w) and the number of days (f) since the 
leak occurred. 

b. Calculate how much water was in the tank initially. 

c. If water loss continues at the same rate, determine when the tank will be empty. 


Reasoning 


13. When using the gradient to draw a line, does it matter if you rise before you run or run before you rise? 
Explain your answer. 


14. a. Using the graph shown, write a general formula for the gradient m in terms of 
x, yand c. 
b. Transpose your formula to make y the subject. Explain what you notice. 
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15. The points A(x,, y,), B(x2, y2) and P(@, y) all lie on the same line. 
P is a general point that lies anywhere on the line. Given that the 
gradient from A to P must be equal to the gradient from P to B, 
show that an equation relating these three points is given by: 


sr Bly y,) 


y2— 1 
y-y, = — @-)) 
XX} 


Problem solving 


16. ABCD is a parallelogram with coordinates A(2, 1), B(3, 6) and y 

C(7, 10). 

a. Calculate the value of the gradient of the line AB. a 
. Determine the equation of the line AB. 
. Calculate the value of the gradient of the line CD. 
. Determine the coordinates of the point D. 


Qo ft 


VY 


17. Show that the quadrilateral ABCD is a parallelogram. 


VY 


18. 2x+ 3y=5 and ax— 6y=b are the equations of two lines. 


a. If both lines have the same y intercept, determine the value of b. 
b. If both lines have the same gradient (but a different y intercept), determine the value of a. 
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3.4 Parallel and perpendicular lines 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine whether two lines are parallel, perpendicular or neither 
e determine the equation of a straight line that is parallel to a given line 
e determine the equation of a straight line that is perpendicular to a given line. 


@® 3.4.1 Parallel lines YA 


eles-4743 . 3 
e Lines that have the same gradient are 15-7 


parallel lines. 

e The three lines (pink, green and blue) on 
the graph shown all have a gradient of 
1 and are parallel to each other. 

e Parallel lines will never intersect with 
on another. 


Y 


WORKED EXAMPLE 14 Proving that two lines are parallel 


Show that AB is parallel to CD given that A has coordinates (—1, —5), B has coordinates (5, 7), 


C has coordinates (—3, 1) and D has coordinates (4, 15). 


THINK WRITE 
1. Calculate the value of the gradient of AB by Let A(-1, —5) = (41, y,) and BOS, 7) =(o, yo) 
: y= Nl : ae) aes 
applying the formula m = ———. Since m = ——— 
X_—Xy +2 — x] 
— T= (5) 
Mp = 5-CD 
ne 
6 
— 
2. Calculate the value of the gradient of CD. Let C(—3, 1) = @, y,) and D(4, 15) = (m, yo) 
15-1 
Mcp = 4-3) 
_ 14 
ao, 
ee 
3. Draw a conclusion. Since Map = Mcp = 2, then AB || CD. 


(Note: || means ‘is parallel to’.) 
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® 3.4.2 Perpendicular lines 


eles-4744 
e Perpendicular lines are lines that intersect at right angles as seen in the diagram. y +4 42 


We can think of these lines as each having opposite gradients. 

e More formally, we would state that perpendicular lines have gradients in which 
one gradient is the negative reciprocal of the other. 

e Mathematically, we denote this as m, Xm, =-—1. 

e The gradient properties of parallel and perpendicular lines can be used to solve 
many problems. 


ehpislce 


Parallel and perpendicular lines 
e If we have two equations: 
Dal =MxX+c; and V2 = MynX + Cp 


e the lines will be parallel if, and only if, m, =m, 
e the lines will be perpendicular if, and only if, m4, xm z=-—1. 


WORKED EXAMPLE 15 Proving two lines are perpendicular 


Show that the lines y = —5x + 2 and 5y —x + 15=0 are perpendicular. 


THINK WRITE 
1. Identify the gradient of the first line Vi = Seep 2 
Vis sox 2. i — 3 
2. Identify the gradient of the second line Sy—x+15=0 
Sy—x+15=0 by rearranging the equation 5y =x—15 
in the form y=mx +c. “ 
y=--3 
5 
1 
Wy 
2) 
: ; : 1 
3. Test if the two points are perpendicular by m, XM, = —5X = 
checking whether the product of the two | 5 
gradients is equal to —1. 
4. Write the answer in a sentence. As the product of the two gradients is equal to —1, 


therefore these two lines are perpendicular. 
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WORKED EXAMPLE 16 Determining the equation of a parallel line 


Determine the equation of the line that passes through the point (3, 1) and is parallel to the line with 


equation y —2x+1= 0. 


THINK 


1. To determine the equation of a line, we need both a 


gradient and a point. State the known values. 


2. Identify the gradient of the line y—2x+ 1 =0 to which 


another line is parallel. 


3. Determine the line equation by using the 


gradient = 2 and the point (3, 1). Rearrange and write 


the answer. 


WRITE 

1, ¥) = G, 1) 

y—2x+1=0 
y=2x-1 
i 


y-yy = mx-x)) 


y—1=2@-3) 
y—1=2%—6 
y= 24—5 


WORKED EXAMPLE 17 Determining the equation of a perpendicular line 


Determine the equation of the line that passes through the point (2, 1) and is perpendicular to the line 


with a gradient of 5. 


THINK 


1. To determine the equation of a line, we need both 
a gradient and a point. State the known values. 


2. As the lines are perpendicular so m, Xm, =—1. 
Calculate the value of the gradient of the other 
line using this formula. 


3. Determine the line equation by using the 
=1 
gradient = and the point (2, 1). 


Rearrange and write the answer. 


WRITE 
1) =(@, D 
ni 
m,Xm,=-—1 
5xXm,=—1 
My = = 
yy, = m(x— x1) 
—1 
— |= —@-—2) 
: 5) 
Je 2 
= || ———— 
7 55 


—x 7 
= —+-or5y+x=7 
My 5 5 UY, 


ion) Resources 


i} 
[J eWorkbook Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2029) 


$s Interactivities Individual pathway interactivity: Parallel and perpendicular lines (int-4576) 


Parallel lines (int-3841) 
Perpendicular lines (int-6124) 
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Exercise 3.4 Parallel and perpendicular lines learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
1,3, 7, 8, 13, 14, 18, 19, 22 2,4, 9, 12, 17, 20, 23 5, 6, 10, 11, 15, 16, 21, 24 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


BS For questions 1 to 4, determine whether AB is parallel to CD given the following sets of points. 
1. a. A(4, 13), BQ, 9), C(O, —10), D5, 0) 
b. AQ, 4), B(8, 1), C(—6, —2), D@, —6) 
c. A(—3, —10), BCI, 2), CCl, 10), D(8, 16) 


2. a. ACI, -1), B(4, 11), C@, 10), D(—1, —5) 
b. AQ, 0), BQ, 5), C3, 15), DC7, 35) 
c. A(1, —6), B(—5, 0), C(O, 0), DiS, —4) 


3. a. AC, 6), B(3, 8), C(4, — 6), D3, 1) 
b. A(2, 12), B(—1, — 9), C(O, 2), D(7, 1) 
c. A(1,3), B(4, 18), C(—5, 4), DG, 0) 


4. a. AC, —5), BQO, 0), C(S, 11), D(—10, 8) 
b. A(-4, 9), B(2, — 6), C(—5, 8), D0, 14) 
c. A(4, 4), B(—8, 5), C(—6, 2), D(3, 11) 


5. Determine which pairs of the following straight lines are parallel. 


a. 2x+y+1=0 b. y=3x-1 
c. 2y—x=3 d. y=4x4+3 
eys>- f. 6x-2y=0 
g. 3y=x+4 h. 2y=5—x 


6. ESE show that the lines y = 6x— 3 and x + 6y —6=0 are perpendicular to one another. 


7. ESD Determine the equation of the line that passes through the point (4, —1) and is parallel to the line with 
equation y= 2x—5. 


8. Determine the equation of the line that passes through the point (—2, 7) and is perpendicular to a line 


with a gradient of =. 


9. Determine the equations of the following lines. 


. Gradient 3 and passing through the point (1, 5) 

. Gradient —4 and passing through the point (2, 1) 

. Passing through the points (2, —1) and (4, 2) 

. Passing through the points (1, —3) and (6, —5) 

. Passing through the point (5, —2) and parallel to x + 5y+ 15 =0 

. Passing through the point (1, 6) and parallel to x —3y—2=0 

. Passing through the point (—1, —5) and perpendicular to 3x + y+2=0 


aon O09 Aaa Ft 


10. Determine the equation of the line that passes through the point (—2, 1) and is: 


a. parallel to the line with equation 2x — y—3=0 
b. perpendicular to the line with equation 2x — y—3 =0. 
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11. Determine the equation of the line that contains the point (1, 1) and is: 


a. parallel to the line with equation 3x —5y=0 
b. perpendicular to the line with equation 3x — 5y=0. 


Understanding 
12. [1 a. The vertical line passing through the point (3, —4) is given by: 
A. y=—4 B. x=3 Cc. y=3x—-4 D. y=—4x4+3 E. x=—4 
b. Select the point which passes through the horizontal line given by the equation y= —S. 
A. (—5, 4) B. (4, 5) Cc. (3, —5) D. (5, —4) E. (5, 5) 
c. Select which of the following statements is true. 


A. Vertical lines have a gradient of zero. 

The y-coordinates of all points on a vertical line are the same. 
. Horizontal lines have an undefined gradient. 

. The x-coordinates of all points on a vertical line are the same. 
A horizontal line has the general equation x = a. 


moo 


d. Select which of the following statements is false. 


A. Horizontal lines have a gradient of zero. 

B. The line joining the points (1, —1) and (—7, —1) is vertical. 
C. Vertical lines have an undefined gradient. 

D. The line joining the points (1, 1) and (—7, 1) is horizontal. 
E. A horizontal line has the general equation y= c. 


13. 19 The point (—1, 5) lies on a line parallel to 4x + y+5=0. Another point on the same line as (—1, 5) is: 
A. (2, 9) B. (4, 2) C. (4, 0) D. (—2, 3) E. 3, -11) 

14. Determine the equation of the straight line given the following conditions. 
a. Passes through the point (—1, 3) and parallel to y= —2x+5 
b. Passes through the point (4, —3) and parallel to 3y + 2x =—3 

15. Determine which pairs of the following lines are perpendicular. 
a. x+3y—5=0 b. y=4x—7 Cc. y=x d. 2y=x+1 
e. y=3x4+2 f. x+4y—9=0 g. 2x+y=6 h. x+y=0 

16. Determine the equation of the straight line that cuts the x-axis at 3 and is perpendicular to the line with 
equation 3y — 6x = 12. 

17. Calculate the value of m for which lines with the following pairs of equations are perpendicular to 
each other. 
a. 2y—5x=7 and 4y+ 12=mx 
b. 5x—6y=—27 and 15+ mx=—3y 

18. EOS The gradient of the line perpendicular to the line with equation 3x — 6y = 2 is: 


A. 3 B. —6 Cc. 2 D. : 


Reasoning 


19. Determine the equation of a line, in the form of ax + by +c =0, that is perpendicular to the line with 
equation 2x — y=3 and passes through the point (2, 3). 


20. Form the equation of the line, in the form of ax + by + c =0, that is perpendicular to the line with equation 
—4x —3y =3 and passes through the point (—1, 4). 
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21. Ta Triangle ABC has a right angle at B. The vertices are A(—2, 9), B(2, 8) and C(1, z). The value of z is: 
3 


A. gt B. 4 C. 12 D. 7- E. —4 
4 4 


Problem solving 


22. a. Sketch the graph of the equation y = 2x — 4. 
b. On the same set of axes, sketch the graph of the line parallel to y= 2x — 4 that has a y-intercept of —2. 
c. Sketch the graph of the line that is perpendicular to the lines found in part a and b that also passes 
through the origin. 


23. Determine the value(s) of a such that there would be no point of intersection between the lines 
ay+3x=4a and 2x—y=5S. 


24. A family of parallel lines has the equation 3x — 2y =k where k is a real number. 


a. Determine the gradient of each member of this family of lines. 
b. Show that all lines in the family contain the point (k, k). 


3.5 The distance between two points 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e calculate the straight-line distance between two points 
e determine the value of an unknown coordinate given the distance between two points. 


® 3.5.1 The distance between two points 


eles-4745 . : : 
e The distance between two points can be calculated using 


Pythagoras’ theorem. 

e Consider two points A(x,, y,) and BQ, y2) on the Cartesian plane 
as shown. 

e If point C is placed as shown, ABC is a right-angled triangle and y 
AB is the hypotenuse. 


y244 (%2, yo) 


AC = x7 — x, 


BC=y.-y, 


By Pythagoras’ theorem: 
AB* = AC’ + BC? 
= (1) +0271)" 


Hence AB = 4/ (x) —x;)? +0 —))) 


The distance between two points 
The distance between two points A(x,, y,;) and B(x), y2) is: 


AB = V(x. — x1)" + (2 -y1)" 


e This distance formula can be used to calculate the distance between any two points on the Cartesian plane. 
e The distance formula has many geometric applications. 


178 Jacaranda Maths Quest 10 + 10A 


»Y¥ 


Note: If the coordinates were named in the reverse order, the formula would still give the same answer. Check 
this for yourself using (x,, y,) = (3, 4) and (x), y2) = (3, 1). 


WORKED EXAMPLE 18 Determining the distance between two points on a graph 


Determine the distance between the points A and B in the figure. 


yA 
44 


A 
in ee | aera Senet ices [gezetl 
Es See eee ee 
Y 

THINK WRITE 
1. From the graph, locate points A and B. A(—3, 1) and B(3, 4) 
2. Let A have coordinates (x), y,). Let (x;, y,) = (3, 1) 
3. Let B have coordinates (x5, y>). Let (%, yo) = G, 4) 


4. Calculate the length AB by applying the formula AB = 4/ (x, — ae + — yi)” 


f Iculating the dist: bet t ints. 
or Calculal ng e distance between two pom Ss ae 3 = (3 a a= 17 
\/ (6) +3)" 


= V36+9 
4/45 
3/5 


Nn 


Nn 


WORKED EXAMPLE 19 Calculating the distance between two points 


Calculate the distance between the points P(—1, 5) and Q(3, —2). 


THINK WRITE 
1. Let P have coordinates (x,, y,). Let (, y;) = (—1, 5) 
2. Let Q have coordinates (x7, yo). Let (x), yo) = (3, —2) 


3. Calculate the length PQ by applying the PQ = 1/ G@— as apa Pe 
f la for the dist: bet t ints. 
ormula for the distance between two points = I Tes: 
V4rt+CTy 


= ¥16+49 
= 65 
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 


On a Calculator page, On the Main screen, complete —[@ at ain mtarsctive 


complete the entry lines as: oe Fi the entry lines as: [Pea] > ta] se Te Gl 
xte= 3 NV coxa) 24 (yb)? [ae] Lye 1 
=e vies 5 (x—a? +(y— bY x= 1 lo vee 
x2: =3 aes z ly = 5|a=3|b= —2 
y2: = —2 She Ke xl=x=-1 
e2- +02-y)? ene” ma} | 75 
= 7 x2=a=3 
| 
Press ENTER after each E y2=b=-2 
en The distance between the two 
points is 65. re] 
Alg Stenderd = Real Deg a 


The distance between the 
two points is 65. 


WORKED EXAMPLE 20 Applying the distance formula 


Prove that the points A(1, 1), B(3, —1) and C(—1, —3) are the vertices of an isosceles triangle. 


THINK WRITE/DRAW 
1. Plot the points and draw the triangle. eR 
Note: For triangle ABC to be isosceles, two 5 
sides must have the same magnitude. < = 
aa _ 
2. AC and BC seem to be equal. IC = 4V/ |= (INF ei Stee 
Calculate the length AC. 2 2 
= 1/ (2) + (4) 
ACL, 1) =, ya) V~ oe 
C(-1, —3) =(@%, y1) Z 
1> V1 =) V5 


3. Calculate the length BC. Be = oe) t= 
BG, ld) = (x, Y2) = /(4y A Oy 


C(-1, —3)= (1, y) = /20 


4. Calculate the length AB. AB=4/ 3—()l +1-1-(/ 
ACI, D =, y1) = 1/2)? +(-2 


BG, i y2) me 444 
= 2/2 
5. Write your conclusion. Since AC = BC4 AB, triangle ABC is an 


isosceles triangle. 
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DISCUSSION 


How could you use the distance formula to show that a series of points lay on the circumference of a circle 
with centre C? 


ion) Resources 
= 


[J eWorkbook Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2029) 


&} Interactivities Individual pathway interactivity: The distance between two points (int-4574) 


Distance between two points (int-6051) 


Exercise 3.5 The distance between two points learn@) 
Individual pathways 

M@ PRACTISE H@ CONSOLIDATE @ MASTER 

1,4, 7,11 2, 5, 8, 9, 12 3,6, 10, 13 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
1. EXE) Determine the distance between each pair of 
points shown in the graph. 8 
G T 
2. EES) calculate the distance between the following pairs K 6 
of points. 5 E 
a. (2, 5), (6, 8) b. (-l, 2), (4, 14) 3 P 
c. (-1, 3), (-7,-5) (5, =), (10, 4) FELINYT e[ [TT] 
e. (4, —5), (1, 1) E AZ IN 
3. Calculate the distance between the following pairs ~< 7 *| 
of poi 8-7-6 -5 4-39 -1 9 67 
points. an 
a. (-3, 1), (5, 13) b. (5, 0), (-8, 0) 
c. (1, 7), (1, -6) d. (a, b), (2a, —b) See D 
e. (—a, 2b), (2a, —b) 54 
4. The vertices of a quadrilateral are ~6 
A(1, 4), B(-1, 8), C(, 9) and D(@3, 5). 
-8. 
a. Determine the lengths of the sides. Y 


b. Determine the lengths of the diagonals. 
c. State the type of quadrilateral. 


Understanding 
5. (9 If the distance between the points (3, b) and (—5, 2) is 10 units, then the value of b is: 
A. —8 B. —4 c. 4 D. 0 E. 2 
6. HG A rhombus has vertices A(1, 6), B(6, 6), C(—2, 2) and D(x, y). The coordinates of D are: 
A. (2, —3) B. (2, 3) C. (—2, 3) D. (3, 2) E. (3, —2) 
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Reasoning 
7. E22) Prove that the points A(O, —3), B(—2, —1) and C(4, 3) are the vertices of an isosceles triangle. 


8. The points P(2, —1), Q(—4, —1) and R(-1, 33 — 1) are joined to form a triangle. Prove that triangle PQR 
is equilateral. 


9. Prove that the triangle with vertices D(5, 6), E(Q9, 3) and F(5, 3) is a right-angled triangle. 
10. A rectangle has vertices A(1, 5), B(10.6, z), C(7.6, —6.2) and D(—2, 1). Determine: 


a. the length of CD b. the length of AD 
c. the length of the diagonal AC d. the value of z. 
Problem solving yp 


11. Triangle ABC is an isosceles triangle where AB = AC, B is the point 
(—1, 2), C is the point (6, 3) and A is the point (a, 3a). Determine AG, 3a) 
the value of the integer constant a. 


12. Show that the triangle ABC with coordinates A(a, a), B(m, —a) and 
C(—a, m) is isosceles. 

C (6, 3) 

B(-l, 2) 


A 
»V 


Y 
13. ABCD is a parallelogram. YA 
a. Evaluate the gradients of AB and BC. B (3, 8) 
b. Determine the coordinates of the point D(a, y). 
c. Show that the diagonals AC and BD bisect each other. 
A (I, 6) 
C (6, 1) 
~ > 
0 Xx 
D(x, y) 
Y 


3.6 The midpoint of a line segment 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e calculate the midpoint between two points 
e determine the value of an unknown coordinate given the midpoint between two points. 


® 3.6.1 Midpoint of a line segment 


les-4746 : : 
iid e The midpoint of a line segment is the halfway point. 


e The x- and y-coordinates of the midpoint are halfway between those of the coordinates of the end points. 
e The following diagram shows the line interval AB joining points A(x, y;) and B(x, y2). 
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The midpoint of AB is P, so AP = PB. 


Points C(@, y;) and D(x>, y) are added to the diagram and are used to make the two right-angled triangles AABC 
and APBD. 


The two triangles are congruent: 


B (&, y2) 


AP = PB (given) 
ZAPC = ZPBD (corresponding angles) 
ZCAP = ZDPB (corresponding angles) 

So AAPC = APBD (ASA) 


This means that AC = PD; 


Le. x—-X,; =X,—-—x (solve forx) 
1.e. 2x = x1 +X 
xy +X 
2 


In other words, x is simply the average x, and x}. 


Similarly yet 22, 


The midpoint formula 


To calculate the midpoint (x, y) of the two points A (4, y;) and B (%, y>): 


yy 
e The x-value is the average of x; and x). (5, Yo) 
e The y-value is the average of y, and yp. i 
X1 +X i) 
Lee eee Mates: oye felt eae 
Midpoint = ( a ) Goa : 
0 x 
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WORKED EXAMPLE 21 Calculating the midpoint 


Calculate the coordinates of the midpoint of the line segment joining (—2, 5) and (7, 1). 


THINK WRITE 
1. Label the given points (x,, y,) and (%, yo). Let (x), y;)=(—2, 5) and (%, yo) =(7, 1) 
: : ree xX) +X. 
2. Determine the x-coordinate of the midpoint. x= 5 
ee 
2 
mS) 
2 
1 
== 
2 
: ; Re Waar 
3. Determine the y-coordinate of the midpoint. y= re 
_ Spill 
2 
a6 
2; 
=3 
4. Write the coordinates of the midpoint. The midpoint is oe 3) |Ie 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
On a Calculator page, > fil On the Main screen, © Gait Action Interactive 
complete the entry lines as: es B complete the entry lines as: 9 =!" eae TEL 
rT =-2 and x2=7 = SSB x2 1a=7 
1422 2 2 x+a a = 
= jx1=—2andx2=7 | yayyo . x= —-2|a=7 5 
2 | Wiles and y2=1 ss P 2b jy=5 b= 
1+y2 : Toke ’ 
sa lyl=5 andy2=1 \ 5 ly=5|D=1 p 
2 
Press ENTER after each Press EXE after each entry. 
entry. 
ll 
The midpoint is (25, 3). 
2 
Q 
Ag Standard fel fad 


1 
The midpoint is (2: ‘ 3) P 
Z 
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WORKED EXAMPLE 22 Determining an unknown coordinate 


The coordinates of the midpoint, M, of the line segment AB are (7, 2). If the coordinates of A are 


(1, —4), determine the coordinates of B. 


THINK 


1. Let the start of the line segment be (x, y,) 
and the midpoint be (x, y). 


2. The average of the x-coordinates is 7. 


Determine the x-coordinate of the end point. 


3. The average of the y-coordinates is 2. 


Determine the y-coordinate of the end point. 


4. Write the coordinates of the end point. 


5. Check that the coordinates are feasible by 
drawing a diagram. 


WRITE/DRAW 
Let (x, y;)=(, —4) and (x, y) =(7, 2) 


Xx) +X 
—— 
2 
1 
Gen aE 
2 
14=1+%x 
i = 113 
eo 
2 
=A 
ae iy? 
2) 
4=-4+y, 
28 


The coordinates of the point B are (13, 8). 


A B (13, 8) 

8 | paz 
l6— 

4 

lo _| 
r< ol [a a a ee 
| 2A 6 8 1012 14 
14_| | 

yA, =4) 


DISCUSSION 


If the midpoint of a line segment is the origin, what are the possible values of the x- and y- coordinates of 


the end points? 


ion) Resources 


-_ 
iB; eWorkbook Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2029) 


a Interactivities Individual pathway interactivity: The midpoint of a line segment (int-4575) 
Midpoints (int-6052) 
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Exercise 3.6 The midpoint of a line segment learn@) 


Individual pathways 


@ PRACTISE @ CONSOLIDATE m@ MASTER 
1,3, 6, 7, 12, 15 4,5, 8, 9, 13, 16 2,10, 11, 14, 17 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
1. EXE3 calculate the coordinates of the midpoint of the line segment joining the following pairs of points. 


a. (-5, 1), (-l, —8) b. (4, 2), (11, —2) c. (0, 4), (—2; —2) 
2. Calculate the coordinates of the midpoint of the line segment joining the following pairs of points. 
a. (3, 4), (-3, -1l) b. (a, 2b), (3a, —b) c. (a+ 3b, b), (a—b, a—b) 


3. | WE 22 | The coordinates of the midpoint, M, of the line segment AB are (2, —3). If the coordinates of A are 
(7, 4), determine the coordinates of B. 


4. Determine the midpoint of the following sets of coordinates. 
a. (1, 2) and (3, —4) b. (7, —2) and (—4, 13) c. (3, a) and (1, 4a) 


5. If M(2, —2) is the midpoint of the line segment joining the points X(4, y) and Y(x, —1), then calculate the 
value of x+y. 


Understanding 
6. A square has vertices A(O, 0), B(2, 4), C(6, 2) and D(4, —2). Determine: 
a. the coordinates of the centre b. the length of a side c. the length of a diagonal. 


7. £9 The midpoint of the line segment joining the points (—2, 1) and (8, —3) is: 


A. (6, —2) B. (5, 2) C. (6, 2) D. 3, -1) E. (5, —2) 
8. DQ If the midpoint of AB is (—1, 5) and the coordinates of B are (3, 8), then A has coordinates: 
A. (1, 6.5) B. (2, 13) C. (—5, 2) D. (4, 3) E. (7, 11) 


9. a. The vertices of a triangle are A(2, 5), B(1, —3) and C(—4, 3). Determine: 


i. the coordinates of P, the midpoint of AC 
ii. the coordinates of Q, the midpoint of AB 
iii. the length of PQ. 


b. Show that BC = 2PQ. 


10. a. A quadrilateral has vertices A(6, 2), B(4, —3), C(—4, —3) and D(—2, 2). Determine: 


i. the midpoint of the diagonal AC 
ii. the midpoint of the diagonal BD. 


b. State what you can infer about the quadrilateral. 
11. a. The points A(—5, 3.5), B(1, 0.5) and C(—6, —6) are the vertices of a triangle. Determine: 


i. the midpoint, P, of AB ii. the length of PC 
iii. the length of AC iv. the length of BC. 


b. Describe the triangle. State what PC represents. 
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Reasoning 


12. a. Plot the following points on a Cartesian plane: A(—1, —4), B(2, 3), C(—3, 8) and D(4, —5). 
. Show that the midpoint of the interval AC is (—2, 2). 

. Calculate the exact distance between the points A and C. 

. If B is the midpoint of an interval CM, determine the coordinates of point M. 


aQoa ® 


e. Show that the gradient of the line segment AB is b 
f. Determine the equation of the line that passes through the points B and D. 


13. Write down the coordinates of the midpoint of the line joining the points (3k — 1, 4 — 5k) and 
(5k—1, 3 —5k). Show that this point lies on the line with equation 5x + 4y =9. 


14. The points A (2m, 3m), B (Sm, —2m) and C (—3m, 0) are the vertices of a triangle. Show that this is a 
right-angled triangle. 
yA 
A (2m, 3m) 


xv 


~ 
C (-3m, 0) 


B (5m, —2m) 


Problem solving 


15. Determine the equation of the straight line that passes through the midpoint of A(—2, 5) and B(—2, 3), and 
has a gradient of —3. 


16. Determine the equation of the straight line that passes through the midpoint of A(—1, —3) and B(3, —5), 


and has a gradient of 5 


17. Determine the equation of the straight line passing through the midpoint of (3, 2) and (5, —2) that is also 
perpendicular to the line 3x —2y=7. 


3.7 Applications and collinearity 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine whether a set of coordinates are collinear 
e determine the equation of a perpendicular bisector 
e apply your understanding from multiple skills learned in this topic to a single problem. 
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® 3.7.1 Collinear points 


eles-4747 
e Collinear points are points that all lie on the same straight line. YA 
e If A, B and C are collinear, then map = mpc. 
Cc 
B 
A 
> 
0 x 
WORKED EXAMPLE 23 Proving points are collinear 
Show that the points A(2, 0), B(4, 1) and C(10, 4) are collinear. 
THINK WRITE 
1. Calculate the gradient of AB. Let A(2, 0) = (x), y,) and BY, 1)=(, yo) 
: _ Joa 
since m= ———— 
Xy—X, 
AB 75 
= 
a2 
2. Calculate the gradient of BC. Let B(4, 1) =(), y,) and C(10, 4) = (9, yo) 
|i 
ae 
6 
Bee 
2D 
3. Show that A, B and C are collinear. Since Map = Mpc = : and B is common to both line 
segments, A, B and C are collinear. 
® 3.7.2 Equations of horizontal and vertical lines 
les-4748 
= e Horizontal lines are parallel to the x-axis, have a gradient of zero, are yh el 
expressed in the form y= c and have no x-intercept. al 
e Vertical lines are parallel to the y-axis, have an undefined (infinite) y=l2 
gradient, are expressed in the form x =a and have no y-intercept. 
9-10 2 a aa ls 
~2_| 
4 
Y 
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WORKED EXAMPLE 24 Determining the equation of vertical and horizontal lines 


Determine the equation of: 
a. the vertical line that passes through the point (2, —3) 
b. the horizontal line that passes through the point (—2, 6). 


THINK WRITE 


a. The equation of a vertical line is x= a. eb oS 2 
The x-coordinate of the given point is 2. 


b. The equation of a horizontal line is y=c. The b. y=6 
y-coordinate of the given point is 6. 


® 3.7.3 Perpendicular bisectors 
a A perpendicular bisector is a line that intersects another line at a B 


right angle and cuts it into two equal lengths. 
e A perpendicular bisector passes through the midpoint of a line 
segment. 


Perpendicular bisector, 


gradient = m <— Midpoint (x), y1) 


The perpendicular bisector 


e The equation of a perpendicular bisector can be found by using the formula: 
y—yy =mM(x—x;) 


where (x,, y;) represents the midpoint of a given set of coordinates and m is the gradient perpendicular 
to the gradient of the given line (i.e. the gradient of the perpendicular bisector). 


WORKED EXAMPLE 25 Determining the equation of a perpendicular bisector 


Determine the equation of the perpendicular bisector of the line joining the points (0, —4) and (6, 5). 
(A bisector is a line that crosses another line at right angles and cuts it into two equal lengths.) 


THINK WRITE 


1. Determine the gradient of the line joining the given Let (0, —4) = (x, y,). 


points by applying the formula. Let (6, 5) =(%, y2). 
ya MA ey ay 
L=— m, = ——— 
x2 —*1 x2 —*1 
5 —(-4) 
hh = 
=) 
ae 
6 
= 
2 
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2. Calculate the gradient of the perpendicular line. ey = : 


m, Xm,=-1 
2; 
Uys Ts 
+ als 
3. Determine the midpoint of the line joining the given x = oe MS a 
points. ° : 
ite ate = eB Oeae ze psec 
M= (AS, 15%) where (x;, y,)=(0, —4) ) 2 
and (x2, y2) = (6, 5). = : 


Hence (3. *) are the coordinates of 


the midpoint. 


: : ‘ : : Dee 
4. Determine the equation of the line with gradient -— Since y—y,; = m(x— }), 


1 2 
that passes through ( 3, i ; then y— - =—-(x—3) 
D 2 3 
5. Simplify by removing the fractions. 3 (> = *) = —2(4—3) 
Multiply both sides by 3. : 
Multiply both sides by 2. ay = 3 = Oy eeG 
2 
6y—3 = —4e4 12 
4x+6y—15=0 
DISCUSSION 


How could you use coordinate geometry to design a logo for an organisation? 


ion) Resources 


= 
[J eWorkbook Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2029) 


} Interactivities Individual pathway interactivity: Applications and collinearity (int-8469) 


Vertical and horizontal lines (int-6049) 
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Exercise 3.7 Applications and collinearity learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
1,3, 4, 11, 12, 13, 18, 19 2, 7,9, 14, 15, 20 5, 6, 8, 10, 16, 17, 21 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
4. EXD show that the points A(O, —2), B(5, 1) and C(—5, —5) are collinear. 
2. Show that the line that passes through the points (—4, 9) and (0, 3) also passes through the point (6, —6). 


3. MZ) Determine the equation of: 


a. the vertical line that passes through the point (1, —8) 
b. the horizontal line that passes through the point (—5, —7). 


4, (22) Determine the equation of the perpendicular bisector of the line joining the points (1, 2) 
and (—5, —4). 


5. a. Show that the following three points are collinear: (1 x) , (3 2) and (5, 3). 
b. Determine the equation of the perpendicular bisector of the line joining the points { 1, : and (5, 3). 


6. The triangle ABC has vertices A(9, — 2), B(3, 6), and C(1, 4). 


a. Determine the midpoint, M, of BC. 

b. Determine the gradient of BC. 

c. Show that AM is the perpendicular bisector 
of BC. 

d. Describe triangle ABC. 


7. Determine the equation of the perpendicular 
bisector of the line joining the points (—2, 9) 
and (4, 0). 


8. ABCD is a parallelogram. The coordinates of A, B 
and C are (4, 1), (1, —2) and (—2, 1) respectively. 
Determine: 

a. the equation of AD 
b. the equation of DC 
c. the coordinates of D. 
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Understanding 
9. In each of the following, show that ABCD is a parallelogram. 

a. AQ, 0), B(4, _ 3), Cc (2, —4), D(O, — 1) 
b. A(2, 2), B(O, a 2), C(-2, = 3), D(O, 1) 
c. A(2.5,3.5), B10, — 4), C(2.5, — 2.5), D(—S, 5) 

10. In each of the following, show that ABCD is a trapezium. 
a. A(O, 6), B(2, 2), C(O, _ 4), D(-5, _ 9) 
b. A(26, 32), B(18, 16), CU, — 1), D(—3, 3) 
c. A(2,7), BU, — 1), C(—0.6, — 2.6), D(—2, 3) 

11. EUS The line that passes through the points (0, —6) and (7, 8) also passes through: 
A. (4, 3) B. (5, 4) C. (—2, 10) D. (1, —8) E. (1, 4) 


Reasoning 


12. The map shows the proposed course for a yacht race. Buoys 


| 
have been positioned at A(1, 5), B(8, 8), C(12, 6), and D(10, w). od Seale: | unit > kan N 
a. Calculate how far it is from the start, O, to buoy A. if t 
b. The race marshall boat, M, is situated halfway between buoys 
A and C. Determine the coordinates of the boat’s position. 8 uoy B 
c. Stage 4 of the race (from C to D) is perpendicular to stage 7 
3 (from B to C). Evaluate the gradient of CD. 6_| Buoy 
d. Determine the linear equation that describes stage 4. 5 i Ms [Buoy [ 
e. Hence determine the exact position of buoy D. 4 
f. An emergency boat is to be placed at point E, (7, 3). eee Bs) A 
Determine how far the emergency boat is from the hospital, H2-0/— Buoy D 
located at H, 2 km north of the start. t 5 
~ 
(Start) 


13. Prove that the quadrilateral ABCD is a rectangle with A(2, 5), B(6, 1), C(3, —2) and D(-1, 2). 


14. Show that the following sets of points form the vertices of a right-angled triangle. 


a. AC, — 4), BQ, — 3), C(4, — 7) b. A(3, 13), BC, 3), C(—4, 4) 
c. A(O,5), BO, 12), CG, 14) 


15. a. A square has vertices at (0, 0) and (2, 0). Determine where the other 2 vertices are. (There are 3 sets 


of answers.) 


b. An equilateral triangle has vertices at (0, 0) and (2, 0). Determine where the other vertex is. (There are 
2 answers.) 


c. A parallelogram has vertices at (0, 0) and (2, 0) and (1, 1). Determine where the other vertex is. (There 
are 3 sets of answers.) 


16. Prove that the quadrilateral ABCD is a rhombus, given A(2, 3), B(3, 5), C(5, 6) and D(4, 4). 
Hint: A rhombus is a parallelogram with diagonals that intersect at right angles. 


17. A is the point (0, 0) and B is the point (0, 2). 


a. Determine the perpendicular bisector of AB. 
b. Show that any point on this line is equidistant from A and B. 
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Problem solving 


Questions 18 and 19 relate to the diagram. YA 


M is the midpoint of OA. (4, 6) 
N is the midpoint of AB. 
P is the midpoint of OB. 
18. A simple investigation: 
a. Show that MN is parallel to OB. 


b. Is PN parallel to OA? Explain. 
c. Is PM parallel to AB? Explain. L | 


«V 


. Determine the perpendicular bisectors of OA and OB. 

. Determine the point W where the two bisectors intersect. 

. Show that the perpendicular bisector of AB also passes through W. 
. Explain why W is equidistant from O, A and B. 

. Wis called the circumcentre of triangle OAB. Using W as the centre, draw a circle through O, A, and B. 


19. A difficult investigation: <T 9 | ‘ 


oaa oa ® 


20. Line A is parallel to the line with equation 2x — y=7 and passes through the point (2, 3). Line B is 
perpendicular to the line with equation 4x — 3y + 3 = 0 and also passes through the point (2, 3). Line C 
intersects with line A where it cuts the y-axis and intersects with line B where it cuts the x-axis. 


a. Determine the equations for all three lines. Give answers in the form ax + by+c=0. 
b. Sketch all three lines on the one set of axes. 
c. Determine whether the triangle formed by the three lines is scalene, isosceles or equilateral. 


21. The lines /, and /, are at right angles to each other. The line /, has the equation px + py + r= 0. Show that 


the distance from M to the origin is given by 
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3.8 Review 


3.8.1 Topic summary 


Sketching linear graphs Equation of a straight line 


* To plot linear graphs, complete a table of values to * The equation of a straight line is: 
determine the points and use a rule. y=mxt+c 

* Only two points are needed in order to sketch a Where: m is the gradient and c is the y-intercept 
straight-line graph. e.g. y =x +6)—> y-intercept 

¢ The x- and y-intercept method involves calculating both 
axis intercepts, then drawing the line through them. gradient 

¢ Determine the x-intercept but substituting y = 0. ¢ The rule y=mx+c is called the equation of a straight 

¢ Determine the y-intercept but substituting x = 0. line in the gradient-intercept form. 

* Graphs given by y = mx pass through the origin (0, 0), ¢ The gradient of a straight line can be determined by 
since c = 0. the formulas: tee a 

* The line y = c is parallel to the x-axis, having a gradient ae sie pel 


of zero and a y-intercept of c. Tun X2—X) 
¢ The line x = is parallel to the y-axis, having a 
undefined (infinite) gradient and a x-intercept of a. 


COORDINATE GEOMETRY 


The midpoint of a line segment Determining linear equations 


¢ The formula: 
y-y = mx - x) 
can be used to write the equation of a line, given 
the gradient and the coordinates of one point. 


Parallel and perpendicular lines 


¢ Parallel lines will never intersect with each other. 
¢ Two lines are parallel if they have the same gradient. 
ence y=3x-6 
y=3x4+1 
¢ Perpendicular lines are lines that intersect at right angles. 
¢ Two lines are perpendicular if the product of their 
gradients is —1. 


The distance between two points e.g. ys Wear 3 
x 
¢ The distance between two points, (x1, yi) and (X2, y2) is: aie 
1 
d= y/(2-x1 + 2-yy? HN oe 


Applications and collinearity Perpendicular bisector 
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3.8.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Success criteria >) ‘?) @ 


3.2 | can plot points on a graph using a rule and a table of values. 


Subtopic 


| can sketch linear graphs by determining the x- and y-intercepts. 


| can sketch the graphs of horizontal and vertical lines. 


| can model linear graphs from a worded context. 


3.3 | can determine the equation of a straight line when given its graph. 


| can determine the equation of a straight line when given the gradient and 
the y-intercept. 


| can determine the equation of a straight line passing through two points. 


| can formulate the equation of a straight line from a written context. 


3.4 | can determine whether two lines are parallel, perpendicular or neither. 


| can determine the equation of a straight line that is parallel to a given line. 


| can determine the equation of a straight line that is perpendicular to a 
given line. 


3.5 | can calculate the straight-line distance between two points. 


| can determine the value of an unknown coordinate given the distance 
between two points. 


3.6 | can calculate the midpoint between two points. 


| can determine the value of an unknown coordinate given the midpoint 
between two points. 


3.7 | can determine whether a set of coordinates are collinear. 


| can determine the equation of a perpendicular bisector. 


| can apply my understanding from multiple skills learned in this topic to a 
single problem. 


TOPIC 3 Coordinate geometry 195 


3.8 


.3 Project 


What common computer symbol is this? 


On computer hardware, and on many different software applications, a broad range of symbols is used. 


Th 


ese symbols help us to identify where things need to be plugged into, what buttons we need to push, 


or what option needs to be selected. The main focus of this task involves constructing a common symbol 
found on the computer. The instructions are given below. Use grid paper to construct the symbol. 


The construction part of this task requires you to graph nine lines to reveal a common computer symbol. 
Draw the scale of your graph to accommodate x- and y-values in the following ranges: -10 <x < 16 and 


=] 
e 


0 <y< 16. Centre the axes on the grid lines. 
Line | has an equation y = x — 1. Graph this line in the range —7 <x < —2. 
Line 2 is perpendicular to line | and has a y-intercept of —5. Determine the equation of this line, and 
then draw the line in the range —-5 <x<-—l. 
Line 3 is parallel to line 1, with a y-intercept of 3. Determine the equation of the line, and then graph 
the line in the range —9 <x < —4. 
Line 4 is parallel to line 1, with a y-intercept of —3. Determine the equation of the line, and then graph 
the line in the range —1 <x <2. 
Line 5 has the same length as line 4 and is parallel to it. The point (—2, 3) is the starting point of the 
line, which decreases in both x- and y-values from there. 
Line 6 commences at the same starting point as line 5, and then runs at right angles to line 5. It has an 
x-intercept of | and is the same length as line 2. 
Line 7 commences at the same starting point as both lines 5 and 6. Its equation is y=6x + 15. The point 
(—1, 9) lies at the midpoint. 
Line 8 has the equation y = —x + 15. Its midpoint is the point (7, 8) and its extremities are the points 
where the line meets line 7 and line 9. 
Line 9 has the equation 6y — x + 8 =0. It runs from the intersection of lines 4 and 6 until it meets line 8. 


. Determine what common computer symbol you have drawn. 
. The top section of your figure is a familiar geometric shape. Use the coordinates on your graph, together 


with the distance formula to determine the necessary lengths to calculate the area of this figure. 


. Using any symbol of interest to you, draw your symbol on grid lines and provide instructions for your 


design. Ensure that your design involves aspects of coordinate geometry that have been used throughout 
this task. 
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ion) Resources 


i] 
EB; eWorkbook _ Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2029) 
yy Interactivities Crossword (int-2833) 


Sudoku puzzle (int-3590) 


Exercise 3.8 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. ES The equation of the following line is: 


A. 3x+2y=6 B. 3x-—2y=6 C. 2x+3y=6 
D. 2x—3y—=6 EE 2x—3y——6 


2. [9 The equation of a linear graph with gradient —3 and x-intercept of 4 is: 
A. y=—3x—12 B. y=—3x+4 C. y=—3x—4 
D. y=—3x+12 Eo y—4x%—3 


3. ES The equation of a linear graph which passes through (2, —7) and (—2, —2) is: 
A. 4x—5y+18=0 B. 5x+4y+ 18=0 Cc. 5x+4y—18=0 
D. 5x—4y—18=0 E. 4x+5y+18=0 


4. GG The distance between the points (1, 5) and (6, —7) is: 
A. 53 Baio c. 13 D. 193 =, 12 


5. [£9 The midpoint of the line segment joining the points (—4, 3) and (2, 7) is: 
i. (Gil, 3) Ba(= 210) C. (—6, 4) D. (—2, 4) = (Cll, 2) 


6. 9 If the midpoint of the line segment joining the points A(3, 7) and B(x, y) has coordinates (6, 2), 
then the coordinates of B are: 


AS35573) B. (0, —6) (&, ©@, =3) D. (4.5, 4.5) = (2, 3) 


7. Wl if the points (—6, —11), (2, 1) and (x, 4) are collinear, then the value of x is: 


A. 4 B. 3.2 Cc. 2 D. SS = 3 
4 16 
8. 11 The gradient of the line perpendicular to 3x — 4y + 7 =0 is: 
3 4 
i = [Eb = ( =s D. 3 E. —4 
4 3 3 
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9. [9 The equation of the line perpendicular to 2x + y — 1 = 0 and passing through the point (1, 4) is: 
AS 2x -+y—6—0 > B.2x-+-y—2—0 Cox—2)--7—=0 Dix 2y+9 0) Ex — 2y—'0 


10. Produce a table of values, and sketch the graph of the equation y= —5x + 15 for values of x between 
—10 and +10. 


11. Sketch the graph of the following linear equations, labelling the x- and y-intercepts. 


2 7 
any ou ba y——ox-- IS Cc. ae te d. se 


12. Determine the x- and y-intercepts of the following straight lines. 


a. y=—7x+6 b. yaox-5 @ yasr-2 d. y=0.5x 2.8 


13. Sketch graphs of the following linear equations by finding the x- and y-intercepts. 
a. 2x—3y=6 b. 3x+y=0 G: +t y=—3 d. x+y+3=0 


14. Sketch the graph of each of the following. 
1 


a. =e b. y=—4x C2 6——2 d. y=7 


15. Sketch the graph of the equation 3(y —5) = 6(x + 1). 


16. Determine the equations of the straight lines in the following graphs. 
a. YA b. 


d YA 4 (2, 8) e. ' f 
0 x -3 
Y 
17. Determine the linear equation given the information in each case below. 
a. Gradient = 3, y-intercept = —4 b. Gradient = —2, y-intercept = —5 
c. Gradient = > y-intercept =5 d. Gradient = 0, y-intercept = 6 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


For each of the following, determine the equation of the straight line with the given gradient and 
passing through the given point. 
a. Gradient =7, point (2, 1) b. Gradient = —3, point (1, 1) 


c. Gradient = > point (—2, 5) d. Gradient = =. pomtds—3) 
Determine the distance between the points (1, 3) and (7, —2) in exact form. 

Prove that triangle ABC is isosceles given A(3, 1), B(—3, 7) and C(—1, 3). 

Show that the points ACI, 1), B(2, 3) and C(8, 0) are the vertices of a right-angled triangle. 


The midpoint of the line segment AB is (6, —4). If B has coordinates (12, 10), determine the 
coordinates of A. 


Show that the points A(3, 1), B(5, 2) and C(11, 5) are collinear. 
Show that the lines y= 2x —4 and x + 2y — 10 =0 are perpendicular to one another. 


Determine the equation of the straight line passing through the point (6, —2) and parallel to the line 
x 2y— =O) 


Determine the equation of the line perpendicular to 3x — 2y + 6 = 0 and having the same y-intercept. 
Determine the equation of the perpendicular bisector of the line joining the points (—2, 7) and (4, 11). 


Determine the equation of the straight line joining the point (—2, 5) and the point of intersection of the 
straight lines with equations y= 3x —1 and y=2x+5. 


Use the information given in the diagram to complete the following. Thetle| 
a. Determine: 9- iN 

i. the gradient of AD 

ii. the gradient of AB 

iii. the equation of BC 

iv. the equation of DC D 

v. the coordinates of C. 0 45| lo 

b. Describe quadrilateral ABCD. Y 


In triangle ABC, A is (1, 5), B is (—2, —3) and C is (8, —2). 
a. Determine: 
i. the gradient of BC 
ii. the midpoint, P, of AB 
iii. the midpoint, Q, of AC. 
b. Hence show that: 
i. PQ is parallel to BC 
ii. PQ is half the length of BC. 
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Problem solving 


31. John has a part-time job working as a gardener and is paid $13.50 per hour. 
a. Complete the following table of values relating the amount of money received to the number of 
hours worked. 


Number of hours 0 2 4 6 8 10 
[Pay$ $ 


b. Determine a linear equation relating the amount of money received to the number of hours worked. 
c. Sketch the linear equation on a Cartesian plane over a suitable domain. 


d. Using algebra, calculate the pay that John will receive if he works for 62 hours. 


32. A fun park charges a $12.50 entry fee and an additional $2.50 per ride. 
a. Complete the following table of values relating the total cost to the number of rides. 


Number of rides 0 2 4 6 8 10 


b. Determine a linear equation relating total cost to the number of rides. 
c. Sketch the linear equation on a Cartesian plane over a suitable domain. 
d. Using algebra, calculate the cost for 7 rides. 


33. The cost of hiring a boat is $160 plus $22.50 per hour. 
a. Sketch a graph showing the total cost for between 0 and 12 hours. 
b. State the equation relating cost to time rented. 
c. Predict the cost of hiring a boat for 12 hours and 15 minutes. 


34. ABCD is a quadrilateral with vertices A(4, 9), B(7, 4), CC, 2) and D(a, 10). 
Given that the diagonals are perpendicular to each other, determine: 
a. the equation of the diagonal AC 
b. the equation of the diagonal BD 
c. the value of a. 
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35. An architect decides to design a building with a 14-metre-square base such that the external walls are 
initially vertical to a height of 50 metres, but taper so that their separation is 8 metres at its peak height 
of 90 metres. A profile of the building is shown with the point (0, 0) marked as a reference at the centre 
of the base. 

a. Write the equation of the vertical line connecting A and B. 
b. Write the coordinates of B and C. 
c. Determine the length of the tapered section of wall from B to C. 


| 
a 
a 
| 
a 
a 
al 
a 
eal 
0 


A |<-14 m—-| 


36. In a game of lawn bowls, the object is to bowl a biased ball so that it gets as close as possible to a 
smaller white ball called a jack. During a game, a player will sometimes bowl a ball quite quickly so 
that it travels in a straight line in order to displace an opponents “guard balls’. In a particular game, 
player x has 2 guard balls close to the jack. The coordinates of the jack are (0, 0) and the coordinates of 


the guard balls are A | —1, : and B (-5. 7). Player Y bowls a ball so that it travels in a straight 
line toward the jack. The ball is bowled from the position S, with the coordinates (—30, 24). 
YA 
©S (-30, 24) P24 


2’ 40 40 
4 4 
Alt 4 « +4 
<= T T or > 
30 ei x 
2 
Y 


(Not to scale) 


a. Will player Y displace one of the guard balls? If so, which one? Explain your answer. 

b. Due to bias, the displaced guard ball is knocked so that it begins to travel in a straight line (at right 
angles to the path found in part a. Determine the equation of the line of the guard ball. 

c. Show that guard ball A is initially heading directly toward guard ball B. 

d. Given its initial velocity, guard ball A can travel in a straight line for 1 metre before its bias affects it 
path. Calculate and explain whether guard ball A will collide with guard ball B. 


TOPIC 3 Coordinate geometry 201 


37. The graph shows the line p passing through the points A(—1, 1) and B(5, 5). Given that C is the point 
(4, 1), determine: 
a. the gradient of p 
b. the equation of p 
c. the area of AABC 
d. the length BC, giving your answer correct to 2 decimal places. 


| 
| 
| 
| 
| 


38. The temperature of the air (T °C) is related to the height 
above sea level (i metres) by the formula T= 18 — 0.005h. 
a. Evaluate the temperature at the heights of: 
i. 600m 
ii. 1000m 
iii. 3000 m 
b. Draw a graph using the results from part a. 
c. Use the graph to determine the temperature at 1200 m and 
2500 m. 
d. Predict the height at which the temperature is 9 °C. 


39. An old theory is that the number of hours of sleep (/) that a 


child of c years of age should have each night is 


h=8+ ae 
2 


a. Determine how many hours a 10-year-old should have. 

b. Evaluate the age of a child that requires 10 hours sleep. 

c. For every year, determine how much less sleep a child 
requires. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources (35) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


Fe 

E interactives 
Download the workbook for this topic, which includes 3.2. Individual pathway interactivity: Sketching graphs 
worksheets, a code puzzle and a project (ewbk-2029) [ay (int-4572) 

re Plotting linear graphs (int-3834) 

[4 The gradient-intercept method (int-3839) 

: The intercept method (int-3840) 

Download a copy of the fully worked solutions to every Equations of straight lines (int-6485) 
question in this topic (sol-0737) [ 


3.3 Individual pathway interactivity: Determining the 
equation (int-4573) 
Linear graphs (int-6484) 


| 


pp YR Fn 8) 9) 


3.2 SkilISHEET Describing the gradient of a line (doc-5197) 3.4 Individual pathway interactivity: Parallel and 
SkilISHEET Plotting a line using a table of values perpendicular lines (int-4576) 
(doc-51 98) Parallel lines (int-3841) 
SkilISHEET Stating the y-intercept from a graph Perpendicular lines (int-6124) 
(doc-5199) 3.5 Individual pathway interactivity: The distance between 


two points (int-4574) 
Distance between two points (int-6051) 
3.6 Individual pathway interactivity: The midpoint of a line 
segment (int-4575) 
Midpoints (int-6052) 
3.7 Individual pathway interactivity: Applications and 
collinearity (int-8469) 
Vertical and horizontal lines (int-6049) 
Crossword (int-2833) 
Sudoku puzzle (int-3590) 


SKilISHEET Solving linear equations that arise when 
finding x- and y-intercepts (doc-5200) 
SkilISHEET Using Pythagoras’ theorem (doc-5201) 
SkilISHEET Substitution into a linear rule (doc-5202) 
SkilISHEET Transposing linear equations to standard 
form (doc-5208) 

3.3 SkilISHEET Measuring the rise and the run (doc-5196) 
SkKilISHEET Determining the gradient given two points 
(doc-5204) 


Lt Fg FP TET et 
o 
© 


3.2. Plotting linear graphs (eles-4736) Teacher resources 
Sketching linear graphs (eles-4737) 
Sketching linear graphs of the form y = mx (eles-4738) 
Sketching linear graphs of the form y = c and x =a 
(eles-4739) 
Using linear graphs to model real-life contexts 
(eles-4740) 
Sketching linear graphs (eles-1919) 
Sketching linear graphs using the gradient-intercept 
method (eles-1920) 

3.3 Determining a linear equation given two points 
(eles-4741) 
A simple formula (eles-4742) 
The equation of a straight line (eles-2313) 

3.4 Parallel lines (eles-4743) 
Perpendicular lines (eles-4744) 

3.5 The distance between two points (eles-4745) 

3.6 Midpoint of a line segment (eles-4746) 

3.7 Collinear points (eles-4747) 
Equations of horizontal and vertical lines (eles-4748) 
Perpendicular bisectors (eles-4749) 


There are many resources available exclusively for teachers 
online. 


OOOOOOOOOO UO OO UU OOo 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 


Topic 3 Coordinate geometry 


Exercise 3.1 Pre-test 
1A 


Pp OP NRARY PW 
) 


—_ ok 
—_— OO 


Exercise 3.2 Sketching linear graphs 


160 


260 


18 


13 


15 


11 


1. a. ie y 1h 
—5 | =95 ye lor +25 3° | 
-—4 —15 | 
a ces | 
—2 5 
-1 15 
0 25 
1 35 
b 58 y 
-1 -17 
0 —12 
1 —7 
2, —2 
3 3 
4 8 
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mf 


+V 


=(10 


x 
-6 | 20 
=a Wa 
=) 8 
0 2 
2 —4 
4 —10 
6 —16 
x y 
—3 6 
=) 5 
= 4 
0 3 
1 2 
2 1 
3 0 
x y 
-6 15 
4) ||. i 
5 7 
0 3 
=I 
4 —5 
6 | 29 
ASx|— Sy = 10 
el 
-20 4 x 
WY 
x + 3y 
| 
Perl ye 
Y 


Pay 
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14. a. yp 


15. a 
b. 
te vp 
<n 
0 X 
-12 y= -12 
<<) ____> 
Y 
16. a. x-intercept: —0.5; y-intercept: 0.4 
b. x-intercept: 0.5; y-intercept: —0.4 
c. x-intercept: 0; y-intercept: 0 
17. a. x-intercept: —3; y-intercept: 12 
b. x-intercept: —4; y-intercept: —4 
c. x-intercept: —1; y-intercept: —0.5 
18. a. x-intercept: 2.75; y-intercept: 2.2 
b. x-intercept: 9.75; y-intercept: —3.9 
23 
c. x-intercept: — ‘” 1.77; y-intercept: 4.6 
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19. a. (2, 0), (0, —8) bi i | 0 TleooNroaiea Ios 


1 
b. (-3: 0) 0, 3) T | 15 | 18 | 21 | 24 | 27 | 30 
c. (—5, 0) (0; 25) i Th | 
20. Sample responses can be found in the worked solutions in 30 
the online resources. 27 7) 
. © 24 
21. a. Explanatory variable = number of songs bought, = a1 
response variable = amount of money saved E 18 
b E15 
~50-% (0; 50) = 12 
e & 9 
t y = 50-1.75x 6 
20 3 
ie ecu oTa3a57 
01 10 40 50.60 70 * Time (hours) 
Y c. 5 hours 
c. 14 songs 25.a. Explanatory variable = time, 
2 7 response variable = amount of water in the tank 
22. y= 37 3 b. Initially there are 80 litres of water. 
. c. Time cannot be negative. 
1 x-intercept d. 4 litres per minute 
(3.5,0) e. 20 minutes 
~ > 
x f. A 
0 2 4 80 
1 
60 
2 g 
y-intercep 2 40 
(0, -2.3) > 
3 
20 
23. a. y= 20x+ 25 | 
0 a 
bony 4 8 12 16 20 
= 55 t minutes 
#50 a 
B45 . 
§ | y-intercept 
ze MNIOD = 
s 35 f 
= 30 5 
E25 4 
= | ve} 
5 20 3 
B15 2 ; 
“x 10 4 -intercept 
3 5 G0 > 
Zz = ee a a 4% 
0 x 
123 45 b. 7 
Time (hours) 7 
c. Nikita can earn a maximum of $1145.00 ina c. = 
single week. a. B 


24. a. T is the response variable (temperature) and t is the 
explanatory variable (time). 


dea. y=2x4+4 b. y= —3x+ 12 
ce y=—x+5 d. y=2x—-8 
1 1 
2. a. Vaart b. Va 
e. y= 72=5 d. y= —3x— 15 
S.a. VS 2x b. y= —3x 
1 3 
c T= d. dour. 
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10. 


11. 


a2 9 


ie} 


aos » 


~y=—3xt+4 co y=—4x4+2 


< 

lI 
wo 

& 
+ 
w 
oT 


y=4x+2 -y=-x-4 
- y=0.5x-4 b. y=5x+2.5 
. y=—6x4+3 d. y= —2.5x+1.5 
y=3.5x+6.5 
y=5x—-19 b. y= —5x+31 
y=—4x-1 d. y=4x — 34 
y=3x—-35 
y=—3x+6 b. y= —2x+ 30 
y=2x—-4.5 d. y=0.5x— 19 
y=—0.5x+5.5 
+3 b 2x-1 : a 
_y=x -y=2x- ~yS—oxt a 
: une ue: 
1 1 


PySeet = bb. ySH—2e=2 & y= =—x—8 


2 2 


. Explanatory variable = time (in hours), response 


variable = cost (in $) 


t 0 1 2 3 


| 


| 
| 
| 
| 


oe 
i 2S 45 6.% 
Time (hours) 


i. (0, 2) 


ii. The y-intercept represents the initial cost of bowling 


at the alley, which is the shoe rental. 


. m= 6, which represents the cost to hire a lane for an 


additional hour. 


. C=6t+2 
. $32 
. Sample responses can be found in the worked solutions 


in the online resources. 


. C= response variable, n = explanatory variable 
. C=15n+ 10 
. $460.00 


scooters ($) 


/ (20,310) 


Cost of hiring 


Hy 


x 
10 20 30 40 
Number of 
scooters (n) 


12.a. W= —40t+ 712 
b. 712L 
c. 18 days 
13. It does not matter if you rise before you run or run before 
you rise, as long as you take into account whether the rise or 
run is negative. 
y-c 
x 


15. Sample responses can be found in the worked solutions in 
the online resources. 


14.a. m= b. y=mxt+c 


16. a. maz =5 b. y=5x—-—3 
Cc. Mcp =5 d. D=(6, 5) 


1 
17. Maz = Mcp = 2 and mgc = Map = =. AS opposite sides have 
the same gradients, this quadrilateral is a parallelogram. 
18. a. b=—10 b. a=—4 


Exercise 3.4 Parallel and perpendicular lines 


1. a. No b. Yes c. No 
2. a. No b. Yes c. No 
3. a. No b. No c. No 
4. a. No b. No c. No 


5. b and f are parallel. c and e are parallel. 


6. Sample responses can be found in the worked solutions in 
the online resources. 


y=2x-9 
3x+2y-—8=0 
a. y=3x4+2 b. y= —4x4+9 
3x 4 i —2x 13 
c. y=—— y= — - — 
5 5 
x 1 P cae We 
e. =S— = — 
a. a 8 
_* 14 
2 =% 3 
10.a. 2x-y+5=0 b. x+2y=0 
11a. 3x-—S5y+2=0 b. 5x+ 3y—-8=0 
12.a. B b. C c. D d. B 
13. E 
—2x 1 
14.a. y=—2x4+1 b. y=— -— = 
2 4 3 3 


15. a and e are perpendicular; b and f are perpendicular; c and h 
are perpendicular; d and g are perpendicular. 


‘ ie! 3 
as Ss 
—8 18 
1%. a. m= — b m= — 
5 
18. E 


19. 2y+x—8=0 
20. 4y —3x+ 15=0 
21. B 
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22. 


b Yh 
4 
3 
241, oy 
(2, 0 
=A =} = ae 44 
(0, -2)= 
(0, -4) 
c. 


3 
24.a. — 
2 


b. Sample responses can be found in the worked solutions 
in the online resources. 


Exercise 3.5 The distance between two points 


1. 


AB=5, CD =2y/10 or 6.32, EF = 3/2 or 4.24, 
GH = 27/5 or 4.47, J =5, KL = 26 or 5.10, 
MN = 4y2 or 5.66, OP = 1/10 or 3.16 


21a. 3 by 13 c. 10 d. 7.07 e. 6.71 

3. a. 14.42 b. 13 G:, 13 
d. Va+4b? ec. 3V a? +b? 

4. a. AB=4.47, BC = 2.24, CD = 4.47, DA = 2.24 
b. AC=5, BD=5 
c. Rectangle 

.B 
6. D 


7. 8. and 9. Sample responses can be found in the worked 


10. a. 12 


solutions in the online resources. 


b. 5 c. 13 d. —2.2 


W.a=2 


12. Sample responses can be found in the worked solutions in 


21 


the online resources. 
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13. a. 


10. 


11. 


Maz = landmgc = -3 
b. D(4, -1) 


c. Sample responses can be found in the worked solutions 
in the online resources. 


Exercise 3.6 The midpoint of a line segment 


1 1 
1.48; (-3 -3;) b. (75. 0) ce. (-1, 1) 
2 2 
1 1 1 
2. a. (0. 15) b. (2 =) C (a+, =) 
2 2 2, 


3. (—3, —10) 
3 11 5a 
eae 
2 2 2 
5.x+ty=-—3 
6..a- G;.1) b. 4.47 c. 6.32 
7.D 
8. C 
9. a. i. (—1, 4) ii. & 1) iii. 3.91 
b. BC=7.8=2PQ 
a. i. (1, —0.5) ii, (1, —0.5) 
b. The diagonals bisect each other, so it is a parallelogram. 
a. i. (—2, 2) ii. 8.94 iii. 9.55 iv. 9.55 
b. Isosceles. PC is the perpendicular height of the triangle. 
a 


need Si 
1 
~ > 
jf -4 4-4 2-1 0 Rererers: 
=3 
AC41—4)-04 
, *Di4ts 
~6 219) 
+g 
Y 
(= as) 
a a 
2 2 
= (—2, 2) 
e, 21/37 
d. (7, —2) 
Say 7 
e. =- 
5. 4 
ee ee 


13. (4k — 1, 3.5 — 5k) 


14. Sample responses can be found in the worked solutions in 


the online resources. 


15. y= —3x—-—2 


16. 3y—2x+ 14=0 b. Vp 
17. y= ~ + : 4 e 
3 A (2, 3) 
Exercise 3.7 Applications and collinearity 9, 
1. and 2. Sample responses can be found in the worked a B60) 
solutions in the online resources. @ 0 x 
3.a. x= 1 b. y=—-7 =1//C (0, +1) 
4.xty+3=0 Y (a as | 
c. Scalene 


5 
5. a. Since m, =m, = = and (5. 2) is common to both line 
5 2 21. Sample responses can be found in the worked solutions in 


segments, these three points are collinear. . 
the online resources. 


—5 97 
b. y= —xX+ — 
2 10 Project 
6. a. (2, 5) Bee 
: ie 
c. Sample responses can be found in the worked solutions | 14 
in the online resources. | 12 
d. Isosceles triangle | ee 
7. 4x—6y+23=0 | 
8a y=—xt5 be y=xt+3 c. (1, 4) | 4 
9. and 10. Sample responses can be found in the worked | Ae E 
solutions in the online resources. ins 7 0 | aba ‘ea 
11.B ; 7) 
12. a.5.10km b.(6.5,5.5) «2 Py ae ia is 
d.y=2x-—18  e.(10, 2) f. 7.07 km B 
13. and 14. Sample responses can be found in the worked Y 


solutions in the online solutions. 
15. a. (0, 2) ’ (2, 2) or (0, ae 2), (—2, —2) or qd, 1) ’ d, -1) 


b. (ie v3) or (1, -3) 


I : ‘ 
(3 Wc, heed, —1) Area = a (length line 6 + length line 8) 


1. The symbol is the one used to represent a speaker. 


2. The shape is a trapezium. 


16. Sample responses can be found in the worked solutions in 


: X Perpendicular distance between these lines. 
the online resources. 


; (4v2 + 142) x7V2 


126 units? 


17. Sample responses can be found in the worked solutions in 
the online resources. 
a y=l 


b. Sample responses can be found in the worked solutions 
in the online resources. 3. Sample responses can be found in the worked solutions in the 


online resources. You could use any symbol of interest and 
provide instructions for your design. Ensure that your design 
involves aspects of coordinate geometry that have been used 


18. a. Sample responses can be found in the worked solutions 
in the online resources. 


Bese throughout this task. 
c. Yes 
19. a. OA: 2x + 3y — 13 = 0; OB: x =3 Exercise 3.8 Review questions 
7 
b. (>. r) 1A 
3 2.D 
c. d. and e. Sample responses can be found in the worked 3.B 
solutions in the online resources. : C 
20. a. Line A: 2x —y — 1=0, Line B: 3x + 4y — 18 =0, Line : 
C:x-6y-6=0 oe 
6. C 
7A 
8. C 
9.C 
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10. See table at the bottom of the page.* 


y 
805 


6 
12. a. x-intercept: = po eicor b=6 


y 40 1 . 
b. x-intercept: = a? = 3 , y-intercept: = —5 


int t ai ( 1 S ) int t 3 
. X-interc ee , y-Intercept: = —— 
ae ie ae 


d. x-intercept: —5.6 y-intercept: = 2.8 


*10. | y =10 ~8 2G = 


10 


y 65 a5 45 35 


25 


15 


—15 


—25 


—35 
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d. $91.13 
32. a. See table at the bottom of the page.* 
b. Cost = $2.50 x number of rides + $12.50 
CG: A ] ; 
3(y-5) =6(¢4+ 1) 
1 
16.a. y=2x—-—2 b. y=—x—-4 sc la ls |__| 
3 OS 46 8) 10 
d. y=4x e y= =a ft «#=5 Number of rides 
17.a. y=3x-4 b. y= —2x—5 d. $30 
1 33. a. 
ce. y=rxt5 d. y=6 
2 
18. a. y=7x— 13 b. y= —3x+4 
1 3 18 
ce y=rx+6 d. y==x- 
eee: eas) 5 
= ea a 
19. V61 Doe eo We 
20. and 21. Sample responses can be found in the worked Time (hours) 
solutions in the online resources. b. C= 22.50h + 160 
22. (0, —18) c. Approximately $436 
23. and 24. Sample responses can be found in the worked 34. a. 7x—3y-1=0 
solutions in the online resources. 
b. 3x+7y—49=0 
25.x+2y—2=0 Pe, 
26. 2x + 3y-—9=0 be eg 
27. 3x+2y—21=0 b. B (—7, 50), C (—4, 90) 
ey i ce 5 c. 40.11 metres 
29. a. i. —5 ii. ri 36. a. Since the gradient of SA equals the gradient of 
iii. 4x + 5y —61 =0 iv. 5x —4y —25=0 SO = —0.8, the points S, A and O are collinear. Player Y 
v. (9, 5) will displace guard ball A. 
BI 41 
b. Square b. y= -x+ — or 25x— 20y+41=0 
1 1 ao ee 
30. a. i. — ii, (-=, 1 iii, (4-, 1- : eo eee 
10 2 2 2 c. Since the gradient of the path AB is 7 which is the 
b. Sample responses can be found in the worked solutions same as the gradient of the known path of travel from the 
in the online resources. common point A, the direction of travel is toward B. 
31. a. See table at the bottom of the page.* d. dyp =0.80m. Yes, guard ball A will collide with guard 
b. Pay = $13.50 x (number of hours worked) ball B as it will not be deviated from its linear path under 
1 metre of travel. 
so4 co ee ee 
a 37. a. Gradient = m= =r-=- 
@ 407 51) 26. 3 
& 30 
& 204 
10-5 
> 
ae mer oan oe 
Hours worked (h) 
“31a. | Number of hours 0 2 4 6 8 10 
Pay ($) 0 24 54 81 108 135 
“32a. | Number of rides 0 2 4 6 8 10 
Cost($) 12.50 17.50 22.50 27.50 32.50 37.50 
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2 
b. PSE te 
If x = —1 and y= 1, substitute in the question: 
2 
1==(-1)+) 
mi ) 


2 
b=15 
3 


ae #10 
Pas 
. Plot the point (5, 1). 


1 
Area of large A = a= 12 


al 
Area of small A = ria Gs 


Area of AABC = 12 —2= 10units” 


. Be = 4 +1? 
BC? = 1641 
BC? = 17 
BC? = V/17~4.12 units 
i. T= 18 — 0.005 (600) = 15°C 
ii, T= 18 — 0.005 (1000) = 13°C 
iii, T= 18 — 0.005 (3000) = 3 °C 


Temperature (°C) 


18 
16 
14 
12 
10 
8 
6 
4 
2 


> 
0 200 600 1000 1400 1800 2200 2600 3000 3400 3800 ss 
Height (m) 
. 1200m= 12°C, 2500m = 5.5 °C 
d. 1800m 
. 12 hours 


. 14years old 


18—c 
h=8+ 


2h = 16+ 18—c 
3h = —c +34 


1 
h= a +17 
For every year, the child requires half an hour less sleep. 


simultaneous linear 
equations and 
inequalities 


LEARNING SEQUENCE 


4.1 Overview 
4.2 Graphical solution of simultaneous linear equations 
4.3 Solving simultaneous linear equations using substitution .. 
4.4 Solving simultaneous linear equations using elimination 
4.5 Applications of simultaneous linear equations 
4.6 Solving simultaneous linear and non-linear equation 
4.7 Solving linear inequalities 
4.8 Inequalities on the Cartesian plane 
4.9 Solving simultaneous linear inequalities .... 
4.10 


4.1 Overview 
Why learn this? 


Often in life, we will be faced with a trade-off situation. This means that 
you are presented with multiple options and must decide on a combination 
of outcomes that provides you with the best result. Imagine a race with 
both swimming and running components, in which athletes start from a 
boat, swim to shore, and then run along the beach to the finish line. Each 
athlete would have the following options: 
e swim directly to shore and run a longer distance along the beach 
° swim a longer distance diagonally through the ocean and reduce the 
distance required to run to reach the finish line 
e swim directly through the ocean to the finish, covering the shortest 
possible distance. 


Which option should an athlete take? This would depend on how far 

the athlete can swim or run, because reducing the swimming distance 
increases the running distance. To find the best combination of swimming 
and running, an athlete could form equations based on speed, time and 
distance and solve simultaneously to find the best combination. 


Just like the athletes in the scenario above, businesses face trade-offs like 


these every day, where they have to decide how much of each product they should produce in order to produce 
the highest possible profit. As an example, a baker might make the most per-item profit from selling cakes; but if 
they don’t produce muffins, bread and a range of other products then they will attract fewer customers and miss 
out on sales, reducing overall profit. Thus, a baker could use simultaneous equations to find the best combination 


of baked goods to produce in order to maximise profit. 


Where to get help 


Go to your learnON at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 
eLessons 


Digital 
documents 


eWorkbook 


Fully worked 
solutions 
to every 
question 
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Exercise 4.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1 ; ; 
1. State whether the following is True or False. The point (2. 5) is the solution to the simultaneous 


equations 3x + 2y= 10 and —x—4y=5. 


2. Identify the solution to the simultaneous equations shown in the graph. 


YA 
5 
4 
3 
~<€ 0 i > 
bs 4h 39 | 
5 2, LL 3 
2- 
3 
+4. 
5 
[ez ee | ee [br | cen | | ame eet ot | 


3. State the number of solutions to the pair of simultaneous equations 2x — y= 1 and —6x+ 3y=—3. 


4. Use substitution to solve the simultaneous equations y = 0.2x and y= —0.3x + 0.5. 
Give your answer as a coordinate pair. 


5. OG Solve for x, the inequality 2x + 3 >5x—6. 


Ail B. x<1 Creal [D), HES Eee 
6. OS Solve for m, the inequality — A). 
are ae ee Ose Dei ee E. m<-—2 
2 2 2 2 


7. Dylan received a better result for his Maths test than for his English test. If the sum of his two test 
results is 159 and the difference is 25, determine Dylan’s maths test result. 


8. O19 Solve the pair of simultaneous equations mx + ny =m and x =y+n for x and y in terms of m and n. 


_ m+n Ear _ md—n) 


A.x= 
m+n m+n 
mi-n 
Beane ee 
m+n 
1 mi-n 
6g an 
n m+n 
2 
ite 
Dee and y= f 
m+n n 


E.x=m—mnandy=m+n 


TOPIC 4 Simultaneous linear equations and inequalities 217 


9. O19 Solve the pair of simultaneous equations = — — : and ~ + y= a 
2» © 4 3 2 
1 17 
ee anda ey pe Cee andy 
6 2 102 34 7 9 
Die any Eien 
D2) D2) 17 17 
10. ME If the perimeter of a rectangle is 22 cm and the area is 24 cm”. Select all possible values of x and y. 
(y +3) cm 
kx z >| 
7% 
2x cm 
AL 
A. x=4,y=0 BE —'6!5, y—!—5 ( LS il=,vS9 
3 3 
D. x=——, y="—5 E. x=-,y=5 FE x=—4,y=0 
x 5 y 5 av y 
Geely 
11. [29 Identify the points of intersection between the line y= x +4 and the hyperbola y = 2 
i 
A. (—4, 4) and (1,5) B. (—1), —5) and|; 1) C. (—5,—1) and (5) 
D. (5,9) and (—1, 3) E. (0,9) and (—1,5) 
12. M1 Select all the point(s) of intersection between the circle x* + y* = 8 and the line y= x. 
A. (4,4) 21 @,») C. (—4, —4) 
D. (—2,—2) E. (0,0) E (232) 
G. 2, —2) 


13. 


14. 


218 


State at how many points the line y=2 intersects with parabola y =x? — 4. 


(1 Identify the three inequalities that define the shaded region in 
the diagram. 
A.x>5,y<ly<x+2 


Bix>5,y<loy> x2 
C.x>5,y<l,y<—x+2 
D.x>1,y<5,y<x4+2 
Eix> hv, y> x2 
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15. GG Identify the region satisfying the systems of inequalities 2y — 3x > 1 and y+x < —2. 
A. B. 


m 
<< 
> 
EW 


x 


¢ 
aa 

op db B th 
x 


ST 


45 


i A 
n 
do 
1b 
7 
ba 
cates 
N 
Ww 
VY 
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4.2 Graphical solution of simultaneous linear equations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e use the graph of two simultaneous equations to determine the point of intersection 
e determine whether two simultaneous equations will have 0, | or infinite solutions 
e determine whether two lines are parallel or perpendicular. 


® 4.2.1 Simultaneous linear equations and graphical solutions 


eles-4763 

e Simultaneous means occurring at the same time. 

e When a point lies on more than one line, the coordinates of that point are 
said to satisfy all equations of the lines it lies on. The equations of the lines 
are called simultaneous equations. 

e Asystem of equations is a set of two or more equations with the 
same variables. 

e Solving a system of simultaneous equations is to find the coordinates of any 
point/s that satisfy all equations in the system. 


e Any point or points that satisfy a system of simultaneous equations is said to 
be the solution. For the equations shown to the right, the solution is the point (—1, 1). 
e Simultaneous equations can be solved by finding these points graphically or algebraically. 


Graphical solution 


e The solution to a pair of simultaneous equations can be found by graphing the two equations and 
identifying the coordinates of the point of intersection. 
e The accuracy of the solution depends on having an accurate graph. 


WORKED EXAMPLE 1 Solving simultaneous equations graphically 


Use the graphs of the given simultaneous equations to determine the 
point of intersection and, hence, the solution of the simultaneous equations. 


x+2y=4 
y=2x—-3 
THINK WRITE/DRAW 
1. Write the equations, one under the other and x+2y=4 [1] 
number them. VW=2e=3 [Pl 
2. Locate the point of intersection of the two Point of intersection (2, 1) 


lines. This gives the solution. 
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3. Check the solution by substituting x=2 and Check equation [1]: 


y=1 into the given equations. Comment on LHS = x+ 2y RHS =4 
the results obtained. =2+2(1) 
=4 
LHS = RHS 
Check equation [2]: 
LHS = y NSIS) = Dye 3) 
=| =2(2)-3 
=4-3 
= 1 
LHS =RHS 
4. State the solution. In both cases LHS = RHS, therefore the 


solution set (2, 1) is correct. 


WORKED EXAMPLE 2 Verifying a solution using substitution 


Verify whether the given pair of coordinates, (5, —2), is the solution to the following pair of 
simultaneous equations. 


3x —2y = 19 
4y+x=-—3 
THINK WRITE 
1. Write the equations and number them. 3x4 —2y — 19) [1] 


4y+-x%—=—3 [2] 


2. Substitute x =5 and y=—2 into equation [1]. Check equation [1]: 


EHS 3) RHS = 19 
= 3(5) — 2(—2) 
=15+4 
= 19 
LHS = RHS 
3. Substitute x =5 and y = —2 into equation [2]. | Check equation [2]: 
LHS = 4y+x RHS = —3 
= 4(-2)+5 
=-3 
LHS = RHS 
4. State the solution. Therefore, the solution set (5, —2) is a solution to 


both equations. 


WORKED EXAMPLE 3 Using a graphical method to solve simultaneously 


Solve the following pair of simultaneous equations using a graphical method. 


x+y=6 
2x + 4y = 20 
THINK WRITE/DRAW 
1. Write the equations, one under the other and xFy=—6 [il] 
number them. 2x+4y=20 [2] > 
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2. Calculate the x- and y-intercepts for equation [1]. 


For the x-intercept, substitute y = 0 into 
equation [1]. 


For the y-intercept, substitute x = 0 into 
equation [1]. 


Calculate the x- and y-intercepts for equation [2]. 
For the x-intercept, substitute y = 0 into 

equation [2]. 

Divide both sides by 2. 


For the y-intercept, substitute y = 0 into 
equation [2]. 
Divide both sides by 4. 


Use graph paper to rule up a set of axes and label 
the x-axis from 0 to 10 and the y-axis from 0 to 6. 


Plot the x- and y-intercepts for each equation. 


Produce a graph of each equation by ruling a 
straight line through its intercepts. 


Label each graph. 


Locate the point of intersection of the lines. 


Check the solution by substituting x =2 and y=4 
into each equation. 


10. State the solution. 
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Equation [1] 
x-intercept: when y= 0, 
x+0—6 

=O 
The x-intercept is at (6, 0). 
y-intercept: when x = 0, 
O+y=6 

v= 
The y-intercept is at (0, 6). 
Equation [2] 
x-intercept: when y=0, 


2x +0 = 20 
a) () 
x= (0) 


The x-intercept is at (10,0). 


y-intercept: when x = 0, 


0+4y = 20 
4y = 20 
y=5 


The y-intercept is at (0, 5). 


7" SooteNG at 
| 2 | apr 


LE EIS EEE EL aes 
The point of intersection is (2, 4). 
Check [1]: 
LHS =x+y RHS=6 
=2+4 
= 
LHS = RHS 
Check | 
LHS = 2x+4y RHS = 20 
= 2(2)+ 4(4) 
=4+16 
=) 
LHS = RHS 


In both cases, LHS = RHS. Therefore, the 
solution set (2, 4) is correct. 
The solution is x =2, y=4. 


TI | THINK 


1. In anew problem ona 
Graphs page, complete 
the function entry lines 
as: 


fil@)=6-x 
pass" 
2 


Press the down arrow 
between entering the 

functions. The graphs 
will be displayed. 


2. To locate the point of 
intersection, press: 
e MENU 
e 6: Analyze Graph 
e 4: Intersection 
Drag the dotted line to 
the left of the point of 
intersection (the lower 
bound), press ENTER 


and then drag the dotted 


line to the right of the 
point of intersection 
(the upper bound) and 
press ENTER. 
The point of 
intersection will be 
shown. 

3. State the point of 
intersection. 


DISPLAY/WRITE 


+a 


f1(x)=6—x 


ta 


filx)=6-x 


The point of intersection (the 


solution) is (2, 4). 
That is, x=2,y=4. 


CASIO | THINK 


1. 


On a Graph & Table 
screen, complete the 
function entry lines as: 
yl=6-x 

x 
y2=5-—- 


Then tap the graphing 
icon. The graphs will be 
displayed. 


To locate the point of 
intersection, tap: 

e Analysis 

© G-Solve 

e Intersection 

The point of intersection 
will be shown. 


3. State the point of 


intersection. 


DISPLAY/WRITE 


Wyl=6-x — rz 
Miya=5-3 —f 


|Rad Real @ 


© Edit Zoom Analysis @ x 


|[Sheett |Steet2 |Sheet3 [Sheets [Sheets 

levies a 

[mras-§ ti 
y2:0 


The point of intersection 
(the solution) is (2, 4). 
That is, x=2,y=4. 


® 4.2.2 Solutions to coincident, parallel and perpendicular lines 


e Two lines are coincident if they lie one on top of the other. For example, in the graph shown, the line in 
blue and line segment in pink are coincident. 


x<1.5 


e There are an infinite number of solutions to coincident equations. Every point where the lines coincide 
satisfies both equations and hence is a solution to the simultaneous equations. 
e Coincident equations have the same equation, although the equations may have been transposed so they 


look different. For example, y= 2x +3 and 2y — 4x = 6 are coincident equations. 
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Parallel lines 


e If two lines do not intersect, there is no simultaneous solution to the equations. 
For example, the graph lines shown do not intersect, so there is no point that 
belongs to both lines. 

e Parallel lines have the same gradient but a different y-intercept. 

e For straight lines, the only situation in which the lines do not cross is if the lines 
are parallel and not coincident. 


2x-y=1 [1] 4x —2y = —2 [2] 
—-y=1-2x —2y = —2—4x 
—y =—2x-—1 —2y = —4x-2 
y=2x-1 y=2x+1 
Gradient m = 2 Gradient m = 2 


e Writing both equations in the form y= mx + c confirms that the lines are parallel 
since the gradients are equal. 


Perpendicular lines 


e Two lines are perpendicular if they intersect at right angles (90°). 
e The product of the gradients of two perpendicular lines is equal to —1: 


1 
m, Xm,=—1 or my, =—-— 
mM) 
1 
e The two lines in the graph shown are perpendicular as m, Xm) =2 X a) =—l. 


Number of solutions for a pair of simultaneous linear equations 


For two linear equations given by y, =m,x+c, and yy =m)x+ Cp: 
e If m, =my and c, <C> then the two lines are parallel and there will be no solutions between the 
two lines. 
e If m, =my and c, =c, then the two lines are coincident and there will be infinite solutions between the 
two lines. 
e If m, #™mzy then the lines will cross once, so there will be one solution. 
e If m, Xm, =-—1 then the lines are perpendicular and will intersect (once) at right angles (90°). 


WORKED EXAMPLE 4 Determining the number of solutions between two lines 


Determine the number of solutions between the following pairs of simultaneous equations. If there is 
only one solution, determine whether the lines are perpendicular. 

a. 2y = 4x + 6 and —3y = —6x — 12 

b. y=—3x +2 and —3y =x + 15 

c. 5y = 25x — 30 and 2y — 10x + 12=0 


THINK WRITE 
a. 1. Re-write both equations in the a. 2y=4x+6 
form y=mx-+c. WS eee 3 [Il 
Sy = (oe 1) 
y=2x+4 [2] 
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2. Determine the gradient of both lines. 


3. Check if the lines are parallel, coincident or 
perpendicular. 


4. Write the answer. 


b. 1. Re-write both equations in the 
form y=mx+c. 


2. Determine the gradient of both lines. 


3. Check if the lines are parallel, coincident or 
perpendicular and comment on the number 
of solutions. 


4. Determine if the lines are perpendicular by 
calculating the product of the gradients. 


5. Write the answer. 


c. 1. Re-write both equations in the 
form y=mx+c. 


2. Determine the gradient of both lines. 


3. Check if the lines are parallel, coincident, or 
perpendicular. 


4. Write the answer. 


m, =2 andm, =2 

The gradients are the same and the y-intercepts 
different. So, the two lines are parallel. 

There will be no solutions between this pair 

of simultaneous equations as the lines are 
parallel. 


y=—3x+2 [1] 
=3y =x-+ 15 
x 
=—-5 [2 
ae [2] 
1 
m =—3 SL lags 


The gradients are different so there will be 
one solution. 


1 
ae ala 2 age 


The lines have one solution but they are not 
perpendicular. 


Sy = 25x — 30 

y=5x-6[1] 
2y— Ox 12 —10 

Dyi— Oxo 

y=5x—-6[2] 


m, =S5 andm,=5 
The gradients are the same and the y-intercepts 
are also the same. So, the two lines are coincident. 


The lines are coincident so there are infinite 
solutions between the two lines. 


DISCUSSION 


What do you think is the major error made when solving simultaneous equations graphically? 


ion) Resources 


wi) 
[4 eWorkbook 


Topic 4 Workbook (worksheets, code puzzle and a project) (ewbk-2030) 


A Digital document SkilISHEET Graphing linear equations using the x- and y-intercept method (doc-5217) 


&} Interactivities 


Individual pathway interactivity: Graphical solution of simultaneous linear equations (int-4577) 


Solving simultaneous equations graphically (int-6452) 
Parallel lines (int-3841) 
Perpendicular lines (int-6124) 
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Exercise 4.2 Graphical solution of simultaneous linear 


equations learn) 
Individual pathways 

@ PRACTISE i CONSOLIDATE @ MASTER 

1,4, 7, 10, 14, 15, 18 2,5, 8, 11, 12, 16, 19 3, 6, 9, 13, 17, 20, 21 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
EI For questions 1 to 3, use the graphs to determine the point of intersection and hence the solution of the 
simultaneous equations. 
1a. x+y=3 b.x+y=2 
x-y=1 3x—-—y=2 


YA 
6 


2.a. y—x=4 
3x+2y=8 


Bx + 2y =|8 yexe4 


VY 


S ee ee 1 2 
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3. a. y—3x=2 b. 2y—4x=5 


x-y=2 4y+2x=5 
Yh YA = 
P 6 2y -—4x = 5 
YE 3x =|2 
4 4 
2 
x|- y= 4y +2x/= 5 
~< > 0 x 
i 2 ae 0 2 3 4* -1.0 -0.5 1,0 1,5 2.0 
2 
+4 
vag y 


E24 For questions 4 to 6, use substitution to check if the given pair of coordinates is a solution. 


4. a. (7,5) 3x+2y=31 b. (3,7) y-x=4 
2x + 3y=28 2y+x=17 

c. (9, 1) x+3y=12 d. (2,5) x-y=7 
5x —2y= 143 2x+ 3y= 18 

5. a. (4,—3) y=3x-15 b. (6, —2) x-y=7 
4x+7y=-5 3x+y=16 
c. (4, —2) 2x+y=6 d. (5, 1) y—5x=—24 
x—3y=8 3y+4x=23 

6. a. (—2, —5) 3x-—2y=—4 b. (—3,—1) y-x=2 
2x—3y= 11 2y—3x=7 

(32) soe (35) te 
c. | —-, 2 6x+4y=5 d. | -,- 8x + 6x = 22 

2 2 3 

20x — 5y =0 10x -—9y=0 


EES For questions 7 to 9, solve each of the following pairs of simultaneous equations using a graphical method. 


7a. x+y=5 b. x+2y=10 c. 2x+3y=6 d. x—3y=-8 
2x+y=8 3x+y=15 2x—y=-—10 2x+y=—2 
8. a. 6x+5y=12 b. y+2x=6 c. y=3x+10 d. y=8 
5x + 3y= 10 2y+3x=9 y=2x+8 3x+y=17 
9. a. 4x—2y=—5 b. 3x+y=11 c. 3x+4y=27 d. 3y+3x=8 
x+3y=4 4x-y=3 x+2y=11 3y+2x=6 


Understanding 


For questions 10 to 12, using technology, determine which of the following pairs of simultaneous equations have 
no solutions. Confirm by finding the gradient of each line. 


10. a. y=2x-4 b. 5x-—3y= 13 c. x+2y=8 d. y=4x4+5 
3y—6x=10 4x -—2y=10 5x+ 10y=45 2y—10x=8 

11. a. 3y+2x=9 b. y=5—3x c. 4y+3x=7 d. 2y—x=0 
6x+4y=22 3y =—9x + 18 12y+ 9x =22 14y—6x=2 
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12. a. y=3x-—4 b. 4x—6y= 12 c. 3y=5x—22 d. 3x=12 —4y 
Sy=12+ 15x 6x —4y = 12 5x =3y+ 26 8y + 6x= 14 


13. Two straight lines intersect at the point (3, —4). One of the lines has a y-intercept of 8. The second line is a 
mirror image of the first in the line x = 3. Determine the equation of the second line. 
(Hint: Draw a graph of both lines.) 


Reasoning 


14. At a well-known beach resort it is possible to hire a jet-ski by the hour in 
two different locations. On the northern beach the cost is $20 plus $12 per 
hour, while on the southern beach the cost is $8 plus $18 per hour. The 
jet-skis can be rented for up to 5 hours. 

a. Write the rules relating cost to the length of rental. 

b. On the same set of axes sketch a graph of cost (y-axis) against length of 
rental (x-axis) for 0 —5 hours. 

c. For what rental times, if any, is the northern beach rental cheaper than 
the southern beach rental? Use your graph to justify your answer. 

d. For what length of rental time are the two rental schemes identical? Use 
the graph and your rules to justify your answer. 


15. For each of the pairs of simultaneous equations below, determine whether they are the same line, parallel 
lines, perpendicular lines or intersecting lines. Show your working. 


a. 2x -—y=—9 b. x-—y=7 c.x+6=y d.x+ty=-2 
—4x— 18 =—2y xX+y=7 2x+y=6 x+y=7 
16. For each of the following, explain if the equations have one solution, an infinite number of solutions or 
no solution. 
a.x-—y=1 b. 2x-—y=5 c. x—2y=-8 
2x —3y=2 4x -—2y=-6 4x—8y=—16 
17. Determine whether the following pairs of equations will have one, infinite or no solutions. If there is only 
one solution, determine whether the lines are perpendicular. 


a. 3x+4y=14 b. 2x+y=5 c. 3x—Sy=-6 d. 2y—4x=6 
4x —3y=2 3y+6x=15 5x — 3y = 24 2x—y=-—10 


Problem solving 
18. Use the information below to determine the value of a in each of the following equations: 


a. y=ax +3, which is parallel to y=3x—2 
b. y=ax—2, which is perpendicular to y=—4x+6 
c. y=ax—4, which intersects the line y= 3x +6 when x=2. 


19. Line A is parallel to the line with equation y — 3x — 3 = 0 and passes through the point (1,9). Line B is 
perpendicular to the line with equation 2y — x + 6 =0 and passes through the point (2, —3). 


a. Determine the equation of line A. 
b. Determine the equation of line B. 
c. Sketch both lines on the one set of axes to find where they intersect. 


20. Solve the system of three simultaneous equations graphically. 


3x-—y=2 
y+3x=4 
2y—x=1 


21. A line with equation 4x + 5y =4 intersects a second line when x = —4. Determine the equation of the second 
line if it is perpendicular to the first line. 


228 Jacaranda Maths Quest 10 + 10A 


4.3 Solving simultaneous linear equations using 
substitution 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e identify when it is appropriate to solve using the substitution method 
e solve a system of two linear simultaneous equations using the substitution method. 


@® 4.3.1 Solving simultaneous equations using the substitution method 


eles-4766 P : P ‘ P pies s P : 
e A variable is considered the subject of an equation if it is expressed in terms of the other variables. In the 


equation y = 3x + 4, the variable y is the subject. 

The substitution method is used when one (or both) of the equations is presented in a form where one of 
the two variables is the subject of the equation. 

e When solving two linear simultaneous equation, the substitution method involves replacing a variable 

in one equation with the other equation. This produces a new third equation expressed in terms of a 
single variable. 

Consider the pair of simultaneous equations: 


y=2x—4 
3x+2y=6 


e In the first equation, y is written as the subject and is equal to (2x — 4). In this case, substitution is 
performed by replacing y in the second equation with the expression (2x — 4). 


y=2x-4 


3x + 2(y) = 10 
3x + 2(2x-4)=6 


e This produces a third equation, all in terms of x, so that the value of x can be found. 

e Once a value for one variable is found, it can be substituted back into either equation to find the value of 
the other variable. 

e It is often helpful to use brackets when substituting an expression into another equation. 


WORKED EXAMPLE 5 Solving using the substitution method 


Solve the simultaneous equations y = 2x — 1 and 3x + 4y = 29 using the substitution method. 


THINK WRITE 
1. Write the equations, one under the other and number them. y = 2x— | [1] 
3x+4y = 29 [2] 
2. yand 2x — 1 are equal so substitute the expression Substituting (2x — 1) into [2]: 
(2x — 1) for y into equation [2]. 3x +4(2x — 1) = 29 
3. Solve for x. 
i. Expand the brackets on the LHS of the equation. 3x 4:8x—4 = 29 
ii. Collect like terms. Hk —4 =29 
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iii. Add 4 to both sides of the equation. lle = 33} 


iv. Divide both sides by 11. x=3 
4. Substitute x =3 into either of the equations, say [1], to Substituting x = 3 into [1]: 
find the value of y. y=2()-1 
=6-1 
is) 
5. Write your answer. Sows = 3), WSS ore), 5) 
6. Check the solution by substituting (3,5) into equation [2]. Check: Substitute (3, 5) into 
3x+4y = 29. 
LHS = 3(3)+4(5) RHS=29 
=9+20 
—29 


As LHS = RHS, the solution is correct. 


® 4.3.2 Equating equations 


eles-4767 
e To equate in mathematics is to take two expressions that have the same value and make them equal to 


each other. 
e When both linear equations are written with the same variable as the subject, we can equate the equations 
to solve for the other variable. Consider the following simultaneous equations: 


y=4x-3 
y=2x4+9 
e In the first equation y is equal to (4x — 3) and in the second equation y is equal to (2x + 9). Since both 


expressions are equal to the same thing (y), they must also be equal to each other. Thus, equating the 
equations gives: 


y=4x-3 
(y) = 2x+9 
4x -3 =2x+9 


e As can be seen above, equating equations is still a form of substitution. A third equation is produced, all in 
terms of x, allowing for a value of x to be solved. 


WORKED EXAMPLE 6 Substitution by equating two equations 


Solve the pair of simultaneous equations y = 5x — 8 and y = —3x + 16 by equating the equations. 


THINK WRITE 

1. Write the equations, one under the other and y— s*—8 [1] 
number them. y= —3x+16 [2] 

2. Both equations are written with y as the subject, SG Si — On lO 


so equate them. 
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. Solve for x. 


i. Add 3x to both sides of the equation. 
ii. Add 8 to both sides of the equation. 
iii. Divide both sides of the equation by 8. 


. Substitute the value of x into either of the original 
equations, say [1], and solve for y. 


5. Write your answer. 
6. Check the answer by substituting the point of 


8x—8 = 16 
Oe 
ao) 
Substituting x = 3 into [1]: 
y=5(3)-8 
= 15-8 
= 3 


Solution: x= 3, y=7 or (3,7) 
Check: Substitute into y= —3x+ 16. 


intersection into equation [2]. LHS = y 
=7/ 
RHS = —3x+ 16 
= —3(3)+ 16 
=—-9+16 
=7 


As LHS = RHS, the solution is correct. 


DISCUSSION 


When would you choose the substitution method in solving simultaneous equations? 


ion) Resources 


a) 
[v4 eWorkbook Topic 4 Workbook (worksheets, code puzzle and a project) (ewbk-2030) 


® Video eLesson Solving simultaneous equations using substitution (eles- 1932) 


as Interactivities Individual pathway interactivity: Solving simultaneous linear equations using substitution (int-4578) 
Solving simultaneous equations using substitution (int-6453) 


Exercise 4.3 Solving simultaneous linear equations using 


substitution learn@) 


Individual pathways 


@ PRACTISE 
1,4, 7, 8, 14, 15, 18 


@ MASTER 
3,6, 10, 11, 13, 17, 20 


m@ CONSOLIDATE 
2,5, 9, 12, 16, 19 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
Ed For questions 1 to 3, solve the following simultaneous equations using the substitution method. Check 
your solutions using technology. 


1. a. x=—10+4y b. 3x+4y=2 
3x+ 5y=21 x=7+5y 


c. 3x+y=7 
x=—3—3y 


d. 3x+2y=33 
y=41—-5x 
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2. a. y=3x—3 b. 4x+y=9 c. x=—5 —2y d. x=—4-—3y 


—5x+3y=3 y=11-—5x Sytx=-11 —3x—-—4y=12 
3. a. x=7+4y b. x=14+4+4y c. 3x+2y=12 d. y=2x+1 
2x+y=—4 —2x+ 3y=-18 x=9—-Ay —5x—-4y=35 


ES For questions 4 to 6, solve the following pairs of simultaneous equations by equating the equations. 
Check your solutions using technology. 


4. a. y=2x—1landy=4x+1 b. y=3x+8 and y=7x—- 12 
c. y=2x—10 and y=—3x d. y=x—9 and y=—5x 

5. a. y=—4x—3 and y=x-8 b. y=—2x—5 and y=10x+1 
c. y=—x—2andy=x+1 d. y=6x+2 and y=—4x 

6. a. y=0.5x and y=0.8x + 0.9 b. y=0.3x and y=0.2x + 0.1 
c. y=—x and aL d. y=~—x and eee 
oe a gn a = a AoA 


Understanding 


7. A small farm has sheep and chickens. There are twice as many chicken as sheep, and there are 104 legs 
between the sheep and the chickens. Calculate the total number of chickens. 


For questions 8 to 10, use substitution to solve each of the following pairs of simultaneous equations. 


8. a. Sx+2y=17 b. 2x+7y =17 
eet ee a) 
a: a 
9. a. 2x+3y = 13 b. —2x—3y = —-14 
4x—-15 2+5y 
y= x= —— 
5 3 
10. a. 3x+2y=6 b. —3x—2y = —12 
=3_> _ Se = 20 
3 fa 
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11. Use substitution to solve each of the following pairs of simultaneous equations for x and y in terms of 


mand n. 
a.mxt+ty=n b.xtny=m c. mx—ny=n 
y= mx y=nx y=x 
d. mx—ny =n e. mx—ny =—m f. m+y=m 
y=x x=y-n _ytrm 
on 


12. Determine the values of a and b so that the pair of equations ax + by = 17 and 2ax — by = —11 has a unique 
solution of (—2, 3). 


13. The earliest record of magic squares is from China in about 2200BC. In magic squares the sums of the 
numbers of each row, column and diagonal are all equal to a magic number. Let z be the magic number. By 
creating a set of equations, solve to find the magic number and the missing values in the magic square. 


m 11 o 
ee 
n 5 10 


Reasoning 
14. a. Consider the pair of simultaneous equations: 


8x-— Ty =9 
x+2y=4 


Identify which equation is the logical choice to make x the subject. 
b. Use the substitution method to solve the system of equations. Show all your working. 


15. A particular chemistry book costs $6 less than a particular physics book, while two such chemistry books 
and three such physics books cost a total of $123. Construct two simultaneous equations and solve them 
using the substitution method. Show your working. 


16. The two shorter sides of a right triangle are 1 cm and 8 cm shorter than the hypotenuse. If the area of the 
triangle is 30cm’, determine the perimeter of the triangle. 


17. Andrew is currently ten years older than his sister Prue. In four years time he will be twice as old as Prue. 
Determine how old Andrew and Prue are now. 


Problem solving 
18. Use the substitution method to solve the following. 


2x+y-9=0 
4x+5y+3=0 


19. Use the substitution method to solve the following. 


ce 


yr-xX x+ 


20. Consider the following pair of equations: 


27x —3y=12k—18 
Determine the values of k when they will have: 


a. one solution b. no solutions c. infinite solutions. 
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4.4 Solving simultaneous linear equations using 
elimination 
LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e solve two simultaneous linear equations using the elimination method. 


® 4.4.1 Solving simultaneous equations using the elimination method 


eles-4768 Pier 7 A ‘ : 3 3 5 : 
e The elimination method is an algebraic method to solve simultaneous linear equations. It involves adding 


or subtracting equations in order to eliminate one of the variables. 

In order to eliminate a variable, the variable must be on the same side of the equal sign in both equations 
and must have the same coefficient. 

If the coefficients of the variable have the same sign, we subtract one equation from the other to eliminate 


the variable. 
e If the coefficients of the variables have the opposite sign, we add the two equations together to eliminate 
the variable. 
3x+4y= 14 6x—2y = 12 
5x—4y =2 6x+3y = 27 
(add equations to eliminate y) (subtract equations to eliminate x) 
e The process of elimination is carried out by adding (or subtracting) the 2x +y 5 


left-hand sides and the right-hand sides of each equation together. Consider the 
equations 2x + y=5 and x + y=3. The process of subtracting each side of the 
equation from each other is visualised on the scales to the right. S, 


e To represent this process algebraically, the setting out would look like: yi. eet 


2x+y=5 Subtract 
—(x+y=3) 


= ty i 
Once the value of x has been found, it can be substituted into either original —_—p 
equation to find y. ss 


2(2)+y=5 > y=1 x 2 


WORKED EXAMPLE 7 Solving using the elimination method 


Solve the following pair of simultaneous equations using the elimination method. 


=2x —3y = —9 
2x + y=7 
THINK WRITE 
1. Write the equations, one under the other and —2%— sy ——9) {ll 
number them. Ox aia [2] 


234 Jacaranda Maths Quest 10 + 10A 


2. Look for an addition or subtraction that will [1] + [2]: 


eliminate either x or y. ie saree) Sap 7 
Note: Adding equations [1] and [2] in order will —2x—3y+2x+y=—2 
eliminate x. —2y——2 

3. Solve for y by dividing both sides of the equation ve ll 
by —2. 

4. Substitute the value of y into equation [2]. Substituting y= 1 into [2]: 


Note: y=1 may be substituted into either equation. 2x+ 1 =7 


5. Solve for x. 


i. Subtract 1 from both sides of the equation. a1) 
ii. Divide both sides of the equation by 2. x=3 
6. Write the solution. SOMTNGUE — 3), Ww Il wey, 11) 
7. Check the solution by substituting (3, 1) into Check: Substitute into —2x — 3y = —9. 
equation [1] since equation [2] was used to find LHS = —2(3) —3(1) 
the value of x. =-6-3 
=-—9 
RHS = —9 


LHS = RHS, so the solution is correct. 


® 4.4.2 Solving simultaneous equations by multiplying by a constant 
ee If neither variable in the two equations have the same coefficient, it will be necessary to multiply one or 


both equations by a constant so that a variable can be eliminated. 
e The equals sign in an equation acts like a balance, so as long as both sides of equation are correctly 
multiplied by the same value, the new statement is still a valid equation. 


3x+1 4 6x +2 8 


ih 
i Double both sides and it 


ey ed remains balanced. 


Consider the following pairs of equations: 


3x+7y=23 4x+5y=22 
6x+2y=22 3x—4y=-6 


For the first pair: the easiest starting point is to work towards eliminating x. This is done by first 
multiplying the top equation by 2 so that both equations have the same coefficient of x. 


2 (3x + Ty =23)=> 6x + 14y = 46 


e For the second pair: in this case, both equations will need to be multiplied by a constant. Choosing to 
eliminate x would require the top equation to be multiplied by 3 and the bottom equation by 4 in order to 
produce two new equations with the same coefficient of x. 


3 (4x + 5y = 23)> 12x + 15y=69 
4(3x—4y =—-6)=> 12x—- loy = —24 


Once the coefficient of one of the variables is the same, you can begin the elimination method. 
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WORKED EXAMPLE 8 Multiplying one equation by a constant to eliminate 


Solve the following pair of simultaneous equations using the elimination method. 


x—sy=—17 
2x+3y=5 
THINK WRITE 
1. Write the equations, one under the other and number them. x—Sy=-—17 [1] 


esi [2] 


2. Look for a single multiplication that will create the same  [1]*2:2x—10y=—34 [3] 
coefficient of either x or y. Multiply equation [1] by 2 and 
call the new equation [3]. 


3. Subtract equation [2] from [3] in order to eliminate x. [3] — [2]: 
250 MOY (Cees P shy) 3 84h 3) 
Pe NOK re Sy 818) 


—13y = —39 
4. Solve for y by dividing both sides of the equation by -13. y=3 
5. Substitute the value of y into equation [2]. Substituting y= 3 into [2]: 
i -3\(6)i— 
Des) = 9) 
6. Solve for x. 
i. Subtract 9 from both sides of the equation. 2x = —4 
ii. Divide both sides of the equation by 2. x— 2 
7. Write the solution. Solution: x = —2, y=3 or (—2, 3) 
8. Check the solution by substituting into equation [1]. Check: Substitute into x —5y=—17. 
LHS = (—2) —5@) 
=-—2-15 
=-17 
RHS = -17 


LHS = RHS, so the solution is correct. 


Note: In this example, equation [1] could have been multiplied by —2 (instead of by 2), then the two equations 
added (instead of subtracted) to eliminate x. 
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WORKED EXAMPLE 9 Multiplying both equations by a constant to eliminate 


Solve the following pair of simultaneous equations using the elimination method. 


6x + 5y =3 
5x + 4y =2 
THINK WRITE 
1. Write the equations, one under the other and number them. 6x+5y=3 [1] 
5x+4y=2 [2] 
2. Decide which variable to eliminate, say y. Multiply equation Eliminate y. 
[1] by 4 and call the new equation [3]. [1] x4: 24*%+20y=12 [3] 
Multiply equation [2] by 5 and call the new equation [4]. [1] x5: 25x+20y=10 [4] 
3. Subtract equation [3] from [4] in order to eliminate y. [4] — [3]: 


25x --20y — 24x--20y)) = 1012 
29% + 20y— 24x — 20y' = —2 


x=-2 
4. Substitute the value of x into equation [1]. Substituting x = —2 into [1]: 
6(=2)-- Sy = 3 
—12+5y=3 
5. Solve for y. 
i. Add 12 to both sides of the equation. Sy=15 
ii. Divide both sides of the equation by 5. y=3 
6. Write your answer. Solution x = —2, y=3 or (—2, 3) 
7. Check the answer by substituting the solution into Check: Substitute into 5x +4y=2. 
equation [2]. LHS = 5(—2)+4(@) 
=—104+12 
=2 
RHS = 2 


LHS = RHS, so the solution is correct. 


Note: Equation [1] could have been multiplied by —4 (instead of by 4), then the two equations added (instead of 
subtracted) to eliminate y. 


ion) Resources 


om) 
[4 eWorkbook Topic 4 Workbook (worksheets, code puzzle and a project) (ewbk-2030) 


® Video eLesson Solving simultaneous equations using elimination (eles-1931) 


ag Interactivities Individual pathway interactivity: Solving simultaneous linear equations using elimination (int-4579) 
Solving simultaneous equations using elimination (int-6127) 
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Exercise 4.4 Solving simultaneous linear equations 


using elimination 


learn@j) 


Individual pathways 


@ PRACTISE 
1,3, 5, 10, 13, 18 


@ CONSOLIDATE 


2,6, 8, 11, 14, 15, 19 


m@ MASTER 


4, 7,9, 12, 16, 17, 20 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 


questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. Solve the following pairs of simultaneous equations by adding equations to eliminate either x or y. 


a. 


a. 


a. 


a. 


5. a. 


a. 


a. 


x+2y=5 b. 5x+4y=2 c. —2x+y=10 
—x+4y=1 5x —4y = —22 2x+ 3y=14 
2. Solve the following pairs of equations by subtracting equations to eliminate either x or y. 
3x+2y=13 b. 2x—S5y=—-11 c. —3x-—y=8 
5x +2y=23 2x+y=7 —3x+4y= 13 
3. Solve each of the following equations using the elimination method. 
6x —S5y = —43 b. x-—4y=27 c. -4x+y=-10 
6x —y=—23 3x—-4y=17 4x—3y=14 
4. Solve each of the following equations using the elimination method. 
—S5x+3y=3 b. 5x—Sy=1 c. 4x—3y—1=0 
—5x+y=—4 2x—S5y=-—5 4x+7y—11=0 
BE For questions 5 to 7, solve the following pairs of simultaneous equations. 
6x+y=9 b. x+3y=14 c. Sx+y=27 
—3x+2y=3 3x+y=10 4x+ 3y =26 
. -6x+ 5y=-14 b. 2x+5y=14 c. —3x+2y=6 
—2x+y=-6 3x+y=—5 x+4y=-9 
. 3x-Sy=7 b. 2x+3y=9 c. —x+5y=7 
xt+ty=-ll1 4x+y=-7 5x+ 5y=19 
8. MED solve the following pairs of simultaneous equations. 
—4x+5y=-9 b. 2x+5y=—6 c. 2x-—2y=—4 
2x+3y=21 3x+2y=2 5x+4y=17 
9. Solve the following pairs of simultaneous equations. 
2x —3y=6 eae ee) oe 
4x —5y=9 2 3 3.2 2 
= + y =4 a + y = 2s 
4 3 2 5 2 
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Understanding 


For questions 10 to 12, solve the following simultaneous equations using an appropriate method. Check your 
answer using technology. 


10. a. 7x+3y=16 b. 2x+y=8 ce. —3x+2y=19 
y=4x-1 4x+3y=16 4x+5y=13 
11. a. —3x+7y=9 b. —4x+5y=—-7 Cc. y=-x 
4x—3y=7 x= 23 —3y 21 
yeasts 
5 5 
xy 
12. a. 4x+5y=41 b. 3x-—2y=9 ce -+-=7 
ax 2x+5y=—-13 = 
[ee 3y—2x=12 
Reasoning 


13. The cost of a cup of coffee and croissant is $8.50 from a local bakery, and an order of 5 coffees and three 
croissants costs $35.70. Determine the cost of one croissant. 


14. Celine notices that she only has 5 cent and 10 cent coins in her coin purse. She counts up how much she 
has and finds that from the 34 coins in the purse the total value is $2.80. Determine how many of each type 
of coin she has. 


15. Abena, Bashir and Cecily wanted to weigh themselves, 

but the scales they had were broken and would only give 
readings over 100 kg. They decided to weigh themselves in 
pairs and calculate their weights from the results. 

e Abena and Bashir weighed 119 kg 

e Bashir and Cecily weighed 112 kg 

e Cecily and Abena weighed 115 kg 

Determine the weight of each student. 


16. a. For the general case ax+by=e [1] 
cxt+dy=f [2] 
y can be found by eliminating x. 


i. Multiply equation [1] by c to create equation 3. 
ii. Multiply equation [2] by a to create equation 4. 
iii. Use the elimination method to find a general solution for y. 


b. Use a similar process to that outlined above to find a general 
solution for x. 
c. Use the general solution for x and y to solve each of the following. 


i. 2x+5y=7 
Tx + 2y = 24 

ii, 3x-—Sy=4 
x+3y=5 


Choose another method to check that your solutions are correct in each part. 
d. For y to exist, it is necessary to state that bc — ad #0. Explain. 
e. Is there a necessary condition for x to exist? Explain. 
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17. A family of two parents and four children go to the movies and spend $95 on the tickets. Another family 
of one parent and two children go to see the same movie and spend $47.50 on the tickets. Determine if it 
possible to work out the cost of an adult’s ticket and child’s ticket from this information. 


Problem solving 


18. The sum of two numbers is equal to k. The difference of the two numbers is given by k — 20. Determine the 
possible solutions for the two numbers. 


19. Use the method of elimination to solve: 


20. Use an appropriate method to solve: 


2x+ 3y+3z=-1 
3x—2y+z=0 
z+2y=0 


4.5 Applications of simultaneous linear equations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e define unknown quantities with appropriate variables 
e form two simultaneous equations using the information presented in a problem 
e choose an appropriate method to solve simultaneous equations in order to find the solution to 
a problem. 


@® 4.5.1 Applications of simultaneous linear equations 


ee % When solving practical problems, the following steps can be useful: 


1. Define the unknown quantities using appropriate pronumerals. 

2. Use the information given in the problem to form two equations in terms of these pronumerals. 
3. Solve these equations using an appropriate method. 

4. Write the solution in words. 

5. Check the solution. 


Key language used in worded problems 


To help set up equations from the information presented in a problem 
question, make sure you look out for the following key terms: 
e Addition: sum, altogether, add, more than, and, in total 
e Subtraction: difference, less than, take away, take off, fewer than 
e Multiplication: product, groups of, times, of, for each, double, triple 
e Division: quotient, split into, halve, thirds 
e Equals: gives, is 
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WORKED EXAMPLE 10 Applying the elimination method 


Ashley received better results for his Mathematics test than for his English test. If the sum of the two 
marks is 164 and the difference is 22, calculate the mark he received for each subject. 


THINK 


1. Define the two variables. 


2. Formulate two equations from the information 
given and number them. 
The sum of the two marks is x + y. 
The difference of the two marks is x — y. 


3. Use the elimination method by adding 
equations [1] and [2] to eliminate y. 

4. Solve for x by dividing both sides of the 
equation by 2. 

5. Substitute the value of x into equation [1]. 


6. Solve for y by subtracting 93 from both sides 
of the equation. 


7. Write the solution. 


8. Check the solution by substituting x =93 and 
y=71 into equation [1]. 


WRITE 


Let x = the Mathematics mark. 
Let y = the English mark. 


[1] 
[2] 


x+y =164 
x—-—y =22 


Se 2) 223 = 186 


57S 0} 


Substituting x = 93 into [1]: 


x+y= 164 
93+y= 164 
y=71 
Solution: 


Mathematics mark (x) =93 
English mark (y) =71 


Check: Substitute into x + y= 164 
LHS = 93+71 RHS=164 

= Io! 
As LHS = RHS, the solution is correct. 


WORKED EXAMPLE 11 Applying the substitution method 


To finish a project, Genevieve bought a total of 25 nuts and bolts 
from a hardware store. If each nut costs 12 cents, each bolt costs 
25 cents and the total purchase price is $4.30, calculate how many 


nuts and how many bolts Genevieve bought. 


THINK 


1. Define the two variables. 


2. Formulate two equations from the information 


given and number them. 


Note: The total number of nuts and bolts is 25. 


WRITE 


Let x = the number of nuts. 
Let y = the number of bolts. 


[1] 
[2] 


Xe 25 
12x+ 25y = 430 


Each nut cost 12 cents, each bolt cost 25 cents and 


the total cost is 430 cents ($4.30). 
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3. Solve simultaneously using the substitution Rearrange equation [1]: 


method, since equation [1] is easy to rearrange. x+y=25 
Rearrange equation [1] to make x the subject by x2) —¥ 
subtracting y from both sides of equation [1]. 
4. Substitute the expression (25 — y) for x into Substituting (25 — y) into [2]: 
equation [2]. 12 (25 — y) + 25y = 430 
5. Solve for y. 300 — 12x + 25y = 430 


300 + 13y = 430 
13y + 300 = 430 


Sy = 130 
y= 0 
6. Substitute the value of y into the rearranged Substituting y= 10 into x= 25 —y 
equation x = 25 — y from step 3. %— 25'— 10 
eas) 
7. Write the solution. Solution: 


The number of nuts (x) = 15. 
The number of bolts () = 10. 


8. Check the solution by substituting x= 15 and Check: Substitute into x + y= 25. 
y= 10 into equation [1]. LHS =15+10 RHS=25 
= 25 


As LHS = RHS, the solution is correct. 


It is also possible to determine solutions to worded problems using the graphical method by forming and 
then graphing equations. 


WORKED EXAMPLE 12 Applying the graphical method 


Cecilia buys 2 pairs of shorts and 3 T-shirts for $160. Ida buys 1 pair of shorts and 2 T-shirts for $90. 
Develop two equations to describe the situation and solve them graphically to determine the cost of 
one pair of shorts and one T-shirt. 


THINK WRITE 
1. Define the two variables. Let x = cost of a pair of shorts. 
Let y = cost of a T-shirt. 
2. Formulate two equations from the 2x+3y=160 [1] 
information given and number them. x+2y=90 [2] 
3. Calculate the x- and y-intercepts for Equation [1] Equation [2] 
both graphs. 2x4 3y — 160 x%-+2y — 90 
x-intercept, y = 0 x-intercept, y = 0 
2x+3x0= 160 x+2x0=90 
mig M0) e790) 
g= 0) 
y-intercept, x = 0 y-intercept, x = 0 
2x 0-37 — 160 0+2y = 90 
Sh = If) 2y = 90 
See! y=45 
ye 53 5 


242 Jacaranda Maths Quest 10 + 10A 


4. Graph the two lines either by hand or 7 ale Sl elise — 
using technology. Only the first quadrant ; + = 
of the graph is required, as cost cannot 
be negative. {lee asa |e et ee ee 


Oy 20 40 60 80 78. 
5. Identify the point of intersection to The point of intersection is (50, 20). 
solve the simultaneous equations. 


6. Write the answer as a sentence. The cost of one pair of shorts is $50 and the cost of one 
T-shirt is $20. 


DISCUSSION 


How do you decide which method to use when solving problems using simultaneous linear equations? 


ion) Resources 


a) 
[4 eWorkbook Topic 4 Workbook (worksheets, code puzzle and a project) (ewbk-2030) 


Bo Interactivity Individual pathway interactivity: Applications of simultaneous linear equations (int-4580) 


Exercise 4.5 Applications of simultaneous linear equations learn@) 
Individual pathways 

@ PRACTISE B@ CONSOLIDATE B® MASTER 

1, 7, 8, 12, 13, 15, 17, 22 2,5, 9, 10, 14, 18, 19, 23 3, 4, 6, 11, 16, 20, 21, 24, 25 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 
Fluency 


1. ESD) Rick received better results for his Maths test than for his English test. If the sum of his two marks is 
163 and the difference is 31, calculate the mark recieved for each subject. 


2, LESH Rachael buys 30 nuts and bolts to finish a project. If each nut costs 10 cents, each bolt costs 20 cents 
and the total purchase price is $4.20, how many nuts and how many bolts does she buy? 


3. Eloise has a farm that raises chicken and sheep. Altogether there are 1200 animals on the farm. If the total 


number of legs from all the animals is 4000, calculate how many of each type of animal there is on the farm. 


Understanding 


4. Determine the two numbers whose difference is 5 and whose sum is 11. 


5. The difference between two numbers is 2. If three times the larger number minus twice the smaller number 
is 13, determine the values of the two numbers. 
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6. One number is 9 less than three times a second number. If the first number plus twice the second number is 
16, determine the values of the two numbers. 


7. A rectangular house has a perimeter of 40 metres and the length is 4 metres more than the width. Calculate 
the dimensions of the house. 


g. MX Mike has 5 lemons and 3 oranges in his shopping basket. The 
cost of the fruit is $3.50. Voula, with 2 lemons and 4 oranges, pays 
$2.10 for her fruit. Develop two equations to describe the situation 
and solve them graphically to determine the cost of each type of fruit. 

9. A surveyor measuring the dimensions of a block of land finds that 


the length of the block is three times the width. If the perimeter is 
160 metres, calculate the dimensions of the block. 


10. Julie has $3.10 in change in her pocket. If she has only 50 cent and 20 cent 
pieces and the total number of coins is 11, calculate how many coins of 
each type she has. 


11. Mr Yang’s son has a total of twenty-one $1 and $2 coins in his moneybox. 
When he counts his money, he finds that its total value is $30. Determine 
how many coins of each type he has. 


12. If three Magnums and two Paddlepops cost $8.70 and the difference in 
price between a Magnum and a Paddlepop is 90 cents, calculate how much 
each type of ice-cream costs. 


13. If one Red Frog and four Killer Pythons cost $1.65, whereas two Red 
Frogs and three Killer Pythons cost $1.55, calculate how much each type 
of lolly costs. 


14. A catering firm charges a fixed cost for overheads and a price per person. 
It is known that a party for 20 people costs $557, whereas a party for 35 
people costs $909.50. Determine the fixed cost and the cost per person 
charged by the company. 


15. The difference between Sally’s PE mark and Science mark is 12, and the 
sum of the marks is 154. If the PE mark is the higher mark, calculate what 
mark Sally got for each subject. 


16. Mozza’s Cheese Supplies sells six Mozzarella cheeses and eight Swiss 
cheeses to Munga’s deli for $83.60, and four Mozzarella cheeses and 
four Swiss cheeses to Mina’s deli for $48. Calculate how much each type 
of cheese costs. 


Reasoning 


17. If the perimeter of the triangle in the diagram is 12 cm and the tom 
length of the rectangle is 1 cm more than the width, determine the 
value of x and y. g 

18. Mr and Mrs Waugh want to use a caterer for a birthday party for a 


their twin sons. The manager says the cost for a family of four (y + 3) cm 
would be $160. However, the sons want to invite 8 friends, making 

12 people in all. The cost for this would be $360. If the total cost in each case is made up of the same cost 
per person and the same fixed cost, calculate the cost per person and the fixed cost. Show your working. 


wo xz 
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19. 


20. 


21 


Joel needs to buy some blank DVDs and USB sticks to back up a large amount of data that has been 
generated by an accounting firm. He buys 6 DVDs and 3 USB sticks for $96. He later realises these are 

not sufficient and so buys another 5 DVDs and 4 USB sticks for $116. Determine how much each DVD and 
each USB stick cost. (Assume the same rate per item was charged for each visit.) Show your working. 


Four years ago Tim was 4 times older than his brother Matthew. In six years’ time Tim will only be double 
his brother’s age. Calculate how old the two brothers currently are. 


. A local cinema has different prices for movie tickets for children (under 12), adults and seniors (over 60). 


Consider the following scenarios: 

e Fora senior couple (over 60) and their four grandchildren, the total cost is $80. 

e For two families with four adults and seven children, the total cost is $160.50. 

e Fora son (under 12), his father and his grandfather (over 60), the total cost is $45.75. 
Determine the cost of each type of ticket. 


Problem solving 


22. 


23. 


24. 


25. 


Reika completes a biathlon (swimming and running) that has a 

total distance of 37 km. Reika knows that her swimming speed is 

3.2 km per hour and her running speed is 12.4 km per hour. If her total 
time for the race was 6 hours and 39 minutes, calculate the length of the 
swimming component of the race. 


At the football hot chips are twice as popular as meat pies and three 
times as popular as hot dogs. Over the period of half an hour during half 
time, a fast-food outlet serves 121 people who each bought one item. 
Determine how many serves of each of the foods were sold during this 
half-hour period. 


Three jet-skis in a 300 kilometres handicap race leave at two hour intervals. Jet-ski 1 leaves first and has 

an average speed of 25 kilometres per hour for the entire race. Jet-ski 2 leaves two hours later and has an 
average speed of 30 kilometres per hour for the entire race. Jet-ski 3 leaves last, two hours after jet-ski 2 and 
has an average speed of 40 kilometres per hour for the entire race. 


a. Sketch a graph to show each jet-ski’s journey on the one set of axes. 

b. Determine who wins the race. 

c. Check your findings algebraically and describe what happened to each jet-ski during the course of 
the race. 


Alice is competing in a cycling race on an extremely windy day. The race - waa 
is an ‘out and back again’ course, so the wind is against Alice in one 
direction and assisting her in the other. For the first half of the race the 
wind is blowing against Alice, slowing her down by 4 km per hour. Given 
that on a normal day Alice could maintain a pace of 36 km per hour and 
that this race took her 4 hours and 57 minutes, calculate the total distance 
of the course. 
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4.6 Solving simultaneous linear and non-linear 
equations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine the point or points of intersection between a linear equation and various non-linear equations 
using various techniques 
e use digital technology to find the points of intersection between a linear equation and a non-linear 
equation. 


® 4.6.1 Solving simultaneous linear and quadratic equations 


eek e The graph of a quadratic function is called a parabola. 


e A parabola and a straight line may: 
e intersect at only one point 


YA 
8 
6 
Y=x|-2 
~ > 
6 | -4 | — 0 2 6~ 
y =+2x-3 
e intersect at two points 
YA 
yea 
6 (3,7) 
4 
2 
~ > 
0 x 
(-, -D J 
4 
Y 
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e not intersect at all. 


WORKED EXAMPLE 13 Solving linear and quadratic simultaneous equations 


Determine the points of intersection of y =x? +x — 6 and y = 2x — 4: 


a. algebraically b. graphically. 
THINK WRITE/DRAW 
a. 1. Number the equations. Equate [1] and [2]. a. y=xr+x-6 [1] 
y=2x-—4 [2] 
x +x-6 =2x-4 
2. Collect all the terms on one side and simplify. x +4+x-6—-2x4+4 = 2x-4-2x44 
vr +x—-6-2x+4=0 
x*—x-2=0 
3. Factorise and solve the quadratic equation, using (x—2)(x+1)=0 
the Null Factor Law. x—2=0 x+1=0 
or 
eS x=-1 
4. Identify the y-coordinate for each point of When x = 2, 
intersection by substituting each x-value into one y—2Q)—4 
of the equations. =4-4 
= (0 
Intersection point (2, 0) 
When x = —1 
y=2(-1)-4 
=-—2-4 
——6 
5. Write the solution. Intersection point (—1, —6) 


b. 1. To sketch the graph of y=x*+x—6, determine b. x-intercepts: y=0 
the x- and y-intercepts and the turning point (TP). 0 =x°+x—6 
The x-value of the TP is the average of the x-axis 0 = («+3) (x—-2) 
intercepts. The y-value of the TP is calculated by i= 3), eo 


substituting the x-value into the equation of the The x-intercepts are (—3, 0) and (2, 0). 
parabola. y-intercept: x = 0 
y=-6 


The y-intercept is (0, —6) 
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“3+2_ 95 


y-value of the turning point; when x = —0.5: 
y = (—0.5)° + (—0.5) — 6 


x-value of TP: 


yO) 
The TP is (—0.5, —6.25) 
2. To sketch the graph of y= 2x —4, find the x-intercept: y=0 
x- and y-intercepts. O= 2x —4 
x= 2 


The x-intercept is (2, 0) 
y-intercept: x = 0 

y=—4 

The y-intercept is (0, —4) 


3. On the same set of axes, sketch the graphs of Yk | aA 
y=x* +x—6 and y=2x-—4, labelling both. i 
8. 
6. 
44 y = 2x- 
Pp 2- I 
(2,0 
~« T T > 
le eee ee 
Yfyarar6 
Hb) 
| ial 
10. 
|_Y¥ 
4. On the graph, locate the points of intersection The points of intersection are (2, 0) 
and write the solutions. and (—1, —6). 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a. a. a. a. 
1. Ona Calculator page, ‘ERE> “Do eijapa | 1; Ona Main screen, © dit Action Interactive 
press: ae <y}) complete the entry od Kel UI tenn Cd Ad al 
solve\y=x~+x-6 and y=2: x-4,, xy . solve(x"2+x-6=2x-4, x) . 
° MENU x=-1 and y=-6 orx=2 and y=0 line as: a (romm 1, x2) | 
e 3: Algebra :' solve (x +x-6=2x-4, x) ipa sic Ee 
© 1: Solve The x-values of the 2x-4 | x=2 ; 
Complete the entry solutions will be shown. D 
line as: To determine the 
solve(y =x° +x—6 corresponding y-values, 
and complete the entry 
y = 2x —4, fx, y}) lines as: 
Then press ENTER. 2x—4|x=—-1 
ax Alx =2 ‘lg = Standerd = eal Rad a 
Press EXE after each 
entry. 
2. Write the solutions. The points of intersection are 2. Write the solutions. The points of intersection are 
(—1, —6) and (2, 0). (—1, —6) and (2, 0). 
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b. b. b. 

1. Ona Graphs page, 1. Ona Graph & Table © Edit Zoom Analysis © x 
complete the function screen, complete the | Me fh | Cok] Bt] DE 
entry lines as: function entry lines as: ee —o 
f\@=xr +x-6 yl=x+x-6 en —f 
f2(x) =2x-4 y2=2x-4 ie 
Press the down arrow Then tap the graphing 
between entering the icon. The graphs will be 
functions. The graphs will displayed. 
be displayed. 

2. To locate the point of 2. To locate the first point 
intersection, press: of intersection, press: 

° MENU e Analysis mr i=,2.,-5 —o 
e 6: Analyze Graph ° G-Solve ee —i 
e 4: Intersection e Intersection a 

Drag the dotted line The point of intersection pe 2 
to the left of the first will be shown. Tap = 
point of intersection the right arrow for the 

(the lower bound), second point. 

press ENTER and then 

drag the dotted line to 

the right of the point 

of intersection (the 

upper bound) and press 

ENTER. Repeat for the 

second point. 

The points of 

intersection will be 

shown. 

3. State the points of The points of intersection are 3. State the points of The points of intersection are 
intersection. (—1, —6) and (2, 0) intersection. (—1, —6) and (2, 0) 


® 4.6.2 Solving simultaneous linear and hyperbolic equations 


eles-4772 


e A hyperbola and a straight line may: 
¢ intersect at only one point. In the first case, the line is a tangent to the curve. 


y y 
10 
i 1 
6 Fa 64-7 
= x42 
y= 4 
(1) | er 21} 
Lee ee 6 8 10 aID=$ <p 4 246 810° 
a) +2 
14 
6 
13 18 
-10 19 
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e intersect at two points 


¢ not intersect at all. 


=10-8 -6 -4 -2° 
| 14 
16 
 -8 
119 


WORKED EXAMPLE 14 Solving linear and hyperbolic simultaneous equations 


6 
Determine the point(s) of intersection between y =x +5 and y= -: 
x 


a. algebraically b. graphically. 
THINK WRITE/DRAW 
a. 1. Number the equations. a v= Xo [1] 
6 
Ve [2] 
XG 
6 
2. Equate [1] and [2]. x+5=- 
Collect all terms on one side, GE Se i 
factorise and simplify to solve , 
for x. x°+5x-6=0 
(x+6)(x—-1)=0 
xy — Onl 
3. To determine the y-coordinates x=-6 x=1 
of the points of intersection, YS —OrD we lars 
substitute the values of x y=—l p= 


into [1]. 
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4. Write the solutions. 


draw a table of values. 


2. To sketch the graph of 
y=x+5, find the x- and 
y-intercepts. 


1. To sketch the graph of y= e 
x 


The points of intersection are (—6, —1) and (1, 6). 


m6] -5 | -4 | -3/-2]-1] -o | 1] 2 
Me 1 |-12/-14] -2| ~3 | -6 | under} 6 | 3 
si 2 


x-intercept: y=0 
O= xD 
x=—5 
The x-intercept is (—5, 0). 
y-intercept: x =0 
y= 5 
The y-intercept is (0, 5). 


3. On the same set of axes, sketch 
the graphs of y=x+5 and y= 


o labelling both. 
EX, 


4. On the graph, locate the points 


of intersection and write the 


solutions. 

TI | THINK DISLPAY/WRITE CASIO | THINK DISPLAY/WRITE 

a. a. a. a. 

1. In anew problem, On the Main screen, tap: © Edit Action Interactive 
on a Calculator page, | petine silclunces ae e Action Peal ‘Tele T TET 
press: a =e e Advanced prabaerhcer fa j 
© MENU Define fAx)=— © solve eee Ceti 
e 1: Actions Complete the entry lines as: |. "y 
e 1: Define 1 Pees ‘ 6 
Complete the entry ee ea Ps 
line as: x+5|x=—6 
Define f1(x) =x+5 x+5lx=1 
Repeat for the Press EXE after each entry. 
second function: F 

a me 


6 
Define f2(x) = — 
x 


Press ENTER after 
each entry. 


The points of intersection are 
(—6, —1) and (1, 6). 
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2. To determine the 
intersection points 


| Define f7(x)ax+5 Done 

algebraically, press: 7 naa 

°e MENU Define fAx}o— 

© or EROEa | sovol lefts) s) x6 or eel 

e 1: Solve 
Complete the entry | met) - 

: | f2(1) 6 
line as: 
solve (f 1x) = - 
f2(x), x) The points (—6, —1) and (1, 6) are 
f1(-6) the points of intersection. 
f2d) 

b b. 


1. Ona Graphs page, 
press the up arrow A 
to select the function 
f2(x), then press 
ENTER. The graph 
will be displayed. 
Now press TAB, 
select the function 


f(x) and press 
ENTER to draw 
the function. 

Apply colour if you 
would like to. 


2. To determine the points 
of intersection between 
the two graphs, press: 
© MENU 
e 6: Analyze Graph 
e 4: Intersection 
Move the cursor to 
the left of one of the 


intersection points, press 
ENTER, then move the 
cursor to the right of 

this intersection point 

and press ENTER. The 
intersection point is 
displayed. Repeat for the 
other point of intersection. 


the points of intersection. 
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The points (—6, —1) and (1, 6) are 


b. 

In the Graph & Table page, 

complete the entry lines as: 
yl=x+5 


6 
y2=— 


Then tip the graphing icon. 
To determine the points of 
intersection, tap: 

e Analysis 

° G-Solve 

e Intersection 

To determine the next point 
of intersection, press the 
right arrow. 


b. 


Shoat? |Sheet2 |Shoet3 |Sheeté Shoot) 

Myl=x+5 —o 
6 

myo! i 


{Shoat |Sheet2 |Shoat3 [Sheet4 |Sheet5 | 

My l=x+5 —o 
8 

ma! i 


The points of intersection are 
(—6, —1) and (1, 6). 


Solving simultaneous linear equations and circles 


e Acircle and a straight line may: 


e intersect at only one point. Here, intersect at two points e not intersect at all. 
the line is a tangent to the curve. 


YA A 
y= 
a a =-x+4 
He 2,2) 1 
~ > ~ > 
TALI? Loa ado th 
2, V2 
13 etyie4 3. vtyiad 
44. 4 
Y Y 


Solutions of a linear and non-linear equation 


Depending on the equations, a linear equation and a non-linear equation can have a different number of 
solutions. For a linear equation and any of the following: 

e quadratic equations 

e hyperbolic equations 

e circles 
the number of possible solutions (points of intersections) is 0, | or 2. 


DISCUSSION 


What does it mean if a straight line touches a curve only once? 


ion) Resources 


a) 
[4 eWorkbook _ Topic 4 Workbook (worksheets, code puzzle and a project) (ewbk-2030) 


& Interactivities Individual pathway interactivity: Solving simultaneous linear and non-linear equations (int-4581) 


Solving simultaneous linear and non-linear equations (int-6128) 


Exercise 4.6 Solving simultaneous linear and non-linear 


equations learn@) 
Individual pathways 

@ PRACTISE CONSOLIDATE @ MASTER 

1, 2,5, 8,9, 12, 15 3, 6, 10, 13, 16, 17 4,7, 11, 14, 18, 19, 20 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. Describe how a parabola and straight line may intersect. Use diagrams to illustrate your explanation. 
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2. EEE Determine the points of intersection of the following: 
i. algebraically 

ii. algebraically using a calculator 
iii. graphically using a calculator. 
a. y=x?+5x+4 and y=—x-1 b. y=—x? +2x4+3 and y=—2x+7 
c. y=—x* +2x+3 and y=—6 

3. Determine the points of intersection of the following. 
a. y=—x? + 2x+3 and y=3x—8 b. y=—(x— 1)? +2 and y=x-1 
c. y=x° +3x—7 and y=4x+2 

4. Determine the points of intersection of the following. 
a. y=6—x? and y=4 

9 3-x 

b. y=44+x-—2x° andy= a 


c. x=3 and y=2x* +7x—2 


5. HS Identify which of the following graphs shows the parabola y = x* + 3x +2, x R, and the straight line 


y=xt+3. 
A. YR B. YA Cc. YA 
> 
x 
Y Y Y 
D. Vp E. YA 
~ > ie 
0 x 
Y 
6. 11) Identify which of the following equations are represented by the 
7 


graph shown. 


A. y=0.5(¢+ 1.5) +4 and y= -2x4 1 


B. y=—0.5(x+ 1.5)?-4 and y=—+ 1 


c. y=—0.5(x=1.5)?+4 and y= S41 = 


VY 


D. y=0.5@- 1.5) +4 and y= ->x41 


E. y=0.5(x— 1.5)? +4 and y=—2x41 
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7. Determine whether the following graphs intersect. 


. y=? +3x4+4 and y=x—-4 

. y= x? +3x44 and y=2x+5 

. y=—(x+1)? +3 and y=—4x-1 
. y=(x—-1)° +5 and y=—4x-1 


aao°no 


Understanding 


9 For questions 8 to 11, determine the point(s) of intersection between the following. 


8. a. y=x b. y=x—-2 c. y=3x d wae 
_ 1 _ il _5 : 
4 x 4 xX y x i= 
9. a. y=3x b py? =25 c x+y? =50 d. x” y=9 
r+y=10 3x+4y=0 y=5-—2x y=2-x 
1 
10. a. y=- b x+y? =25 c. y=2x+3 d. 3x+4y=7 
x 
y=—2x+5 a 10 
y=4x y=—4x? +3 yo— 4 
x 
ae) 2 2 _ Ke 
11. a. y=x b. x +(yt+1)° =25 c. y=—4x—-—5 tea oe 
y=2x—1 y= y=x*+2x4+3 x 
=—+4+3 
1 
Reasoning 


12. Consider the following equations: y = sx — 3) + 2 and y=x+k. 
Identify for what values of k the two lines would have: 


a. no points of intersection 
b. one point of intersection 
c. two points of intersection. 


13. Show that there is at least one point of intersection between the parabola y = —2(x + 1)? —5, where y=f(x), 
and the straight line y= mx —7, where y=/(x). 


14. a. Using technology, sketch the following graphs and state how many ways a straight line could intersect 
with the equation. 


i y=x—4x, ii, y=x*— 8x? + 16. iii, y=x° — 8x3 + 16x. 
b. Comment on the connection between the highest power of x and the number of possible points of 
intersection. 


Problem solving 


15. If two consecutive numbers have a product of 306, calculate the possible values for these numbers. 


16. The perimeter of a rectangular paddock is 200 m and the area is 1275 m*. Determine the length and width of 
the paddock. 


17. a. Determine the point(s) of intersection between the circle x” + y? = 50 and the linear equation y = 2x — 5. 
b. Confirm your solution to part a by plotting the equation of the circle and the linear equation on the 
same graph. 


18. The sum of two positive numbers is 21. Twice the square of the larger number minus three times the square 
of the smaller number is 45. Determine the value of the two numbers. 
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19. a. Omar is running laps around a circular park with equation x? + y? = 32. Chae-won is running along 
another track where the path is given by y= (v2 = 1) x+ (8 - 4/2 ) Determine the point(s) where 
the two paths intersect. 

b. Omar and Chae-won both start from the same point. If Chae-won gets between the two points in two 
hours, calculate the possible speeds Omar could run at along his circle in order to collide with 
Chae-won at the other point of intersection. Assume all distances are in kilometres and give your answer 
to 2 decimal places. 


20. Adam and Eve are trying to model the temperature of a cup of coffee as it cools. 
e Adam’s model: Temperature (°C) = 100—5 x time 
800 


e Eve’s model: Temperature (°C) = ————— 
10+ time 


Time is measured in minutes. 


a. Using either model, identify the initial temperature of the cup of coffee. 
b. Determine at what times the two models predict the same temperature for the cup of coffee. 
c. Evaluate whose model is more realistic. Justify your answer. 


4.7 Solving linear inequalities 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e solve an inequality and represent the solution on a number line 
© convert a worded statement to an inequality in order to solve a problem. 


4.7.1 Inequalities between two expressions 


e An equation, such as y = 2x, is a statement of equality as both sides are equal to each other. 

An inequation, such as y< x + 3, is a statement of inequality between two expressions. 

e A linear equation such as 3x = 6 will have a unique solution (x = 2), whereas an inequation such as 3x <6 
will have an infinite number of solutions (x= 1,0,—-1,—2... are all solutions). 

e We use a number line to represent all possible solutions to a linear inequation. When representing an 

inequality on a number line, an open circle is used to represent that a value is not included, while a closed 

circle is used to indicate that a number is included. 

The table below shows four basic inequalities and their representation on a number line. 


Mathematical statement | Worded statement Number line diagram 

—_—_—_——— 
x>2 x is greater than 2 ~*< > 

-10 -8 -6 4 2 0 2 4 6 8 10 
oo 
x>2 x is greater than or equal to 2 s > 

-10 -8 6 4 2 0 2 4 6 8 10 

————9o 

x<2 xis less than 2 ~< > 


x<2 x is less than or equal to 2 “s 
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Solving inequalities 


e The following operations may be done to both sides of an inequality without affecting its truth. 
e A number can be added or subtracted from both sides of the inequality. 


Adding or subtracting a number: 
For example: 6>2 Add3 to 43 43 
both sides: a a ae i 
9>5 (True) i T T T T T _e 
0 1 2 3 4 5 6 7 8 9 10 
Forexample: 6>2  Subtract3 =4 =, 
from both | ae Be a a ae 
sides: al i 
3>-1 (True) 2 -1 0 1 2 3 4 5 6 7 8 
Adding or subtracting moves both numbers the same distance along the number line. 
e A number can be multiplied or divided by a positive number. 
Multiplying or dividing by a positive number: 
Forexample: 6>2 Multiply both 1 
1 xa 
sides by Zs xa 
2 
3>1 (7 LS 
eae) <7 T r T T Le 
-1 0 1 2 3 4 5 6 7 


The distance between the numbers has changed, but their relative position has not. 


e Care must be taken when multiplying or dividing by a negative number. 


Multiplying or dividing by a negative number: 


For example: 6>2 Multiply both 
sides by — 1: 


—6>2 (False) 


6 


4 2 1 


Multiplying or dividing by a negative number reflects numbers about x = 0. 
Their relative positions are reversed. 


e When solving inequalities, if both sides are multiplied or divided by a negative number, then the inequality 
sign must be reversed. 
For example, 6 > 2 implies that —6 < —2. 


Solving a linear inequality 


Solving a linear inequality is a similar process to solving a standard linear equation. We can perform the 
following inverse operations as normal: 

e anumber or term can be added to or subtracted from each side of the inequality 

e each side of an inequation can be multiplied or divided by a positive number. 


We must take care to change the direction of the inequality sign when: 
e each side of an inequation is to be multiplied or divided by a negative number. 
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WORKED EXAMPLE 15 Solving linear inequalities 


Solve each of the following linear inequalities and show the solution on a number line. 


a. 4x-1<-2 b. 6x-7>3x+5 
THINK WRITE/DRAW 
a. 1. Write the inequality. a. 4x —1<—2 
2. Add | to both sides of the 4x-1+1<-—2+1 
inequality. 4x <—-1 
3. Obtain x by dividing both sides of ae <Z ah 
the inequality by 4. = - 
I QS = 
4. Show the solution on a number line. 
Use an open circle to show that the eae 
1 a 
value of —— is not included. <; SS — 
4 = =i eo 1 
4 
b. 1. Write the inequality. b. On 7 22 Siero) 
2. Subtract 3x from both sides of the 6x —7-—3x > 3x+5-3x 
inequality. Sy 
3. Add 7 to both sides of the 3x-74+7>5+4+7 
inequality. She > 1 
4. Obtain x by dividing both sides of She 22 WZ 
the inequality by 3. Bn oles 
37 8 
5. Show the solution on a number line. A 
Use a closed circle to show that the — 
value of 4 is included. SS] T T T > 
0 D) 4 6 8 10 


WORKED EXAMPLE 16 Solving complex linear inequalities 


Solve each of the following linear inequalities. 


a. —-3m+5<-—7 b. 5@—2)>7(x+3) 
THINK WRITE 
a. 1. Write the inequality. a. = Sipe a <7 
2. Subtract 5 from both sides of the inequality. —3m+5—5 <—7—5 
(No change to the inequality sign.) Si) SN 
3. Obtain m by dividing both sides of the Sle a 
inequation by —3. Reverse the inequality sign, = = 
since we are dividing by a negative number. m>4 
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b. 1. Write the inequality. b. S(x—2)>7(x«+3) 


2. Expand both brackets. ope N02 Teese Il 
3. Subtract 7x from both sides of the inequality. Se IOS The = Wesp Lil Tex 
— 2 — O21 
4. Add 10 to both sides of the inequation. re NOP NO) Se 21 ae NO) 
—2x >31 
ae: : : : —2x% _ 31 
5. Divide both sides of the inequality by —2. —= <== 
Reverse the direction of the inequality sign as ae 
we are dividing by a negative number. x< 731 
2 
x<-I5- 
DISCUSSION 


What is are the similarities and differences when solving linear inequations compared to linear equations? 


ion) Resources 


a) 
[4 eWorkbook Topic 4 Workbook (worksheets, code puzzle and a project) (ewbk-2030) 


g Digital documents SkilISHEET Checking whether a given point makes the inequation a true statement (doc-5218) 
SkilISHEET Writing equations from worded statements (doc-5219) 


BS Interactivities Individual pathway interactivity: Solving linear inequalities (int-4582) 
Inequalities on the number line (int-6129) 


Exercise 4.7 Solving linear inequalities learn@) 
Individual pathways 

M@ PRACTISE H@ CONSOLIDATE @ MASTER 

1, 4, 7, 10, 15, 18, 19, 22, 25, 2, 5, 8, 11, 13, 16, 20, 23, 26, 3,6, 9, 12, 14, 17, 21, 24, 27, 

28, 31 29, 32 30, 33 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


| WE15a Boe questions 1 to 3, solve each of the following inequalities and show the solution on a number line. 


1.a.x+1>3 b.a+2>1 c. y—32>4 d.m-—1>3 
2.a.pt+4<5 b. x+2<9 c.m—5<4 d.a—2<5 
3. a. x-4>-1 b. 54+m2>7 c. 64+q>2 d.5+a>-3 
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For questions 4 to 6, solve each of the following inequalities. Check your solutions by substitution. 


4. a. 3m>9 b. 5p<10 c. 2a<8 d. 4x > 20 
5. a. 5p >—25 b. 3x<—-21 c. 2m>-—1 d. 4b>—2 
6.a. —>6 b. <4 @ 22-9 dss 
3 2 7 5 
For questions 7 to 9, solve each of the following inequalities. 
7. a. 2m+3<12 b. 3x+4> 13 c. Sp—9>11 d. 4n-—1<7 
8. a. 2b-6<4 b. 8y—2>14 c. 10m+4<-6 d. 2a+52>-—5 
9. a. 3b+2<-11 b. 6¢+7<1 c. 4p—2>-10 d. 3a—7>—28 


RSE For questions 10 to 14, solve each of the following linear inequalities and show the solution on a 
number line. 


10. a. 2m+1>m+4 b. 2a—3>a-1 
c. 5a—3<a-T7 d. 3a+4<a—-2 
11. a. 5x-2>40-2x b. 7x-5<1l-x 
c. 7h+5<2b+25 d. 2(a+4)>a+t+13 
12. a. 3(m—1)<m+1 b. 5(2m—3)<3m+6 
c. 3(5b+2)<-10+4b d. 5(8m+1)>2(m+9) 
Te ee gt = 
2 3 3 
in 5G Se ge 2p 
4 7 6 
RS For questions 15 to 17, solve each of the following inequalities. 
15. a. —2m>4 b. —S5p<15 c. —2a>—10 
d. —-p-—3<2 e. 10O-—y>13 
16. a. 14—x<7 b. 1—6p>1 c. 2—10a<0 
d. 2(3-x)< 12 e. —4(a+9)>8 
17. a. -1I5<—-3(2+5) b. 2x-3>5x+6 c. k+5<2k—3 
d. 3(x—4)<5(x+5) e. 7(a+4)>4(2a-—3) 
18. ES When solving the inequality -2x > —7 we need to: 
A. change the sign to > B. change the sign to < C. change the sign to = 
D. change the sign to < E. keep the sign unchanged 
For questions 19 to 24, solve each of the following inequalities. 
Ce ers asl 
3 4 
pb, a4 geo 
3 
HH a 2" <p ge 
2 10 
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22. a. 3k>6 b. -a-—7<—2 c. 5—3m>0 d.x+4>9 


23. a. 1O-—y<3 b. 5+3d<-1 Cc. 


24. a. a 0 b. Sa—2<4a+7 c. 6-p+2<Tp—1 d. 2(3x+ 1)>2x- 16 


Understanding 


25. Write linear inequalities for the following statements, using x to represent the unknown. (Do not attempt to 
solve the equations.) 


a. The product of 5 and a certain number is greater than 10. 
b. When three is subtracted from a certain number the result is less than or equal to 5. 
c. The sum of seven and three times a certain number is less than 42. 


26. Write linear inequalities for the following statements. Choose an appropriate letter to represent the unknown. 


a. Four more than triple a number is more than 19. 
b. Double the sum of six and a number is less than 10. 
c. Seven less the half the difference between a number and 8 is at least 9. 


27. Write linear inequalities for the following situations. Choose an appropriate letter to represent the unknown. 


a. John makes $50 profit for each television he sells. Determine how many televisions John needs to sell to 
make at least $650 in profit. 

b. Determine what distances a person can travel with $60 if the cost of a taxi ride is $2.50 per km with a 
flagfall cost of $5. 


Reasoning 


28. Tom is the youngest of 5 children. The five children were all born 1 year apart. If the sum of their ages is at 
most 150, set up an inequality and solve it to find the possible ages of Tom. 


29. Given the positive numbers a, b, c and d and the variable x, there is the following relationship: 
—c<axtb<-—d. 


a. Determine the possible range of values of x if a=2, b=3,c=10 and d=1. 
b. Rewrite the original relationship in terms of x only (x by itself between the < signs), using a, b, c and d. 


30. Two speed boats are racing along a section of Lake Quikalong. 
The speed limit along this section of the lake is 50 km/h. Ella is 
travelling 6 km/h faster than Steven and the sum of the speeds at 
which they are travelling is greater than 100 km/h. 


a. Write an inequation and solve it to describe all possible speeds 
that Steven could be travelling at. 

b. At Steven’s lowest possible speed, is he over the speed limit? 

c. The water police issue a warning to Ella for exceeding the speed 
limit on the lake. Show that the police were justified in issuing a 
warning to Ella. 
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Problem solving 


31. Mick the painter has fixed costs (e.g. insurance, equipment, etc) of 
$3400 per year. His running cost to travel to jobs is based on $0.75 per 
kilometre. Last year Mick had costs that were less than $16 000. 


a. Write an inequality and solve it to find how many kilometres Mick 
travelled for the year. 
b. Explain the information you have found. 


32. A coffee store produces doughnuts and croissants to sell alongside 
its coffee. Each morning the bakery has to decide how many of each 
it will produce. The store has 240 minutes to produce food in the 
morning. 

It takes 20 minutes to make a batch of doughnuts and 10 minutes 

to make a batch of croissants. The store also has 36 kg of flour to 
use each day. A batch of doughnuts uses 2 kg of flour and a batch of 
croissants require 2 kg of flour. 


a. Set up an inequality around the amount of time available to produce doughnuts and croissants. 

b. Set up an inequality around the amount of flour available to produce doughnuts and croissants. 

c. Use technology to work out the possible number of each that can be made, taking into account both 
inequalities. 


33. I have $40 000 to invest. Part of this I intend to invest in a stable 5% simple interest account. The remainder 
will be invested in my friend’s IT business. She has said that she will pay me 7.5% interest on any money 
I give to her. I am saving for a European trip so want the best return for my money. Calculate the least 
amount of money I should invest with my friend so that I receive at least $2500 interest per year from my 
investments. 


4.8 Inequalities on the Cartesian plane 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e sketch the graph of a half plane: the region represented by an inequality 
e sketch inequalities using digital technology. 


® 4.8.1 Inequalities on the Cartesian plane 


eles-4776 : 7 3 ein A : : ‘ 
e A solution to a linear inequality is any ordered pair (coordinate) that makes the inequality true. 


e There is an infinite number of points that can satisfy an inequality. If we consider the inequality x + y < 10, 
the following points (1, 7), (5, 2) and (4, 3) are all solutions, whereas (6, 8) is not as it does not satisfy the 
inequality (6 + 8 is not less than 10). 

e These points that satisfy an inequality are represented by a region that is found on one side of a line and is 
called a half plane. 

e To indicate whether the points on a line satisfy the inequality, a specific type of boundary line is used. 


Points on the line Symbol Type of boundary line used 
Do not satisfy the inequality <or> Dashed 
Satisfy the inequality <or> noe 
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e The required region is the region that contains the points that satisfy the inequality. 
e Shading or no shading is used to indicate which side of the line is the required region, and a key is shown 
to indicate the region. 


iD) 


e The region on the left (shaded pink) contains all the points whose x -coordinate is less than 2, for example 
(1, 3), so this region is given the name x < 2. 

e The region on the right (shaded blue) contains all the points whose x -coordinate is greater than 2, for 
example (3, —2), so this region is given the name x > 2. 

e There are three distinct parts to the graph: 
e the boundary line, where x = 2 
e the pink region, where x <2 
e the blue region, where x > 2. 


WORKED EXAMPLE 17 Sketching simple inequalities 


Sketch a graph of each of the following regions. 


a. x>—1 b. y<3 
THINK DRAW 
a. 1. x>—1 includes the line x =—1 and a. | Yh 
the region x>—1. sro 
2. On a neat Cartesian plane sketch the line 35 
x =-—1. Because the line is required, it will be a ae 
drawn as a continuous (unbroken) line. a o(2, 1) 
3. Identify a point where x > —1, say (2, 1). pe a | } y i ea 
4. Shade the region that includes this point. Label 1 | 
the region x>—1. | a Se 
Y 
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b. 1. The line y= 3 is not included. b. YE 


2. Sketch the line y= 3. Because the line is not 4- ual 
included, show it as a dashed (broken) line. a ea ta ae 
3. Identify a point where y <3, say (1, 2). 25 e@(1, 2) 
4. Shade the region where y <3. in) 
5. Label the region. er | x 14 ' H ‘i 
27 
3 
ys3 | | 
4 
Y 


4.8.2 Determining the required region on the Cartesian plane 


e For a more complex inequality, such as y < 2x +3, first sketch the boundary line which is given by the 
equation y = 2x + 3. 

Note: The boundary line will be drawn as a solid line if it is included in the inequality (y <x) or as a broken 
line if it is not included (y < x). 

In order to determine which side of the boundary line satisfies the inequality, choose a point and test 
whether it satisfies the inequality. In most cases the point (0, 0) is the best point to choose, but if the 
boundary line passes through the origin, it will be necessary to test a different point such as (0, 1). 

For example: 


Inequality: y <2x+ 3: 
Test (0,0): 0 <2(0)+3 
0<3 True 


Since 0 is less than 3, the point (0, 0) does satisfy the inequality. Thus, the half plane containing (0, 0) is the 
required region. 


WORKED EXAMPLE 18 Verifying inequalities at points on the Cartesian plane 


Determine whether the points (0, 0) and (3, 4) satisfy either of the following inequalities. 


a. x -—2y<3 b. y>2x—3 
THINK WRITE 
a. 1. Substitute (0, 0) for x and y. Eh se yx 3) 
Substitute (0, 0): 
2. Since the statement is true, (0, 0) satisfies 0-0 <3 
the inequality. 0<3 True 
3. Substitute (3, 4) for x and y. x—2y<3 
Substitute (3, 4): 
3—2(4) <3 
3-8 <3 
4. Since the statement is true, (3, 4) satisfies —5<3 True 
the inequality. 
5. Write the answer in a sentence. The points (0, 0) and (3, 4) both satisfy the 
inequality 
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b. 1. Substitute (0, 0) for x and y. b. y>2x—3 
Substitute (0, 0): 


0>0-3 
2. Since the statement is true, (0, 0) satisfies 0>-3 True 
the inequality. 
3. Substitute (3, 4) for x and y. y>2x—-3 
Substitute (3, 4): 
4>2(3)-3 
4>6-3 
4. Since the statement is true, (3, 4) satisfies ASS 3) Thane 
the inequality. 
5. Write the answer in a sentence. The points (0, 0) and (3, 4) both satisfy the 
inequality 


WORKED EXAMPLE 19 Sketching a linear inequality 


Sketch a graph of the region 2x + 3y <6. 


THINK WRITE/DRAW 
1. Locate the boundary line 2x + 3y < 6 by x—(:;) O-F3y—6 

finding the x- and y-intercepts. yee 
yee 2rteO=Se 

eS 3 


2. The line is not required due to the < inequality, 
so rule a broken line. 
3. Test with the point (0,0). Does (0, 0) satisfy Test (0, 0): 2(0) +3 (0) =0 
2x + 3y <6? As 0 <6, (0, 0) is in the required region. 
4. Shade the region that includes (0, 0). 
5. Label the region. 


2x+3y <6 
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TI | THINK 


Rearrange the inequality as: 


DISPLAY/WRITE 


2x 
y<2-—— 


Ona cone page at the 
function entry line, delete 
the = symbol, then select: 
e2ay< 

Complete the function entry 
line as: 


x 
y<2-—— 
3 


Press ENTER. The shaded 
region will be displayed. 


CASIO | THINK 


Rearrange the inequality 
as: 


DISPLAY/WRITE 


2x 
y<2-—— 
3 
On a Graphs & Table 
screen, tap: 
e Type 
© Inequality 
© y<Type 
Complete the function 


entry line as: 


2x 
y<2-—— 
3 


Then tap the graphing 
icon. The shaded region 
will be displayed. 


WORKED EXAMPLE 20 Modelling real-life situations 


In the school holidays you have been given $160 to arrange some activities for your family. A ticket to 

the movies costs $10 and a ticket for the trampoline park costs $16. 

a. If m represents the movie tickets and ¢ represents the trampoline park tickets, write an inequality in 
terms of m and ¢ that represents your entertainment budget. 

b. Sketch the inequality from part a on the Cartesian plane. 

c. Using the graph from part b explore the maximum number of movie and trampoline park tickets 
you can buy to use the maximum amount of your holiday budget. 


THINK 


a. Each movie ticket, m, costs $12, and each 


trampoline ticket, t, costs $15. The maximum 


amount you have to spend is $160. 


. To draw the boundary line 10m + 15t< 160, 
identify two points on the line. Let m be the 
x-axis and ¢ be the y-axis. 


2. Plot the two points and draw the line. As 
you can spend up to and including $160, the 
boundary line is solid. 

Only the first quadrant of the graph is 
required, as the number of tickets cannot 
be negative. 
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WRITE 
a. 10m+ 16tr< 160 


b. For the line 10m + 16t= 160 
x-intercept; let t=0 
10m+ 16x0 = 160 

10m = 160 
= 6 
x-intercept is (16, 0) 
y-intercept; let m=0 
10x0+ 16t = 160 
16t = 160 
P= 0 
y-intercept is (0, 10) 


c. 1. To determine the maximum number of movie c. To spend the entire $160, only 16 movie tickets 


and trampoline park tickets, identify the 
nearest whole numbers of each to the graph 
line. These must be whole numbers as you 
cannot buy part of a ticket. 


or 10 trampoline park tickets can be purchased. 
If less than $160 was spent you could purchase 
any whole number combinations, such as 6 

movie tickets and 6 trampoline park tickets for 


$156. 


DISCUSSION 


Think of some real-life situations where inequalities could be used to help solve a problem. 


ion) Resources 


a) 
[4 eWorkbook Topic 4 Workbook (worksheets, code puzzle and a project) (ewbk-2030) 


¥ Interactivities Individual pathway interactivity: Inequalities on the Cartesian plane (int-4583) 


Linear inequalities in two variables (int-6488) 


Exercise 4.8 Inequalities on the Cartesian plane learn@) 


Individual pathways 


@ PRACTISE 
1,4, 7, 10, 13, 16, 19 


lm CONSOLIDATE 
2,5, 8, 11, 14, 17, 20 


@ MASTER 
3, 6, 9, 12, 15, 18, 21 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


ES For questions 1 to 3, sketch a graph of each of the following regions. 


1a. x<l b. y>—2 c. x>0 d. y<0 
2.a.x>2 b. x<-6 c. y>3 d. y<2 
3. eee poe c. y>—4 d re 

2 2 2 


For questions 4 to 6, determine which of the points A (0, 0), B (1, —2) and C (4, 3) satisfy each of the 
following inequalities. 


4.a.x+y>6 b. x-—3y<2 
5. a. y>2x—5 b. y<x4+3 
6. a. 3x+2y<0 b. x>2y—2 
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For questions 7 to 9, sketch the graphs for the regions given by each of the following inequations. Verify 
your solutions using technology. 


7. a. y>x4+1 b. y<x—-6 c. y>—x-2 d. y<3-x 
8. a. y>x-2 b. y<4 c. 2x-y<6 d. y<x-7 
9. a. x-y>3 b. y<x+7 c. x+2y<5 d. y<3x 


10. EZ The shaded region satisfying the inequality y > 2x — 1 is: 
A. YA B. 
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11. £1 The shaded region satisfying the inequality y <x +4 is: 


A. 


Cc. 


E. 


12. (9 The region satisfying the inequality y < 3x is: 
A. 


VY 


y 
<x 
> 
x 


V 
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Understanding 


13. a. Determine the equation of the line / shown in the diagram. 


YA 
b. Write down three inequalities that define the region R. 10 
9 
14. Identify all points with integer coordinates that satisfy the g i 
following inequalities: 7 
x>3 6 
> 
y>2 4 
3x+2y<19 3 
2 
1 


0! cs 
12 3°45 6 7 BO: 10 


15. TE Happy Yaps Dog Kennels charges $35 per day for large dogs 
(dogs over 20 kg) and $20 per day for small dogs (less than 20 kg). On 
any day, Happy Yaps Kennels can only accommodate a maximum of 
30 dogs. 


a. If / represents the number of large dogs and s represents the 
number of small dogs, write an inequality in terms of / and s that 
represents the total number of dogs at Happy Yaps. 

b. Another inequality can be written as s > 12. In the context of this 
problem, write down what this inequality represents. 


c. The inequality /< 15 represents the number of large dogs that Happy Yaps can accommodate on any day. 
Draw a graph that represents this situation. 

d. Explore the maximum number of small and large dogs Happy Yaps Kennels can accommodate to receive 
the maximum amount in fees. 
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Reasoning 
16. Use technology to sketch and then find the area of the region formed by the following inequalities. 
y>-4 
y<2x-4 
2y+x<2 


17. Answer the following questions. 


a. Given the following graph, state the inequality it represents. 
b. Choose a point from each half plane and show how this point 
confirms your answer to part a. 


18. Answer the following questions. 


a. Determine the equation of the line, /. ¥ Yh 
b. Write an inequation to represent the unshaded region. “ah 
c. Write an inequation to represent the shaded region. ™ aa 
d. Rewrite the answer for part b if the line was not broken. a a 
al = 7 
, =—SS i gs 
Problem solving Ee Eee 6 123452 
19. a. Sketch the graph of: ee ee Jee 
x+1 <x+1 } =2 
= =2—-y | | 
2 3 +4 
|_Y¥ 


b. Shade the region that represents: 
x+1_xtl < 
2 3 


2—y 


20. Use your knowledge about linear inequations to sketch the regions defined by: 
a. x+y? <16 b. x° + y? > 36 


21. Use your knowledge about linear inequations to sketch the region defined by y > x? + 4x +3. 


4.9 Solving simultaneous linear inequalities 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e sketch multiple linear inequalities on the same Cartesian plane and determine the required region that 


satisfies both inequalities. 


@® 4.9.1 Multiple inequalities on the Cartesian plane 


les-4778 : . ; : 
= e The graph of an inequality represents a region of the Cartesian plane. 


e When sketching multiple inequalities on the same set of axes, the required region is the overlap of each 
inequality being sketched. 
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e The required region given when placing y < 3x and y> x is shown below: 


y<3x + yox = y<3xandy>x 
PELE 4 ree 
+5 / 15-4 15-4 fa 
}24—-Y 12 124-7 
+9 r 95 D7 97 a wa 
64-/ 64 al 64 / ai 
34/ 34 eT 348 
Masser 06©6©€~C™~Urst~*~*~*~*”:”:”:C Eee wees Ceerk 
-10 -8 -6 —4 - 2 4 6 8 -10 -8 -6 eon 2 4 6 8 -10 -8 -6 42% 2.4 6 87 
7 sim Ga ae a 
/ | _o_] es /lo_ 
1-95 ad +9 rs 779 
/-12- =127 AS /=12-4 
4 -15- -15+ #155 
y y 


Graphing simultaneous linear inequalities 


Step 1: 
Step 2: 
Step 3: 
Step 4: 
Step 5: 

required region. 


Graph the boundary line of all linear inequalities. 
Identify the required region for each individual inequality by testing a point. 

Identify the overlap of each required region and shade this section or sections. 

Test a point from the region found in step 3 and make sure it satisfies all inequalities. 
Place a key somewhere on or below the Cartesian plane to indicate which section is the 


e When sketching multiple inequalities, finding the required region can get fairly tricky (and messy). 
One way to make this process easier is to shade the region for each inequality that does not satisfy the 
inequality. Once all inequalities have been sketched, the only section not shaded in is the solution to the 


simultaneous inequalities. 


WORKED EXAMPLE 21 Solving simultaneous linear inequalities 


Identify the required region in the following pair of linear inequalities: 
2x + 3y > 6 and y < 2x —3 


THINK 


WRITE/DRAW 


1. To sketch each inequality, the boundary line 


needs to be drawn first. 


e To draw each line, identify two points on 


each line. 


e Use the intercepts method for 2x + 3y > 6. 
e Use substitution of values for y < 2x — 3. 


e Write the coordinates. 


Note: The intercepts method could also have 
been used for the second equation. 
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2x+ 3y>6 
For the line 2x + 3y = 6, 
x-intercept: let y=0 


2x+0=6 

She) 
y-intercept: let x =0 
0+3y=6 

ys? 
(G0), G2) 


y<2x-3 
For the line y = 2x — 3, 
leis 0) 


y=2(0) -3 
y=—3 
let — 2 
y=2(2)—-3 
y=4-3 
v= Il 

(0, —3), (2, 1) 


2. Plot the two points for each line. 


3. 


e Plot the x- and y-intercepts for 
2x + 3y =6, as shown in blue. 


e Plot the two points for y= 2x—3, as shown © 


in pink. 


Draw the boundary lines. 

e For 2x+ 3y> 6, the points on the line are 
included. The boundary line is solid, as 
shown in blue. 

e For y< 2x — 3, the points on the line are 
not included. The boundary line is dashed, 
as shown in pink. 


To determine which side of the line is the 
required region, select a point on one side of 
the line and check to see whether the point 
satisfies the equation. Choose the point (3, 1) 
to substitute into the equation. 


- The region not required for: 


2x + 3y > 6 is shaded pink. 

y < 2x — 3 is shaded green. 

Since the point (3, 1) satisfies both 
inequalities, it is in the required region. The 
required region is the unshaded section of the 
graph. Write a key. 


|} 


| | Y 


Check the point (3, 1): 


= 3. = 1 
Poy 0 y<2x-3 
LHS = 2x-F Sy Wats = i 

= 2(3) + 3(1) = || 

=6+3 RHs = 23) =3 

=9 =6—3 
RHS = 6 =3 
LHS > RHS LHS < RHS 
The point (3, 1) satisfies |The point (3, 1) satisfies 
the inequality and is in the inequality and is in 
the required region for the required region for 
Dyce Sp 22(0) y<2x-3 


The required region is 
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TI | THINK 


1. In anew problem, on 
a Graphs page at the 
function entry line 
delete the = symbol, 
then complete entry line 


2x 
asy>2——. 
3 


Then press ENTER. 


2. Press TAB. Complete 
the entry line as 
y<2x—-3. 

Then press ENTER. 
You may need to change 
the Line Colour and Fill 
Colour of this inequality 
to green to see the 
shaded region in dark 
green as shown. 


DISPLAY/WRITE 


The graph region corresponding 


2x + 3y > 6 is displayed. 


The shaded region indicated is 
the area corresponding to 2x + 
3y>6and y<2x—3. 
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CASIO | THINK 
1. On the Graph & Table 


screen tap: 

° Type 

© Inequality 

° y<Type 

Complete the funtion entry 
line as: 

y<2x-—3 

Then tap the graphing icon. 
The shaded region will be 
displayed. 


. On the Main screen, 


complete the entry line 
as: 

solve (2x + 3y>6, y) 
Highlight the previous 
answer and drag it to 
complete the entry line 


as: 

at ( == 9) 

simplify { y > ———— 
3 


Press EXE after each entry 
line. 


. Go back to the Graph & 


Table screen and complete 
the function entry line as: 


2x 
y>-—+4+2 
3 
Then tap the graphing icon. 


The shaded region will be 
displayed. 


. If the solution region is hard 


to see, fix this by setting 
an appropriate viewing 
window. 

To do this, tap [ER 

Select the values as shown 
in the screenshot and tap 
OK. 


. The darker shaded region 


to the top right is the area 
corresponding to 
y<2x—3 and 

2x + 3y>6. 


DISPLAY/WRITE 


© Edit Zoom Analysis @ 


The graph region 
corresponding to 
y < 2x — 3 is displayed. 


© Edit Action interactive 


[> [ia] see] oT T+) 


solve( 2x+3y26, ¥) 


o 
paz} 
simplity (y2="2x=8) 
ye=EX oa 
Qa 
@ 


o 


Alg = Standard = eal Deg 


The inequality is given 


2% 
by y=—— +2 
3 


© Edit Zoom Analysis © 
*] 


ion) Resources 


om) 
[4 eWorkbook _ Topic 4 Workbook (worksheets, code puzzle and a project) (ewbk-2030) 


J Interactivities Individual pathway interactivity: Solving simultaneous linear inequalities (int-4584) 


Graphing simultaneous linear inequalities (int-6283) 


Exercise 4.9 Solving simultaneous linear inequalities learn@y) 
Individual pathways 

M@ PRACTISE mi CONSOLIDATE @ MASTER 

ney en eh IZ 4,7, 10, 13 2,5, 8, 11, 14 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 
Fluency 

1. CI Identify the required region in the following pair of inequalities. 


4x+7Ty>21 
10x—2y>16 


2. Given the graph shown, determine the inequalities that represent the shaded region. 


For questions 3 to 5, sketch the following pairs of inequalities. 


3. a. y<4 b. y+3x>6 
ys-x y-2x<9 
1 
4. a. Sy—3x> -10 b. qv erst 
6y+4x> 12 ade 8 
5. a. 3x+4y< 24 b. 6x—5y> 30 
y>2x-5 xt+ty<16 
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Understanding 
6. O09 Identify which system of inequalities represents 
the required region on the graph. 
A. ySx-2 
y>—3x-6 
B. y>x-2 
y>—3x-6 
Cc. y<x-2 
y<—3x-6 
D. y2x+3 
y<—3x-6 
E. y>x+2 
y<—3x+6 


The required region is 


7. Given the diagram, write the inequalities that created the shaded region. 


8. a. Graph the following system of inequalities: y>—3, x+2>0, 2y+5x<7 
b. Calculate the coordinates of the vertices of the required region. 


Reasoning 


9. The sum of the lengths of any two sides of a triangle must be greater than the third side. 


a. Given a triangle with sides x, 9 and 4, draw diagrams to show the possible triangles, using the above 


statement to establish inequalities. 


b. Determine the possible solutions for x and explain how you determined this. 


10. Create a triangle with the points (0, 0), (0, 8) and (6, 0). 


a. Calculate the equations of the lines for the three sides. 
b. If you shade the interior of the triangle (including the boundary lines), determine the inequalities that 


would create the shaded region. 
c. Calculate the side lengths of this triangle. 
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11. A rectangle must have a length that is a least 4cm longer than its width. The area of the rectangle must be 
less than 25 cm’. 


a. Write three inequalities that represent this scenario. 
b. Determine how many possible rectangles could be formed, with integer side lengths, under 
these conditions. 


Problem solving 


12. a. Determine the equations of the two lines in the diagram shown. 
b. Determine the coordinates of the point A. 
c. Write a system of inequations to represent the shaded region. 


AY 


a 


HV 


13. The Ecofriendly company manufactures two different 
detergents. Shine is specifically for dishwashers while 
Motherearth is a washing machine detergent. For the first 
week of June, the production manager has specified that 
the total amount of the two products produced should be 
at least 400 litres as one client has already pre-ordered 
125 litres of Shine for that week. The time that is required 
to process one litre of Shine is 30 minutes while one litre 
of Motherearth requires 15 minutes. During the week 
mentioned, the factory can process the detergents for up 
to 175 hours. 


a. If x represents the number of litres of Shine produced and y represents the number of litres of 
Motherearth produced, formulate the constraints as linear inequations. 

b. Show the feasible region. 

c. State the coordinates of the vertices of the region. 


14. Ethan is a bodybuilder who maintains a strict diet. To 
supplement his current diet, he wants to mix two different 
products, Proteinplus and Carboload, in order to produce 
a desired balance composed of 100 g of protein, 160 g of 
carbs and 70 g of fat. Each product is sold in 50 g sachets 
that contain the following: 


Protein | Carbohydrates Fats 
Product (per 50g) (per 50) (per 50 g) 
Proteinplus 24¢ 14¢ 5g 
Carboload 10g 32g 20g 


a. Set up three inequalities to represent this situation. 

b. Sketch the feasible region. 

c. Determine what combination of the two products 
requires the fewest number of sachets to be used. 
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4.10 Review 


4.10.1 Topic summary 


Simultaneous Substitution and elimination 


equations 


Applications 


¢ The substitution and elimination methods * Choose appropriate variables to define 
* Solving simultaneous are two algebraic techniques used to solve the unknown quantities. 
equations involves simultaneous equations. ¢ Use the information in the question to 
finding the point (or ¢ We can use substitution when one (or both) of form two or more equations. 
points) of intersection the equations have a variable as the subject. ¢ Pick an appropriate technique to solve 
between two lines. e.g. y=3x-4 simultaneously. 
¢ We can determine ¢ We use the elimination method when ¢ Write out a statement that explicitly 
these points by substitution isn’t possible. answers the question. 
accurately sketching ¢ Elimination method involves adding or 
both equations, or subtracting equations to eliminate one of the 
using technology to variables. e.g. 
aa Se 
oa ¢ Two lines are parallel if they have 
the same gradient. 
e.g. y=3x-6 
y=3x+1 


SIMULT ANEOUS ¢ Two lines are perpendicular if the 


product of their gradients is —1. 


LINEAR EQUATIONS eg y= 2x43 


eee 
AND INEQUALITIES Pe eae 
ey 
Number of solutions 
e An equation has a = sign. ¢ Parallel lines with 
e An inequation will have one of the following: e A system of equations which different y-intercepts 
>< < contains a linear equation and will never intersect. 
¢ An inequation, such as x < 5, will have an infinite a non-linear equation can have ¢ Parallel lines with the 
number of solutions: x = {4, 3, 2, 1, ...} 0, 1 or 2 solutions (points same y-intercept are 
e We can represent an inequality on a number line. of intersection). called coincident 
Coy ¢ The number of solutions lines and will 
OS . . . . . 
will depend on the equations intersect an infinite 
ep tt tt tt : : 
of both lines. number of times. 
0) ee ee 3 
a j 6-4-2 0 2 as 6 ; 7 ¢ Non-linear equations include: ¢ Perpendicular lines 
¢ An open circle mean that a value is not included quadratic equations (parabolas) will intersect once 
as a solution. A closed circle means that the value hyperbolic equations and cross at right 


is included in the solution. aides. angles to each other. 


Inequalities and half planes Sketching inequalities 


¢ The graph of a linear inequality is called a half plane ¢ When sketching a linear inequality such as y < 3x + 4, sketch 
and is the region above or below a boundary line. the boundary line first which is given by y = 3x + 4. 

¢ To determine which side of the boundary line is the required 
region test the point (0, 0) and see if it satisfies the inequality. 
Test (0, 0)= 0 < 3(0) +4 

0 < 4 which is true 

¢ In this case, the region required is the region with 
the point (0, 0). 

¢ When sketching simultaneous inequalities, the required region 
is the overlap region of each individual inequality. 


¢ If the inequality has < or > the boundary line is 
dotted as it is not included in the solution. 

¢ If the inequality has < or > the boundary line is 
solid as it is included in the solution. 
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4.10.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic | Success criteria 


4.2 


4.3 


4.4 


4.5 


46 


4.7 


48 


4.9 


| can use the graph of two simultaneous equations to determine the point 
of intersection 


| can determine whether two simultaneous equations will have 0, 1 or 
infinite solutions 


| can determine whether two lines are parallel or perpendicular. 


| can identify when it is appropriate to solve using the substitution method. 


| can solve a system of two linear simultaneous equations using the 
substitution method. 


| can solve two linear simultaneous equations using the elimination 
method. 


| can define unknown quantities with appropriate variables. 


| can form two simultaneous equations using the information presented in 
a problem. 


| can choose an appropriate method to solve simultaneous equations in 
order to find the solution to a problem. 


| can determine the point or points of intersection between a linear 
equation and various non-linear equations using various techniques. 


I can use digital technology to find the points of intersection between a 
linear equation and a non-linear equation. 

| can solve an inequality and represent the solution on a number line. 

| can convert a worded statement to an inequality in order to solve a 
problem. 

| can sketch the graph of a half plane: the region represented by an 
inequality. 


| can sketch inequalities using digital technology. 


| can sketch multiple linear inequalities on the same Cartesian plane and 
determine the required region that satisfies both inequalities. 
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4.10.3 Project 


Documenting business expenses 


In business, expenses can be represented graphically, so that relevant features are clearly visible. The 
graph compares the costs of hiring cars from two different car rental companies. It will be cheaper to use 
Plan A when travelling distances less than 250 kilometres, and Plan B when travelling more than 250 
kilometres. Both plans cost the same when you are travelling exactly 250 kilometres. 


Comparison of car hire companies 


300 $+} $$ + >} 4) hl 


| Plan B | 


Cost of car hire 
NO 
S) 
S 
| 


| (en ee za lees 
0 250 
Kilometres travelled 


Andrea works as a travelling sales representative. She needs to plan 
her next business trip to Port Hedland, which she anticipates will 

take her away from the office for 3 or 4 days. Due to other work 
commitments, she is not sure whether she can make the trip by the end 
of this month or early next month. 


She plans to fly to Port Hedland and use a hire car to travel when she 
arrives. Andrea’s boss has asked her to supply documentation detailing 
the anticipated costs for the hire car, based on the following 

quotes received. 


Al Rentals $35 per day plus 28c per kilometre 
of travel 

(Oia eee nei) $28 per day plus 30c per kilometre 
of travel 


Andrea is aware that, although the Cut Price Rentals deal looks 
cheaper, it could work out more expensive in the long run, 
because of the higher cost per kilometre of travel; she intends 
to travel a considerable distance. 


Andrea is advised by both rental companies that their daily hire 
charges are due to rise by $2 per day from the first day of next month. 


Assuming that Andrea is able to travel this month and her trip will last 3 days, use the information given to 

answer questions 1 to 4. 

1. Write equations to represent the costs of hiring a car from Al Rentals and Cut Price Rentals. Use the 
pronumeral C to represent the cost (in dollars) and d to represent the distance travelled (in kilometres). 
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2. Copy the following set of axes to plot the two equations from question 1 to show how the costs compare 
over 1500 km. 


Comparison of cost of hiring a car from A1 Rentals and Cut Price Rentals 


T T T a 
200 400 600 800 1000 1200 1400 1600 d 
Distance travelled (km) 


3. Use the graph to determine how many kilometres Andrea would have to travel to make the hire costs the 
same for both rental companies. 

4. Assume Andrea’s trip is extended to four days. Use an appropriate method to show how this changes the 
answer found in question 3. 


For questions 5 to 7, assume that Andrea has delayed her trip until next month when the hire charges 

have increased. 

5. Write equations to show the cost of hiring a car from both car rental companies for a trip lasting: 
a. 3 days 
b. 4 days. 

6. Copy the following set of axes to plot the four equations from question 5 to show how the costs compare 
over 1500 km. 


Comparison of cost of hiring a car from A1 Rentals and Cut Price Rentals 


0 200 400 600 800 1000 1200 1400 1600 d 
Distance travelled (km) 


7. Comment on the results displayed in your graph. 
8. Andrea needs to provide her boss with documentation of the hire car costs, catering for all options. 
Prepare a document for Andrea to hand to her boss. 
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ion) Resources 


=A 
[4 eWorkbook Topic 4 Workbook (worksheets, code puzzle and a project) (ewbk-2030) 
& Interactivities Crossword (int-2836) 


Sudoku puzzle (int-3591) 


Exercise 4.10 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. [19 Identify the inequality that is represented by the following region. 
A.y=2—%x 
B.y>=x-2 
C.y<2-x 
D. y<x-2 
E. y>2x 


Region required 


2. G9 Identify the equation of a linear graph which passes through the origin with gradient —3. 
A. y=—3 B. x=—3 C. y=—3x D. y=3—3x E. y=3x—3 


3. HSA music shop charges a flat rate of $5 postage for 2 CDs and $11 for 5 CDs. Identify the equation 
that best represents this, if C is the cost and n is the number of CDs. 
A. C=5n+11 B. C=6n+5 Cc. C=n+2 D. C=5n+1 E. C=2n+1 


4. O13 During a charity walk-a-thon, Sarah receives $4 plus $3 per kilometre. The graph which best 
represents Sarah walking up to 5 kilometres is: 


A. $4 B. $y Cc. sy 
185 , 18) 24 (5, 24) 24 +++ 
Ie 20 20 (5, 19) 
12 16 16 
9 12 12 
6 8 8 
3) 4 
0 0 0 La 
12 3 4 5 (km) 123 4 5 ¢(km) 123 4 5 4(km) 
wt || | da 19) See healed oe aed 
15 20 
12 ie (5, 18) 
9 12 
6 8 
3 4 
I) =) | _,_,,_ 
ON os 4 ee) 0423 4 54k) 
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5. 9 Identify which of the following pairs of coordinates is the solution to the simultaneous equations: 


26oy — 18 
ey) 
A. (6, 2) B. (3, —4) Cc. (3,9) D. (3,4) E. (5,11) 


6. 1 Identify the graphical solution to the following pair of simultaneous equations: 


VSS) = 2st 
y=3x-10 
A. yp B. 
10 
8 
5 
4 a1 3 
2 f | 
~ > > 
= =F 4-3-2 =| 01 1 2 4% 5” 
+2 
16 3 
-8 
A 
Cc. nN D y 
8 
6 f 6 
4 4 
2 2 
(3, 1) (3, 1) 
2 as a Te x aS 10 x 
elere 3X 5 6-5 tee 
739 =3—/-2= 
=5| “19 a) RS 
8 8 
-10 -10 
Y Y 
E. None of the above 
7. Sketch the half plane given by each of the following inequalities. 
a. y<x+1 b. y>2x+10 c. y>3x—-12 d. y<5x 
1 
e x>7 f. Us oe g. 2x+y2>9 h. y>—12 


8. Use substitution to check if the given pair of coordinates is a solution to the given 
simultaneous equations. 
a. (7,1) x—2y=5 b. (4,3) y=7-3 
Sy+2x=18 Sy — 2% = 7 
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9. Solve each of the following pairs of simultaneous equations using a graphical method. 
a. 4y—2x=8 b. y=2x—2 c. 2x-+ Sy = 20 
x+2y=0 x—4y=8 y=S7 


10. Use the graphs below, showing the given simultaneous equations, to write the point of intersection of 
the graphs and, hence, the solution of the simultaneous equations. 


a. x+3y=6 b. 3x+2y = 12 
y=2x%—5 2y = 3x 
y) yy 
10-4 | 10-4 
aan 
6 A 6 
4 4. 
iid 
~ ~ > 
432-59 1 45 ee ise 2 Ns Bo 
——4 
6 
8 —I8. 
—-10 10 
Y | Y 
11. Solve the following simultaneous equations using the substitution method. 
a. y=3x+1 b. y=2x+7 c. 2x+5y=6 
x+2y=16 3y—4x=11 yaSr45 
d. y=—*x e. y=3x-11 f. y=4x-17 
y=8x+21 y=5x+17 y=6x—22 
12. Solve the following simultaneous equations using the elimination method. 
a. 3x+y=17 b. 4x+3y=1 c. 3x—7y=—2 
TIx—=y=33 —4%+y=11 —=2%-—Ty—13 
d. 4y—3x=9 e. 5x+2y=6 f. x-4y=—4 
y+3x=6 4x4 3y=2 4x—2y=12 
13. Solve the following simultaneous equations using an appropriate method. 
a. 3x+2y=6 b. 6x—4y=—6 c. 6x+2y=14 
3y-- ox =9 Tx + 3y=—30 x=—3+5y 


14. Sketch the following pairs of inequalities. 
a. y<xt+4 b, 2y— 3x12 c. Sx+y<10 
y23 y+3x>0 x+2y<11 


15. Determine the point(s) of intersection for each of the following pairs of lines. 
2 
= c. x7 +y2=2 
eS y=5x-3 


a. y=x*—-6 by — 


y= S55 y=5x-3 
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Problem solving 


16. 


17. 


18. 


19. 


20. 


Write the following as a pair of simultaneous equations and solve. 

a. Determine which two numbers have a difference of 5, and their sum is 23. 

b. A rectangular house has a total perimeter of 34 metres and the width is 5 metres less than the length. 
Calculate the dimensions of the house. 

c. If two Chupa Chups and three Wizz Fizzes cost $2.55, but five Chupa Chups and seven Wizz Fizzes 
cost $6.10, determine the price of each type of lolly. 


Laurie buys milk and bread for his family on the way home from school each day, paying with a $10 
note. If he buys three cartons of milk and two loaves of bread, he receives 5 cents in change. If he buys 
two cartons of milk and one loaf of bread, he receives $4.15 in change. Calculate how much each 

item costs. 


A paddock contains some cockatoos (2-legged) and 
kangaroos (4-legged). The total number of animals is 21 
and they have 68 legs in total. Using simultaneous 
equations, determine how many cockatoos and 
kangaroos there are in the paddock. 


Warwick was solving a pair of simultaneous equations 
using the elimination method and reached the result that 
0 =—5. Suggest a solution to the problem, giving a 
reason for your answer. 


There are two sections to a concert hall. Seats in the ‘Dress circle’ are arranged in rows of 40 and cost 
$140 each. Seats in the ‘Bleachers’ are arranged in rows of 70 and cost $60 each. There are 10 more 
rows in the ‘Dress circle’ than in the ‘Bleachers’ and the capacity of the hall is 7000. 

a. If d represents the number of rows in the “Dress circle’ and b represents the number of rows in the 
‘Bleachers’ then write an equation in terms of these two variables based on the fact that there are 10 
more rows in the ‘Dress circle’ than in the ‘Bleachers’. 

b. Write an equation in terms of these two variables based on the fact that the capacity of the hall is 
7000 seats. 

c. Solve the two equations from a and b simultaneously using the method of your choice to find the 
number of rows in each section. 

d. Now that you have the number of rows in each section, calculate the number of seats in each section. 

e. Hence, calculate the total receipts for a concert where all tickets are sold. 
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21. John is comparing two car rental companies, Golden Ace Rental Company and Silver Diamond Rental 

Company. 

Golden Ace Rental Company charges a flat rate of $38 per day and $0.20 per kilometre. The Silver 

Diamond Rental Company charges a flat rate of $30 per day plus $0.32 per kilometre. 

a. Write an algebraic equation for the cost of renting a car for three days from the Golden Ace Rental 
Company in terms of the number of kilometres travelled, k. 

b. Write an algebraic equation for the cost of renting a car for three days from the Silver Diamond 
Rental Company in terms of the number of kilometres travelled, k. 

c. Determine how many kilometres John would have to travel so that the cost of hiring from each 
company for three days is the same. 

d. Write an inequation that, when solved, will tell you the number of kilometres for which it is cheaper 
to use Golden Ace Rental Company when renting for three days. 

e. Determine the number of kilometres for which it is cheaper to use Silver Diamond Rental Company 
for three days’ hire. 


22. Frederika has $24 000 saved for a holiday and a 
new stereo. Her travel expenses are $5400 and 
her daily expenses are $260. 

a. Write down an equation for the cost of her 
holiday if she stays for d days. Upon her 
return from holidays Frederika wants to 
purchase a new stereo system that will cost 
her $2500. 

b. Calculate how many days can she spend on 
her holiday if she wishes to purchase a new 
stereo upon her return. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources 


ion) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


| 


[4 


Download the workbook for this topic, which includes 


worksheets, a code puzzle and a project (ewbk-2030) L 
nay 
[4 

Download a copy of the fully worked solutions to every 

question in this topic (sol-0738) L 


| 


4.2 SKkilIISHEET Graphing linear equations using the x- and 
y-intercept method (doc-5217) 

4.7 SkilIISHEET Checking whether a given point makes the 
inequation a true statement (doc-5218) 
SKilISHEET Writing equations from worded statements 
(doc-521 9) 


O 


LJ 


eT fp | a 8) | | FY) 


4.2 Simultaneous linear equations and graphical solutions 
(eles-4763) 
Solutions to coincident, parallel and perpendicular lines 
(eles-4764) 

4.3 Solving simultaneous equations using the substitution 
method (eles-4766) 
Equating equations (eles-4767) 
Solving simultaneous equations using substitution 
(eles-1932) 

4.4 Solving simultaneous equations using the elimination 
method (eles-4768) 
Solving simultaneous equations by multiplying by a 
constant (eles-4769) 
Solving simultaneous equations using elimination 
(eles-1931) 

4.5 Applications of simultaneous linear equations 
(eles-4770) 

4.6 Solving simultaneous linear and quadratic equations 
(eles-4771) 
Solving simultaneous linear and hyperbolic equations 
(eles-4772) 

4.7 Inequalities between two expressions (eles-4774) 

4.8 Inequalities on the Cartesian plane (eles-4776) 

Determining the required region on the Cartesian plane 

(eles-4777) 

Multiple inequalities on the Cartesian plane (eles-4778) 


a 9 | al TD) FI Pe 


3 
o 


4.2. Individual pathway interactivity: Graphical solution of 
simultaneous linear equations (int-4577) 
Solving simultaneous equations graphically (int-6452) 
Parallel lines (int-3841) 
Perpendicular lines (int-6124) 


OOOO 


4.3 Individual pathway interactivity: Solving simultaneous 
linear equations using substitution (int-4578) 
Solving simultaneous equations using substitution 
(int-6453) 

4.4 Individual pathway interactivity: Solving simultaneous 
linear equations using elimination (int-4520) 
Solving simultaneous equations using elimination 
(int-6127) 

4.5 Individual pathway interactivity: Applications of 
simultaneous linear equations (int-4580) 

4.6 Individual pathway interactivity: Solving simultaneous 
linear and non-linear equations (int-4581) 
Solving simultaneous linear and non-linear equations 
(int-61 28) 

4.7 Individual pathway interactivity: Solving linear 
inequalities (int-4582) 
Inequalities on the number line (int-6129) 

4.8 Individual pathway interactivity: Inequalities on the 
Cartesian plane (int-4583) 
Linear inequalities in two variables (int-6488) 

4.9 Individual pathway interactivity: Solving simultaneous 

linear inequalities (int-4584) 

Graphing simultaneous linear inequalities (int-6283) 

Crossword (int-2836) 

Sudoku puzzle (int-3591) 


4.10 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


To access these online resources, log on to www.jacplus.com.au. 
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An SWe cS b. Northern beaches in red, southern beaches in blue 


c. Time > 2 hours 


Topic 4 Simultaneous linear d. Time = 2hours, cost = $44 
equations and inequalities aa | 
Exercise 4.1 Pre-test D 
1 | | 
1. False m | 
2. (0, 2) 80 3 
3. An infinite number of solutions z 
4. (1, 0.2) SD 60 
5. D 4 
6. B 7 | | | c+2g+f2q | 
D=8+ 18 
7. 92 20 | t 
8. A 
9.E > 
0 [a Ova a ewrdyy 2.5 ek 
We EEC Time (hours) 
sh fan 15. a. Same line b. Perpendicular 
12. B,D c. Intersecting d. Parallel 
13. At two points 16. a. 1 solution 
14.E b. No solution (parallel lines) 
15. B c. No solution (parallel lines) 
Exercise 4.2 Graphical solution of simultaneous 17: ® ! Solution (perpendicular lines) 
linear equations b. Infinite solutions (coincident) 
ia C1 b 1,05 c. | solution 
(0,4) (2,1) d. No solution (parallel lines) 
2. a. b. = 
’ ’ 1 
3. a. (—2,—4) b. (—0.5, 1.5) eS a oss 
4. a. No b. Yes 19. a. y=3x+6 
c. Yes d. No b. y=—2x+1 
5. Yes b. No c. Yh 
No d. Yes E = Fes 
6. a. No b. Yes y=2x+]1 lg 
c. No d. Yes 2 
oint 
7. a. (3,2) b. (4,3) i ite 
c. (—3,4) d. (—2, 2) ; 
8. a. (2,0) b. (3,0) ira) ai 
~ > 
c. (—2,4) d. (3,8) ee = 4 4 5% 
11 5 
9a (-3.15) b. (2,5) 
ie 3 
2. | 4 
e. (5,3) d. (2,5 [Ty 
20. | r7 
10. a. No solution b. (2,—-1) A 
c. No solution d. (1,9) 
3xtys2 
11. a. (3,1) b. No solution -—t—t-— bade aes 
c. No solution d. (2,1) 
‘oint 0: 
6 6 int ti 
12. a. No solution b. (¢. - °) : at 24+ 
Se : 7 
c. (2, —4) d. No solution Le > 
13. y= 4x—16 fee ae Me: a 
14. a. Northern beach = 2 ; ail 
C= 20+ 12t,0<t<5 
Southern beach 
D=8+4+18t,0<t<5 ¥ 
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21 =p 
EG 


Exercise 4.3 Solving simultaneous linear 
equations using substitution 


1. a. (2,3) b. (2, -1) 
c. (3, —2) d. (7,6) 
2. a. (3,6) b. (2, 1) 
(—1, —2) d. (—4, 0) 
3. a. (—1, —2) b. (6, —2) 
1 
. (3,1- d. (-3,-5 
: ( 5) ei 
4. a. (—6, —23) b. (5, 23) 
3. 15 
2,—-6 d. { -,-— 
c. ( ) (; >) 
5 (1, -7) b ( : s) 
a ’ les 
( 3 *) ( -.=) 
a d. (-=,- 
2 2 55 
6. a. (—3, —1.5) b. (1, 0.3) 
er 
ce. | --,- PG ee 
5-5 
7. 26 chickens 
8. a. (3, 1) b. (—2, 3) 
9. a. (5,1) b. (4, 2) 
10. a. (0,3) b. (4,0) 
4 aly pepe 
fas 25 = S 
ae m _ mn 
: ee eal 
n nr 
x= y= 
m—n m—-n 
n n 
d.x= = 
m—n m—-—n 
nr—m m(n— 1) 
ea. x= y= 
m—-—n m—-—n 
2m m(n—m) 
| ee = 


12.a=-1,b=5 
13. 7=24,m=6,n=9 


m 11 7 
9 8 7 
2) 10 


14.a. x+2y=4 b. x=2,y=1 

15. Chemistry $21, physics $27. 

16. 30cm 

17. Andrew is 16, Prue is 6. 

18.x=8,y=—7 

19.x=0,y=1 

20. a. k#A+3 b. k=3 c. k=—-3 


Exercise 4.4 Solving simultaneous linear 
equations using elimination 


1. a. (3, 1) b. (—2, 3) c. (—2, 6) 
2. a. (5,—1) b. (2,3) c. (—3, 1) 
3. a. (—3,5) b. (—5, —8) c. (2, —2) 


a 
» 
rae oe 
ee 
NIle 
Ww 
Nile 
KK 
o 
ee 
iS 
— 
nls 
Ss 
fe} 
~~ 
— 
e 
~— 


5. a. (1,3) b. (2,4) c. (5, 2) 

6. a. (4,2) b. (—3,4) c (-3.-15 

7. a. (—6, —5) b. (—3, 5) c. (2, 1.8) 

8. a. (6,3) b. (2, —2) c. (1,3) 

9. a. (-1.5,-3) _b. (—8, 18) c. (—3,5) 

10. a. (1,3) b. (4,0) c. (—3,5) 

11 (4, 3) b. (8,5) (; =) 
a > > c. Be 3 

12. a. (4,5) b. (1, —3) c. (12, 12) 


13. $3.40 (coffee is $5.10) 
14. 12 five cent coins and 22 ten cent coins. 
15. Abena 61 kg, Bashir 58 kg, Cecily 54kg. 
16.a. i. acx+bey=ce (3) 
ii. acx + ady = af (4) 
ce —af 


bc —ad 
_ de—bf 


x= 
ad — bc 


& = ; e y 
ai 31 me da? TA 


d. Because you cannot divide by 0. 
e. ad—bc#0 


ii, y= 


17. It is not possible. When the two equations are set up it is 
impossible to eliminate one variable without eliminating 


the other. 
18. k— 10,10 
19.x=7,y=—-3 
20.x=4,y=3,z=—-6 


Exercise 4.5 Applications of simultaneous linear 


equations 

. Maths mark = 97, English mark = 66. 

. 18 nuts, 12 bolts. 

. 800 sheep, 400 chickens. 

. 8 and 3 

. 9and7 

. 6 and 5 

. Length = 12 m and width = 8 m. 

. Lemons cost 55 cents and oranges cost 25 cents. 
. Length 60 m and width 20 m. 


. Eight 20-cent coins and three 50-cent coins. 


COON Da FPF WOD = 


—_ ok 
—_— OO 


. Twelve $1 coins and nine $2 coins. 
. Paddlepops cost $1.20 and a Magnum costs $2.10. 


ak 
i) 
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13. Cost of the Killer Python = 35 cents and cost of the Red 4. a. (—1.41, 4) and (1.41, 4) 
frog = 25 cents. 


2) 
14. Fixed costs = $87, cost per person = $23.50. Bebe (. :) 


15. PE mark is 83 and Science mark is 71. c. (3,37) 

16. Mozzarella costs $6.20, Swiss cheese costs $5.80. 5.B 

17.x=3 andy=4. 6. C 

18. Fixed costs = $60, cost per person = $25. 7. a. Yes b. No c. Yes d. No 
19. $4 each for DVDs and $24 each for zip disks. 8. a. (1,1),(-1, -1) 


20. 9 and 24 years old. be (1+ v2,-14 v2), (1-v2,-1- v2) 


21. Child $12.50, Adult $18.25, Elderly $15. 


22. 6.5km ; (=. -va).(. va) 


i?) 


23. 66 cups of hot chips, 33 meat pies and 22 hot dogs were 


sold during the half-hour period. 6426 —1).0.3) 
24. a. See graph at the bottom of the page.* aay eo ees era Dae) 
b. Jet-ski 3 wins the race. (43). 3) 
c. Jet-ski 1 and 2 reach the destination at the same time ® (=1.7).6, —5) 
although jet-ski 2 started two hours after jet-ski 1. Jet- pits 
ski 3 overtakes jet-ski 1 6 hours and 40 minutes after its (- 1V/4 = 2) (v4 + 2) (v4 + 2) (-1V4 — 2) 
race begins or 10 hours and 40 minutes after jet-ski 1 d. a ae 7) > 5 > 2 
starts the race. Jet-ski 3 overtakes jet-ski 2 6 hours after 
it starts the race or 8 hours after jet-ski 2 started the race. l 1 
25. 176km 10. a. (-;.-2). ( .2) b. (0,5), (4, —3) 
‘ ‘ ‘ - 1 1 
Exercise 4.6 Solving simultaneous linear and c. (- =. 2), (0, 3) d. (5. = :) , (5, —2) 
non-linear equations z 2 8 
1. A parabola may intersect with a straight line twice, once or 11. a. (1, 1) b. (—3,3), e 3) 
100 652 
noe eA 1-23) ~ oe (-S.<) (12,12) 
2. a. (—5, 4) and (—1, 0) 3 9 
b. (2, 3) i2.a.k<0 b. k=0 c. k>0 
ee (1 = 10, -6) aa (1 m V10, -6) 13. The straight line crosses the parabola at (0, —7) so no 
matter what value m takes, there will be at least one 
‘ -1 3/5 -19 9/5 4 intersection point. 
ee Na a on! fae ie. & 1,03 
=1  3V5 -19 | 9v5 Me Olas 
) D2 7 iii. 1,2,3,4,5 
b. The number of possible intersections between an 
b. (—1, —2) and (2, 1) equation and a straight line is equal to the highest power 
c. (—2.54, —8.17) and (3.54, 16.17) of x. 
*24a. 
350 | 
| ‘Winner 
300 AT. | 
| i Poin bt 
intersection 
> 250 et-ski 2 (12, 300) 
g d=B0¢=2) 
2 200 camel ai Cc Gc tl a inal i UP ld a 
iS) 
z Tét-ski 3 
= 150 | d\i= 40(f/— 4) 
Jet-ski | 
100 d=O5t 
50 | 
0 — a 


1 2 3 4 5 6 7] 8 9 10 11 12 13 14 15 
t (hours) 
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15. 17, 18 and -17,-18 
16. Length 15 m, width 85 m. 
17. a. (5,5), (—1, —7) 


19. a. (4,4), (-V32,0) 
b. 6.66 km per hour or 11.11 km per hour 
20. a. 100°C 


b. O minutes, 6 minutes 


c. Eve’s model. This model flattens out at 20°C, whereas 
Adam’s becomes negative which would not occur. 


Exercise 4.7 Solving linear inequalities 
1a. x>2 


x> 2 
oS 
Sea eee eee ee mec gee reel ae es eee eee eee 
0 i! 2 3 
b. a>-l 
a>-l 
OO 
<1 ale al T 
—2 -l 0 1 
CVT 
y27 
- 
I T T T T T T T 
6 7 8 9 
d. m>4 
m24 
o-—$—_—K——_— 
a a 
3 4 5 6 
2a p<1 
p<il 
———— OO 
<1 tah al a 
—2 -l 0 1 
b. x<7 
x7 
———_—_0 
eT al R= aeenl ar T 
5 6 7 8 
c. m<9 
ms9 
— 
ee 
7 8 9 10 
d. a<7 
as7 
=< SS 
<< 
5 6 7 8 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
19. 


20. 


21. 


. a. 


x>3 
m>3 
ooo 
} SSS al a aa 
2 3 4 5 
b. m>2 
m>2 
C-——_ 
I T T T T T T T T T (ra 
1 2 3 4 
c. q>—4 
qz-4 
oa 
S| T T T T T T T cag 
-5 4 3 2 
d. a>-8 
a>-8 
O-- 
| T T T T T T T T T pais 
-9 -8 -7 -6 
a. m>3 b. p<2 
c. a<4 d. x>5 
a. p>—5 b. x<-7 
c. m>—O0.5 d. b>-—0.5 
a. m>18 b. x<8 
c. ax—14 d. m>25 
a. m<4.5 b. x>3 
c. p>4 d. n<2 
a. b<5 b. y>2 
c m<-—l d. a>—-5 
1 
a. peas b. c<-l 
c. p>—2 d. a>—7 
a. m>3 b. a>2 
c. a<—l d. a<-3 
a x%>6 bi x<2 
c. b<4 d. a>5 
a. m<2 b. m<3 
16 
ec. b<-—-— d. m>1 
11 
Ce ag . x>-18 c. x<—10 
1 
a. os KS5. ec x<—l- 
a. m<—2 p=-3 ce a<5 
d. p>—5 y<-3 
1 
a. x>7 p<0 c a25 
d. x>-3 a<-ll 
a. b<3 x<-—3 c. k>8 
d. x>—-18- a<40 
B 
a. x<—l m<-3 
5 
a.x“>17 a>- 
8 
a. m>1- m>-—12 
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22. a. k>2 b. a>—5 
c. m<1- di x> 5 
23. a. y>7 b. d<—2 
—6 
i: p= d. x>—-5 
c. p> 5 
24.a. m<—2 b. a<9 
1 
c. p>3 d. x>—-4- 
2 
25. a. 5x> 10 b. x-3<5 c. 74+3x<42 
(x — 8) 
26.a. 44+3x>19 b. 2(x+6)<10 «. ara —72>9 
27. a. 50x > 650 b. 2.50d+5<60 
28. Tom could be any age from 1| to 28. 
—c—b -—d-—b 
29.a. —6.5<x<—2 b. <x< 
a 
30. a. S>47 
b. No 
c. Sample responses can be found in the worked solutions 
in the online resources. 
31. a. n<16800km 
b. Mick travelled less than 16 800 km for the year and his 
costs stayed below $16 000. 
32. a. 20d + 10c < 240 
b. 2d+2c<36 
c. O0<d<12and0<C<18 
33. $20 000 


Exercise 4.8 Inequalities on the Cartesian plane 
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b. y<4 


Gc. y>—x—-2 


2x —-y<6 


c. 


d. y<3-x 


y>x-2 
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9. 


a. x-—y>3 


Pry wkaan yj 
N 
N 


ce. x+2y<5 


eee Sede oe oma 


re=55] a em eal eal 
Be ee ee 


T T 
2940 
ay 


2 


15 


> UD 


b. 


mer 


b. 


c. 


d. 


y<3x 


ee 
=7-Xx 
'=% 


1 
y2 Bet ee ey Sd 
3), (3,4), (3,5), (4, 3) 
1+s<30 
At least 12 small dogs 


l 
30 


15 


Ss 


oO 10 30 
15 large and 15 small dogs 


16. 20 units? 


18. 


. a. 


ie} 


ys2x-—2 


Sample responses can be found in the worked solutions 
in the online resources. 


2 2 
y= ack 3 b. y>—=x4+3 
] 3 
2 2 
. yoeax+3 d. y>—-x+3 
3 3 
ile | | 
y= —— x 
oo 6 26 
YA 


Ol 12345 678 9 10111213 
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b. The unshaded region is the required region. 


YA 
4 
35 
1H 
r 7 a ee ae fort = 
ml 123 4 5 6 7 & 9 10 1 12 18 
45 
x+1 x41 
i] Me eae ee 
3 2 7 » 
+44 
Y 
20. a. Yp 
54 
| a 
, q 
i \ 
i iY 
i \ 
Sat led 
5 \ 0 As 
\ fl 
N / 
\ } 
“Eg ae 
_5- 
Y 
b yp 
10- 
aa | 
“a ~ 
4 N 
/ \ 
inca , ea 
-10 q 0 - 10 
x A 
sy at 
-10- 
Y 


21. The unshaded region is the required region. 


y 
4] 


| 


veo eo 
Local 

minimum 
(2h) 


2V 


Exercise 4.9 Solving simultaneous linear 


inequalities 


Required region is 
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2 
ayer edy 2 


Required region is J 


1 1 
12.a. y= as ens 12 and y= ee 
b. A(4, 2) 


1 
Sst or x+4y<12 


1 
yo—pat4 or x+2y>8 
x>4 
y20 
13. a. y>0 


x+y>400 
Required region is x> 125 


b. (—2,8.5),(—2, —3), (2.6, —3) 1 1 
=x+-y<175o0r2x+y<700 


9. a. ss 2 4 
Aba b. See graph at the bottom of page.* 


c. Vertices are (125, 275), (125, 450) and (300, 100). 


a * ; — 14. a. 24p + 10c> 100, 14p + 32c> 160, 5p + 20c > 70 
b. 


Required region is 
c. The minimum number of sachets required is 7 (p = 3 and 
c= 4 satisfies all conditions). 


are 2 4 6 8 10” 


a. AB:x=0,AC: y= 0, BC: 3y + 4x = 24 

b. x20, y>0, 3y + 4x > 24 

c. a= 10units, b= 6 units, c = 8 units 
ii.a. L>0,W>4,LxW<25 

b. 29 possible rectangles 


Point of 
intersection 
(125, 450) 


300 - : 
Point of 

Point of Lat intersection 
2005 intersection (300, 100) 

(125, 275) 
100 

T T T T et 
0 100 200 300 400 
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Project 


1. 


a Bb © N 


Al Rentals: C = $35 x 3 + 0.28d 
Cut Price Rentals: C = $28 x 3 + 0.3d 


. See graph at the bottom of the page.* 
. 1050km 

. 1400 km 

. a. Al Rentals: C= $37 x3 + 0.28d 


Cut Price Rentals: C = $30 x 3 + 0.3d 


b. Al Rentals: C= $37 x 4+ 0.28d 
Cut Price Rentals: C= $30 x4 + 0.3d 


6. See graph at the bottom of the page.* 


7. The extra cost of $2 per day for both rental companies has 


au 


*6. 


not affected the charges they make for the distances travelled. 
However, the overall costs have increased. 


. Presentation of the answers will vary. Answers will include: 


Travelling 3 days this month: 
e If Andrea travels 1050 km, the cost will be the same for 


Travelling 4 days this month: 
e If Andrea travels 1400 km, the cost will be the same for 
both rental companies; that is, $532. 
e If she travels less than 1400 km, Cut Price Rentals is 
cheaper. 
e If she travels more than 1400 km, A1 Rentals is 
cheaper. 
Travelling 3 days next month: 
e If Andrea travels 1050 km, the cost will be the same for 
both rental companies; that is, $405. 
e If she travels less than 1050 km, Cut Price Rentals is 
cheaper. 
e If she travels more than 1050 km, A1 Rentals is 
cheaper. 
Travelling 4 days next month: 
e If Andrea travels 1400 km, the cost will be the same for 
both rental companies; that is, $540. 
e If she travels less than 1400 km, Cut Price Rentals is 


cheaper. 
both rental companies; that is, $399. © If she travels more than 1400km, Al Rentals is 
e If she travels less than 1050 km, Cut Price Rentals is cheaper. 
cheaper. 
e If she travels more than 1050 km, A1 Rentals is 
cheaper. 
Comparison of cost of hiring a car from 
A1 rentals and cut price rentals 
Ch 
600 
500 
_ 400 mS A 
ze - 
2 3001 C= 105 +0 oe 
v “(Al Rentals 2 
200 eC = 8440.30 
or (Cut Price Rentals) 
100 
aa 
0 200 400 600 800 1000 1200 1400 1600 
Distance travelled (km) 
Comparison of cost of hiring a car from 
A1 rentals and cut price rentals 
Ch ‘ut price r ntals (4-da hire 
600 y ; 
500 ze 
400 
Fe s 
3 AI rentals Ee ae 
§ 300 (4-day hire) ot = Bs 
200 ae 
si Cut price rentals 
(3-day hire) 
7 
0 200 400 600 800 1000 1200 1400 1600 


Distance travelled (km) 
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Exercise 4.1 
ike 


1 
2 
3 
4. 
5 

6 

7. 


>>uatTA 


By 


1 


a. (—2, 1) 
e (=75,7) 


10. a. (3, 1) 
e 2,7) 
. (—2, 2) 


. (—14, —53) 


(5, 2) 
c. (-3,-1) 
e. (2, —2) 
13. a. (0,3) 
(2511), 


0 Review questions 


b. y 


ote: The shaded region is the region required. 


10 


b. (0, —2) 
b. (2, 3) 
b. (—5, —3) 


(3-7) 
f (==7 
2 

b. (—2, 3) 
d. (1,3) 

f. (4,2) 

b. (—3, —3) 


16. 


17. 
18. 


14. Note: The shaded region is the region required. 
a. Yh 
654 


My 


ox ty 4 4 
x 


Y 


5-37 19-537 


eH Od < 11 - 


emma 
(-3.-5) 0.2 


. — sv) ( 


26 26 
. Numbers are 9 and 14. 

b. Length = 11 meters, width = 6 meters. 
Chupa-chups cost 45 cents and Whizz fizzes cost 
55 cents. 

Milk $1.75, bread $2.35. 


13 kangaroos and 8 cockatoos. 


5+ 37 


2 


19 +537 


2 


) 


iS =4/43 =3= 54/49 


26 26 


) 
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. Any false statement that occurs during the solving of 
simultaneous equations indicates the lines are parallel, and 
have no points of intersection. 

. d=b+10 

. 7000 = 70b + 40d 

. b=60andd=70 

. Number of seats in ‘Bleachers’ is 4200; the number of 
seats in the ‘Dress circle’ is 2800. 

. $644 000 

» Cg = 1144+ 0.2k b. C, = 90 + 0.32k 


. 200km d. 114+ 0.2k<90 + 0.32k 
. k<200 


. 5400 + 260d = Cy 
. 61 days 


5 Trigonometry | 


LEARNING SEQUENCE 


5.1 OVervViIOW oes 

5.2 Pythagoras’ theorem = 

5.3 Pythagoras’ theorem in three dIMENSIONS (10A) ou... cc eseecsecssecseecsecsseeseesssessesenecsneestesseeneenneeeseenseeess 

5.4 TrigOnoMetric ratiOS 0... cesececceecseccneenerseensees 

5.5 Using trigonometry to calculate side lengths . ee 

5:6 Using trigonometry to:calculateangle Size se eee ee a... 

5.7 Angles of elevation and depression 

5:8 BearingS:..0 05. ee 

5:9) AppliCatloms .....:..... ee OM SOs ans uieaacestisstaesiticsifeero 
SiMO REVICQW ios. cicccoeeeeeicnceteeer cece ee, aa occas 


5.1 Overview 


Why learn this? 


Nearly 2000 years ago Ptolemy of Alexandria published the 
first book of trigonometric tables, which he used to chart the 
heavens and plot the courses of the Moon, stars and planets. He 
also created geographical charts and provided instructions on 
how to create maps. 


The word trigonometry is derived from Greek words ‘trigonon’ 
and ‘metron’ meaning triangles and measure respectively, and 
reportedly has been studied since the third century BCE. This 
field of mathematics was studied across the world, with major 
discoveries made in India, China, Greece and Persia, to name a 
few. The works ranged from developing relationships, axioms 
and proofs to its application to everyday use and life. 


Trigonometry is the branch of mathematics that makes the 
whole universe more easily understood. The role and use of 
trigonometry in navigation in the early years were crucial 
and its application and study grew from there. Today, it is 
used in architecture, surveying, astronomy and, as previously 
mentioned, navigation. It also provides the foundation of the 


study of sound and light waves, resulting in its application in the 


areas of music manufacturing and composition, study of tides, 
radiology and many other fields. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 


eLessons 


Digital 
documents 


Fully worked 
solutions 
to every 
question 


eWorkbook 
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Exercise 5.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. Determine the value of the pronumeral w, correct to two decimal places. 


7.3m wo Gia 
2.41 cm 
2. Determine the value of x, correct to two decimal places. 
5cm 
xcm 
2x cm 


3. A square-based pyramid is 16cm high. Each sloping edge is 20cm long. Calculate the length of the 
sides of the base, in cm correct to two decimal places. 


4. A cork is in the shape of a truncated cone; both the top and the base of the cork are circular. 


20 cm 
—————— 


32 cm 


Calculate the sum of diameters of the top and the base. Give your answer in cm to 2 decimal places. 
5. Evaluate sin (20°37’) correct to four decimal places. 


6. Calculate the size of the angle 9, correct to the nearest minute, given that cos (6) = 0.5712. 
Give your answer in degrees and minutes. 


7. Determine the size of the angle 9, correct to the nearest second. 


2.4 


32) 
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10. 


11. 


12. 


13. 


14. 


15. 


. Calculate y, correct to one decimal place. 


28° 42' 


~< > 


11.8m 


. 1) Tyler is standing 12 m from a flagpole and measures the angle of elevation from his eye level to the 


top of the pole as 62°. 

The distance from Tyler’s eyes to the ground is 185 cm. The height of the flagpole correct to two 
decimal places is: 

A. 20.71 metres B. 22.56 metres CG. 24.42 metres D. 207.56 metres E. 209.42 metres 


Change each of the following compass bearings to true bearings. 
a. N20°E b. S47°W c. N33°W daSiiek 


(1 In a right square-based pyramid, the square base has a length of 7.2 cm. If the angle between the 
triangular face and the base is 55°, the angle the sloping edge makes with the base is: 
A. 45.3° 2} So C. 63.4° D. 47.7° = AOS” 


(1 A boat travels 15 km from A to B ona bearing of 032°T. The bearing from B to A is: 
A. 032°T B. 058°T Ce22 am [oy PL = Sa 


A bushwalker travels N50°W for 300 m and then changes direction 220°T for 0.5 km. Determine how 
many metres west the bushwalker is from his starting point. 
Give your answer in km correct to one decimal place. 


(1 P and Q are two points on a horizontal line that are 120 metres apart. If the angles of elevation 
from P and Q to the top of the mountain are 34°5’ and 41°16’ respectively, the height of the mountain 
correct to one decimal place is: 

A. 81.2 metres B. 105.3 metres _C. 120.5 metres D. 253.8 metres E. 354.7 metres 


Determine the value of x in the following figure, correct to one decimal place. 


A 


>~< > 
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5.2 Pythagoras’ theorem 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 


e identify similar right-angled triangles when corresponding sides are in the same ratio and 
corresponding angles are congruent 

e apply Pythagoras’ theorem to calculate the third side of a right-angled triangle when two other sides 
are known. 


® 5.2.1 Similar right-angled triangles 


eles-4799 
@ 


Two similar right-angled triangles have the same D 
angles when the corresponding sides are in the 

same ratio. 

The hypotenuse is the longest side of a right-angled 
triangle and is always the side that is opposite the 

right angle. A 


6cm 10cm 
The corresponding sides are in the same ratio. 
AB AC_ BC 3.cm 5cm 
DE DF EF 
To write this using the side lengths of the triangles B . 4cem Cc E . 83cm F 
gives: 
AB _ 3 _ 1 
DE 6 2 
AC .. » . &d 
DF 10 2 
BC 4 _ 1 
EF 8 2 


This means that for right-angled triangles, when the angles are fixed, the ratios of the sides in the triangle 
are constant. 

We can examine this idea further by completing the following activity. 

Using a protractor and ruler, draw an angle of 70° measuring horizontal distances of 3 cm, 7 cm and 10cm 
as demonstrated in the diagram below. 


Note: Diagram not drawn to scale. 
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Measure the perpendicular heights a, b and c. 
az 8.24cm, bx 19.23 cm, cx 27.47 cm 


e To test if the theory for right-angled triangles, that when the angles are fixed the ratios of the sides in the 
triangle are constant, is correct, calculate the ratios of the side lengths. 


The ratios are the same because the triangles are similar. This important concept forms the basis of trigonometry. 


® 5.2.2 Review of Pythagoras’ theorem 


les-4800 
- e Pythagoras’ theorem gives us a way of finding the length of the third side in a right angle triangle, if we 


know the lengths of the two other sides. 


Pythagoras’ theorem 

Pythagoras’ theorem: a? + b? = c? 
Determining the hypotenuse: ¢ = Va2+b2 aq 
Determining one of the two shorter sides: a = Ve? —b2 orb= Ve2 —a2 


WORKED EXAMPLE 1 Calculating the hypotenuse 


For the following triangle, calculate the length of the hypotenuse x, correct to 1 decimal place. 


THINK WRITE/DRAW 


1. Copy the diagram and label the sides a, b and c. Remember to 
label the hypotenuse as c. 


2. Write Pythagoras’ theorem. cate 
3. Substitute the values of a, b and c into this rule and simplify. x = 5° + 8? 
= 25+ 64 
= oy 
4. Take the square root of both sides. Round the positive answer x= +789 
correct to 1 decimal place, since x > 0. x2 94 
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WORKED EXAMPLE 2 Calculating the length of the shorter side 


Calculate the length, correct to 1 decimal place, of the unmarked side of the following triangle. 


THINK 


1. Copy the diagram and label the sides a, b and c. Remember to label 
the hypotenuse as c; it does not matter which side is a and which 


side is b. 


2. Write Pythagoras’ theorem. 


3. Substitute the values of a, b and c into this rule and solve for a. 


4. Evaluate a by taking the square root of both sides and round to 
1 decimal place (a> 0). 


14cm 


WRITE/DRAW 


TI | THINK 


In a new document, on a 
Calculator page, to solve 
equations press: 

e MENU 

e 3: Algebra 

e 1: Solve 

Complete the entry line as: 
solve (c? =a’ +b’, a) 
|b =8andc= l4anda>0 
Then press ENTER. 

Press CTRL ENTER to get a 
decimal approximation. 


DISPLAY/WRITE 


solvele?ma?+b?,a)\b=8 and c=14.and a>0 


an2 (33 


solvele2ma2+b2,a)b=8 and c=14and @>0 
a~11.4891 


The length of the unmarked side 


isa=21/ 33:= 11.5 correct to 
1 decimal place. 


CASIO | THINK 


On the Main screen, complete 
the entry line as: 

solve (c? =a’? +b’, a) 
|b=8|c=14 

Then press EXE. 

To convert to decimals, 
highlight the answer which 

is greater than O and drag it to 


a new line. Change the mode to 


decimal then press EXE. 


DISPLAY/WRITE 


© Edit Action Interactive 


solve(c2ma2+b2,a)tbesica1a Ol 


{a=-2-V33, a=2-V93 } 
a=2-v33 
a=11, 48912529 
0 
iv | 
@ 


Alp Standard Real Aad 


The length of the unmarked 
side is a= 21/33 = 11.5 
correct to | decimal place. 
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WORKED EXAMPLE 3 Solving a practical problem using Pythagoras’ theorem 


A ladder that is 5.5 m long leans up against a vertical wall. The foot of the ladder is 1.5m from the 
wall. Determine how far up the wall the ladder reaches. Give your answer in metres correct to 
1 decimal place. 


THINK WRITE/DRAW 


1. Draw a diagram and label the sides a, b and c. Remember to 
label the hypotenuse as c. 


2. Write Pythagoras’ theorem. 


3. Substitute the values of a, b and c into this rule 5.5 =a 41.5" 
Ee GUO. 30.25 = a? + 2.25 
a = 30.25 — 2.25 
= 28 
4. Evaluate a by taking the square root of 28. Round to a=+V28 
1 decimal place, a> 0. B53) 
5. Write the answer in a sentence. The ladder reaches 5.3 m up the wall. 


WORKED EXAMPLE 4 Determining the unknown sides 


Determine the unknown side lengths of the triangle, correct to 2 decimal places. 


3x 
78m 
2x 

THINK WRITE/DRAW 
1. Copy the diagram and label the sides a, b and c. 
2. Write Pythagoras’ theorem. C=a +b 
3. Substitute the values of a, b and c into this rule and simplify. 718° = (3x) + (2x) 

6084 = 9x? + 4x? 

6084 = 13x? 
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4. Rearrange the equation so that the pronumeral is on the left-hand side 13x” = 6084 
of the equation. 


13x? 4 

5. Divide both sides of the equation by 13. — = _ 
x = A468 
6. Evaluate x by taking the square root of both sides. Round the answer =x = +1468 
correct to 2 decimal places. & 21.6333 

7. Substitute the value of x into 2x and 3x to determine the lengths 2x © 43.27m 

of the unknown sides. 3x & 64.90 m 

DISCUSSION 


Pythagoras’ theorem was known about before the age of Pythagoras. Research which other civilisations 
knew about the theory and construct a timeline for its history. 


ion) Resources 


As) 
(4 eWorkbook Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2031) 


g Digital document SkillISHEET Rounding to a given number of decimal places (doc-5224) 


a Interactivities Individual pathway interactivity: Pythagoras’ theorem (int-4585) 
Finding a shorter side (int-3845) 
Finding the hypotenuse (int-3844) 


Exercise 5.2 Pythagoras’ theorem learn@) 
Individual pathways 

B PRACTISE B CONSOLIDATE B® MASTER 

1,5, 7, 10, 11, 14, 17, 21, 22, 25 2, 3, 8, 12, 15, 19, 20, 23, 26 4, 6, 9, 13, 16, 18, 24, 27 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 

1. EXEY For each of the following triangles, calculate the length of the hypotenuse, giving answers correct to 
2 decimal places. 
a. 47 b. 19.3 c. 


804 


562 
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2. For each of the following triangles, calculate the length of the hypotenuse, giving answers correct to 


2 decimal places. 

a. b. 09 152 

74 
87 
10.3 
2.7 

3. E24) Determine the value of the pronumeral, correct to 2 decimal places. 

a. 5 b. c. 

u 
1.98 4 

30.1 
47.2 
2.56 17:52 
t 


4. Determine the value of the pronumeral, correct to 2 decimal places. 


a. 0.28 b. 2870 Cc. 
v 468 
1920 ¥ 
0.67 " 
114 


5, KEI The diagonal of the rectangular NO SMOKING sign is 34cm. If the 
height of this sign is 25 cm, calculate the width of the sign, in cm correct to 


2 decimal places. Ie) 


6. A right-angled triangle has a base of 4cm and a height of 12 cm. Calculate the 
length of the hypotenuse in cm correct to 2 decimal places. S MOKING 


c. 


7. Calculate the lengths of the diagonals (in cm to 2 decimal places) of squares 
that have side lengths of: 
a. 10cm b. 17cm c. 3.2cm. 


8. The diagonal of a rectangle is 90 cm. One side has a length of 50 cm. Determine, correct to 2 decimal places: 
a. the length of the other side 
b. the perimeter of the rectangle 
c. the area of the rectangle. 

9, E023 Determine the value of the pronumeral, correct to 2 decimal places for each of the following. 


a. b. Cc. 9x 
25 3x 3x 
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Understanding 


10. An isosceles triangle has a base of 25 cm and a height of 8 cm. Calculate the length of the two equal sides, in 
cm correct to 2 decimal places. 


11. An equilateral triangle has sides of length 18 cm. Determine the height of the triangle, in cm correct to 
2 decimal places. 


12. A right-angled triangle has a height of 17.2 cm, and a base that is half the height. Calculate the length of the 
hypotenuse, in cm correct to 2 decimal places. 


13. The road sign shown is based on an equilateral triangle. Determine the height of the sign and, hence, 
calculate its area. Round your answers to 2 decimal places. 


14. A flagpole, 12 m high, is supported by three wires, attached from the top of the pole to the ground. Each 
wire is pegged into the ground 5 m from the pole. Determine how much wire is needed to support the pole, 
correct to the nearest metre. 


15. Sarah goes canoeing in a large lake. She paddles 2.1 km to the north, then 3.8 km to the west. Use the 
triangle shown to determine how far she must then paddle to get back to her starting point in the shortest 
possible way, in km correct to 2 decimal places. 


3.8 km 


2.1 km 


Starting point 
16. A baseball diamond is a square of side length 27 m. When a runner on first base tries to steal second base, 


the catcher has to throw the ball from home base to second base. Calculate the distance of the throw, in 
metres correct to 1 decimal place. 


~=<— Second base 


P <= Home base 


Catcher 
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17. A rectangle measures 56 mm by 2.9 cm. Calculate the length of its diagonal in millimetres correct to 
2 decimal places. 


18. A rectangular envelope has a length of 24cm and a diagonal measuring 40 cm. Calculate: 


a. the width of the envelope, correct to the nearest cm 
b. the area of the envelope, correct to the nearest cm?. 


19. A swimming pool is 50m by 25 m. Peter is bored by his usual training routine, and decides to swim the 
diagonal of the pool. Determine how many diagonals he must swim to complete his normal distance 
of 1500 m. 


20. A hiker walks 2.9 km north, then 3.7 km east. Determine how far in metres she is from her starting point. 
Give your answer in metres to 2 decimal places. 


21. A square has a diagonal of 14cm. Calculate the length of each side, in cm correct to 2 decimal places. 


Reasoning 


22. The triangles below are right-angled triangles. Two possible measurements have been suggested for the 
hypotenuse in each case. For each triangle, complete calculations to determine which of the lengths is 
correct for the hypotenuse in each case. Show your working. 


a. b. Cc. oe 
60 or 65 33 185 or 195 
305 or 308 


56 175 136 
60 


23. The square root of a number usually gives us both a positive and negative answer. Explain why we take only 
the positive answer when using Pythagoras’ theorem. 

24. Four possible side length measurements are 105, 208, 230 and 233. Three of them together produce a 
right-angled triangle. 


a. Explain which of the measurements could not be the hypotenuse of the triangle. 
b. Complete as few calculations as possible to calculate which combination of side lengths will produce a 
right-angled triangle. 
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Problem solving 
25. The area of the rectangle MNPQ is 588 cm. Angles MRQ M 28 cm N 


and NSP are right angles. 


a. Determine the integer value of x. 

b. Determine the length of MP. 

c. Calculate the value of y and hence determine the length voi 
of RS, in cm correct to | decimal place. 


Q P 


26. Triangle ABC is an equilateral triangle of side length xcm. Angles ADB and DBE are right angles. 


27. 


Determine the value of x in cm, correct to 2 decimal places. 


B 16cm E 


cm 20 cm 


The distance from Earth to the Moon is approximately 385 000 km and the distance from Earth to the Sun is 
approximately 147 million kilometres. 

In a total eclipse of the Sun, the moon moves between the Sun and Earth, thus blocking the light of the Sun 
from reaching Earth and causing a total eclipse of the Sun. 

If the diameter of the Moon is approximately 3474 km, evaluate the diameter of the Sun. Express your 
answer to the nearest 10 000 km. 
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5.3 Pythagoras’ theorem in three dimensions (10A) 


LEARNING INTENTION 


At the end of this subtopic you should be able to apply Pythagoras’ theorem to: 
e determine unknown lengths when a 3D diagram is given 
e determine unknown lengths in situations by first drawing a diagram. 


® 5.3.1 Applying Pythagoras’ theorem in three dimensions 


les-4801 
“ e Many real-life situations involve 3-dimensional (3-D) objects: objects with length, width and height. Some 


common 3-D objects used in this section include cuboids, pyramids and right-angled wedges. 


on) AS 


Cuboid Pyramid Right-angled wedge 
e In diagrams of 3-D objects, right angles may not look like right angles, so it is important to redraw sections 
of the diagram in two dimensions, where the right angles can be seen accurately. 


WORKED EXAMPLE 5 Applying Pythagoras’ theorem to 3D objects 


Determine the length AG in this rectangular prism (cuboid), in cm correct to two decimal places. 


THINK WRITE/DRAW 


1. Draw the diagram in three dimensions. 
Draw the lines AG and EG. 
ZAEG is a right angle. 


2. Draw AAEG, showing the right angle. Only 1 side is known, so A 
EG must be found. 
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3. Draw EFGH in two dimensions and label the diagonal EG as x. 


4. Use Pythagoras’ theorem to calculate x. (ec =a + b’) x2 =9? + 107 
= 81 + 1100 
= 131 


jo ww Iisil 


5. Place this information on triangle AEG. Label the side AG as y. A 


5) 
E 181 
2 
6. Use Pythagoras’ theorem to calculate y. (c? =a” + b’) y= ore (Vv 18 ') 
= 25) 4b Isl 
= 06 
y = V 206 
~ 14.35 
7. Write the answer in a sentence. The length of AG is 14.35 cm. 


WORKED EXAMPLE 6 Drawing a diagram to solve problems 


A piece of cheese in the shape of a right-angled wedge sits on a table. It has a rectangular base 
measuring 14cm by 8 cm, and is 4cm high at the thickest point. An ant crawls diagonally across the 
sloping face. Determine how far, to the nearest millimetre, the ant walks. 


THINK WRITE/DRAW 
1. Draw a diagram in three dimensions and label the B e 


vertices. Mark BD, the path taken by the ant, with a 24: 4cm 
dotted line. ZBED is a right angle. iS 


mcm on 
2. Draw ABED, showing the right angle. Only one side is 8B 
known, so ED must be found. 
4 
D 
E 


3. Draw EFDA in two dimensions, and label the diagonal 
ED. Label the side ED as x. 
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4. Use Pythagoras’ theorem to calculate x. C=a +b 
x? = 8? 4 14° 
= 64 + 196 
= Ae0) 
36 = WAOD 


5. Place this information on triangle BED. Label the side B 


BD as y. 
vy 
4 
D 
E 260 
2 
6. Use Pythagoras’ theorem to calculate y. y=" (v 260) 
= 16+ 260 
= 26) 
y= V 276 
~ 16.61 cm 
= 166.1 mm 
7. Write the answer in a sentence. The ant walks 166 mm, correct to the nearest 
millimetre. 
DISCUSSION 


Look around the room you are in. How many right angles you can spot in three-dimensional objects? Make 
a list of them and compare your list to that of another student. 


ion) Resources 


aa 
(4 eWorkbook Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2031) 
g Digital document SkillISHEET Drawing 3-D shapes (doc-5229) 


® Video eLesson Pythagoras’ theorem in three dimensions (eles- 1913) 


2 Interactivities Individual pathway interactivity: Pythagoras’ theorem in three dimensions (int-4586) 
Right angles in 3-dimensional objects (int-6132) 


Exercise 5.3 Pythagoras’ theorem in three dimensions (10A) learn@) 


Individual pathways 


M@ PRACTISE M@ CONSOLIDATE m@ MASTER 
1,4 HW, WZ, 1S 2,5, 8, 13, 16 3, 6, 9, 10, 14, 17 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 
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Where appropriate in this exercise, give answers correct to 2 decimal places. 


Fluency 
4. EXD Calculate the length of AG in each of the following figures. 


2. Consider the wedge shown. Calculate the length of CE in the wedge and, hence, 
obtain the length of AC . 


A B 
4 
F 
Di oe 
3. If DC =3.2m, AC=5.8 m, and CF = 4.5 m in the figure, calculate the length of AD A B 
and BF. 
F 
D C 
4. Consider the pyramid shown. Calculate the length of BD and, hence, the height of Vv 
the pyramid. 6 
B 
6 
D 6 C 


5. The pyramid ABCDE has a square base. The pyramid is 20 cm high. Each sloping E 


edge measures 30cm. Calculate the length of the sides of the base. EM = 20cm 
B 


D Cc 


6. The sloping side of a cone is 16cm and the height is 12 cm. Determine the length of the 
radius of the base. 
16 \ 
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Understanding 


ra WES BN piece of cheese in the shape of a right-angled wedge sits on 
a table. It has a base measuring 20 mm by 10mm, and is 4mm high 
at the thickest point, as shown in the figure. A fly crawls diagonally 
across the sloping face. Determine how far, to the nearest millimetre, 
the fly walks. A 20 mm D 


8. A 7m high flagpole is in the corner of a rectangular park that measures 
200 m by 120 m. Give your answers to the following questions correct to 7m 
2 decimal places. 200 m 
a. Calculate: 


120m 
i. the length of the diagonal of the park 


ii. the distance from A to the top of the pole B 
iii. the distance from B to the top of the pole. 


b. A bird flies from the top of the pole to the centre of the park. Calculate how far it flies. 


9. A candlestick is in the shape of two cones, joined at the vertices as shown. The smaller cone has a diameter 
and sloping side of 7 cm, and the larger one has a diameter and sloping side of 10cm. Calculate the total 
height of the candlestick. 


10. The total height of the shape below is 15 cm. Calculate the length of the sloping side of the pyramid. 


15cm 


‘ 5cm 


1llcm 
ll cm 


11. A sandcastle is in the shape of a truncated cone as shown. Calculate the length of the diameter of the base. 


20 cm 


32 cm 
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Reasoning 


12. 


13. 


14. 


Stephano is renovating his apartment, which he accesses through two corridors. The corridors of the 
apartment building are 2 m wide with 2 m high ceilings, and the first corridor is at right angles to the second. 
Show that he can carry lengths of timber up to 6 m long to his apartment. 


The Great Pyramid in Egypt is a square-based pyramid. 

The square base has a side length of 230.35 metres and the 
perpendicular height is 146.71 metres. 

Determine the slant height, s, of the great pyramid. Give your 
answer correct to 1 decimal place. 


230.35 m 


A tent is in the shape of a triangular prism, with a height of 140 cm as 140 cm 
shown in the diagram. The width across the base of the door is 1 m and 
the tent is 2.5 m long. 


a. Calculate the length of each sloping side, in metres. G oa 
b. Using your answer from part a calculate the area of fabric used in the 2.5m 
construction of the sloping rectangles which form the sides. Show full . _, ,, —- > a 
working. 


Problem solving 


15. 


16. 


17. 


Determine the exact length of the longest steel rod that can sit inside a cuboid with dimensions 
32cm xX 15cm xX4cm. Ignore the thickness of the steel rod. 
Angles ABD, CBD and ABC are right angles. Determine the value of h, D 


correct to 3 decimal places. 


The roof of a squash centre is constructed to allow for maximum use 
of sunlight. Determine the value of h, giving your answer correct to 
1 decimal place. 
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5.4 Trigonometric ratios 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e define trigonometric ratios according to the lengths of the relevant sides 
e write equations for trigonometric ratios. 


® 5.4.1 Trigonometric ratios 


les-4802 
— e In aright-angled triangle, the longest side is called the hypotenuse. 


e If one of the two acute angles is named (for example, @), then the other two sides can also be given names, 
as shown in the following diagram. 


Three basic definitions 


Opposite Hypotenuse 


Adjacent 


e Using the diagram, the following three trigonometric ratios can be defined. 


e The sine ratio: 


AOE length of Opposite side 
length of Hypotenuse 
- The cosine ratio: 
cosine(@) = length of Adjacent side 
length of Hypotenuse 
« The tangent ratio: 
(aneent(Oy= length of Cipeste sue 
length of Adjacent side 


e The names of the three ratios are usually shortened to sin(@), cos(@) and tan(@). 
e The three ratios are often remembered using the mnemonic SOHCAHTOA, where SOH means 
Sin(@) = Opposite over Hypotenuse and so on. 


Calculating trigonometric values using a calculator 


e The sine, cosine and tangent of an angle have numerical values that can be found using a calculator. 

e Traditionally angles were measured in degrees, minutes and seconds, where 60 seconds = | minute and 
60 minutes = | degree. This is known as a sexagesimal system as the division are based on 60. 
For example, 50°33’48"’ means 50 degrees, 33 minutes and 48 seconds. 
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WORKED EXAMPLE 7 Calculating values (ratios) from angles 


Calculate the value of each of the following, correct to 4 decimal places, using a calculator. 
(Remember to first work to 5 decimal places before rounding.) 


a. cos(65°57’) 


THINK 


a. Write your answer to the required number of 


decimal places. 


b. Write your answer to the correct number of 


decimal places. 


b. tan(56°45'30’’) 


WRITE 


a. cos(65°57’) = 0.40753 


= 0.4075 


b. tan(56°45’30"") & 1.52573 


ee || Sy 


TI | THINK 
a-b. 


Ae 


To ensure your calculator is 
set to degree and approximate 
mode, press: 

e HOME 

e 5: Settings 

e 2: Document Settings 

In the Display Digits, 

select Fix 4. Tab to Angle 
and select Degree; tab to 
Calculation Mode and select 
Approximate. 

Tab to OK and press ENTER 


On a Calculator page, press 
TRIG to access and select the 
appropriate trigonometric 
ratio. Then press @® and 
choose the template for 
degrees, minutes and seconds 
as shown. 


Complete the entry lines as: 
cos(65°57’) 
tan(56°45’30’’) 

Press ENTER after each 
entry. 

Since the Calculation Mode 
is set to Approximate and 
Fix 4, the answer are shown 
correct to 4 decimal places. 


DISPLAY/WRITE 
a-b. 


Cancel 


Document Settings | 


cos(65°S7') 0.4075 
tan(56°45'20") 1.5257 


cos(65°57’) = 0.4075 
tan(56°45'30’’) = 1.5257 


CASIO | THINK 
a-b. 


Us 


Ensure your calculator is set to 
degrees at the bottom right. If 
not, tap ‘Rad’ or ‘Gra’. 

Tap unit Deg appears. 

Set to Decimal. 

Set the keyboard to Trig. 


. Complete the entry line as: 


cos(dms(65, 57)) 
tan(dms(56, 45, 30)) 

To get dms, tap 

e Action 

e Transformation 

° DMS 

e dms 

Then press EXE after each 
entry. 
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DISPLAY/WRITE 
a-b. 


© Edit (Action) Interactive iq 
ie) oll on approx, 
Advanced 
cos (1 
, 


simplify 
Calculation oxpand 
Complex factor 
List combing 
Matrix collect 
Vector ‘Expand 
Equation/inequall tCotlact 
Assistant wpTotrig 
Distribution/iew, trigToExp 
Financial Fraction 
ome es 

toOMS 


Alp Decimal Real ag @ 


© Edit Action Interactive 


cos (dins(65,57)) 


Q 
0. 4075337069 
tan(dms(56, 45, 30)) 
1,525737381 
p 
g 
@ 


Alp Decimal Real ag 


cos(65°57’) = 0.4075 
tan(56°45’30'") = 1.5257 
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WORKED EXAMPLE 8 Calculating angles from ratios 


Calculate the size of angle 0, correct to the nearest degree, given sin(@) = 0.7854. 
THINK WRITE 


1. Write the given equation. sin(@) = 0.7854 


2. To calculate the size of the angle, we need to undo sine with its = sin” '(0.7854) 


inverse, sin7!. ~ 51.8° 
(Ensure your calculator is in degrees mode.) 
3. Write your answer to the nearest degree. Cis 52" 


WORKED EXAMPLE 9 Expressing angles in degrees, minutes and seconds 


Calculate the value of 0: 
a. correct to the nearest minute, given that cos(@) = 0.2547 
b. correct to the nearest second, given that tan(0) = 2.364. 


THINK WRITE 


a. 1. Write the equation. a. cos(@) = 0.2547 


2. cos~! (0.2547) = 75°14/39”" 


ISOS! 


Write your answer, including seconds. There 
are 60 seconds in | minute. Round to the 
nearest minute. 

(Remember 60’ = 1’, so 39’”’ is rounded up.) 


b. 1. Write the equation. b. tan(@) = 2.364 
2. Write the answer, rounding to the tan~! (2.364) = 67°4'15.8”” 
nearest second. Re OPN” 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-b. a-b. a-b. a-b. 


On a Calculator page, press 
TRIG to access and select the 
appropriate trigonometric ratio, 
in the case cos. 

Complete the entry lines as: 
cos”! (0.2547) 


Ensure your calculator is set to 


w . 
f BAIS AR 6 eee ie = degrees at the bottom right. 


* . : : os*(0. 2547) 
On the Main screen in decimal * 


and degree mode, complete the 
entry line as: 
cos! (0.2547) 


© Edit Action Interactive 


diagl 
dim A 
Disp 


DispAt 


75. 24419053 
toDMS( 
75° 14°39. 08589079" 
tan“*(2, 364) 
67. 07106228 


domain( 


dominantT erm toDMS( 


: a  - “418. . 
To convert the decimal degree aa Plaweaeece Then press EXE. n a a ae 


into degrees, minutes and 
seconds, press: 


[Expr OMS 


To convert the decimal answer 


~ | into degrees, minutes and 


e CATALOG seconds, tap: 
e|1 F © Action 
Dp cos"(0.2547) 75.2442 © Tonshnion Sa 
Scroll and select P DMS (75.24419052522)»DMS —_75°14'39.0859" ° DMS arene 
Then press ENTER. men) sia ° to DMS rounding to the nearest 
Repeat this process for (67.071062279215)yDMs_—_67°415.8242"__| Then press EXE. painwie 
-1 . ® 
tan” (2.364). | Repeat this process for = — cca ie" 
tan!(2.364), tan (2.364) = 64°4' 16 
rounding to the nearest 


cos !(0.2547) = 75°15’ 
rounding to the nearest minute. 
tan7' (2.364) = 64°4’16”" 
rounding to the nearest second. 
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second. 


WORKED EXAMPLE 10 Expressing trigonometric ratios as equations 


Write the equation that relates the two marked sides and the marked angle. 
a. b. Od 
22, 


a | 


THINK WRITE/DRAW 
a. 1. Label the given sides of the triangle. a. 
2) = lel 
oe) 
: : ; : O 
2. Write the ratio that contains O and H. sin(@) = a 
3. Identify the values of the pronumerals. O) = th, Jal = 12 


4. Substitute the values of the pronumerals into sin(b) = & = Z 
the ratio and simplify the fraction. (Since a 
the given angle is denoted with the letter b, 
replace 6 with b.) 


b. 1. Label the given sides of the triangle. b. 


2. Write the ratio that contains O and A. tan(9) = - 


3. Identify the values of the pronumerals. Oa ASW, O=clir 


4. Substitute the values of the pronumerals into tan(40°) = S 
the ratio. 


DISCUSSION 


Do you know of any other mnemonics that you can use to help you remember important information? 


ion) Resources 


om) 
[4 eWorkbook Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2031) 


| Digital documents SkillISHEET Labelling the sides of a right-angled triangle (doc-5226) 
SKilISHEET Selecting an appropriate trigonometric ratio based on the given information (doc-5231) 


ys Interactivities Individual pathway interactivity: Trigonometric ratios (int-4587) 
Trigonometric ratios (int-2577) 
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Exercise 5.4 Trigonometric ratios learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
1,5, 7,9, 11, 14, 15, 22, 25 2,6, 12, 16, 17, 20, 23, 26, 27 3, 4, 8, 10, 13, 18, 19, 21, 24, 28 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
1. Calculate each of the following, correct to 4 decimal places. 
a. sin(30°) b. cos(45°) c. tan(25°) d. sin(57°) e. tan(83°) f. cos(44°) 


For questions 2 to 4, calculate each of the following, correct to 4 decimal places. 
2. a. sin(40°30’) —_b. cos(53°57’) cc. tan(27°34’) — d. tan(123°40’)  e. sin(92°32’) ff. sin(42°8’) 


3. a. cos(35°42'35'") bb. tan(27°42'50’’) cc. cos(143°25’23"’) d. sin(23°58’21’") ee. cos(8°54’2"’) 


4. a. sin(286)° b. tan(420°) c. cos(845°) d. sin(367°35’) 
5, HEY calculate the size of angle 0, correct to the nearest degree, for each of the following. 
a. sin(@) = 0.763 b. cos(@) = 0.912 c. tan(@) = 1.351 
6. Calculate the size of angle @, correct to the nearest degree, for each of the following. 
a. cos(@) = 0.321 b. tan(@) = 12.86 c. cos(@) = 0.756 
7. GEEZ calculate the size of the angle @, correct to the nearest minute. 
a. sin(@) = 0.814 b. sin(@) =0.110 c. tan(@) = 0.015 
8. Calculate the size of the angle 6, correct to the nearest minute. 
a. cos(@) = 0.296 b. tan(@) = 0.993 c. sin(@) = 0.450 
9, EXEZY calculate the size of the angle @, correct to the nearest second. 
a. tan(@) =0.5 b. cos(@) = 0.438 c. sin(@) = 0.9047 
10. Calculate the size of the angle 0, correct to the nearest second. 
a. tan(@) = 1.1141 b. cos(@) = 0.8 c. tan(@) = 43.76. 
For questions 11 to 13, calculate the value of each expression, correct to 3 decimal places. 
2 
11. a. 3.8 cos(42°) b. 118 sin(37°) c. 2.5 tan(83°) d. ——— 
sin(45°) 
r 220 . 2 cos(23°) ‘ 12.8 d 18.7 
~ cos(14°) "5 sin(18°) ~ tan(60°32’) ~ sin(35°25'42’) 
a 55.7 é 3.8 tan(1°51'44"’) 7 2.5 sin(27°8’) F 3.2 cos(34°52’) 
* cos(89°21’) "4.5 sin(25°45’) " 10.4 cos(83°2’) * 0.8 sin(12°48’) 
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For questions 14 to 19, write an expression for: 


a. sine b. cosine 


— 
ad 
< 
on 
= 


Understanding 


c. tangent. 


20. MEY write the equation that relates the two marked sides and the marked angle in each of the 


following triangles. 


9 
S 


18 
15 
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21. Write the equation that relates the two marked sides and the marked angle in each of the following triangles. 


b. Cc. 18.6 


eB 


Reasoning 
22. Consider the right-angled triangle shown. J 


a. Label each of the sides using the letters O, A and H with respect to the 
37° angle. 
b. Determine the value of each trigonometric ratio. (Where applicable, answers 
should be given correct to 2 decimal places.) 
i. sin(37°) ii. cos(37°) iii. tan(37°) 
c. Determine the value of the unknown angle, a. rl LI 


23. Consider the right-angled triangle shown in 22. 
a. Determine the value of each of these trigonometric ratios, correct to 2 decimal places. 
i. sin(@) ii. cos(a@) iii. tan(ar) 


(Hint: First relabel the sides of the triangle with respect to angle «) 
b. What do you notice about the relationship between sin(37°) and cos(a)? Explain your answer. 
c. What do you notice about the relationship between sin(a) and cos(37°)? Explain your answer. 
d. Make a general statement about the two angles. 


sin(@) 


24. Using a triangle labelled with a, h and 0, algebraically show that tan(@) = (6) 
cos 


(Hint: Write all the sides in terms of the hypotenuse.) 


Problem solving 


25. ABC is a scalene triangle with side lengths a, b and c as shown. Angles 
BDA and BDC are right angles. 


a. Express h” in terms of a and x. c a 
b. Express h? in terms of b, cand x. 
c. Equate the two equations for h? to show that c? = a? + b* — 2bx. 
d. Use your knowledge of trigonometry to produce the equation - D C 
c? =a’ +b? — 2ab cos(C), which is known as the cosine rule for b > 
non-right-angled triangles. 
26. Determine the length of the side DC in terms of x, y and 6. B a A 
27. Explain how we determine whether to use sin, cos or tan in 
trigonometry questions. 
y 
C cS D 


326 Jacaranda Maths Quest 10 + 10A 


28. From an observer on a boat 110 m away from a vertical cliff with height c, 
the angle from the base of the cliff to the top of the cliff is a°. There is a 
lighthouse with height ¢ on the cliff. From the observer, the angle from 
the base of the lighthouse to the top of the lighthouse is another 8° more 


than @°. 


Express the height of the lighthouse, f, in terms of 6° and @°. 


5.5 Using trigonometry to calculate side lengths 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 


e apply trigonometric ratios to find the length of an unknown side when the length of one other side and 


an acute angle is known. 


@® 5.5.1 Using trigonometry to calculate side lengths 


eles-4804 


e When one acute angle and one side length are known in a right-angled triangle, this information can be 


used to find all other unknown sides or angles. 


WORKED EXAMPLE 11 Using trigonometry to calculate side lengths 


Calculate the value of each pronumeral, giving answers correct to 3 decimal places. 


a. b. 


6cm 


THINK 
a. 1. Label the marked sides of the triangle. 


2. Identify the appropriate trigonometric ratio to use. 


3. Substitute O=a, H=6 and @ = 35. 


4. Make a the subject of the equation. 


5. Calculate and round the answer, correct to 
3 decimal places. 


a 


0.346 cm if 


WRITE/DRAW 


6cm 


O 
sin(Q) 

a 
in(35°) = — 
sin(35°) 6 


6sin(35°) =a 
= OGG) 


aw 3.441 cm 
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b. 1. Label the marked sides of the triangle. b. 7, 


H A 
0.346 cm if 
[| 
; : : Paes A 
2. Identify the appropriate trigonometric ratio to use. cos(@) = 5 
3. Substitute A =f, H=0.346 and 6 = 32°. cos@2Z_)i— eee 
0.346 
4. Make fthe subject of the equation. 0.346 cos(32°) = f 


f= 0.346 cos(32°) 


5. Calculate and round the answer, correct to f& 0.293 cm 
3 decimal places. 


WORKED EXAMPLE 12 Using trigonometry to calculate side lengths 


Calculate the value of the pronumeral in the triangle shown. Give the answer correct to 


2 decimal places. 
ae a 
ea O 


P 
THINK WRITE/DRAW 
1. Label the marked sides of the triangle. H re) 
| oO 
A P 
: : : 2 : O 
2. Identify the appropriate trigonometric ratio touse. tan(@) = ih 
: e 120 
3. Substitute O = 120, A=P and @=5°. tan(5°) = — 
Pp 
4. Make P the subject of the equation. P xtan(5°) = 120 
120 
i. Multiply both sides of the equation by P. = tan(5°) 
ii. Divide both sides of the equation by tan (5°). 
5. Calculate and round the answer, correct to IPS NAW NAGI aa 


2 decimal places. 


328 Jacaranda Maths Quest 10 + 10A 


DISCUSSION 


How does solving a trigonometric equation differ when we are finding the length of the hypotenuse side 
compared to when finding the length of a shorter side? 


ion) Resources 


wi) 
(4 eWorkbook Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2031) 


ys Interactivities Individual pathway interactivity: Using trigonometry to calculate side lengths (int-4588) 
Using trigonometry to calculate side lengths (int-6133) 


Exercise 5.5 Using trigonometry to calculate side lengths learn@) 
Individual pathways 

M@ PRACTISE H@ CONSOLIDATE B® MASTER 

1,3, 7,9, 12 2, 5, 8, 10, 13 4,6, 11, 14, 15 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


4. EXE Calculate the value of each pronumeral in each of the following, correct to 3 decimal places. 


a. b. c. 
8 “a 
a 
10 
ay ? — a - we CI 
14 
x Cy 


2. MSH) calculate the value of each pronumeral in each of the following, correct to 2 decimal places. 


a. > b. 


2.3m 
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4. Determine the length of the unknown side in each of the following, correct to 2 decimal places. 


a. b. c. NJ LI 


80.9 cm 


75.23 km 


\ 


5. Calculate the value of the pronumeral in each of the following, correct to 2 decimal places. 


a. x b. 23.7m Cc. S 
a a \7 


12.3 m 
43.9 cm 


6. Calculate the value of the pronumeral in each of the following, correct to 2 decimal places. 


a. b. [y Cc: 


0.732 km 


15.3 m 


z= ™ 47.385 km 


Understanding 
7. Given that the angle 6 is 42° and the length of the hypotenuse is 8.95 m in a right-angled triangle, calculate 
the length of: 


a. the opposite side b. the adjacent side. 
Give each answer correct to 1 decimal place. 


8. A ladder rests against a wall. If the angle between the ladder and the ground is 35° and the foot of the ladder 
is 1.5m from the wall, calculate how high up the wall the ladder reaches. Write your answer in metres 
correct to 2 decimal places. 


Reasoning 


9. Tran is going to construct an enclosed rectangular desktop that is at an incline of 15°. The diagonal length of 
the desktop is 50cm. At the high end, the desktop, including top, bottom and sides, will be raised 8 cm. The 
desktop will be made of wood. The diagram below represents this information. 


Side view of the desktop Top view of the desktop 
z 
I 
x 
8 cm 
——_] a 
x = 


a. Determine the values (in centimetres) of x, y and z of the desktop. Write your answers correct to 
2 decimal places. 

b. Using your answer from part a determine the minimum area of wood, in cm’, Tran needs to construct his 
desktop including top, bottom and sides. Write your answer correct to 2 decimal places. 
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10. 


11. 


a. In aright-angled triangle, under what circumstances will the opposite side and the adjacent side have the 
same length? 

b. Ina right-angled triangle, for what values of @ (the reference angle) will the adjacent side be longer than 
the opposite side? 


In triangle ABC shown, the length of x correct to two decimal places is 8.41 cm. AM is perpendicular to BC. 
Jack found the length of x to be 5.11 cm. Below is his working. Identify his error and what he should have 
done instead. 


cos(36°) = Bu 
4.5 

BM = 3.641 
sin(36°) = mal 
4.5 

AM = 2.645 

tan(29°) = mint 

MC 

MC = 1.466 


BC = 3.641 + 1.466 =5.107cm 
= 5.11 cm (rounded to 2 decimal places) 


Problem solving 


12. 


13. 


14. 


15. 


A surveyor needs to determine the height of a building. She 
measures the angle of elevation of the top of the building from 
two points, 64 m apart. The surveyor’s eye level is 195 cm above 
the ground. 


a. Determine the expressions for the height of the building, h, in 
terms of x using the two angles. 

b. Solve for x by equating the two expressions obtained in part a. 
Give your answer to 2 decimal places. 

c. Determine the height of the building correct to 2 decimal places. 


Building A and Building B are 110m apart. From 
the base of Building A to the top of Building 

B, the angle is 15°. From the top of Building A 
looking down to the top of Building B, the angle 
is 22°. Evaluate the heights of each of the two Building A --~ 
buildings correct to one decimal place. 


Building B 


If angles QNM, QNP and MNP are right angles, determine the length 
of NQ. Q 


Determine how solving a trigonometric equation differs when we 
are calculating the length of the hypotenuse side compared to when 
determining the length of a shorter side. 
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5.6 Using trigonometry to calculate angle size 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e apply inverse operations to calculate a known acute angle when two sides are given. 


® 5.6.1 Using trigonometry to calculate angle size 


les-4805 
= e The size of any angle in a right-angled triangle can be found if the lengths of any two sides are known. 


e Just as inverse operations are used to solve equations, inverse trigonometric ratios are used to solve 
trigonometric equations for the value of the angle. 
« Inverse sine (sin7') is the inverse of sine. 
¢ Inverse cosine (cos~!) is the inverse of cosine. 
+ Inverse tangent (tan™') is the inverse of tangent. 


Inverse operations 
If sin(@) =a, then sin” !(a) =0. 
If cos(@) =a, thencos~!(a)=8. 
If tan(@) =a, then tan” !(a)=0. 


For example, since sin(30°) = 0.5, then sin! (0.5) = 30°; this is read as ‘inverse sine of 0.5 is 30 degrees’. 
e A calculator can be used to calculate the values of inverse trigonometric ratios. 


WORKED EXAMPLE 13 Evaluating angles using inverse trigonometric ratios 


For each of the following, calculate the size of the angle, 0, correct to the nearest degree. 


a. b. 
5m 
acy 3.5 cm 
ELEN TT 

L\ O llm 
THINK WRITE/DRAW 
a. 1. Label the given sides of the triangle. a. 

H O 
oem 3.5 cm 
[a o 


: : ae : O 
2. Identify the appropriate trigonometric ratio to sin(@) = — 
: H 

use. We are given O and H. 
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3. Substitute O = 3.5 and H=5 and evaluate 
the expression. 


4. Make @ the subject of the equation using 
inverse sine. 


5. Evaluate @ and round the answer, correct to 
the nearest degree. 


b. 1. Label the given sides of the triangle. 


2. Identify the appropriate trigonometric ratio to 
use. Given O and A. 


3. SubstituteO=5 and A=11. 


4. Make @ the subject of the equation using 
inverse tangent. 


5. Evaluate @ and round the answer, correct to 
the nearest degree. 


35) 
eee 
sin(@) z 


= 0.7 


6 = sin !(0.7) 
= 44.427 004° 


@ = 44° 


@ = tan! (=) 
Hi 


= 24.443 954 78° 


Ox 24° 


WORKED EXAMPLE 14 Evaluating angles in minutes and seconds 


Calculate the size of angle 0: 
a. correct to the nearest second 
b. correct to the nearest minute. 


THINK 
a. 1. Label the given sides of the triangle. 


3.1m A 


72m 


WRITE/DRAW 


3.1m A 


7.2m 
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2. Identify the appropriate trigonometric ratio 
to use. 


3. Substitute O = 7.2 and A=3.1. 


4. Make @ the subject of the equation using 
inverse tangent. 


5. Evaluate 9 and write the calculator display. 


6. Use the calculator to convert the answer to 
degrees, minutes and seconds. 


7. Round the answer to the nearest second. 


b. Round the answer to the nearest minute. 


8 = 66.70543675° 


Cl 166n42 193572 


8 © 66°42'20” 
b. 8 & 66°42’ 


TI | THINK DISPLAY/WRITE 
a. a. 

On a Calculator page, in 
degree mode, complete the 


entry line as: 
_, {7.2 

tan — 

To women: the decimal 

degree into degrees, minutes 

and seconds, press: 

e CATALOG 

el 

e D 

Scroll and select ® DMS. 

Then press ENTER. 


| (66.705436746106)> DMS 


66°42'19.5723° 


6 = 66°42'20” correct to the 
nearest second. 
b. b. 
Using the same screen, round 6 = 66°42’ correct to the nearest 
to the nearest minute. minute. 


ion) Resources 


oa) 
[4 eWorkbook 


CASIO | THINK 

a. 

On the Main screen in 
decimal and degree mode, 
complete the entry line as: 


tan! ( i= 


To convert the decimal 


and seconds, tap: 

e Action 

e Transformation 

e DMS 

® toDMS 

Highlight the decimal 


line. 
Then press EXE. 


b. 
Using the same screen, 


Topic 5 Workbook (worksheets, code puzzle and project) (ewok-2031) 


| Digital document SkilISHEET Rounding angles to the nearest degree (doc-5232) 


es Interactivities 


Finding the angle when two sides are known (int-6046) 
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DISPLAY/WRITE 


answer into degrees, minutes 


answer and drag it into this 


round to the nearest minute. 


7.2 


tan"*( 37) 
66. 70543675 
toDMS (66, 70543675) 
66° 42°19. 5723" 


D 


Alo Decimal «= sReal’_‘Dog @ 


6 = 66°42'20” correct to 
the nearest second. 


b. 
€ = 66°42’ correct to the nearest 
minute. 


Individual pathway interactivity: Using trigonometry to calculate angle size (int-4589) 


Exercise 5.6 Using trigonometry to calculate angle size learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
I 4h Sh WZ 2,5, 8, 10, 13 3,6, 11, 14 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1: | WE13 | Calculate the size of the angle, 6, in each of the following. Give your answer correct to the 
nearest degree. 


a. b. Cc. 
Z\ ra = Ol A 4 
: 3 


2, EESED calculate the size of the angle marked with the pronumeral in each of the following. Give your 
answer correct to the nearest minute. 


a. b. 72m Cc. 
12 
17 
4m 7 \ CI 
10 
Z = 


3, EESEE calculate the size of the angle marked with the pronumeral in each of the following. Give your 
answer correct to the nearest second. 


a. b. Cc. 
5m 
2.7 
8 
3.5 


/ oO 
2 


4. Calculate the size of the angle marked with the pronumeral in each of the following, giving your answer 
correct to the nearest degree. 


a. b. Cc. 106.4 
13.5 89.4 
153 92.7 
77.3 
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5. Calculate the size of the angle marked with the pronumeral in each of the following, giving your answer 
correct to the nearest degree. 


a. b. c. 
r 12.36 
oy) 18.7 13.85 7.3.cm 12.2 cm 
18.56 
9.8 cm 


6. Calculate the size of each of the angles in the following, giving your answers correct to the nearest minute. 


Understanding 
7. Answer the following questions for the triangle shown. 


a. Calculate the length of the sides r, / and h. Write your answers 
correct to 2 decimal places. 

b. Calculate the area of ABC, correct to the nearest square 
centimetre. 

c. Determine the size of ZBCA. 


8. In the sport of air racing, small aeroplanes have to travel between two 
large towers (or pylons). The gap between a pair of pylons is smaller than 
the wing-span of the plane, so the plane has to go through on an angle 
with one wing higher than the other. The wing-span of a competition 
plane is 8 metres. 

a. Determine the angle, correct to 1 decimal place, that the plane has to 
tilt if the gap between pylons is: 
i. 7 metres ii. 6 metres iii. 5 metres. 

b. Because the plane has rolled away from the rts as it travels 
between the pylons it loses speed. If the plane’s speed is below 96 km/h it will stall and possibly crash. 
For each degree of ‘tilt’ the speed of the plane is reduced by 0.98 km/h. Calculate the minimum speed the 
plane must go through each of the pylons in part a. Write your answer correct to 2 decimal places. 


Reasoning 
9. Explain how calculating the angle of a right-angled triangle is different to calculating a side length. 


10. There are two important triangles commonly used in trigonometry. Complete the following steps and answer 

the questions to create these triangles. 
Triangle 1 

e Sketch an equilateral triangle with side length 2 units. 

e Calculate the size of the internal angles. 

e Bisect the triangle to form two right-angled triangles. 

e Redraw one of the triangles formed. 

e Calculate the side lengths of this right-angled triangle as exact values. 

e Fully label your diagram showing all side lengths and angles. 
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11. 


Triangle 2 


Draw a right-angled isosceles triangle. 

Calculate the sizes of the internal angles. 

Let the sides of equal length be | unit long each. 

Calculate the length of the third side as an exact value. 

Fully label your diagram showing all side lengths and angles. 


. Use the triangles formed in question 10 to calculate exact values for sin(30°), cos(30°) and tan(30°). 


Justify your answers. 


. Use the exact values for sin(30°), cos(30°) and tan(30°) to show that tan(30°) = co 
cos 
. Use the formulas sin(@) = = and cos(@) = : to prove that tan(@) = nt) 7 
H H cos(@) 


Problem solving 


12. During a Science excursion, a class visited an underground cave to observe 
rock formations. They were required to walk along a series of paths and 
steps as shown in the diagram below. 


a. 


b. 


Calculate the angle of the incline (slope) required to travel down 
between each site. Give your answers to the nearest whole number. 
Determine which path would have been the most challenging; that is, Site 1 
which path had the steepest slope. 


Site 2 


1 km 
13. Determine the angle 6 in degrees and minutes. 
6 
\o 
5 
100° | 
2 
14. At midday, the hour hand and the minute hand on a standard clock are 
both pointing at the twelve. Calculate the angles the minute hand and _ 2) - 
the hour hand have moved 24.5 minutes later. Express both answers in | | [2 | 
degrees and minutes. . | O 2 . 
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5.7 Angles of elevation and depression 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e identify angles of elevation and depression and solve for unknown side lengths and angles. 


® 5.7.1 Angles of elevation and depression 


les-4806 
~~ e Solving real-life problems usually involves the person measuring angles or lengths from their position 


using trigonometry. 
e They may have to either look up at the object or look down to it; hence the terms ‘angle of elevation’ and 
‘angle of depression’ respectively. 


Angle of elevation 


Consider the points A and B, where B is at a higher elevation than A. 
e If a horizontal line is drawn from A as shown, forming the angle 0, then @ is called the angle of 
elevation of B from A. 


6 = angle of elevation of B 


: from A 
A 


Horizontal 


Angle of depression 


e If a horizontal line is drawn from B, forming the angle a, then a is called the angle of depression of 
A from B. 


Horizontal B 


a = angle of depression 
of A from B 


Alternate angle rule 


¢ Because the horizontal lines are parallel, 6 and a have the same size (alternate angles). 
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WORKED EXAMPLE 15 Applying angles of elevation to solve problems 


From a point P, on the ground, the angle of elevation of the top of a tree is 50°. If P is 8 metres from 
the tree, determine the height of the tree correct to 2 decimal places. 


THINK 
1. Let the height of the tree be h. Sketch a 


diagram and show the relevant information. 


2. Identify the appropriate trigonometric ratio. 


3. Substitute O=h, A=8 and @=50°. 


4. Rearrange to make h the subject. 


5. Calculate and round the answer to 
2 decimal places. 


6. Write the answer in a sentence. 


WRITE/DRAW 


O 
t 6é)= — 
an(@) 


h 
tan(50°) = — 
(50°) 8 


h = 8 tan(50°) 
Oa 


The height of the tree is 9.53 m. 


WORKED EXAMPLE 16 Applying angles of depression to solve problems 


The angle of depression from a helicopter, at point H, to a swimmer in distress in the water is 60°. If 
the helicopter is hovering 800 m above sea level, determine how far horizontally the swimmer is from 
the helicopter. Write your answer in metres correct to 2 decimal places. 


THINK 


1. Let the horizontal distance between the 
swimmer and the helicopter be d. Sketch a 


diagram and show the relevant information. 


2. Identify the appropriate trigonometric ratio. 


3. Substitute O= 800, O= 60° and A=d. 


4. Rearrange to make d the subject. 


5. Calculate and round to 2 decimal places. 


6. Write the answer in a sentence. 


WRITE/DRAW 


O 
tan(@) = — 
an(9) x 


800 
tan(60°) = —— 
(60°) 7 


_ 800 
tan(60°) 


d= 461.88 m 


The horizontal distance between the swimmer and the 
helicopter is 461.88 m. 
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ion) Resources 


oa) 
(4 eWorkbook Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2031) 


ys Interactivities Individual pathway interactivity: Angles of elevation and depression (int-4590) 
Finding the angle of elevation and angle of depression (int-6047) 


Exercise 5.7 Angles of elevation and depression learn@i) 
Individual pathways 

@ PRACTISE Hi CONSOLIDATE @ MASTER 

1,4,6,9, 12, 15 2,5, 7, 10, 13, 16 3, 8, 11, 14, 17 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. EE From a point P on the ground the angle of elevation from an observer to the top of a tree is 54°22’. 
If the tree is known to be 12.19 m high, determine how far P is from the tree (measured horizontally). Write 
your answer in metres correct to 2 decimal places. 


2, ES) From the top of a cliff 112 m high, the angle of depression to a boat is 9°15’. Determine how far the 
boat is from the foot of the cliff. Write your answer in metres correct to 1 decimal place. 


3. A person on a ship observes a lighthouse on the cliff, which is 
830 metres away from the ship. The angle of elevation of the top 
of the lighthouse is 12°. 


a. Determine how far above sea level the top of the lighthouse is, ad ‘ 
correct to 2 decimal places. _- tonal 

b. If the height of the lighthouse is 24 m, calculate the height of 
the cliff, correct to 2 decimal places. 


4. Ata certain time of the day a post, 4m tall, casts a shadow of 
1.8 m. Calculate the angle of elevation of the sun at that time. 
Write your answer correct to the nearest minute. 


5. An observer who is standing 47 m from a building measures the angle of elevation of the top of the building 
as 17°. If the observer’s eye is 167 cm from the ground, determine the height of the building. Write your 
answer in metres correct to 2 decimal places. 


Understanding 


6. A surveyor needs to determine the height of a building. She 
measures the angle of elevation of the top of the building from two 
points, 38 m apart. The surveyor’s eye level is 180 cm above the 
ground. 


a. Determine two expressions for the height of the building, h, in 
terms of x using the two angles. 

b. Solve for x by equating the two expressions obtained in a. Write 
your answer in metres correct to 2 decimal places 

c. Determine the height of the building, in metres correct to 
2 decimal places. 
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rif 


10. 


11. 


. A lookout tower has been erected on top of a cliff. At a distance of 5.8 km from the 


. Elena and Sonja were on a camping trip to the Grampians, where 


The height of another building needs to be determined but cannot 
be found directly. The surveyor decides to measure the angle of 

elevation of the top of the building from different sites, which are 
75 m apart. The surveyor’s eye level is 189 cm above the ground. 


a. Determine two expressions for the height of the building above 
the surveyor’s eye level, h, in terms of x using the two angles. 

b. Solve for x. Write your answer in metres correct to 2 decimal 
places. 

c. Determine the height of the building, in metres correct to 
2 decimal places. 


foot of the cliff, the angle of elevation to the base of the tower is 15.7° and to the 
observation deck at the top of the tower is 16° respectively, as shown in the figure 
below. Determine how high from the top of the cliff the observation deck is, to the 
nearest metre. 


a oe eee 


they spent their first day hiking. They first walked 1.5 km along 

a path inclined at an angle of 10° to the horizontal. Then they 

had to follow another path, which was at an angle of 20° to the 
horizontal. They walked along this path for 1.3 km, which brought 
them to the edge of the cliff. Here Elena spotted a large gum tree 
1.4km away. If the gum tree is 150 m high, calculate the angle 

of depression from the top of the cliff to the top of the gum tree. 
Express your answer in degrees correct to the nearest degree. 


From a point on top of a cliff, two boats are observed. If the angles 
of depression are 58° and 32° and the cliff is 46 m above sea level, 
determine how far apart the boats are, in metres correct to 2 decimal 
places. 


A 2.05 m tall man, standing in front of a street light 3.08 m high, casts a x 
1.5 m shadow. 


a. Calculate the angle of elevation, to the nearest degree, from the 
ground to the source of light. 

b. Determine how far the man is from the bottom of the light pole, in 
metres correct to 2 decimal places. 


3.08 m 
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Reasoning 


12. Explain the difference between an angle of elevation and an angle of depression. 


13. Joseph is asked to obtain an estimate of the height of his house using 
any mathematical technique. He decides to use an inclinometer and 
basic trigonometry. Using the inclinometer, Joseph determines the 
angle of elevation, 8, from his eye level to the top of his house to be 
42°. The point from which Joseph measures the angle of elevation is 
15 m away from his house and the distance from Joseph’s eyes to the 
ground is 1.76 m. 


K— = —>| 


a. Determine the values for the pronumerals h, d and 9. 
b. Determine the height of Joseph’s house, in metres correct to 2 decimal places. 


14. The angle of elevation of a vertically rising hot air balloon changes from 27° at 7:00 am to 61° at 7:03 am, 
according to an observer who is 300 m away from the take-off point. 


a. Assuming a constant speed, calculate that speed (in m/s and km/h) at which the balloon is rising, correct 
to 2 decimal places. 

b. The balloon then falls 120 metres. Determine the angle of elevation now. Write your answer in degrees 
correct to | decimal place. 


Problem solving 


15. The competitors of a cross-country run are nearing the finish line. From a 
lookout 100 m above the track, the angles of depression to the two leaders, 
Nathan and Rachel, are 40° and 62° respectively. Evaluate how far apart, 
to the nearest metre, the two competitors are. 


16. The angle of depression from the top of one 
building to the foot of another building across 
the same street and 45 metres horizontally away 
is 65°. The angle of depression to the roof of the 
same building is 30°. Evaluate the height of the 
shorter building. Write your answer in metres 
correct to 3 decimal places. 


17. P and Q are two points on a horizontal line that are 
120 metres apart. The angles of elevation from P and Q 
to the top of a mountain are 36° and 42° respectively. 
Determine the height of the mountain, in metres, 
correct to 1 decimal place. 


42° 
P 120m Q 
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5.8 Bearings 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e draw diagrams with correct angles to represent information to help solve triangles 
e apply trigonometry to solve bearing problems involving compass and true bearings. 


® 5.8.1 Using bearings 


eles-4807 
e A bearing gives the direction of travel from one point or object to another. 


e The bearing of B from A tells how to get to B from A. A compass rose would be drawn at A. 


> Z, 


n~< 


To illustrate the bearing of A from B, a compass rose would be drawn at B. 


w~< >E 


A 


e There are two ways in which bearings are commonly written. They are compass bearings and true bearings. 


Compass bearings 


e A compass bearing (for example N40°E or S72°W) has three parts. 
e The first part is either N or S (for north or south). 
e The second part is an acute angle. 
e The third part is either E or W (for east or west). 
e For example, the compass bearing S20°E means start by facing south and then turn 20° towards the east. 
This is the direction of travel. 
N40°W means start by facing north and then turn 40° towards the west. 
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N N40°W ON 
4 A 
ge 
Ww~ >E w~< >E 
20 
Y S20°E y 
S S 


True bearings 


e True bearings are measured from north in a clockwise direction and are expressed in 3 digits. 
e The diagrams below show the bearings of 025° true and 250° true respectively. (These true bearings are 
more commonly written as 025°T and 250°T.) 


N 025°T N 
A A 
235") 
Ww~< >E w~< ur >E 
250°T 
Y Y 
S S 


WORKED EXAMPLE 17 Solving trigonometric problems involving bearings 


A boat travels a distance of 5km from P to Q in a direction of 035°T. 
a. Calculate how far east of P is Q, correct to 2 decimal places. 

b. Calculate how far north of P is Q, correct to 2 decimal places. 

c. Calculate the true bearing of P from Q. 


THINK WRITE/DRAW 
a. 1. Draw a diagram showing the distance and a. 
bearing of Q from P. Complete a right-angled 
triangle travelling xkm due east from P and 
then ykm due north to Q. 


2. To determine how far Q is east of P, we need 
to determine the value of x. We are given the 
length of the hypotenuse (H) and need to find 
the length of the opposite side (O). Write the 
sine ratio. 


3. Substitute O =x, H=5 and @ =35°. sin(35°) = = 
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4. Make x the subject of the equation. 


5. Evaluate and round the answer, correct to 
2 decimal places. 


6. Write the answer in a sentence. 


. To determine how far Q is north of P, we b. 
need to find the value of y. This can be 
done in several ways, namely: using the 
cosine ratio, the tangent ratio, or Pythagoras’ 
theorem. Write the cosine ratio. 


2. Substitute A = y, H=5 and 0 = 35°. 


3. Make y the subject of the equation. 


4. Evaluate and round the answer, correct to 
2 decimal places. 


5. Write the answer in a sentence. 


. To determine the bearing of P from Q, drawa c. 
compass rose at Q. The true bearing is given 
by 20. 


2. The value of @ is the sum of 180° (from north 
to south) and 35°. Write the value of @. 


8. Write the answer in a sentence. 


HSS Sins) 
AIDS 


Point Q is 2.87 km east of P. 


A 
6 — 
cos(@) 


’ 
cos(35°) = = 
(Gam) 5 


v= 5 cosas”) 
4.10 


Point B is 4.10 km north of A. 


True bearing = 180° + a 


a = 35° 
True bearing = 180° + 35° 
= ZI 


The bearing of P from Q is 215°T. 


e Sometimes a journey includes a change in directions. In such cases, each section of the journey should be 


dealt with separately. 


WORKED EXAMPLE 18 Solving bearings problems with 2 stages 


A boy walks 2 km on a true bearing of 090° and then 3 km on a true bearing of 130°. 
a. Calculate how far east of the starting point the boy is at the completion of his walk, correct to 


1 decimal place. 


b. Calculate how far south of the starting point the boy is at the completion of his walk, correct to 


1 decimal place. 


c. To return directly to his starting point, calculate how far the boy must walk and on what bearing. 
Write your answers in km correct to 2 decimal places and in degrees and minutes correct to the 


nearest minute. 
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THINK 


a. 1. 


Draw a diagram of the boy’s journey. The 
first leg of the journey is due east. Label 
the easterly component x and the southerly 
component y. 


. Write the ratio to determine the value of x. 


. Substitute O =x, H=3 and 6 = 50°. 


. Make x the subject of the equation. 


. Evaluate and round correct to 


1 decimal place. 


. Add to this the 2 km east that was walked 


in the first leg of the journey and write the 
answer in a sentence. 


. To determine the value of y (see the diagram 


in part a) we can use Pythagoras’ theorem, 
as we know the lengths of two out of three 
sides in the right-angled triangle. Round 

the answer correct to 1 decimal place. Note: 
Alternatively, the cosine ratio could have 
been used. 


. Write the answer in a sentence. 


1. Draw a diagram of the journey and write in 


the results found in parts a and b. Draw a 
compass rose at Q. 


. Determine the value of z using Pythagoras’ 


theorem. 


. Determine the value of @ using trigonometry. 


. Make @ the subject of the equation using the 


inverse tangent function. 
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WRITE/DRAW 


a. 


b. 


N 


O 
ee 
sin(@) 5 

i 
sin(50°) = — 
(50°) 3 
x = 3 sin(50°) 
= 2.3km 


Total distance east = 2 + 2.3 

=4.3km 
The boy is 4.3 km east of the starting point. 
Distance south = ykm 


pa he 


y=3 = 23° 
A) Pe) 
= 37 

y= Vari 
= 1.9km 


The boy is 1.9km south of the starting point. 


4.3 


O 


5. Evaluate and round to the nearest minute. = 66.161259 82° 


= 66°9'40.535"" 
='66> 10" 
6. The angle f gives the bearing. B = 360° — 66°10’ 
=) 293750! 
7. Write the answer in a sentence. The boy travels 4.70 km on a bearing of 
2OBeS Ole 


DISCUSSION 


Explain the difference between true bearings and compass directions. 


ion) Resources 


a) 
(4 eWorkbook Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2031) 


g Digital document SkilISHEET Drawing a diagram from given directions (doc-5228) 


® Video eLesson Bearings (eles-1935) 


2} Interactivities Individual pathway interactivity: Bearings (int-4591) 
Bearings (int-6481) 


Exercise 5.8 Bearings learn@) 
Individual pathways 

B PRACTISE B@ CONSOLIDATE B® MASTER 

1,3, 7, 10, 14, 17 2, 5, 8, 11, 12, 15, 18 4,6, 9, 13, 16, 19 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 

1. Change each of the following compass bearings to true bearings. 

a. N20°E b. N20°W c. S35°W 
2. Change each of the following compass bearings to true bearings. 

a. S28°E b. N34°E c. S42°W 
3. Change each of the following true bearings to compass bearings. 

a. 049°T b. 132°T c. 267°T 
4. Change each of the following true bearings to compass bearings. 

a. 330°T b. 086°T c. 234°T 
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5. Describe the following paths using true bearings. 


a. N b. N c. N 


Ww~< >E w~< >E 


n~ 
n 


6. Describe the following paths using true bearings. 


a oN b. N c. 


7. Show each of the following journeys as a diagram. 


a. A ship travels 040°T for 40 km and then 100°T for 30 km. 
b. A plane flies for 230 km in a direction 135°T and a further 140 km in a direction 240°T. 


8. Show each of the following journeys as a diagram. 


a. A bushwalker travels in a direction 260°T for 0.8 km, then changes direction to 120°T for 1.3 km, and 
finally travels in a direction of 32° for 2.1 km. 

b. A boat travels N40°W for 8 km, then changes direction to S30°W for 5 km and then S50°E for 7 km. 

c. A plane travels N20°E for 320 km, N70°E for 180 km and $30°E for 220 km. 


9. A yacht travels 20km from A to B on a bearing of 042°T. 


a. Calculate how far east of A is B, in km correct to 2 decimal places. 
b. Calculate how far north of A is B, in km correct to 2 decimal places. 
c. Calculate the bearing of A from B. 


The yacht then sails 80 km from B to C on a bearing of 130°T. 


d. Show the journey using a diagram. 

e. Calculate how far south of B is C, in km correct to 2 decimal places. 
f. Calculate how far east of B is C, in km correct to 2 decimal places. 
g. Calculate the bearing of B from C. 


10. If a farmhouse is situated 220 m N35°E from a shed, calculate the true 
bearing of the shed from the house. 


Understanding 


11. A pair of hikers travel 0.7 km on a true bearing of 240° and then 1.3 km on a true bearing of 300°. Calculate 
how far west have they travelled from their starting point, in km correct to 3 decimal places. 


12. EEE A boat travels 6km on a true bearing of 120° and then 4km on a true bearing of 080° 


a. Calculate how far east the boat is from the starting point on the completion of its journey, in km correct to 
3 decimal places. 

b. Calculate how far south the boat is from the starting point on the completion of its journey, in km correct 
to 3 decimal places. 

c. Calculate the bearing of the boat from the starting point on the completion of its journey, correct to the 
nearest minute. 
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13. A plane flies on a true bearing of 320° for 450 km. It then 
flies on a true bearing of 350° for 130km and finally on a 
true bearing of 050° for 330 km. Calculate how far north 
of its starting point the plane is. Write your answer in km 
correct to 2 decimal places. 


Reasoning 


14. A bushwalker leaves her tent and walks due east for 4.12 km, then walks a further 3.31 km on a bearing of 
N20°E. If she wishes to return directly to her tent, determine how far she must walk and what bearing she 
should take. Write your answers in km correct to 2 decimal places and to the nearest degree. 


15. A car travels due south for 3 km and then due east for 8 km. Determine the bearing of the car from its 
starting point, to the nearest degree. Show full working. 


16. If the bearing of A from O is 9°T, then (in terms of theta) determine the bearing of O from A: 
a. if 0°< 0° < 180° b. if 180° < 6° < 360°. 


Problem solving 


17. A boat sails on a compass direction of E12°S for 10 km then changes 
direction to S27°E for another 20 km. The boat then decides to return to its 
starting point. 


a. Determine how far, correct to 2 decimal places, the boat is from its 


b. Determine on what bearing should the boat travel to return to its starting 


18. Samira and Tim set off early from the car park of a national 
park to hike for the day. Initially they walk N60°E for 12km 
to see a spectacular waterfall. They then change direction and 
walk in a south-easterly direction for 6 km, then stop for lunch. 
Give all answers correct to 2 decimal places. 


a. 
b. 


. Determine how far east of the car park they are at the 


starting point. 


point. Write the angle correct to the nearest degree. 


Make a scale diagram of the hiking path they completed. 
Determine how far north of the car park they are at the 
lunch stop. 


lunch stop. 


. Determine the bearing of the lunch stop from the car park. 
. If Samira and Tim then walk directly back to the car park, 


calculate the distance they have covered after lunch. 


19. Starting from their base in the national park, a group of bushwalkers travel 1.5 km at a true bearing of 030°, 
then 3.5 km at a true bearing of 160°, and then 6.25 km at a true bearing of 300°. Evaluate how far, and at 
what true bearing, the group should walk to return to its base. Write your answers in km correct to 2 decimal 
places and to the nearest degree. 
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5.9 Applications 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e draw well-labelled diagrams to represent information 
e apply trigonometry to solve various problems involving triangles. 


® 5.9.1 Applications of trigonometry 
les-4808 
= e When applying trigonometry to practical situations, it is essential to draw good mathematical diagrams 


using points, lines and angles. 
e Several diagrams may be required to show all the necessary right-angled triangles. 


WORKED EXAMPLE 19 Applying trigonometry to solve problems 


A ladder of length 3m makes an angle of 32° with the wall. 

a. Calculate how far the foot of the ladder is from the wall, in metres, correct to 2 decimal places. 
b. Calculate how far up the wall the ladder reaches, in metres, correct to 2 decimal places. 

c. Calculate the value of the angle the ladder makes with the ground. 


THINK WRITE/DRAW 
Sketch a diagram and label the sides of the 
right-angled triangle with respect to the given 
angle. 


a. 1. We need to calculate the distance of the foot a. 
of the ladder from the wall (O) and are given 
the length of the ladder (H). 
Write the sine ratio. 


2. Substitute O =x, H=3 and @ = 32°. sin(32°) = ; 
3. Make x the subject of the equation. Pisin (2m) 
4. Evaluate and round the answer to ~ 1.59m 


2 decimal places. 


5. Write the answer in a sentence. The foot of the ladder is 1.59 m from the wall. 


A 

b. 1. We need to calculate the height the ladder b. cos(@) = — 

reaches up the wall (A) and are given the 2 
hypotenuse (H). Write the cosine ratio. 


2. Substitute A = y, H=3 and 0 = 32°. cos(32°) = 
3. Make y the subject of the equation. hi eIcosG2a) 
4. Evaluate and round the answer to y = 2.54m 


2 decimal places. 


5. Write the answer in a sentence. The ladder reaches 2.54 m up the wall. 
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c. 1. To calculate the angle that the ladder makes c. ~+90°+32° = 180° 


with the ground, we could use any of the a + 122° = 180° 
trigonometric ratios, as the lengths of all three a = 180° — 122° 
sides are known. However, it is quicker to use aoe 
the angle sum of a triangle. 
2. Write the answer in a sentence. The ladder makes a 58° angle with the ground. 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
On a Calculator page, complete REMREREED> ‘Tesonomety 060 X] On the Main screen, complete © Edit Action interactive 
7 . ori [as Tas T 
the entry lines as: ; =issoe | tHe entry lines as: 6) GS FS) 
2 solve: rn(2)-,| can x solve (sin(32)=% x) 
solve (sin (32) = *,) = solve (sin (32) = *,x) {x=1. 589757793) 
3 yn2,5441 3 


y solve (cos(32)=%, y) 
slveece 22}-2, . 
3 


y 3 y (y=2. 544144288) 
solve (cos (32) = a y) FEM (oR ner solve (cos (32) = Fy y) 180-(80¢32) am 
180 — (90 + 32) | 180 — (90 + 32) P 
Press ENTER after each entry. . | Press EXE after each entry. 

x= 1.59 m correct to 2 decimal 

places. 

y = 2.54 mcorrect to 2 decimal Aig Oecimal Real Dog 
places. x= 1.59 m correct to 
a = 58° 2 decimal places. 


y= 2.54 mcorrect to 
2 decimal places. 
a = 58° 


DISCUSSION 


What are some real-life applications of trigonometry? 


ion) Resources 


oy) 
[4 eWorkbook Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2031) 


& Interactivity Individual pathway interactivity: Applications (int-4592) 


Exercise 5.9 Applications learn@)) 
Individual pathways 

M@ PRACTISE mi CONSOLIDATE @ MASTER 

1,3, 4, 10, 11, 17 2, 5, 8, 12, 14, 16, 18 6, 7, 9, 13, 15, 19 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. A carpenter wants to make a roof pitched at 29°30’, as shown in the R 
diagram. Calculate how long, in metres correct to 2 decimal places, he 
should cut the beam PR. 


2. The mast of a boat is 7.7m high. A guy wire from the top of the mast p Q 
is fixed to the deck 4m from the base of the mast. Determine the angle, as 10.6m . 
correct to the nearest minute, the wire makes with the horizontal. 
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Understanding 


3. A steel roof truss is to be made to the following design. Write your answers in metres correct to 
2 decimal places. 


\x 10m >| 


a. Calculate how high the truss is. 
b. Determine the total length of steel required to make the truss. 


4. EEGEVA ladder that is 2.7m long is leaning against a wall at an angle of 20° as shown. T 
If the base of the ladder is moved 50 cm further away from the wall, determine what angle 
the ladder will make with the wall. Write your answer correct to the nearest minute. 


2.7m 
| 
WwW B 
5. A wooden framework is built as shown. C 
Bella plans to reinforce the framework by adding a strut from C to the midpoint of 
AB. Calculate the length of the strut, in metres correct to the 2 decimal places. 
Sm 


Z\ 7 


6. Atlanta is standing due south of a 20 m flagpole at a point where the angle of elevation of the top of the pole 
is 35°. Ginger is standing due east of the flagpole at a point where the angle of elevation of the top of the 
pole is 27°. Calculate how far, to the nearest metre, Ginger is from Atlanta. 


7. From a point at ground level, Henry measures the angle of elevation of the top of a tall building to be 41°. 
After walking directly towards the building, he finds the angle of elevation to be 75°. If the building is 220 m 
tall, determine how far Henry walked between measurements. Write your answer correct to the 
nearest metre. 


8. Sailing in the direction of a mountain peak of height 893 m, Imogen measured the angle of elevation to be 
14°. A short time later the angle of elevation was 27°. Calculate how far, in km correct to 3 decimal places, 
Imogen had sailed in that time. 


9. A desk top of length 1.2 m and width 0.5 m rises to 10 cm. 


E F 
10cm 
0.5m D 
A 1.2m B 
Calculate, correct to the nearest minute: 
a. ZDBF b. ZCBE. 
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10. A cuboid has a square end. If the length of the cuboid is 45 cm and its height and 


{ 


—_ 


width are 25 cm each, calculate: 


. the length of BD, correct to 2 decimal places 
. the length of BG, correct to 2 decimal places 
. the length of BE, correct to 2 decimal places 
. the length of BH, correct to 2 decimal places 
ZFBG, correct to the nearest minute 
ZEBH, correct to the nearest minute. 


~aOoQon»#> 


If the midpoint of FG is X and the centre of the rectangle ABFE is O calculate: 


g. the length OF, correct to 2 decimal places 
h. the length FX, correct to 1 decimal place 

i. ZFOX, correct to the nearest minute 

j. the length OX, correct to 2 decimal places. 


. In aright square-based pyramid, the length of the side of the base is 12 cm and the height is 26cm. 


4 


a. the angle the triangular face makes with the base, correct to the nearest degree 
b. the angle the sloping edge makes with the base, correct to the nearest minute 
c. the length of the sloping edge, in cm correct to 2 decimal places. 


12cm 


Determine: 


12. In a right square-based pyramid, the length of the side of the square base is 5.7 cm. 


5.7 cm 


If the angle between the triangular face and the base is 68°, calculate: 


a. the height of the pyramid, in cm correct to 2 decimal places 
b. the angle the sloping edge makes with the base, correct to the nearest minute 
c. the length of the sloping edge, in cm correct to 2 decimal places. 


13. In a right square-based pyramid, the height is 47 cm. If the angle between a triangular face and the base is 


73°, calculate: 


a. the length of the side of the square base, in cm correct to 2 decimal places 
b. the length of the diagonal of the base, in cm correct to 2 decimal places 
c. the angle the sloping edge makes with the base, correct to the nearest minute. 
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Reasoning 
14. Explain whether sine of an acute angle can be 1 or greater. 
15. Aldo the carpenter is lost in a rainforest. He comes across a large river and he knows that he can not swim 


across it. Aldo intends to build a bridge across the river. He draws some plans to calculate the distance across 
the river as shown in the diagram below. 


a. Aldo used a scale of 1 cm to represent 20 m. Determine the real-life distance represented by 4.5 cm in 
Aldo’s plans. 
b. Use the diagram below to write an equation for h in terms of d and the two angles. 


c. Use your equation from part b to find the distance across the river, correct to the nearest metre. 


16. A block of cheese is in the shape of a rectangular prism as shown. The cheese is to be sliced with a wide 
blade that can slice it in one go. Calculate the angle (to the vertical correct to 2 decimal places) that the blade 
must be inclined if: 


a. the block is to be sliced diagonally into two identical triangular wedges 


10cm 


b. the blade is to be placed in the middle of the block and sliced through to the bottom corner, as shown. 


4.8 cm 
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Problem solving 
17. A ship travels north for 7 km, then on a true bearing of 140° for another 13 km. 


a. Draw a sketch of the situation. 
b. Determine how far south the ship is from its starting point, in km correct to 2 decimal places. 
c. Evaluate the bearing, correct to the nearest degree, the ship is now from its starting point. 


18. The ninth hole on a municipal golf course is 630 m from the tee. A golfer drives a ball from the tee a 
distance of 315 m at a 10° angle off the direct line as shown. 


Hole 


Determine how far the ball is from the hole and state the angle of the direct line that the ball must be hit 
along to go directly to the hole. Give your answers correct to 1 decimal place. 


19. A sphere of radius length 2.5 cm rests in a hollow inverted cone as shown. The height of the cone is 12.5 cm 
and its vertical angle is equal to 36°. 


a. Evaluate the distance, d, from the tip of the cone to the point of contact with the sphere, correct to 
2 decimal places. 

b. Determine the distance, h, from the open end of the cone to the bottom of the ball, correct to 
2 decimal places. 
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5.10 Review 


5.10.1 Topic summary 


Similar triangles Pythagoras’ theorem 


¢ When the length of two sides are known in a right- 
angled triangle, the third side can be found using the 
tule a? + b?=c?. 


* Length of the longest side c = Va* + b? 
¢ Length of the shorter sides a = Vc?— b? or b = Vc? a” 


TRIGONOMETRY I 


Trigonometric ratios (SOHCAHTOA) Angles of elevation and depression 


¢ Ifa horizontal line is drawn from A as shown, forming 
the angle 0, then 0 is called the angle of elevation of 
B from A. B 


0 = angle of elevation 


of B from A 
Zo 


Horizontal 


¢ Ifa horizontal line is drawn from B as shown, forming 
the angle a, then a is called the angle of depression of 
A from B. 
Horizontal 


a = angle of depression 
A of A from B 


Bearings 


There are two ways in which bearings can be written: N ¢ True bearings are measured from N 
* Compass bearings have 3 parts: A north in a clockwise direction and 025°C 
* First part is either N or S are expressed in 3 digits. 
(for north or south). 
* Second part is an acute angle. 
° Third part is either E or W 
(for east or west). 
e.g. S20°E means start by facing 
south and then turn 20° towards the east. Y \S20°E 


By 
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5.10.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic | Success criteria +) | QO @ 


5.3 


5.4 


5.5 


5.6 


5.7 


5.8 


5.9 


| can identify similar right-angled triangles when corresponding sides are in 
the same ratio and corresponding angles are congruent. 


| can apply Pythagoras’ theorem to calculate the third side of a right- 
angled triangle when two other sides are known. 


| can apply Pythagoras’ theorem to determine unknown lengths when a 3D 
diagram is given. 


| can apply Pythagoras’ theorem to determine unknown lengths in 
situations by first drawing a diagram. 


| can define trigonometric ratios according to the lengths of the 
relevant sides. 


| can write equations for trigonometric ratios. 


| can apply trigonometric ratios to find the length of an unknown side when 
the length of one other side and an acute angle is known. 


| can apply inverse operations to calculate a known acute angle when two 
sides are given. 


| can identify angles of elevation and depression and solve for unknown 
side lengths and angles. 


| can draw diagrams with correct angles to represent information to help 
solve triangles. 


| can apply trigonometry to solve bearing problems involving compass and 
true bearings. 


| can draw well-labelled diagrams to represent information. 


| can apply trigonometry to solve various problems involving triangles. 


5.10.3 Project 


How steep is the land? 


When buying a block of land on which to build a house, the 
slope of the land is often not very obvious. The slab of a house 
built on the ground must be level, so it is frequently necessary 
to remove or build up soil to obtain a flat area. The gradient of 
the land can be determined from a contour map of the area. 
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Consider the building block shown. The contour lines join points having the same height above sea level. 
Their measurements are in metres. The plan clearly shows that the land rises from A to B. The task is to 
determine the angle of this slope. 
1. A cross-section shows a profile of the surface of the ground. Let us look at the cross-section of the 
ground between A and B. The technique used is as follows. 
e Place the edge of a piece of paper on the line joining A and B. 
Mark the edge of the paper at the points where the contour lines intersect the paper. 
Transfer this paper edge to the horizontal scale of the profile and mark these points. 
Choose a vertical scale within the range of the heights of the contour lines. 
Plot the height at each point where a contour line crosses the paper. 
Join the points with a smooth curve. 


172 
173 
125 
171.5 
171 
Contour 
lines 
Rectangular 
block of land 170.5 
170 


Scale 1 : 500 


The cross-section has been started for you. Complete the profile of the line A B. You can now see a visual 
picture of the profile of the soil between A and B. 


Cross-section of AB 


173 7173 
172.5- L 172.5 
S 172-4 Hi72 = 
1 re 
E 
= 171.5- + 171.5 eg 
= 
— Lee J 
@ 1717 ill 
170.54 L170.5 
1704 £170 


Profile of line BA (metres) 
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2. We now need to determine the horizontal distance between A and B. 
a. Measure the map distance between A and B using a ruler. What is the map length? 
b. Using the scale of 1 : 500, calculate the actual horizontal distance AB (in metres). 

3. The vertical difference in height between A and B is indicated by the contour lines. Calculate this 
vertical distance. 

4. Complete the measurements on this diagram. 


B 


Vertical 
distance 


Horizontal distance = ........ m 


5. The angle a represents the angle of the average slope of the land from A to B. Use the tangent ratio to 
calculate this angle (to the nearest minute). 

6. In general terms, an angle less than 5° can be considered a gradual to moderate rise. An angle between 
5° and 15° is regarded as moderate to steep while more than 15° is a steep rise. How would you describe 
this block of land? 

7. Imagine that you are going on a bushwalk this weekend with a group of friends. A contour map of the 
area is shown. Starting at X, the plan is to walk directly to the hut. 

Draw a cross-section profile of the walk and calculate the average slope of the land. How would you 
describe the walk? 


& 


Scale 1 : 20000 


ion) Resources 


oa) 
(4 eWorkbook _ Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2031) 
es Interactivities Crossword (int-2869) 


Sudoku puzzle (int-3592) 
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Exercise 5.10 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. [19 The most accurate measurement for the length of the third side in the 
triangle is: 
A. 483 m 
B. 23.3 cm 5.6m 
C.3.94m 
D. 2330 mm 
E. 4826 mm 


2840 mm 


2. 9 The value of x in this figure is: 
A.5.4 
Bae 5 
C. 10.1 
D. 10.3 
E.4 a d 


3. HG Select the closest length of AG of the cube. 
A. 10 
B. 30 
C. 20 
D. 14 
=. WY 


H 10 G 


4. M9 If sin(8°) = 0.6157, identify which of the following will also give this result. 
A. sin(218°) 
B. sin(322°) 
C. sin(578°) 
D. sin(682°) 
E. sin(142°) 


5. M1 The angle 118°52’34” is also equal to: 
A. 118.5234° 
B. 118222 
34 
C. 118.861° 
D. 118.876° 


E. 118.786° 
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6. [1 Identify which trigonometric ratio for the triangle shown below is incorrect. 


DO 

° a 
A. sin(@) = — 

sin(@) ; A ; (aN 
B. sin(a) = 2 
@ 
C. cos(@) = g 
Cc 
D. tan(a) = B 
a 
a 
E. tan(@) = — 
(8) b 


7. GS Identify which of the following statements is correct. 
A. sin(55°) = cos(55°) 
B. sin(45°) = cos(35°) 
C. cos(15°) = sin(85°) 
D. sin(30°) = sin(60°) 
E. sin(42°) = cos(48°) 


8. M1 Identify which of the following can be used to determine the value of x 
in the diagram. 
A. 28.7 sin(35°) ou 
B. 28.7 cos(35°) 
C. 28.7 tan(35°) 
28.7 7m 
sin(35°) 
28.7 
cos(35°) 


D. 


9. 1 Identify which of the following expressions can be used to determine the value of a in the 
triangle shown. 


35 


A. 35 sin(75°) 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


(If a school is 320 m $42°W from the police station, calculate the true bearing of the police station 
from the school. 


A. 042°T 
B. 048°T 
(S, DVT 
D. 228°T 
E. 312°T 
Calculate x, correct to 2 decimal places. 
a. b. 117 mm 
x 
123.1 cm a x 
48.7 cm 
Calculate the value of the pronumeral, correct to 2 decimal places. 
13.4cm 
x x 


Calculate the height of this pyramid, in mm correct to 2 decimal places. 


10 mm 


A person standing 23 m away from a tree observes the top of the tree at an angle of elevation of 35°. 
If the person’s eye level is 1.5 m from the ground, calculate the height of the tree, in metres correct to 
1 decimal place. 


A man with an eye level height of 1.8m stands at the window of a tall building. He observes his young 
daughter in the playground below. If the angle of depression from the man to the girl is 47° and the 
floor on which the man stands is 27 m above the ground, determine how far from the bottom of the 
building the child is, in metres correct to 2 decimal places. 


A plane flies 780 km in a direction of 185°T. Evaluate how far west it has travelled from the starting 
point, in km correct to 2 decimal places. 


A hiker travels 3.2 km on a bearing of 250°T and then 1.8km on a bearing of 320°T. Calculate far west 
she has travelled from the starting point, in km correct to 2 decimal places. 


If a 4m ladder is placed against a wall and the foot of the ladder is 2.6 m from the wall, determine the 
angle (in degrees and minutes, correct to the nearest minute) the ladder makes with the wall. 
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Problem solving 


19. The height of a right square-based pyramid is 13 cm. If the angle the face makes with the base is 67°, 
determine: 
a. the length of the edge of the square base, in cm correct to 2 decimal places 
b. the length of the diagonal of the base, in cm correct to 2 decimal places 
c. the angle the slanted edge makes with the base in degrees and minutes, correct to the nearest minute. 


20. A car is travelling northwards on an elevated expressway 6 m above ground at a speed of 72 km/h. At 
noon another car passes under the expressway, at ground level, travelling west, at a speed of 90 km/h. 
a. Determine how far apart, in metres, the two cars are 40 seconds after noon, in metres correct to 
2 decimal places. 
b. At this time the first car stops, while the second car keeps going. Determine the time when they will 
be 3.5 km apart. Write your answer correct to the nearest tenth of a second. 


21. Two towers face each other separated by a distance, d, of 20 metres. As seen from the top of the first 
tower, the angle of depression of the second tower’s base is 59° and that of the top is 31°. Calculate the 
height, in metres correct to 2 decimal places, of each of the towers. 


22. A piece of flat pastry is cut in the shape of a right-angled triangle. The longest side is 6b cm and the 
shortest is 2b cm. 


a. Determine the length of the third side. Give your answer in exact form. 
b. Determine the sizes of the angles in the triangle. 


c. Show that the area of the triangle is equal to 4/2 emir, 


23. A yacht is anchored off an island. It is 2.3 km from the yacht club and 4.6 km from a weather station. 
The three points form a right angled triangle at the yacht club. 


2.3 km 


: 


a. Calculate the angle at the yacht between the yacht club and the weather station. 

b. Evaluate the distance between the yacht club and the weather station, in km correct to 
2 decimal places. 

The next day the yacht travels directly towards the yacht club, but is prevented from reaching the club 

because of dense fog. The weather station notifies the yacht that it is now 4.2 km from 

the station. 

c. Calculate the new angle at the yacht between the yacht club and the weather station, in degrees 
correct to | decimal place. 

d. Determine how far the yacht is now from the yacht club, correct to 2 decimal places. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources 


ion) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


(y 


Download the workbook for this topic, which includes 


worksheets, a code puzzle and a project (ewbk-2031) LJ 
a) 
[4 

Download a copy of the fully worked solutions to every 

question in this topic (sol-0739) L] 


| 


a 9 a | P 


5.2 SkilISHEET Rounding to a given number of decimal 
places (doc-5224) 

5.3 SkilIISHEET Drawing 3-D shapes (doc-5229) 

5.4 SkilISHEET Labelling the sides of a right-angled triangle 
(doc-5226) 
SKilISHEET Selecting an appropriate trigonometric ratio 
based on the given information (doc-5231) 

5.6 SkilISHEET Rounding angles to the nearest degree 

(doc-5232) 

SKilISHEET Drawing a diagram from given directions 

(doc-5228) 


a 
er) 
OU 


tag i 


5.2 Similar right-angled triangles (eles-4799) 

Review of Pythagoras’ theorem (eles-4800) 
5.3 Applying Pythagoras’ theorem in three dimensions 
(eles-4801) 
Pythagoras’ theorem in three dimensions (eles- 1913) 
Trigonometric ratios (eles-4802) 
Using trigonometry to calculate side lengths 
(eles-4804) 
Using trigonometry to calculate angle size (eles-4805) 
Angles of elevation and depression (eles-4806) 
Using bearings (eles-4807) 
Bearings (eles- 1935) 
Applications of trigonometry (eles-4808) 


cuir 
oh 


CeCe 
OND 


SIEVE etal ele) airs Elis! 


io! 
© 


5.2 Individual pathway interactivity: Pythagoras’ theorem 
(int-4585) 
Finding a shorter side (int-3845) 
Finding the hypotenuse (int-3844) 

5.3 Individual pathway interactivity: Pythagoras’ theorem in 
three dimensions (int-4586) 
Right angles in 3-dimensional objects (int-6132) 

5.4 Individual pathway interactivity: Trigonometric ratios 
(int-4587) 
Trigonometric ratios (int-2577) 

5.5 Individual pathway interactivity: Using trigonometry to 
calculate side lengths (int-4588) 
Using trigonometry to calculate side lengths (int-6133) 


EN Ef af 


5.6 Individual pathway interactivity: Using trigonometry to 
calculate angle size (int-4589) 
Finding the angle when two sides are known 
(int-6046) 

5.7 Individual pathway interactivity: Angles of elevation and 
depression (int-4590) 
Finding the angle of elevation and angle of depression 
(int-6047) 

5.8 Individual pathway interactivity: Bearings (int-4591) 
Bearings (int-6481) 

5.9 Individual pathway interactivity: Applications (int-4592) 

5.10 Crossword (int-2869) 

Sudoku puzzle (int-3592) 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 
Topic 5 Trigonometry | 


Exercise 5.1 Pre-test 
.w=6.89cm 

x= 2.24cm 

. 16.97 cm 

. 62.28 cm 

. 0.3521 

. 8 = 55°10! 

. 8 = 36°52' 12!" 
.y=6.7m 
Cc 

. a. 020°T 
LA 

.D 

. 551.2m 
.E 

15. x= 9.0 


© MON AAP WH a 


b. 227°T 


-_ 
So 


ce. 327°T = d._:163°T 


~ 4 
fk oO ND = 


Exercise 5.2 Pythagoras’ theorem 


1. a. 7.86 b. 33.27 c. 980.95 
2. a. 12.68 b. 2.85 c. 175.14 
3. a. 36.36 b. 1.62 G: 15.37 
4. a. 0.61 b. 2133.19 c. 453.90 
5. 23.04cm 
6. 12.65cm 
7. a. 14.14cm b. 24.04cm c. 4.53cm 
8. a. 74.83cm b. 249.67cm ce. 3741.66 cm? 
9. a. 6.06 b. 4.24 c. 4.74 
10. 14.84cm 

11. 15.59 cm 

12. 19.23 cm 

13. 72.75 cm; 3055.34 cm? 

14. 39m 

15. 4.34km 

16. 38.2m 

17. 63.06 mm 

18. a. 32cm b. 768 cm? 

19. 26.83 diagonals, so would need to complete 27 

20. 4701.06 m 

21. 9.90 cm 

22. a. 65 b. 185 c. 305 

23. The value found using Pythagoras’ theorem represents 


length and therefore can’t be negative. 

. a. Neither 105 nor 208 can be the hypotenuse of the 
triangle, because they are the two smallest values. The 
other two values could be the hypotenuse if they enable 
the creation of a right-angled triangle. 

b. 105, 208, 233 


bo 
ESS 


25. a. 21cm 

b. 35cm 

c. y= 12.6cm and RS=9.8cm 
26. 13.86cm 
27. 1.33 million km 


Exercise 5.3 Pythagoras’ theorem in 
three dimensions 

1. a. 13.86 b. 13.93 
2. 12.21, 12.85 
3. 4.84m, 1.77m 
4. 8.49, 4.24 
5. 31.62cm 
6 
7 
8 


c. 18.03 


. 10.58cm 
. 23mm 
a. i. 233.24m 
b. 116.83 m 
9. 14.72 cm 
10. 12.67cm 
11. 42.27cm 


12. Sample responses can be found in the worked solutions in 
the online resources. 


13. 186.5m 
14. a. 1.49m 


15. V1265cm 
16. 25.475 
17. 28.6m 


ii. 200.12 m iii. 120.20m 


b. 7.43m? 


Exercise 5.4 Trigonometric ratios 


1. a. 0.5000 b. 0.7071 c. 0.4663 
d. 0.8387 e. 8.1443 f. 0.7193 
2. a. 0.6494 b. 0.5885 c. 0.5220 
d. —1.5013 e. 0.9990 f. 0.6709 
3. a. 0.8120 b. 0.5253 c. —0.8031 
d. 0.4063 e. 0.9880 
4. a. —0.9613 b. 1.7321  c. —0.5736 d. 0.1320 
5. a. 50° b. 24° c. 53° 
6. a. 71° b. 86° c. 41° 
7. a. 54°29’ b. 6°19! c. 0°52’ 
8. a. 72°47’ b. 44°48’ c. 26°45’ 
9. a. 26°33/54" ~—b. 64°1'25"" c. 64°46'59”” 
10. a. 48°5’22”” b. 36°52'12"" sc. 88°41'27"" 
41. a. 2.824 b. 71.014 c. 20.361 d. 2.828 
12. a. 226.735 b. 1.192 c. 7.232 ~— d. 32.259 
13. a. 4909.913 b. 0.063 ~—c. 0.904. «14.814 
d 
14. a. sin(@) = . b. cos(@)=- cc. tan(@)= . 
f f d 
i h i 
15. a. sin(@) = — b. cos(@)=—- cc. tan(a) = - 
g g h 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


1 j 1 
a. sin(B)=- b. cos(B)= Lhe tan(8) = - 
k k J 
: n o n 
a. sin(y)=—  »b. cos(y)=— cc. tan(y)=- 
m m o 
b b 
a. sin(B)=-  b. cos(B)= Z c. tan(B) = - 
c Cc a 
; v t v 
a. sin(Y¥) = — b. cos(y)=—- cc. tan(y)=- 
u u t 
15 22 7 
a. sin(@) = ie b. cos(@) = ma c. tan(@) = 9 
3.6 : 13 : 18.6 
a. tan(Q) = — b. sin(25°)= — c. sin(a) = — 
p t 23.5 
a gj 
; 
A UT 
A 
b. i. sin(37°) = 0.60 
ii. cos(37°) = 0.80 
iii. tan(37°) = 0.75 
G: a= 53° 
a. i. sin(53°)=0.80 
ii. cos(53°) = 0.60 
iii. tan(53°) = 1.33 
b. They are equal. 
c. They are equal. 
d. The sin of an angle is equal to the cos of its 
complement angle. 
sin(@) = OPP cos(@) = adj > one) 3 ES tan(@) 
~ hyp’ ~ hyp 7 cos(@) adj 


a =a — x 

b. P=? —b* +2bx— 7 

c. Sample responses can be found in the worked solutions 
in the online resources. 


d. Sample responses can be found in the worked solutions 
in the online resources. 


= ay 
DC=x+ tan(®) 


To determine which trigonometric ratio to apply, the sides 
in relation to the angle relevant in the question need to be 
identified and named. 


110 tan(6 + &) — 110 tan(@) 


Exercise 5.5 Using trigonometry to calculate 


side lengths 

1. a. 8.660 b. 7.250 c. 8.412 

2. a. 0.79 b. 4.72 c. 101.38 

3. a. 33.45m b. 74.89m c. 44.82m 

4. a. 7.76mm b. 80.82km c. 9.04cm 

5. a. x=31.58cm b. y=17.67m_ coc. 7=14.87m 
6. a. p= 67.00m 


8. 


. a=0.70km, b=0.21 km 
. 6.0m b. 6.7m 


a 
a 

b. p=21.38km, g = 42.29km 
c 

a 

1.05 m 
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9. a. x= 30.91 cm, y = 29.86cm, z= 39.30cm 
b. 2941.54cm? 
10. a. In an isosceles right-angled triangle 
b. 8<45° 


11. Sample responses can be found in the worked solutions in 
the online resources. 


12. a. h=tan(47°48’)xm 
h = tan(36°24') (x + 64)m 
b. 129.07 m 
c. 144.29m 
13. Building A is 73.9 m and Building B is 29.5 m. 
14. 60 


15. Sample responses can be found in the worked solutions in 
the online resources. 


Exercise 5.6 Using trigonometry to calculate 
angle size 


1.a. 67° b. 47° c. 69° 

2. a. 54°47’ b. 33°45’ c. 33°33" 

3. a. 75°31/21"" sb. 36°52/12"" sg. 37°3 8/51" 
4.a. 41° b. 30° c. 49° 

5. a. 65° b. 48° c. 37° 

6. a. a= 25°47’, b= 64°13" 


a 

b. d= 25°23’, e= 64°37’ 

c. x= 66°12’, y= 23°48’ 

a. r=57.58, 1 = 34.87, h = 28.56 

b. 428 cm? 

G: 2977" 

a. i. 29.0° ii. 41.4° iti. 51.3° 

b. i. 124.42km/h ii. 136.57 km/h iii. 146.27 km/h 
9. To find the size of acute angles, use inverse operations. 


10. Sample responses can be found in the worked solutions in 


the online resources. 
1 3 3 
11. a. sin(30°) = ? cos(30°) = ve tan(30°) = ue 


b. Sample responses can be found in the worked solutions 
in the online resources. 


c. Sample responses can be found in the worked solutions 
in the online resources. 


12. a. Between site 3 and site 2: 61° 
Between site 2 and site 1: 18° 
Between site 1 and bottom: 75° 


b. Between site 1 and bottom: 75° slope 
13. 58°3’ 
14. 147°0'; 12°15’ 


Exercise 5.7 Angles of elevation and depression 
1. 8.74m 

2. 687.7m 

3. a. 176.42m b. 152.42m 

4. 65°46’ 

5. 16.04m 


. h=xtan(47°12')m; h = (x + 38) tan(35°50’)m 
. x= 76.69 m 

84.62 m 

. h=x tan(43°35’)m; A= («+ 75) tan(32°18’)m 
. 148.37m 

. 143.10m 


oS ® oO. so 2 


8. 0.033 km or 33 m 


13. 


14, 


15. 
16. 
17. 


i 21° 

- 44.88 m 

.a. 54° b. 0.75m 

. Angle of elevation is an angle measured upwards from 


the horizontal. Angle of depression is measured from the 
horizontal downwards. 


b. 15.27m 

a. 2.16 m/s, 7.77 km/h 
b. 54.5° 

66m 

70.522 m 

451.5m 


Exercise 5.8 Bearings 


—_ 


ieee a 


. a. 020°T b. 340°T co; 215°T 
a. 152°T b. 034°T 6. 222°T 
a. N49°E b. S48°E c. S87°W 
a. N30°W b. N86°E c. $54°W 
a. 3km325°T bb. 2.5km112°T c. 8km235°T 
a. 4km090°T, then 2.5 km 035°T 
b. 12km115°T, then 7 km 050°T 
c. 300m 310°T, then 500 m 220°T 
a. 

b. 
a. 


10 
11 
12 
13 
14 
15. 
16 


17 


18. 


19 


ao 5 


e. 51.42km 
f. 61.28km 
g. 310°T 

2S? TR 

. 1.732km 

. a. 9.135km 

. 684.86 km 

. 6.10km and 239°T 

ro (a a 

. a. (8+180)°T b. (@—180)°T 

. a. 27.42km b. N43°W or 317°T 


ce. 104°10'T 


b. 2.305 km 


a. 


1.76 km North 
14.63 km East 
N83.15°E 
e. D=14.74km 
. 3.65 km on a bearing of 108°T 


ao fF 
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Exercise 5.9 Applications Project 


1. 6.09 m 1. Cross-section of AB 
2. 62°33’ + 173 
3. a. 182m b. 27.78m 
4. 31°49" + 172.5 
5. 5.94m 
6. 49m io +172 @ 
7. 194m & & 
ovo o 
8. 1.829km & 171.5 E 
9.2, 11°32’ bb, 25" Sb ” Sh 
vo vo 
10. a. 35.36cm  b. 51.48cm ~—c.: 51.48cm = res 
d. 57.23cm —_e.._-29°3’ f. 25°54’ 
g. 25.74 cm h. 12.5cm i. 25°54! 
j. 28.61cm - 170.5 
Tan 77° b. 71°56’ c. 27.35cm 
12a. 7.05em —b. 60°15’ c. 8.12cm ss amen 
13. a. 28.74cm b. 40.64 cm c. 66°37’ Profile of line BA (metres) 
O 2.a. 8cm b. 40 m 
14. sin(@) = —. Since the hypotenuse H is the longest side in a Sia 
the right-angled triangle, when dividing O by H the value ; 
will be between 0 and 1. : Lee 
Vertical 
15. a. 90m distance 
4 dtan(@,) tan(6,) 
; he rh =3m A 
250 tan(O;) + tan(O>) Horizontal distance = 40 m 
16 ; 122 = b. 142.37° ae 
= a ‘ : : 6. Gradual to moderate 
Cals 
140° 7. Cross-section X to hut 
300 4 300 
3 3 
g s 
& 250-5 L 250 z 
= 200 - t+ 200 = 
150 150 
x Hut 
Profile of X to hut 
Finish The average slope is 11.46° — moderate to steep. 
Exercise 5.10 Review questions 
18. Golfer must hit the ball 324.4 m at an angle of 9.7° off the ce 
direct line. 2. D 
19. a. 7.69cm b. 6.91cm 3.E 
4.E 
5.D 
6.B 
7.E 
8.B 
9.B 
10.A 
di. a. x= 113.06cm b. x= 83.46mm 
12. 9.48cm 
13. 8.25mm 
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14. 17.6m 
15. 26.86m 
16. 67.98 km 
17. 4.16km 
18. 40°32! 


419. a. 11.04cm b. 15.61cm c. 59°1' 


20. a. 1280.644m __—ib.«12:: 02: 16.3pm 
21. 33.29 m, 21.27m 
22. a. 4\/2b 

b. 19.5°, 70.5°, 90°. 


1 
c. Area = Pe height 


1 
= 5 X2bx4V/2b 


= 4V/2b'cem?. 
23. a. 60° b. 3.98km_ c. 71.5° 


d. 1.33km 


Surface area and 
volume 


6 


LEARNING SEQUENCE 


6.1 


Overview 


6.2 Area .. 


6.3 Total surface area 


6.4 Volume 


6.5 Review 


4 
YS 
i yyy) 

BOXKYY) 

NK) 
i) 


OOK 
4+ 
OO 


6.1 Overview 
Why learn this? 


People must measure! How much paint or carpet will you need to 
redecorate your bedroom? How many litres of water will it take to fill the 
new pool? How many tiles do you need to order to retile the bathroom 
walls? How far is it from the North Pole to the South Pole? These are just 
a few examples where measurement skills are needed. 


Measuring tools have advanced significantly in their capability to measure 
extremely small and extremely large amounts and objects, leading to 
many breakthroughs in medicine, engineering, science, architecture and 
astronomy. 


In architecture, not all buildings are simple rectangular prisms. In 

our cities and towns, you will see buildings that are cylindrical in 

shape, buildings with domes and even buildings that are hexagonal or 
octagonal in shape. Architects, engineers and builders all understand the 
relationships between these various shapes and how they are connected. 
Industrial and interior designers use the properties of plane figures, prisms, 
pyramids and spheres in various aspects of their work. 


Have you ever wondered why tennis balls are sold in cylindrical 


containers? This is an example of manufacturers wanting to minimise the amount of waste in packaging. 
Understanding the concepts involved in calculating the surface area and volume of common shapes we see 


around us is beneficial in many real-life situations. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 
eLessons 


Digital 
documents 


eWorkbook 


Fully worked 
solutions 
to every 
question 
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Exercise 6.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. Calculate the area of the shape, correct to 2 decimal places. 


7.3 mm 


LN ai 


15.2 mm 


2. Calculate the area of the ellipse, correct to 1 decimal place. 


3. OG Select the total surface area of the rectangular prism from the following. 


A. 9.6m? B. 14.2 m? C222.0m- D. 25.4m? E. 28.4 m? 


4. Calculate the total surface area of the sphere, correct to 1 decimal place. 


5. Calculate the volume of the solid. 
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6. Calculate the area of the shape, correct to 1 decimal place. 


2cm 


3cm 


7. A council park is shown below. 


240 m 


100 m 


80 m 


A worker charges $30 per 1000 m? to mow the grass. Determine how much it will cost the council to 
have the grass mown. 


8. M19 Select the total surface area of the object shown from the following. 


2.5 cm 


A. 109.96 cm? B. 112.63 cm? C. 151.9 cm? D. 124.36 cm? E. 91.63 cm? 


9. Determine the volume of the triangular prism. 
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10. EG Select the volume of the object from the following. 


We 


12. 


13. 


14. 


10 cm 


A. 2748.9 cm? B. 1701.7 cm? C. 1963.5 cm? D. 7854cm? E. 6806.8 cm? 


(1 The volume of the frustum of a square-based pyramid is given by: 


ne 


h 
Yn 
fn es ar (x7 +y’) B. V= ar (x7 +xy+y*) Cay = shin (7 +xy+y*) 
D. V= sh (x? + 2xy + y’) E. V= 7 (x? + xy + y’) 


The volume of a ball is given by the formula V= amr Evaluate the radius of a ball with a volume of 


384.66 cm?. Give your answer correct to 1 decimal place. 


(9 Determine what effect doubling the radius and halving the height of a cone will have on 
its volume. 

A. The volume will be the same. 

B. The volume will be halved. 

C. The volume will be doubled. 

D. The volume will be quadrupled. 

E. The volume will be divided by a quarter. 


Using Heron’s formula, evaluate the area of the triangle correct to 1 decimal place. 


15. A cylindrical soft drink can has a diameter of 6.4m and a height of 14.3 cm. 


If the can is only half full, determine what capacity of soft drink remains, to the nearest millilitre. 
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6.2 Area 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e convert between units of area 
e calculate the area of plane figures using area formulas 
e calculate the area of a triangle using Heron’s formula. 


® 6.2.1 Area 


eles-4809 


The area of a figure is the amount of surface covered by the figure. 

¢ The units used for area are mm?, cm?, m2, km? and ha (hectares). 

¢ One unit that is often used when measuring land is the hectare. It is equal to 10000 m?. 
e The following diagram can be used to convert between units of area. 


+10? = 1002 ~+ 10002 


Area formulas 


e The table below shows the formula for the area of some common shapes. 


Shape Diagram Formula 
Square cl A=P 
l 
Rectangle l A=lw 
1 | : 

1 

Triangle ; A= rae 
b 
Parallelogram Ay A=bh 
b 
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Shape Diagram | Formula 
; 1 
Trapezium a A= 54 +b)h 
b 

Kite (including rhombus) be A==xy 
Circle C4 Azar 
Sector A= g 

360° 

: 

Ellipse > A=z7ab 


Heron’s formula 


e The area of a triangle can be calculated if the lengths of all three sides are known. 


y 
Cc 


e The area, A, of a triangle given the lengths of the three sides a, b and c is: 


A= ys(s—a@(s—b)(s—o) 


atb+c . : 
where s = ts the semi-perimeter. 


TOPIC 6 Surface areaand volume 377 


Digital technology 


When using the number z in calculations, it is best to use a calculator. 
Calculators use the exact value of 7, which will ensure your answer is exactly 
correct. 


The z button on the Tl-nspire CX CAS calculator is found near the bottom left 
of the calculator, as can be seen in the image at right. 
If you do not have a calculator to hand, you can use the approximations 7 ~ 


22, : 
— = 3.14; however, your answer may differ from the exact answer by a small 
amount. 


WORKED EXAMPLE 1 Calculating areas of plane figures 


Calculate the areas of the following plane figures, correct to 2 decimal places. 


a. b. Cc. 
3cm 5 cm 
15cm 
6cm 
VV 
THINK WRITE 
a. 1. Three side lengths are known; apply Heron’s a. A = / s(s—a)(s—b)(s—c) 
formula. 
2. Identify the values of a, b and c. =, 0= 5,020 
3. Calculate the value of s, the semi-perimeter of = aia 
the triangle. é 
Dot 6 
) 
nel 
2 
=7/ 
4. Substitute the values of a, b, c and s into A=v7(77—3)(7-—5)(7/ —6) 
Heron’s formula and evaluate, correct to 
SW ee Il 


2 decimal places. 


= V56 


= 7.48 cm? 


b. 1. The shape shown is an ellipse. Write the b. A = zab 
appropriate area formula. 


2. Identify the values of a and b (the semi-major a=), b=2 
and semi-minor axes). 
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8. Substitute the values of a and b into the Avie 


formula and evaluate, correct to 2 decimal = aa ene 
places. 
c. 1. The shape shown is a sector. Write the > A= ae xr 

formula for finding the area of a sector. Jy) 

2. Write the value of @ and r. GAN Seal 

3. Substitute and evaluate the expression, correct A= al = XX 152 
to 2 decimal places. 360 

= 78.54 em- 


® 6.2.2 Areas of composite figures 


eles-4810 
e A composite figure is a figure made up of a combination of simple figures. 


e The area of a composite figure can be calculated by: 
e calculating the sum of the areas of the simple figures that make up the composite figure 
e calculating the area of a larger shape and then subtracting the extra area involved. 


WORKED EXAMPLE 2 Calculating areas of composite shapes 


Calculate the area of each of the following composite shapes. 


a. b. 
c AB=8cm * 
EC =6cm 

FD=2cm 


THINK WRITE 


a. 1. ACBD is a quadrilateral that can be splitinto a. Area ACBD = Area AABC + Area AABD 
two triangles: AABC and AABD. 


2. Write the formula for the area of a triangle Atriangle = : bh 
containing base and height. 2 
3. Identify the values of b and h for AABC. AABC: b=AB=8, h=EC=6 


4. Substitute the values of the pronumerals into Area of AABC = : x AB X EC 
the formula and calculate the area of AABC. . 


= PE 
2 


= 24cm? 


5. Identify the values of b and h for AABD. AABD: b= AB=8,h=FD=2 
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6. Calculate the area of AABD. 


7. Add the areas of the two triangles together to 
find the area of the quadrilateral ACBD. 


is to find the total area of the rectangle ABGH 
and then subtract the area of the smaller 
rectangle DEFC. 


2. Write the formula for the area of a rectangle. 


3. Identify the values of the pronumerals for the 
rectangle ABGH. 


4. Substitute the values of the pronumerals into 
the formula to find the area of the rectangle 
ABGH. 

5. Identify the values of the pronumerals for the 
rectangle DEFC. 


6. Substitute the values of the pronumerals into 
the formula to find the area of the rectangle 
DEFC. 


7. Subtract the area of the rectangle DEFC from 
the area of the rectangle ABGH to find the 
area of the given shape. 


. One way to find the area of the shape shown _ b. 


Area of AABD = SAB x FD 


= 1 gx2 
® 


= 8cm* 


Area of ACBD = 24cm? + 8 cm? 


= 32cm? 


Area = Area ABGH — Area DEFC 


recenzie =1xXw 


Rectangle ABGH: /=9+2+9 
= 20) 
w= 10 


Area of ABGH = 20 x 10 
= 200 cm? 


Rectangle DEFC: /=5, w=2 
Area of DEFC = 5 x2 
= 10cm? 


Area = 200 — 10 
= 190 cm? 


ion) Resources 


ey 
[4 eWorkbook 


Topic 6 workbook (worksheets, code puzzle and a project) (ewbk-2032) 


S| Digital documents SkilISHEET Conversion of area units (doc-5236) 
SkilISHEET Using a formula to find the area of a common shape (doc-5237) 


® Video eLesson 
ay Interactivities 


Composite area (eles- 1886) 


Conversion chart for area (int-3783) 
Area of rectangles (int-3784) 


Area of parallelograms (int-3786) 
Area of trapeziums (int-3790) 
Area of circles (int-3788) 

Area of a sector (int-6076) 

Area of a kite (int-6136) 

Area of an ellipse (int-6137) 
Using Heron’s formula to find the area of a triangle (int-6475) 
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Individual pathway interactivity: Area (int-4593) 


Exercise 6.2 Area learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
1,4) % Sb Wil, 4h, 1S, 1@), 22 2x, 2 (8, U2 WG, I, AO), 2S 3, 6, 10, 13, 18, 21, 24 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 


your learnON title at www.jacplus.com.au. 


Unless told otherwise, where appropriate, give answers correct to 2 decimal places. 


Fluency 


1. Calculate the areas of the following shapes. 


a. b. Cc. 
4cm 
4cm 
12cm 


10cm 


2. Calculate the areas of the following shapes. 


18 cm ! - ” 
i 


4. EXE) Use Heron’s formula to calculate the area of the following triangles correct to 2 decimal places. 


a. b. 


cm 


Nn 


16cm 


12cm 
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5, EXSEY calculate the areas of the following ellipses. Answer correct to 1 decimal place. 
| Cu | . 
6, EEE calculate the area of each of the following shapes: 


i. stating the answer exactly, that is, in terms of 7 
ii. correct to 2 decimal places. 


a. \ b. c. 
G a 


7. OA figure has an area of about 64 cm?. Identify which of the following cannot possibly represent 
the figure. 


A. A triangle with base length 16 cm and height 8 cm 
B. A circle with radius 4.51 cm 

Cc. A rectangle with dimensions 16cm and 4cm 

D. A square with side length 8cm 

E. Arhombus with diagonals 16cm and 4cm 


8. M9 Identify from the following list, all the lengths required to 
calculate the area of the quadrilateral shown. 


A. AB, BC, CD and AD 
B. AB, BE, AC and CD 
c. BC, BE, AD and CD 
D. AC, BE and FD 
E. AC, CD and AB 


9. EA calculate the areas of the following composite shapes. 


a. 20 cm b. <— 40m —-+| c. 8cm 


2cm 


15cm 
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10. Calculate the areas of the following composite shapes. 


a. b. A Cc. 
18cm 
5 ne 
en Vea 
~< 12 cm > 
11. Calculate the shaded area in each of the following. 
a. b 16m 


12. Calculate the shaded area in each of the following. 


a. 


13. Calculate the shaded area in each of the following. 


a. 7 8m > b. ~< 15m > 
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Understanding 


14. A sheet of cardboard is 1.6m by 0.8 m. The following shapes are cut from the cardboard: 
¢ acircular piece with radius 12cm 
¢ arectangular piece 20cm by 15cm 
¢ two triangular pieces with base length 30 cm and height 10cm 
¢ a triangular piece with side lengths 12cm, 10cm and 8 cm. 
Calculate the area of the remaining piece of cardboard. 


15. A rectangular block of land, 12m by 8 m, is surrounded by a 
concrete path 0.5 m wide. Calculate the area of the path. 


16. Concrete slabs 1 m by 0.5 m are used to cover a footpath 20 m 
by 1.5m. Determine how many slabs are needed. 


17. A city council builds a 0.5 m wide concrete path around the garden as shown below. 


12m 


Determine the cost of the job if the worker charges $40.00 per m?. 


18. A tennis court used for doubles is 10.97 m 
wide, but a singles court is only 8.23 m 
wide, as shown in the diagram. 

a. Calculate the area of the doubles tennis 
court. 

b. Calculate the area of the singles court. 

c. Determine the percentage of the 
doubles court that is used for singles. 
Give your answer to the nearest whole 
number. 


Reasoning 


19. Dan has purchased a country property with layout and dimensions as shown in the N 

diagram. | 

a. Show that the property has a total area of 987.5 ha. 1500 m 

b. Dan wants to split the property in half (in terms of area) by building a straight- 
lined fence running either north-south or east-west through the property. 2000 m 
Assuming the cost of the fencing is a fixed amount per linear metre, justify 
where the fence should be built (that is, how many metres from the top 1000 m 
left-hand corner and in which direction) to minimise the cost. 
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20. Ron the excavator operator has 100 metres of barricade mesh and needs to enclose an area to safely work in. 
He chooses to make a rectangular region with dimensions x and y. Show your working when required. 


a. Write an equation that connects x, y and the perimeter. 

b. Write y in terms of x. 

c. Write an equation for the area of the region in terms of x. 

d. Fillin the table for different values of x. 
| x | 0 5 10 15 20 25 30 35 40 45 50 
| Area (m7) | 


e. Can x have a value more than 50? Why? 

f. Sketch a graph of area against x. 
g. Determine the value of x that makes the area a maximum. 
h. Determine the value of y for maximum area. 

i. Determine the shape that encloses the maximum area. 

j. Calculate the maximum area. 


Ron decides to choose to make a circular area with the barricade mesh. 


k. Calculate the radius of this circular region. 
|. Calculate the area that is enclosed in this circular region. 
m. Determine how much extra area Ron now has compared to his rectangular region. 


21. In question 20, Ron the excavator operator could choose to enclose a rectangular or circular area with 150 m 
of barricade mesh. In this case, the circular region resulted in a larger safe work area. 


a. Show that for 150 m of barricade mesh, a circular region again results in a larger safe work area as 
opposed to a rectangular region. 

b. Show that for n metres of barricade mesh, a circular region will result in a larger safe work area as 
opposed to a rectangular region. 


Problem solving 


22. A vegetable gardener is going to build four new rectangular garden beds side by side. Each garden bed 
measures 12.5 metres long and 3.2 metres wide. To access the garden beds, the gardener requires a path 
1 metre wide between each garden bed and around the outside of the beds. 


a. Evaluate the total area the vegetable gardener would need for the garden beds and paths. 

b. The garden beds need to be mulched. Bags of mulch, costing $29.50 each, cover an area of 25 square 
metres. Determine how many bags of mulch the gardener will need to purchase. 

c. The path is to be resurfaced at a cost of $39.50 per 50 square metres. Evaluate the cost of resurfacing 
the path. 

d. The gardener needs to spend a further $150 on plants. Determine the total cost of building these new 
garden beds and paths. 


23. The diagram shows one smaller square drawn inside a larger square on grid paper. 


a. Determine what fraction of the area of the larger square is the area of the smaller square. 
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b. Another square with side lengths of 10 cm has a smaller square drawn inside. Determine the values of x 
and y if the smaller square is half the larger square. 


24. The shaded area in the diagram is called a segment of a circle. 
A circle with a radius of 10cm has ZAOB equal to 90°. 
A second circle, also with a radius of 10cm, has ZAOB equal to 120°. 
Evaluate the difference in the areas of the segments of these two circles, 
correct to 2 decimal places. 


6.3 [otal surface area 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e calculate the total surface area of rectangular prisms and pyramids 
e calculate the total surface area of cylinders and spheres 
e calculate the total surface area of cones 


@® 6.3.1 Total surface area of solids 


eee a The total surface area (TSA) of a solid is the sum of the areas of all the faces of that solid. 


TSA of rectangular prisms and cubes 


Shape Diagram Formula 


Rectangular prism (cuboid) TSA =2(/h+lw+wh) 


Cube TSA = 6/" 
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TSA of spheres and cylinders 


Shape Diagram Formula 
Sphere TSA = 477? 
Cylinder TSA = Acuryed surface + Acircular ends 


= 2nrh + 2nr* 
= 27r(h+r) 


WORKED EXAMPLE 3 Calculating TSA of solids 


Calculate the total surface area of the solids, correct to the nearest cm?. 


a. P= 1 in 


THINK 


a. 1. Write the formula for the TSA of a sphere. 


2. Identify the value for r. 


3. Substitute and evaluate. 


4. Write the answer to correct to the 


nearest cmc, 


b. 1. Write the formula for the TSA of a cylinder. 


b. 50cm 


WRITE 


2. Identify the values for r and h. Note that the 


units will need to be the same. 


8. Substitute and evaluate. 


4. Write the answer to correct to the 


nearest cm2. 


a. 


b. 


TSA = 477° 
r=7 
TSA =4x2zx7 
~ 615.8cm? 


= 616cm? 


TSA = 2zr(r+h) 


Poem, ps isin 
= linen 


TSA =2x2z x50 x (50+ 150) 
= 62 831.9cm? 


~ 62 832 cm? 
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® 6.3.2 Total surface area of cones 


eles-4812 ‘ 4 4 4 4 ‘ : 
e The total surface area of a cone can be found by considering its net, which is comprised of a small circle 


and a sector of a larger circle. 


SY] r= radius of the cone 
| . we’ /=slant height of the cone 
l 


e The sector is a fraction of the full circle of radius / with circumference 277]. 
e The sector has an arc length equivalent to the circumference of the base of the cone, 27rr. 


e The fraction of the full circle represented by the sector can be found by writing the arc length as a fraction 


of the circumference of the full circle, = = as 
v8 


Area of a sector = fraction of the circle x z/? 
r 
=—xal 
i 


= 7rl 


Total surface area of a cone 


Cone < TSA = Acurved surface Acneulae end 
=ar +r 


\ =ar(r+l) 


I 


WORKED EXAMPLE 4 Calculating the TSA of a cone 


\ 


Calculate the total surface area of the cone shown. 


15 cm 
<;) 
THINK WRITE 
1. Write the formula for the TSA of a cone. TSA = ar(r+)) 
2. State the values of r and /. PSI S15 
3. Substitute and evaluate to obtain the answer. TSA =2x12x(12+4+15) 
= 1017.91em- 
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TI | THINK 
On the Calculator page, 


DISPLAY/WRITE 


complete the entry line as: Daa ao are 
a (r + 5) | r=12 rr (r+s)r=12 and s=lS 1017.88 
ands = 15 

Press CTRL ENTER to get a 


decimal approximation. 


The total surface area of the cone 


is 1017.9 cm? correct to 
1 decimal place. 


CASIO | THINK DISPLAY/WRITE 


On the Main screen in decimal 
mode, complete the entry lines as: 
mr(r+s)|r=12|s=15 

Then press EXE. P 


tS a Te] cee 


(arx(rts) [r=12[s=15 


o 
1017. | 
iY] 
a 


[alg Decimal esl Deg Gl 


The total surface area of the 
cone is 1017.9 cm? correct 
tol decimal place. 


® 6.3.3 Total surface area of other solids 


eles-4813 


e TSA can be found by summing the areas of each face. 
e Check the total number of faces to ensure that none are left out. 


WORKED EXAMPLE 5 Calculating the TSA of a pyramid 


Calculate the total surface area of the square-based pyramid shown. 


THINK 


1. There are five faces: The square base and four 
identical triangles. 


. Calculate the area of the square base. 


Draw and label one triangular face and write 
the formula for determining its area. 


Calculate the height of the triangle, h, using 
Pythagoras’ theorem. 


5cm 
6cm 


WRITE/DRAW 


TSA = Area of square base + area of four 
triangular faces 


Area of base = 7, where 1 =6 
Area of base = 67 


= 36cm? 


5cm 
<_—_—> 
3cm 


Area of a triangular face = : bh; b=6 


a =c? —b*, where a=h, b=3, c=5 


I? = 52 — 32 
= 25-9 
i= 16 

h=Asemi 
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5. Calculate the area of the triangular face by Area of triangular face = aX 6x4 
substituting b = 6 andh=4. : 


= 12cm? 


6. Calculate the TSA by adding the area of the TSA = 36+4x 12 
square base and the area of four identical = 36+ 48 
triangular faces together. = 84 em 


Note: The area of the triangular faces can be found using Heron’s formula. This method is demonstrated in 
the following worked example. 


WORKED EXAMPLE 6 Calculating the TSA of a solid 


Calculate the total surface area of the solid shown correct to 1 decimal place. 


6cm 
10cm 

THINK WRITE/DRAW 
1. The solid shown has nine faces — five identical TSA = 5 X area of a square 

squares and four identical triangles. + 4x area of a triangle 
2. Calculate the area of one square face with the side Agguare = ?, where /= 10 

length 10cm. ASG 

A = 100cm? 


3. Draw a triangular face and label the three sides. 
Use Heron’s formula to calculate the area. 


10 cm 
4. State the formula for s, the semi-perimeter. = ane 
Substitute the values of a, b and c and evaluate the 2 
value of s. ce 6+6+10 
2 


S—slull 


5. State Heron’s formula for the area of one triangle. 


Substitute and evaluate. ee Og) Ce) 


A=v11(11—6)(11 —6) (11 —10) 
AN = WTS) 
A = 16.583 124... cm? 
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6. Determine the TSA of the solid by adding the areaof TSA =5x1004+4x 16.583 124 ... 
the five squares and four triangles. = 5663305. 


= 566.3 cm? (to 1 decimal place) 


Note: Rounding is not done until the final step. It is important to realise that rounding too early can affect 
the accuracy of results. 


WORKED EXAMPLE 7 Applying surface area in worded problems 


The silo shown is to be built from metal. The top portion of the silo is a cylinder of diameter 4m and 
height 8m. The bottom part of the silo is a cone of slant height 3m. The silo has a circular opening of 
radius 30cm on the top. 


a. Calculate the area of metal (to the nearest m7) that is required to build the silo. 
b. If it costs $12.50 per m2? to cover the surface with an anti-rust material, determine how much will it 
cost to cover the silo completely. 


THINK WRITE 
a. 1. The surface area of the silo consists of an a. TSA = area of annulus 
annulus, the curved part of the cylinder and + area of curved section of a cylinder 
the curved section of the cone. + area of curved section of acone 
2. To calculate the area of the annulus, subtract Area of annulus = Ajarge circle — Asmall circle 
the area of the small circle from the area of Soe ye 


the larger circle. 


4 
Let R = radius of small circle. Remember to where r= 7 =2m and R=30cm=0.3 m. 


convert all measurements to the same units. Area of annulus = 2 x 22—7 x 0.32 
= (2ST 
3. The middle part of the silo is the curved part Area of curved section of cylinder = 27rh 
of a cylinder. Determine its area. (Note that wherer=2, hi= 8 
in the formula TSA gyinder = 2nr + 2zrh, the Area of curved section of cylinder = 2x 7x28 
curved part is represented by 27rh.) = 10053 a2 
4. The bottom part of the silo is the curved Area of curved section of cone = zrl 
section of a cone. Determine its area. (Note WiNeheni——) alii 
that in the formula TSA gone = 77° + rl, the Area of curved section of cone = 7X2 x3 
curved part is given by rr.) mais sane 
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5. Calculate the total surface area of the silo TSA = 12.28 + 100.53 + 18.85 
by finding the sum of the surface areas a IGane 
calculated above. 
6. Write the answer in words. The area of metal required is 132 m2, correct to 
the nearest square metre. 


b. To determine the total cost, multiply the total b. Cost = 132 x $12.50 
surface area of the silo by the cost of the anti- = $1650.00 
rust material per m* ($12.50). 


ion) Resources 


ais 
[4 eWorkbook Topic 6 workbook (worksheets, code puzzle and a project) (ewbk-2032) 


A Digital document SkillISHEET Total surface area of cubes and rectangular prisms (doc-5238) 


‘C) Video eLesson Total surface area of prisms (eles-1909) 


& Interactivities Individual pathway interactivity: Total surface area (int-4594) 


Surface area of a prism (int-6079) 
Surface area of a cylinder (int-6080) 
Surface area (int-6477) 


Exercise 6.3 Total surface area learn@) 
Individual pathways 

Hi PRACTISE Hi CONSOLIDATE Hi MASTER 

I, & % 10, 12, 17, 20 2, 8), 8) Wil, W44, WS, ts, 27 Gi, 4, eh, 16), 1G, 19), 22 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Unless told otherwise, where appropriate, give answers correct to | decimal place. 


Fluency 


1. Calculate the total surface areas of the solids shown. 


10cm 


2. | WES | Calculate the total surface area of the solids shown below. 


r=3m b. 21cm Cc. 0.5 m 


a i 
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3. | WES | Calculate the total surface area of the cones below. 


a. \ b. 
- 7 
/ 


4. | WES | Calculate the total surface area of the solids below. 


a. b. c. cm d. 


12cm 25m Sy a 
cm 
6 ae 
Pa 10cm 
Tad 
15cm 1.5m 5.1 om aad <7 cm—> 


5. Calculate the surface areas of the following. 


a. A cube of side length 1.5m 

b. A rectangular prism 6m X4mX2.1m 

c. A cylinder of radius 30 cm and height 45 cm, open at one end 
6. Calculate the surface areas of the following. 


a. A sphere of radius 28 mm 
b. An open cone of radius 4cm and slant height 10cm 
c. A square pyramid of base length 20 cm and slant edge 30cm 


7. EY Calculate the total surface area of the objects shown. 


a. 8cm b. c. 
10 cm 
Som 12cm 
5cm 
20 cm 20 | 
| oe cm 


12cm 


8. Calculate the total surface area of the objects shown. 


9. HA cube has a total surface area of 384 cm?. Calculate the length of the edge of the cube. 
A.9cm B. 8cm c.7cm D.6cm E. 5cm 
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Understanding 


10. The greenhouse shown is to be built using shade cloth. It has a wooden door of dimensions 
1.2mxX0.5 m. 


a. Calculate the total area of shade cloth needed to complete the greenhouse. 
b. Determine the cost of the shade cloth at $6.50 per m?. 


11. A cylinder is joined to a hemisphere to make a cake holder, as shown. The surface of 
the cake holder is to be chromed at 5.5 cents per cm”. 


a. Calculate the total surface area to be chromed. 


b. Determine the cost of chroming the cake holder. ican 


12. A steel girder is to be painted. Calculate the area of the surface to be painted. 


1, cm 
K 
2) cm 
Sem C/" 
120 cm 
V# ue 
2cm 


13. Open cones are made from nets cut from a large sheet of paper 1.2m x 1.0 m. If a cone has a radius of 6cm 
and a slant height of 10 cm, determine how many cones can be made from the sheet. (Assume there is 5% 
wastage of paper.) 


14. A prism of height 25 cm has a base in the shape of a rhombus with diagonals of 12cm and 16cm. 
Calculate the total surface area of the prism. 


15. A hemispherical glass dome, with a diameter of 24cm, sits on a concrete cube with sides of 50cm. To 
protect the structure, all exposed sides are to be treated. The glass costs $1.50/cm? to treat and the concrete 
costs 5 c/cm”. 

Calculate the cost in treating the structure if the base of the cube is already fixed to the ground. Give your 
answer to the nearest dollar. 
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16. An inverted cone with side length 4 metres is placed on top of a sphere such that the 
centre of the cone’s base is 0.5 metres above the centre of the sphere. The radius of 


the sphere is /2 metres. 


a. Calculate the exact total surface area of the sphere. 


b. Calculate the radius of the cone exactly. 
c. Calculate the area of the curved surface of the cone exactly. 


Reasoning 


ee gh 


/\ 


17. A shower recess with dimensions 1500 mm (back wall) by 900 mm (side wall) needs to have the back and 


18. 


two side walls tiled to a height of 2 m. 


a. Calculate the area to be tiled in m?. 


b. Justify that 180 tiles (including those that need to be cut) of dimension 20cm by 20cm will be required. 
Disregard the grout and assume that once a tile is cut, only one piece of the tile can be used. 
c. Evaluate the cheapest option of tiling; $1.50/tile or $39.50/box, where a box covers 1 m7, or tiles of 


dimension 30cm by 30cm costing $3.50/tile. 


The table shown below is to be varnished (including the base of 
each leg). The tabletop has a thickness of 180 mm and the cross- 
sectional dimensions of the legs are 50 mm by 50 mm. 


A friend completes the calculation without a calculator as shown. 


Assume there are no simple calculating errors. Analyse the 


80cm 


~ >| 
cw 
I 


working presented and justify if the TSA calculated is correct. 70cm 
Tabletop (inc. leg bases) | 0.96 2x (0.8 x 0.6) 
Legs | 0.416 16 x (0.52 x 0.05) 
Tabletop edging | 0.504 0.18 x (2 (0.8 + 0.6)) 
TSA 1.88 m? 
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19. A soccer ball is made up of a number of hexagons sewn together on its surface. Each hexagon can be 
considered to have dimensions as shown in the diagram. 


. Calculate 0°. 

. Calculate the values of x and y exactly. 

. Calculate the area of the trapezium in the diagram. 
. Hence, determine the area of the hexagon. 


o0oaoad%oesy» 


. If the total surface area of the soccer ball is 1923 cm”, determine how many 
hexagons are on its surface. 


Problem solving 


20. Tina is re-covering a footstool in the shape of a cylinder with diameter 50 cm and height 
30cm. She also intends to cover the base of the cushion. She has 1 m? of fabric to make 
this footstool. 

When calculating the area of fabric required, allow an extra 20% of the total surface area 
to cater for seams and pattern placings. 
Explain whether Tina has enough material to cover the footstool. 


21. If the surface area of a sphere to that of a cylinder is in the ratio 4 : 3 and the sphere has a radius of 3a, show 


33a 
a 


that if the radius of the cylinder is equal to its height, then the radius of the cylinder is 


22. A frustum of a cone is a cone with the top sliced off, as shown. 


When the curved side is ‘opened up’, it creates a shape, ABYX, as shown in the diagram. 


Vv 


x Sx 


7 N 
7 N 


as 2 NB 


a. Write an expression for the arc length XY in terms of the angle @. Write another expression for the arc 
2a (r—t) 


AY 


length AB in terms of the same angle 6. Show that, in radians, 6 = 


b. i. Using the above formula for 6, show that x= ae. 
r—t 
ii. Use similar triangles to confirm this formula. 
c. Determine the area of sectors AVB and XVY and hence determine the area of ABYX. Add the areas of 


the 2 circles to the area of AB YX to determine the TSA of a frustum. 
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6.4 Volume 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e calculate the volume of prisms, including cylinders 
e calculate the volume of spheres 
e calculate the volume of pyramids. 


® 6.4.1 Volume 


eles-4814 
e The volume of a 3-dimensional object is the amount of space it takes up. 


e Volume is measured in units of mm?, cm? and m?. 
e The following diagram can be used to convert between units of volume. 


+10° = 100° 


Volume of a prism 


e The volume of any solid with a uniform cross-sectional area is given by the formula shown below. 


Volume of a solid with uniform cross-sectional area 
V=AH 


where A is the area of the cross-section and H is the height of the solid. 


Shape Diagram Formula 

Cube Volume = AH 

= area of asquare X height 
=P xi 

=f 


Volume = AH 
= area of arectangle x height 
= lwh 


Rectangular prism 


(continued) 
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Shape Diagram Formula 


Cylinder Volume = AH 
= area of acircle X height 
=srh 

Triangular prism Volume = AH 


= area of a triangle x height 


1 
= —bhxH 
rNG : 


WORKED EXAMPLE 8 Calculating volumes of prisms 


Calculate the volumes of the following shapes. 
a. 14cm b. Scm 


4cm 
10cm 
THINK WRITE 
a. 1. Write the formula for the volume of the a. V=AH 
cylinder (prism). Sh 
2. Identify the value of the pronumerals. r= 14, h=20 
3. Substitute and evaluate the answer. V=72x14’x20 


~ 12315.04cm3 


b. 1. Write the formula for the volume of a bi4— ay x H 
triangular prism. 4 
2. Identify the value of the pronumerals. DA ees) 
(Note: h is the height of the triangle and H 
is the depth of the prism.) 
3. Substitute and evaluate the answer. V= : <A 0) 
= 100cm? 


WORKED EXAMPLE 9 Changing the dimensions of a prism 


a. If each of the side lengths of a cube are doubled, then determine the effect on its volume. 
b. If the radius is halved and the height of a cylinder is doubled, then determine the effect on 
its volume. 
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THINK WRITE 


a. 1. Write the formula for the volume of the cube. a. v=P 
2. Identify the value of the pronumeral. Note: [vse = Hl 
Doubling is the same as multiplying by 2. 
3. Substitute and evaluate. a — (20° 
4. Compare the answer obtained in step 3 with = 8P 


the volume of the original shape. 


5. Write your answer. Doubling each side length of a cube increases 
the volume by a factor of 8; that is, the new 
volume will be 8 times as large as the original 


volume. 
b. 1. Write the formula for the volume of b. V=2rh 
the cylinder. 
2. Identify the value of the pronumerals. Note: Aon = a Drs = 10 


Halving is the same as dividing by 2. 


3. Substitute and evaluate. 


=~ 

= 

Il 

S) 
aa 
NI 
ee 

ND 
N 
= 


Pe 
1X A x Zh 
_ «rh 
ar 
4. Compare the answer obtained in step 3 with = aa 
the volume of the original shape. Q 
5. Write your answer. Halving the radius and doubling the height of a 


cylinder decreases the volume by a factor of 2; 
that is, the new volume will be half the original 
volume. 


® 6.4.2 Volumes of common shapes 


eles-4815 


Volume of a sphere 


e The volume of a sphere of radius ris given by the following formula. 


Volume of a sphere 
Shape Diagram Formula 


Sphere V= a ad 
3 
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WORKED EXAMPLE 10 Calculating the volume of a sphere 


Find the volume of a sphere of radius 9 cm. Answer correct to 1 decimal place. 
THINK WRITE 


4 
1. Write the formula for the volume of asphere. V=—7/r° 


2. Identify the value of r. a) 
8. Substitute and evaluate. VS = xx 93 
= 3053.6 cm? 


Volume of a pyramid 


e Pyramids are not prisms, as the cross-section changes from the base upwards. 


e The volume of a pyramid is one-third the volume of the prism with the same base 
and height. 


Volume of a pyramid 


Shape Diagram Formula 
1 
Pyramid V pyramid = gu 


Area of base = A 


Volume of a cone 


e The cone is a pyramid with a circular base. 
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Volume of a cone 


Shape Diagram Formula 


Cone Va anh 


WORKED EXAMPLE 11 Calculating the volume of pyramids and cones 


Calculate the volume of each of the following solids. 


THINK WRITE 


a. 1. Write the formula for the volume ofacone. a. V= anh 


2. Identify the values of r and h. r=8, h=10 

3. Substitute and evaluate. Va : x7 xX 8* x 10 
= 670.21 cm? 

b. 1. Write the formula for the volume of a bay ye 
pyramid. 3 
2. Calculate the area of the square base. A=FP wherel=8 
NES 

= 64cm? 

3. Identify the value of H. 1él = 2 

4. Substitute and evaluate. v= : OA al 
= 256 cm? 


® 6.4.3 Volume of composite solids 


eles-4816 
e A composite solid is a combination of a number of solids. 


e Calculate the volume of each solid separately. 
e Sum these volumes to give the volume of the composite solid. 
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WORKED EXAMPLE 12 Calculating the volume of a composite solid 


Calculate the volume of the composite solid shown. 


THINK 


1. The given solid is a composite figure, made up 
of a cube and a square-based pyramid. 


2. Calculate the volume of the cube. 


3. Write the formula for the volume of a 
square-based pyramid. 


4. Calculate the area of the square base. 


5. Identify the value of H. 


6. Substitute and evaluate the volume of 
the pyramid. 


7. Calculate the total volume by adding the 
volume of the cube and pyramid. 


WRITE 


V = Volume of cube + Volume of pyramid 
Voie where! — 3 


estes oa 37 
= 27m? 


1 
Y gre Greed pyramid — ra 


thee 
= 3? 
= 9m? 

(= 15 


1 
Dare creed pyramid — 3 X9x1.5 


= 45m? 


V=27+45 
= 31.5m3 


® 6.4.4 Capacity 


e Some 3-dimensional objects are hollow and can be filled with liquid or some other substance. 
e The amount of substance that a container can hold is called its capacity. 
e Capacity is essentially the same as volume but is usually measured in mL, L, kL and ML (megalitres) 


where 1 mL = 1 cm? 
1L = 1000cm? 
1kL=1m’. 
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e The following diagram can be used to convert between units of capacity. 


+ 1000 + 1000 + 1000 


x 1000 x 1000 x 1000 


WORKED EXAMPLE 13 Calculating the capacity of a prism 


Determine the capacity (in litres) of a cuboidal aquarium that is 50 cm long, 30 cm wide and 
40 cm high. 


THINK WRITE 


1. Write the formula for the volume of a V=lIwh 
rectangular prism. 


2. Identify the values of the pronumerals. 1=50, w=30, h=40 
3. Substitute and evaluate. V=50x30x40 
= 60.000 cm? 

4. State the capacity of the container in = 60000 mL 

millilitres, using 1 cm* = 1 mL. 
5. Since | L= 1000 mL, to convert millilitres =C0Ib 

to litres divide by 1000. 
6. Write the answer in a sentence. The capacity of the fish tank is 60 L. 
ion) Resources 


om) 
[4 eWorkbook Topic 6 workbook (worksheets, code puzzle and a project) (ewbk-2032) 


| Digital documents SkilISHEET Conversion of volume units (doc-5239) 
SkillISHEET Volume of cubes and rectangular prisms (doc-5240) 


S$} Interactivities Individual pathway interactivity: Volume (int-4595) 
Volume 1 (int-3791) 
Volume 2 (int-6476) 
Volume of solids (int-3794) 
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Exercise 6.4 Volume learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
I, &) Dy HD, WZ, VS, 1G, 28, 27 2, 6, 8, 10, 13, 16, 19, 21, 24, 28 4,11, 14, 17, 20, 22, 25, 26, 29, 30 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 
1. Calculate the volumes of the following prisms. 


c. 


4.2 cm 


75cm 


4.2m 


[Base area: 25 mm?] 


[Base area: 24 cm?] 


3. EEEV calculate the volume of each of the following. Give each answer correct to | decimal place 
where appropriate. 


a. 1 b. | c. ve 
| Was 


4. Calculate the volume of each of the following. Give each answer correct to 1 decimal place 
where appropriate. 


a. b. 
12 mm 
8mm 
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5. ESD) Determine the volume of a sphere (correct to 1 decimal place) with a radius of: 
a. 1.2m b. 15cm c. 7mm d. 50cm 


6. Calculate the volume of each of these figures, correct to 2 decimal places. 
a. ~ b. 


7. EESEE) Determine the volume of each of the following cones, correct to 1 decimal place. 
a. b. 


8. MESEE calculate the volume of each of the following pyramids. 


a. pe b. 
24cm 


10cm 30cm 


9. ESE calculate the volume of each of the following composite solids correct to 2 decimal places 
where appropriate. 


TOPIC 6 Surface areaand volume 405 


10. Calculate the volume of each of the following composite solids correct to 2 decimal places 
where appropriate. 


11. Calculate the volume of each of the following composite solids correct to 2 decimal places 
where appropriate. 


7 


Understanding 


42. MY Answer the following questions. 


a. If the side length of a cube is tripled, then determine the effect on 
its volume. 

b. If the side length of a cube is halved, then determine the effect on 
its volume. 

c. If the radius is doubled and the height of a cylinder is halved, then 
determine the effect on its volume. 

d. If the radius is doubled and the height of a cylinder is divided by 
four, then determine the effect on its volume. 

e. If the length is doubled, the width is halved and the height of a 
rectangular prism is tripled, then determine the effect on its volume. 


13. D9 A hemispherical bowl has a thickness of 2cm and an outer diameter of 25 cm. 


2cm 


«25 cm——> 


If the bowl is filled with water, the capacity of the water will be closest to: 
A. 1.526 L B. 1.30833 L C. 3.05208 L D. 2.61666 L E. 2.42452 L 
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14. Tennis balls of diameter 8 cm are packed in a box 40 cm X 32cm X 10cm, as shown. CX 
Determine, correct to 2 decimal places, how much space is left unfilled. 


15. EA cylindrical water tank has a diameter of 1.5 m and a height of 2.5 m. Determine the capacity 
(in litres) of the tank, correct to | decimal place. 


= 


tee 


= ie 
- re 


it 


16. A monument in the shape of a rectangular pyramid (base length of 10cm, base width of 6 cm, height of 


ba 


8 cm), a spherical glass ball (diameter of 17 cm) and conical glassware (radius of 14cm, height of 10cm) are 


packed in a rectangular prism of dimensions 30cm by 25cm by 20cm. The extra space in the box is fill 
up by a packing material. Determine, correct to 2 decimal places, the volume of packing material that 
is required. 


17. A swimming pool is being constructed so that it is the upper part of an inverted — 8m —> 


. Calculate the volume of the pool. 

. Determine how many 6 m? bins will be required to take the dirt away. 
. Determine how many litres of water are required to fill this pool. f 
. Determine how deep the pool is when it is half-filled. ae) 


oago oa ® 


square-based pyramid. 
. Calculate H. x\ ff 5 


ed 


18. A soft drink manufacturer is looking to repackage cans of soft drink to minimise the cost of packaging while 


keeping the volume constant. Consider a can of soft drink with a capacity of 400 mL. 


a. If the soft drink was packaged in a spherical can: 


i. calculate the radius of the sphere, correct to 2 decimal places 
ii. determine the total surface area of this can, correct to | decimal place. 


b. If the soft drink was packaged in a cylindrical can with a radius 
of 3.cm: 


i. calculate the height of the cylinder, correct to 2 decimal places 
ii. determine the total surface area of this can, correct to 2 decimal places. 


c. If the soft drink was packaged in a square-based pyramid with a base side 
length of 6cm: 


i. calculate the height of the pyramid, correct to 2 decimal places 
ii. determine the total surface area of this can, correct to 2 decimal places. 


d. Explain which can you would recommend the soft drink manufacturer use for its repackaging. 
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19. The volume of a cylinder is given by the formula V= 77h. 


o& 


. Transpose the formula to make h the subject. 
. A given cylinder has a volume of 1600 cm?. Calculate its height, correct to 1 decimal place, if it has a 


radius of: 
i. 4cm ii, 8cm. 


. Transpose the formula to make r the subject. 
. Explain what restrictions must be placed on r. 
. A given cylinder has a volume of 1800 cm?. Determine its radius, correct to 1 decimal place, if it has a 


height of: 
i. 10cm ii, 15cm. 


20. A toy maker has enough rubber to make one super-ball of radius 30 cm. Determine how many balls of radius 
3.cm he can make from this rubber. 


21. A manufacturer plans to make a cylindrical water tank to hold 2000 L of water. 


a. 
b. 


Calculate the height, correct to 2 decimal places, if he uses a radius of 500 cm. 
Calculate the radius, correct to 2 decimal places if he uses a height of 500 cm. 


c. Determine the surface area of each of the two tanks. Assume the tank is a closed cylinder and give your 


answer in square metres correct to 2 decimal places. 


22. The ancient Egyptians knew that the volume of the frustum of a square-based pyramid was given by the 


formula V= ah Le +xy+ y), although how they discovered this is unclear. (A frustum is the part of a cone 


or pyramid that is left when the top is cut off.) 


a 


a. Calculate the volume of the frustum below, correct to 2 decimal places. 
b. Determine the volume of the missing portion of the square-based pyramid shown, correct to 


2 decimal places. 
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Reasoning 


23. 


24. 


25. 


26. 


The Hastings’ family house has a rectangular roof with dimensions 17m Xx 10 m providing water to three 
cylindrical water tanks, each with a radius of 1.25 m and a height of 2.1 m. Show that approximately 
182 millimetres of rain must fall on the roof to fill the tanks. 


Archimedes is considered to be one of the greatest mathematicians of all time. He discovered several of the 
formulas used in this chapter. Inscribed on his tombstone was a diagram of his proudest discovery. It shows a 
sphere inscribed (fitting exactly) into a cylinder. Show that: 


volume of the cylinder _ surface area of the cylinder 
volume of the sphere ~~ surface area of the sphere 


v\ 
£ 


ss 
Marion has mixed together ingredients for a cake. The recipe requires a baking tin that is cylindrical in 
shape with a diameter of 20 cm and a height of 5 cm. Marion only has a tin in the shape of a trapezoidal 
prism and a muffin tray consisting of 24 muffin cups. Each of the muffin cups in the tray is a portion of a 


cone. Both the tin and muffin cup are shown in the diagrams. Explain whether Marion should use the tin or 
the muffin tray. 


}«—— 12 cm—>| 


IX 


| 8 cm 


Sam is having his 16th birthday party and wants to make an 
ice trough to keep drinks cold. He has found a square piece 
of sheet metal with a side length of 2 metres. He cuts 
squares of side length x metres from each corner, then bends 
the sides of the remaining sheet. 

When four squares of the appropriate side length are 

cut from the corners, the capacity of the trough can be 
maximised at 588 litres. Explain how Sam should proceed 
to maximise the capacity of the trough. 
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Problem solving 


27. Nathaniel and Annie are going to the snow for survival camp. They plan 
to construct an igloo, consisting of an entrance and a hemispherical 
living section as shown. Nathaniel and Annie are asked to redraw their 
plans and increase the height of the liveable region (hemispherical 
structure) so that the total volume (including entrance) is doubled. 
Determine what must the new height of the hemisphere be to achieve 
this so that the total volume (including entrance) is doubled. Write your 
answer in metres correct to 2 decimal places. 


28. Six tennis balls are just contained in a cylinder as the balls touch the sides and the end sections of the 
cylinder. Each tennis ball has a radius of Rcm. 


. Express the height of the cylinder in terms of R. 

. Evaluate the total volume of the tennis balls. 

. Determine the volume of the cylinder in terms of R. 

. Show that the ratio of the volume of the tennis balls to the volume 
of the cylinder is 2 : 3. 


aqQo oo ® 


29. A frustum of a square-based pyramid is a square pyramid with the top sliced off. H is the height of the full 
pyramid and /h is the height of the frustum. 


o 


. Determine the volume of the large pyramid that has a square base side of Xcm. 
b. Evaluate the volume of the small pyramid that has a square base side of xcm. 


c. Show that the relationship between H and h is given by H= 
=x 


d. Show that the volume of the frustum is given by sh Ue $74 Xx). 


30. A large container is five-eighths full of ice-cream. After removing 27 identical scoops, it is one-quarter full. 
Determine how many scoops of ice-cream are left in the container. 
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6.5 Review 
6.5.1 Topic summary 


Prisms and cylinders Units of area, volume and capacity 


¢ Prisms are 3D objects that have a uniform 
cross section and all flat surfaces. 

¢ The surface area of a prism is calculated by adding the 
areas of its faces. 

¢ The volume of a prism is V = AH, where A is the 
cross-sectional area of the prism, and H is the 
perpendicular height. 

¢ Acylinder is a 3D object that 
has a circular cross-section. a 

¢ The curved surface area 


of a cylinder is 2arh, and 


the total surface area is h 

Dee ae Uae ie | 
¢ The volume of a cylinder is 

V=nar-h. 


SURFACE AREA 
AND VOLUME 


Pyramids 


Cones 


Spheres 
* The surface area of a sphere is A = 42r’. 


¢ The volume of a sphere is 
v= ; ar. 


Area: 


+10? +100? + 1000? 
Daas. Oe aan ae 
square square square square 
millimetres centimetres metres kilometres 
(mm?) (cm?) (m?) (km?) 
10?=100 1007=10000 1000? = 1000000 
x 10? x 100? x 10002 


1 hectare (ha) = 10 000 m? 
Volume: 


+10 + 100° + 1000° 


m? km? 


x 103 x 100° x 1000° 


+1000 +1000 +1000 


x 1000 x 1000 x 1000 


lcm? =1 mL 
1 L=1 000 cm? 


Area formulas 


Heron’s formula 


¢ Heron’s formula is an alternate method to calculate the area of 
a triangle. 
¢ Fora triangle with sides of length a, b and c the area is 


A=V5s(s —a)(s — b)(s —c), where s = cathe 
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6.5.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic 


Success criteria ‘?) QO @ 


6.2 | can convert between units of area. 


| can calculate the area of plane figures using area formulas. 


| can calculate the area of a triangle using Heron’s formula. 


6.3 | can calculate the total surface area of rectangular prisms and pyramids. 


| can calculate the total surface area of cylinders and spheres. 


| can calculate the total surface area of cones. 


6.4 | can calculate the volume of a prisms, including cylinders. 


| can calculate the volume of spheres. 


| can calculate the volume of pyramids. 


6.5.3 Project 


So close! 


Humans must measure! Imagine what a chaotic world it would be if we didn’t measure anything. Some of 
the things we measure are time, length, weight and temperature; we also use other measures derived from 
these such as area, volume, speed. 


Accurate measurement is important. The accuracy of a measurement depends on the instrument being 
used to measure and the interpretation of the measurement. There is no such thing as a perfectly accurate 
measurement. The best we can do is learn how to make meaningful use of the numbers we read off our 
devices. It is also important to use appropriate units of measurement. 
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Measurement errors 
When we measure a quantity by using a scale, the accuracy of our measurement depends on the markings 
on the scale. For example, the ruler shown can measure both in centimetres and millimetres. 


Measurements made with this ruler would have + 0.5 mm added to the measurement. The quantity 
+0.5 mm is called the tolerance of measurement or measurement error. 


Loe F 
Tolerance of measurement = 5 x size of smallest marked unit 


For a measurement of 5.6 + 0.5 mm, the largest possible value is 5.6 cm + 0.5 mm = 5.65 cm, and the 
smallest value is 5.6cm — 0.5 mm = 5.55 cm. 
1. For the thermometer scale shown: 

a. identify the temperature 

b. state the measurement with its tolerance 

c. calculate the largest and smallest possible values. 
2. Calculate the largest and smallest values for: 

a. (56.2 + 0.1) — (19.07 + 0.05) 

b. (78.4 +0.25) x 3440.1). 


Significant figures in measurement 


A significant figure is any non zero-digit, any zero appearing between two non-zero digits, any 
trailing zeros in a number containing a decimal point, and any digits in the decimal places. For 
example, the number 345.6054 has 7 significant figures, whereas 300 has 1 significant figure. 


The number of significant figures is an expression of the accuracy of a measurement. The greater 
the number of significant figures, the more accurate the measurement. For example, a fast food 
chain claims it has sold 6 000 000 000 hamburgers, not 6 453 456 102. The first measurement has 
only | significant figure and is a very rough approximation of the actual number sold, which has 
10 significant figures. 


Reducing the number of significant figures is a process that is similar to rounding. 


Rounding and measurement error in calculations 

When you perform calculations, it is important to keep as many significant digits as practical 
and to perform any rounding as the final step. For example, calculating 5.34 x 341 by rounding 
to 2 significant figures before multiplying gives 5.30 x 340 = 1802, compared with 1820 if the 
rounding is carried out after the multiplication. 


Calculations that involve numbers from measurements containing errors can result in answers with even 
larger errors. The smaller the tolerances, the more accurate the answers will be. 


TOPIC 6 Surface areaand volume 413 


3. a. Calculate 45 943.4503 x 86.765 303 by: 
i. first rounding each number to 2 significant figures 
ii. rounding only the answer to 2 significant figures. 
b. Compare the two results. 
Error in area and volume resulting from an error in a length measurement 


The side length of a cube is measured and incorrectly recorded as 5cm. The actual length is 6cm. The 
effect of the length measurement error used on calculations of the surface area is shown below. 


Error used in length measurement = 1 cm 
Surface area calculated with incorrectly recorded value = 5* x 6 = 150 cm? 


Surface area calculated with actual value = 6? x 6 =216 cm? 
216-150 
Percentage error = ae X 100% = 30.5% 
4. a. Complete a similar calculation for the volume of the cube using the incorrectly recorded length. What 
conclusion can you make regarding errors when the number of dimensions increase? 
b. Give three examples of a practical situation where an error in measuring or recording would have a 
potentially disastrous impact. 


ion) Resources 


=O 
[v4 eWorkbook Topic 6 workbook (worksheets, code puzzle and a project) (ewbk-2032) 
& Interactivities Crossword (int-2842) 


Sudoku puzzle (int-3593) 


Exercise 6.5 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Unless told otherwise, where appropriate, give answers correct to 2 decimal places. 


Fluency 


1. [2 If all measurements are in cm, the area of the figure is: 


A. 16.49 cm? B. 39.25 cm? C. 9.81 cm? D. 23.56 cm2 E. 30cm? 
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2. OS If all measurements are in centimetres, the area of the figure is: 6 
A. 50.73 cm2 


B. 99.82 cm? 3 

C. 80.18 cm? 

D. 90. cm? 

E. 119.45 cm? r 
5 
Y 


3. (1S If all measurements are in centimetres, the shaded area of the figure is: 


30 
A. 3.93 cm? B. 11.52 cm? C. 388.77 cm? D. 141.11 cm? E. 129.59 cm? 
4. OS The total surface area of the solid is: 
40 mm 
A. 8444.6 mm? B. 9221 mm” C.14146.5mm2 D.50271.1mm?_ E. 16609.5 mm? 


5. Calculate the areas of the following plane figures. All measurements are in cm 


a. b. 10 Cc. 
i 3 
7 
15 
3) 
12 


6. Calculate the areas of the following plane figures. All measurements are in cm 
c. 


80° 
\v, 
» 
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7. Calculate the areas of the following figures. All measurements are in cm. 
a. { b. c. 10 
15 6 
| 10 
5 
<< 2() ——> 
20 


8. Calculate the blue shaded area in each of the following. All measurements are in cm. 
a. 


<_“~><—_5 —> 


12.5 


9. Calculate the total surface area of each of the following solids. 


: = eR i/ : 
‘9 - 


10. Calculate the total surface area of each of the following solids. 


a. 14cm b. 10 mm 
10 mm 
pO f4 mm 
18 cm 
[closed at both ends] 
12cm 
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11. 


12. 


13. 


Calculate the volume of each of the following. 


40 cm 
12cm | 
7cm 


Determine the volume of each of the following. 


a. b. Cc. 
Ye 10 cm 
pu Ke 
Ta Ye 12cm vo C Beves) 


Determine the volume of each of the following. 


ae ae 


Problem solving 


14. 


15. 


16. 


Ze 


A rectangular block of land 4m x 25 m is surrounded by a concrete path 1 m wide. 
a. Calculate the area of the path. 
b. Determine the cost of concreting at $45 per square metre. 


If the radius is tripled and the height of a cylinder is divided by six, then determine the effect on its 
volume (in comparison with the original shape). 


If the length is halved, the width is tripled and the height of a rectangular prism is doubled, then 
determine the effect on its volume (in comparison with the original shape). 


A cylinder of radius 14cm and height 20 cm is joined to a hemisphere of radius 14cm to form a bread 

holder. 

a. Calculate the total surface area. 

b. Determine the cost of chroming the bread holder on the outside at $0.05 per cm?. 

c. Calculate the storage volume of the bread holder. 

d. Determine how much more space is in this new bread holder than the one it is replacing, which had a 
quarter circle end with a radius of 18 cm and a length of 35 cm. 
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18. Bella Silos has two rows of silos for storing wheat. 
Each row has 16 silos and all the silos are identical, 
with a cylindrical base (height of 5 m, diameter of 
1.5 m) and conical top (diameter of 1.5 m, height 
of 1.1m). 

a. Calculate the slant height of the conical tops. 

b. Determine the total surface area of all the silos. 

c. Evaluate the cost of painting the silos if one litre of 
paint covers 40 m? at a bulk order price of $28.95 
per litre. 

d. Determine how much wheat can be stored altogether 
in these silos. 

e. Wheat is pumped from these silos into cartage trucks with rectangular containers 2.4m wide, 5m 
long and 2.5 m high. Determine how many truckloads are necessary to empty all the silos. 

f. If wheat is pumped out of the silos at 2.5 m?/min, determine how long it will take to fill one truck. 


19. The Greek mathematician Eratosthenes developed an accurate method for calculating the circumference 
of the Earth 2200 years ago! The figure illustrates how he did this. 


In this figure, A is the town of Alexandria and S is the town of Syene, exactly 787 km due south. When 

the sun’s rays (blue lines) were vertical at Syene, they formed an angle of 7.2° at Alexandria 

(ZBVA =7.2°), obtained by placing a stick at A and measuring the angle formed by the sun’s shadow 

with the stick. 

a. Assuming that the sun’s rays are parallel, evaluate the angle ZSCA, correct to 1 decimal place. 

b. Given that the arc AS = 787 km, determine the radius of the Earth, SC. Write your answer correct to 
the nearest kilometre. 

c. Given that the true radius is 6380 km, determine Eratosthenes’ percentage error, correct to | decimal 
place. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources (ey) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


(w 6.4 Individual pathway interactivity: Volume (int-4595) LJ 
s Volume 1 (int-3791) ial 
Download the workbook for this topic, which includes Volume 2 (int-6476) C 
worksheets, a code puzzle and a project (ewok-2032) [a Volume of solids (int-3794) C1 
25 6.5 Crossword (int-2842) L] 
[4 Sudoku puzzle (int-3593) lz 


Download a copy of the fully worked solutions to every 
question in this topic (sol-0740) 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


| 


6.2 SkilISHEET Conversion of area units (doc-5236) 
SkilISHEET Using a formula to find the area of a 
common shape (doc-5237) 

6.3 SkilISHEET Total surface area of cubes and rectangular 
prisms (doc-5238) 

6.4 SkilISHEET Conversion of volume units (doc-5239) 
SkilISHEET Volume of cubes and rectangular prisms 
(doc-5240) 


ie AS Soe 


6.2 Area (eles-4809) 

Areas of composite figures (eles-481 0) 
Composite area (eles- 1886) 

6.3 Total surface area of solids (eles-481 1) 
Total surface area of cones (eles-481 2) 
Total surface area of other solids (eles-4813) 
Total surface area of prisms (eles- 1909) 

6.4 Volume (eles-481 4) 

Volumes of common shapes (eles-4815) 
Volume of composite solids (eles-4816) 
Capacity (eles-481 7) 


OOOOOOOUOUOOO 


6.2 Individual pathway interactivity: Area (int-4593) 
Conversion chart for area (int-3783) 
Area of rectangles (int-3784) 
Area of parallelograms (int-3786) 
Area of trapeziums (int-3790) 
Area of circles (int-3788) 
Area of a sector (int-6076) 
Area of a kite (int-6136) 
Area of an ellipse (int-6137) 
Using Heron’s formula to find the area of a triangle 
(int-6475) 
6.3 Individual pathway interactivity: Total surface area 
(int-4594) 
Surface area of a prism (int-6079) 
Surface area of a cylinder (int-6080) 
Surface area (int-6477) 


OOOO OF ODOUOOOOUOO 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 20.2 S0=1+y 
b. y=50—x 
Topic 6 Surface area and volume c. Area = 50x — 2° 
Exercise 6.1 Pre-test d. See the table at bottom of the page.* 
4 GReRRe e. No, impossible to make a rectangle. 
ee f. - . 
2 
2. 125.7 cm 600 _ l 
3.E 500 - 
4. 706.9 cm? § 400+ 
5. 4cm? < 3004, 
6. 57.7 cm? as i 
ates eetligesliceal ne 
8.B 9 10 20 30 40 50 60 70* 
9. 60mm? g. x= 25 
10.C h. y=25 
11.E i. Square 
12. 4.5cm j. 625m? 
13.C k. r=15.92m 
14. 13.4cm? 1. 795.77 m2 
15. 230mL m. 170.77 m? 
21. a. Circular area, 1790.49 m; rectangular area, 1406.25 m? 
Exercise 6.2 Area ; 1 o\5 3 
; ee a akon eee b. Circular area, (za ) m°; rectangular (square) area, 
. a Fi a 
1 O} 2 : ‘ 4 . 
2. a. 120cm? b. 706.86cm2 cc. 73.5mm/? Tae m’. Circular area is always ao 1.27 times 
3. a. 254.47cm? _b. 21m” c. 75cm? larger. 
. a. 258.1 m? b. 7 bags c. $79 
4. a. 20.66cm2 _b._ 7.64cm? 2.8 8 
= al d. $435.50 
5.a. 113.1mm?  b. 188.5 mm” 29 
6. a. i. 127 cm? ii. 37.70 cm 23. a. 50 be x=5,y=5 
Pe acs Speee ii. 108.38 mm? 24. 32.88 cm? 
2 
c. i 2617 cm? ii. 819.96 cm? Exercise 6.3 Total surface area 
LE 1..a. 600cm? b. 384cm* c. 1440 cm? 
“ d. 27m? 
9. a. 123.29cem? b. 1427.88m2 ce. 52cm? 2.a. 113.1m? ib. 6729.3cm”_— ce. 8,2 m” 
. ; 5 d. 452.4cm* 
10. a. 30.4m b. 78cm ce. 2015.50cm ‘ P 
414.a. 125.66cm2 b. 102.87 m2 eae oS cone Be Sie 
‘ a 4. a. 506.0cm? ~—b. 9.4m” c. 340.4cm* 
12. a. 13.73m b. 153.59m a 8 eae 
P 2 
aoa 2/80 em 5. a. 13.5m? b. 90m2 c. 11309.7 cm? 
2 
aaa ee ee 6. a. 9852.0mm? b. 125.7cm? cc. 1531.4. cm? 
15. 21m 
Cae 7. a. 880cm? b. 3072.8cm* cc. 75cm? 
47. $840 8. a. 70.4cm* b, 193.5em” ©, 1547:2em? 
18. a. 260.87m? ~—b. *:195.71m?_—_ c._:-75% 9.B 
2 
19. a. Sample responses can be found in the worked solutions 10. a. 70.0 m b. $455 
in the online resources. 41. a. 3063.1cm* _b. $168.47 
b. 2020.83 m; horizontal. If vertical split 987.5 m. 42. 11216 cm2 
*90. d. 
x 0 BD) 10 15 20 25: 30 35 40 45 50 
| Area(m7) | 0 225 400 525 600 625 600 525 400 225 0 
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13. 60 
14. 1192 cm? 
15. $1960 
7 
16. a. 870m? b. Wy ¢c. 4,27 m? 
17. a. 6.6m? 


b. Back wall = 80 tiles 
Side wall = 50 tiles 
80 + 50 + 50 = 180 tiles 
c. Cheapest: 30cm by 30cm, $269.50; 20cm by 20cm 
(individually) $270; 20 cm by 20 cm (boxed) $276.50 
18. The calculation is correct. 


19. a. @= 120° b. xely=y3 
c. 33cm? d. 63cm? 
e. 32 


20. The area of material required is 1.04 m7. If Tina is careful 
in placing the pattern pieces, she may be able to cover the 
footstool. 


_ 33a 
oo: 


22. a. Arc length XY =(x+5)0 
Arc length AB = x0 


, 27 t Sst 
b i. .2=— = 


21.7 


0 r—t 


x t 


ii. = 
x+s r 


x0 
c. Area of sector AVB = a 


(s+x)°6 
Area of sector XVY = ————— 


sO (s + 2x) 
Area of ABYX = ————— 


TSA of frustum = 77 (? + r) + eure 


Exercise 6.4 Volume 


4. a. 27cm? b. 74.088m? —c. 3600 cm? 
d. 94.5 cm? 

2. a. 450mm? b. 360cm? 

3. a. 6333.5cm? b. 19.1 m? c. 280cm? 

4. a. 288mm? b. 91.6m? c. 21470.8 cm? 

5. a. 7.2m? b. 14137.2cm? c. 1436.8mm° 
d. 523598.8cm? 

6. a. 113097.34cm3 b. 1.44m? 
ce. 12214.51mm° d. 101.93 

7.a. 377.0cm*? __b. 2303.8 mm? 

8. a. 400cm? b. 10080cm? 

9. a. 1400cm? b. 10379.20cm? 

10. a. 41.31cm*> bb. 48.17 cm? 

11. a. 218.08cm? bb. 3691.37 cm? 


12. a. Vyoy, = 271°, the volume will be 27 times as large as the 

original volume. 

b. View = f. the volume will be : of the original volume. 

c. View = 27rh, the volume will be twice as large as the 
original volume. 

d. Vioy = 77h, the volume will remain the same. 

e. Vjey = 3lwh, the volume will be 3 times as large as the 
original value. 

13. E 

14. 7438.35 cm? 

15. 4417.9L 

16. 10215.05 cm? 

17.a. H=6m b. 112m? c. 19bins 
d. 112000L e. 1.95 m from floor 

18. a. i. 4.57cm 

ii. 262.5 cm? 
b. i. 14.15cm 
ii, 323.27 cm” 
c. i. 33.33cm 
ii. 437.62 cm? 
d. Sphere. Costs less for a smaller surface area. 
_ Vv 
19..a h= ae 
b. i. 31.8cm 
ii, 8.0cm 
V 
c. ae 
d. r>0, since r is a length 
i. 7.6cm 
ii, 6.2cm 

20. 1000 

21. a. 2.55cm 
b. 35.68cm 
c. A, = 157.88 m’, A, = 12.01 m? 

22. a. 126.67m? _—b.: 53.33 m° 

23. Volume of water needed; 30.9 m. 

24. Sample responses can be found in the worked solutions in 
the online resources. 

25. Required volume = 1570.80 cm? ; tin volume = 1500 cm? : 
muffin tray volume = 2814.72 cm?. Marion could fill the tin 
and have a small amount of mixture left over, or she could 
almost fill 14 of the muffin cups and leave the remaining 
cups empty. 

26. Cut squares of side length s = 0.3 m or 0.368 m from 
the corners. 

27. 1.94m. 

28. a. H=12R b. 87R° c. 127R° 
d. 8: 12=2:3 

1, 1, 

29. a. —X°H b. =x°(H—h) 
3 3 

30. 18 scoops 
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Project 


1. 


a. The temperature reading is 26.5 °C. 
b. The smallest unit mark is 1°C, so the tolerance is 0.5. 


c. Largest possible value = 27 °C, 
smallest possible value = 26 °C 


a. Largest value = 37.28, smallest value = 36.98 
b. Largest value = 2681.965, smallest value = 2649.285 


. a. i. 4002000 


ii. 4000000 


b. The result for i has 4 significant figures, whereas ii has 
only 1 significant figure after rounding. However, ii is 
closer to the actual value (3 986 297.386 144 940 9). 


. Volume using the incorrectly recorded value = 125 cm? 


Volume using the actual value = 216 cm? 
The percentage error is 42.1%, which shows that the error 
compounds as the number of dimensions increases. 


Exercise 6.5 Review questions 


a 
Ro NN’ = OO 


15. 


16. 


17. 


18. 


OS A Oe SOU IN 


D 

C 

E 

A 

a. 84cm? b. 100cm? c. 6.50cm? 

a. 56.52cm? _—b.. 60cm” c. 244.35 cm? 

a. 300cm? b. 224.55cm? cc. 160cm? 

a. 499.86cm? b. 44.59cem* ~—c.:« 128.76 cm” 

a. 18692.48cm* b. 1495.40mm? c. 804.25 cm? 

a. 871.79cm? bb. 873.36mm?_—c. -760.cm? 
.a. 343cm? b. 672cm? c. 153938.04 cm? 
.a. 145m? b. 1800cm? c. 1256.64cm? 
.a. 297 cm? b. 8400 cm? c. 7238.23 mm? 
.a. 62m? b. $2790 


3 
V= zh, the volume will be 1.5 times as large as the 
original volume. 


V = 3lwh, the volume will be 3 times as large as (or triple) 
the original volume. 


a. 3606.55cm? b. $180.33 c. 18062.06 cm? 
d. 9155.65 cm? 

a. 1.33m 

b. 910.91 m? 


$618.35 or $636.90 assuming you have to buy full litres 
(i.e not 0.7 of a litre) 


303.48 m? 
11 trucks 


9 


12 minutes 
e TQ? b. 6263 km c. 1.8% error 


» - 2 2 
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7.1 Overview 
Why learn this? 


How is your algebraic tool kit? Is there some room to expand your 
skills? As expressions become more complex, more power will be 
needed to manipulate them and to carry out basic algebraic skills 
such as adding, multiplying, expanding and factorising. 


We have sent humans into space to live for months at a time on 
the International Space Station and even landed people on the 
moon. We have satellites circling our globe which enable us to 
communicate with friends and family around the world. Satellites 
also send out weather information, allowing meteorologists 

to study the patterns and changes and predict the upcoming 
weather conditions. 


Technology connects us with others via our mobile phones or 
computers, often using a digital social media platform. All of these 
things that have become such important parts of our modern lives 
are only possible due to the application of mathematical techniques 
that we will begin to explore in this topic. 


Many careers require a strong understanding of algebraic 
techniques. An example is a structural engineer. When designing 
structures, bridges, high rise buildings or domestic homes, they 
need to make decisions based on mathematics to ensure the 


structure is strong, durable and passes all regulations. This topic will help you develop your knowledge of 
algebraic expressions, so that you can apply them to real-life situations. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 
eLessons 


Digital 
documents 


Fully worked 
solutions 
to every 
question 


eWorkbook 
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Exercise 7.1 Pre-test learn) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. 


2. 


11. 


12. 


13. 


Expand —2(x + 3). 


Factorise 4m — 20m2. 


. Factorise 4a” + a*b + 4ac + abc. 
. Factorise x? + 3x — 10. 


. Expand and simplify —(3x + 1)’. Write your answer in descending powers. 


. Ta (v2 te 5x) (v5 = 2x) + \/2x when expanded and simplified is: 


A. V10 — V2x4+ 55x 10x B. V10— V2x+5/5x— 10x 
Cc. 10 — 2x +5/5x— 102 D. 10— 2x +5/5x— 10x 


E. V/10— 101/5x— 10x 


. £9 7x2 — 700 when factorised is: 


A. (V7x— 100) (V7x+ 100) B. (v7x-10) (V7x+ 10) 
C. (7x— 100) (7x + 100) D. 7(x— 100)(x + 100) 


E10) Gc 110) 


. We 4x+ ibe —Iy- 4) when factorised is: 


A. (4x+ 3y— 11) 4x—3y—-11) B. (8x —9y + 1) (8x+ 9y + 16) 
C. (4x + 3y — 10) 4x —3y+ 14) D. Qx+y—3)@Qx-—y+t5) 
E. 6(2x+y—4)(2x—y+4) 


. Complete the square to factorise x* + 4x — 6. 


. Expand (x— 2) («+ 1) (2x +3). Write your answer in descending powers. 


Factorise fully the algebraical expression 2x” — 6x — 10. 


GS —2x + 10x + 6 when factorised is: 


2 
Sinha = ee, 
x +2x—-3 2x+6 > 
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14. Factorise 4(x + 6)? + 11(x + 6) — 3. 


Za ieoD 52 aap sudl 
45. Er OX + BAe ue x+ 


— can be simplified to: 
oo = ie Al a 
re == 2 B. 222 Cc. -2 a —44x —2 gp 2+2 
—x i 


7.2 Expanding algebraic expressions 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e expand binomial expressions using FOIL 
e expand squares of binomial expressions 


e expand binomial expressions using the difference of two squares (DOTS). 


® 7.2.1 Binomial expansion 


eles-4825 


e Consider the rectangle of length a+ b and width c + d shown below. Its area is equal to (a+ b)(c+d). 


a + b 


The diagram shows that (a+ b) (c+ d) = ac+ad+ be + bd, 
Xx y n—m————___—_ 


factorised form expanded form 


e Expansion of the binomial expression (x + 3) (x + 2) can be shown by this area model 


Expressed mathematically this is: 


(x+3)(x+2) =x? +2x4+3x+6 


=x +5x+6 
factorisedform expanded form 
a 


e There are several methods that can be used to expand binomial factors. 
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FOIL method 


e The word FOIL provides us with an acronym for the expansion of a binomial product. 
e First: multiply the first terms in each bracket 


F 
(K+ aye - b) 


e Outer: multiply the two outer terms 


O 
(4+ ax —B) 


e Inner: multiply the two inner terms 


I 
(x+ HG -b) 


e Last: multiply the last terms in each bracket 


L 
(x+ Kiee b) 


WORKED EXAMPLE 1 Expanding binomial expressions using FOIL 


Expand each of the following. 


a. (x +3) +2) b. (x —7)(6—-x) 
THINK WRITE 
a. 1. Write the expression. a (x + 3)(x + 2) 
Nel 
2. Use FOIL to expand the pair of brackets. (xXx) +(4%X2)+3Xx)+6 X 2) 
3. Simplify and then collect like terms. =x°+2x+3x+6 
=x? +5x+6 

b. 1. Write the expression. b. ae x) 

2. Use FOIL to expand the pair of brackets. (x X 6) + (v X —x) + (—7 X 6) + (—7 X —x) 


Remember to include the negative signs 
where appropriate. 


3. Simplify and then collect like terms. = 6x—x* —42+ 7x 
= —x? + 13x—42 


e If there is a term outside the pair of brackets, expand the brackets and then multiply each term of the 
expansion by that term. 
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WORKED EXAMPLE 2 Expanding binomial expressions 


Expand 3(x + 8)(x + 2). 


THINK WRITE 

1. Write the expression. LEER 

3(x + 8)(x + 2) 
Se 


2. Use FOIL to expand the pair of brackets. = 3(x? + 2x + 8x+ 16) 
3. Collect like terms within the brackets. = 3(x* + 10x + 16) 


4. Multiply each of the terms inside the brackets = = 3x7 + 30x +48 
by the term outside the brackets. 


® 7.2.2 The square of a binomial expression 


eles-4827 . 2 . 
e The expansion of (a+b) can be represented by this area model. 


e This result provides a shortcut method for squaring binomials. 


Squaring binomial expressions 
(a+b) =a? + 2ab +b? 


Similarly, 


(a—b) =a? —2ab+b* 


e This expansion is often memorised. To determine the square of a binomial: 
e square the first term 


e multiply the two terms together and then double the product 
e square the last term. 
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WORKED EXAMPLE 3 Expanding and simplifying binomial expressions 


Expand and simplify each of the following. 
a. (2x — 5)’ 


THINK 


a. 1. Write the expression. 


2. Expand using the rule 
(a—b) =a" —2ab +b. 
. Write the expression. 
2. Expand the brackets using the rule 
(a+b) =a? +2ab+b’. 


3. Multiply every term inside the brackets by the 
term outside the brackets. 


b. —3(2x +7) 


WRITE 
a. (2x- 5) 


= (2x)? —2x2xx5+(5)° 
= 4x2 — 20x +25 


b. —3(2x+7) 


= —3[ (2x)? +2x2xx7+(7)"] 
= —3(4x? + 28x + 49) 


= —12x? — 84x— 147 


TI | THINK 


a-b. 

In a new problem, on a 
Calculator page, press: 
e CATALOG 

el 

e-£ 

Then scroll down to 
select expand( 
Complete the entry lines 
as: 

expand ((2x - 5)’) 
expand (—3(2x + 7)°) 
Press ENTER after each 
entry. 


—3(2x +7) 


DISPLAY/WRITE CASIO | THINK 
a-b. a-b. 
cNExE TT — On the Main screen, tap: 
expand (2-x-s)2) 4-x7-20:x4+25 = enon 
e © Transformation 
expand(-2: (2-x47)2)-12-x2-84-x-147 ° expand 


| Complete the entry lines 
as: 

expand (2x — 5) 
expand (—3(2x + 7)°) 


(2x — 5)? = 4x? — 20x + 25 
= —12x7 — 84x — 147 


® 7.2.3 The difference of two squares 


eles-4828 


e When (a+ b) is multiplied by (a — b) (or vice-versa), 


(a+b) (a—b) = a’ —ab+ab—b’ 


=@—_—l 


Press EXE after each entry. 


DISPLAY/WRITE 
a-b. 


© Edit Action Interactive 
Lad 9 =) 5) ses Ce) 


expand ((2x-5)2) a 
4x2 200x425 
expand (~3(2%+7) 2) 
12x28 4ox-147 
Oo 
a 
[Ala Oncimal Real Ooo 


(2x—5) = 4x? — 20x +25 
—3(2x + 7)° = —12x? — 84x — 147 


The expression is called the difference of two squares and is often referred to as DOTS. 


D_ Difference 
O of 

T Two 

S Squares 


Difference of two squares 


(a+b) (a—b) =a* —b? 
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WORKED EXAMPLE 4 Expanding using DOTS 


Expand and simplify each of the following. 


a. (3x + 1) (3x -1) b. 4(2x — 7)(2x +7) 
THINK WRITE 
a. 1. Write the expression. a. (3x+ 1)8x-1) 
2. Expand using the rule (a+ b) (a—b) =a’ — Db’. = (3x) - (1)? 
= 9x7 —] 
b. 1. Write the expression. b. 4(2x—7)(2x +7) 
2. Expand using the difference of two squares rule. = A[(2x)" — (7)"] 
= 4(4x* — 49) 
3. Multiply by 4. = 16x? — 196 
ion) Resources 


2s 
[4 eWorkbook Topic 7 Workbook (worksheets, code puzzle and project) (ewbk-2033) 


| Digital documents SkilISHEET Expanding brackets (doc-5244) 
SKilISHEET Expanding a pair of brackets (doc-5245) 


‘C) Video eLesson Expansion of binomial expressions (eles- 1908) 


ay Interactivities Individual pathway interactivity: Expanding algebraic expressions (int-4596) 
Expanding binomial factors (int-6033) 
Difference of two squares (int-6036) 


Exercise 7.2 Expanding algebraic expressions learn@) 
Individual pathways 

@ PRACTISE @ CONSOLIDATE @ MASTER 

1,4, 7, 10, 14, 16, 17, 20, 23, 28, 2, 5, 8, 11, 12, 15, 18, 21, 24, 26, 3, 6, 9, 13, 19, 22, 25, 27, 32, 

29, 30, 34 31, 35 33, 36 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 


For questions 1—3, expand the expressions. 


1. a. 2(044+3) b. 4(x—5) c. 3(7—x) d. —(x+3) 
2. a. x(x + 2) b. 2x(x—4) c. 3x(5x — 2) d. 5x(2 — 3x) 
3. a. 2x(4x + 1) b. 2x7(2x — 3) c. 3x7(2x— 1) d. 5x2(3x +4) 
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ES For questions 4—6, expand the expressions. 


4. a. (x +3) (x—-4) b. (x+ 1)@-—3) c. (x—7) (x +2) d. (x—1)(x—5) 
5. a. (2—x) (x+3) b. (x—4) (x— 2) c. (2x —3)(x—-7) d. (x—1)Gx4+2) 
6. a. (3x—1)(2x—5) b. (3 —2x)(7—x) c. (5—2x)(3 + 4x) d. (11 —3x) (10 + 7x) 
Ed For questions 7-11, expand the expressions. 
7. a. 2(x+1)(%-—3) b. 42x + 1)(x—-4) c. —2(x+ l(x-7) 
8. a. 2x(x—- 1)(x+ 1) b. 3x(x—5)(x +5) c. 6x(x— 3)(x +3) 
9. a. —2x(3 — x)(x — 3) b. —5x(2 — x)(x — 4) c. 6x(x + 5)(4 — x) 
10. a. (vn-1) («4+ 1) («+ 2) b. (xn—3)(x— 1) (x42) ce. (x—5)@4+ 1 («-1) 
11. a. (wW- 1) (x—-2) (x3) b. Qx—1) («+ 1) (x-4) c. 3x+1)Qx-1)(x-1) 
For questions 12 and 13, expand and simplify the expressions. 
12. a. (v+2)(x-1)-2x b. 3x—(2x—5)(x+ 2) 
c. (2x —3)(x+1)+ 6x4+ 1) (x—-2) d. (3 — 2x) (2x —1)+ (4x-—5) («+ 4) 
13. a. (n+ 1)(*—7)— («+ 2) (x3) b. (x—2)(«—5)-—(x- 1) (x4) 
c. (x—3) (+1) + V3x d. (V2-3) (v3+2x) - v5x 
14, OS) (3x — 1) (2x + 4) expands to: 
A. 6x? + 10x—4 B. 5x* — 24x +3 C. 3x* +2x-4 
D. 6x7 — 10x—4 E. 6x7 —4 
15. MG —2x(x— 1) (x + 3) expands to: 
Ax +23 B. —2x? —4x+6 C. —2x3 — 4x? + 6x 
D. —2x7 + 4x? — 6x E. —2x7-3 


16. OG The expression (x — 1) (x— 3) (x + 2) is not the same as: 


A. (x— 3) (x-— 1) + 2) B. (x+3)(x- 1D @—-2) C. (x— 1) (+2) (x-3) 
D. (x +2) (x-—1)(x-3) E. ~—3)(x«+2)(x-1) 
| WESa Bele questions 17—19, expand and simplify the expressions. 
17. a. (x-1)7 b. (x +2) c. (x +5) d. (44x) 
18. a. (7x) b. (12—x) c. (3x—1) d. (12x—3)° 
19. a. (5x42) b. (2— 3x)" & (3 4x)" d. (1—5x)’ 


Understanding 


EE For questions 20—22, expand and simplify the expressions. 


20. a. 2(x—3)? b. 4(x—7)* c. 3(x+ 1) 
21. a. —(2x+ 3) b. —(7x—1) c. 2(2x- 3) 
22. a. —3(2 —9x)” b. —5(3 — 11x) c. —4(2x+ 1)” 
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E38 For questions 23-25, expand and simplify the expressions. 


23. a. (x +7) (x—-7) b. (x +9) (x-9) c. (x—5)(x +5) 
24. a. (x—-1)(x+ 1) b. (2x — 3) (2x +3) c. 3x—-1)(3x4+1) 
25. a. (7—x) (7 +x) b. (8 +x) (8 — x) c. (3 — 2x) (3 + 2x) 


26. The length of the side of a rectangle is (x + 1) cm and the width is (x — 3) cm. 


a. Determine an expression for the area of the rectangle. 
b. Simplify the expression by expanding. 
c. If x=5cm, calculate the dimensions of the rectangle and, hence, its area. 


27. Chickens are kept in a square enclosure with sides measuring xm. The number of chickens is increasing and 
so the size of the enclosure is to have 1 metre added to one side and 2 metres to the adjacent side. 


a. Draw a diagram of the original enclosure. 

b. Add to the first diagram or draw another one to show the new enclosure. Mark the lengths on each side 
on your diagram. 

c. Write an expression for the area of the new enclosure in factorised form. 

d. Expand and simplify the expression by removing the brackets. 

e. If the original enclosure had sides of 2 metres, calculate the area of the original square and then the area 
of the new enclosure. 


28. Write an expression in factorised and expanded form that is: 


a. a quadratic trinomial b. the square of a binomial 
c. the difference of two squares d. both a and b. 
Reasoning 


29. Shown below are three students’ attempts at expanding (3x + 4) (2x +5). 
STUDENT A = 


Sat Ysa) 


= Dax 2a + 32x54 4xZa+4x5 
=624 I5a +Sx+ZO 

= 242% 420 

= 4 Fae 


STUDENT B (Ax : LV 2x ; 5) 
= Az » Za + Gx 2a + 4x5 
=\62e* + Bea ZO 
STUDENT C 


(3x + AV 2x # 5) 


=. Se x Doe 4 B32 x5 + lie Doe + Gx5 
= 627+ |\Sa +Sx+ZO 
= 62° + 23% + ZO 

a. Identify which student’s work was correct. 


b. Correct the mistakes in each wrong case as though you were the teacher of these students. 
Explain your answer. 
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30. If a=5 and b =3, show that (a—b) (a+ b) =a’ — b’ by evaluating both expressions. 
31. If a=5 and b=3, show that (a +b)” =a? + 2ab + b* by evaluating both expressions. 
32. Show that (a+ b) (c+ d)=(c+d) (a+b). 


33. Explain the difference between ‘the square of a binomial’ and ‘the difference between two squares’. 


Problem solving 


34. Determine an expanded expression for the volume of the cuboid shown. 


(x — 2) cm 


35. Determine an expanded expression for the total surface area of the square-based pyramid. 


(2x +3) cm 


(2x + 3) cm 


36. Expand the following. 
a. (2x +3y—5z)° 


> ((143,) 29) 
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7.3 Factorising expressions with three terms 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
© recognise monic and non-monic quadratic expressions 
e factorise monic quadratic trinomials 
e factorise non-monic quadratic trinomials. 


® 7.3.1 Factorising monic quadratic trinomials 


eles-4829 
e A monic quadratic expression is an expression in the form ax? + bx +c where a= 1. 


e To factorise a monic quadratic expression x* + bx + c, we need to determine the numbers f and h such 
that x* ++ bx+c=(x+f\(x+/h). 
e Using FOIL, or the area model, (x +f) («+ h) can be expanded as follows: 


(xt+f) (x +h) =x? +xh+xf+fh 
=x +(f+h)xt+fh 
e Equating the quadratics: x? + bx+c=x° + (f+h)x+/h. 


e Therefore, to factorise the quadratic we must determine factors of c that add to b. 
e For example, to factorise x* + 7x + 12 we must determine factors of 12 that add to 7. 


Factors of 12 Sum of factors 
1 and 12 13 
2 and 6 8 
3 and 4 7 


The factors of 12 that add to 7 are 3 and 4. Therefore, x? + 7x + 12=(x +3) (x +4). 
e This result can be checked by expanding using FOIL. 


(x+3)(x+4) = 2° +4x4+3x412 
= x7 +7x+12 


Factorising a monic quadratic 


xv +bxtco=(xt+f/\«t+h) 


where f and h are factors of c that sum to b. 
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WORKED EXAMPLE 5 Factorising monic quadratic trinomials 


Factorise the following quadratic expressions. 
a. x7+5x+6 b. x7 + 10x +24 


THINK WRITE 


a. 1. List all of the factors of 6 and determine the Racioeenha Sumlotincions 
sum of each pair of factors. i aadé 7 
Highlight the pair of factors which add to 5. cu 

2 and 3 5 
2. Factorise the quadratic using the factor pair x? +5x+6 = (x+2)(x+3) 
highlighted in step 1. 
b. 1. List ie of a ae of 24 and determine the Racineeon dl Suimonhincione 
sum of each pair of factors. 
Highlight the pair of factors which add to 10. panes ae 
2 and 12 14 
3 and 8 11 
4 and 6 10 
2. Factorise the quadratic using the factor pair x* + 10x +24 = (x+4)(x+6) 


highlighted in step 1. 


® 7.3.2 Factorising non-monic quadratic trinomials 
—— 3 A non-monic quadratic expression is an expression in the form ax” + bx +c, where a# 1. 


© Quadratic expressions of the form ax? + bx + c can be factorised by following the process shown below. 
The example in the right column will help you to understand each step. 


Process Example: 2x? + 11x + 12 
Step 1: Determine factors of ac that add up to b. a=2, b=11,c=12, ac=24 
The factors of 24 that add up to 11 are 
8 and 3. 
Step 2: Rewrite the quadratic expression as 2x? + 11x + 12=2x7 + 8x4 3x4 12 


ax? +mx+nx+c, where m and n are the factors of ac 
that add up to b (as found in step 1). 


Step 3: Order the terms in ax? + mx + nx +c so that = (2x? + 8x) + (3x + 12) 
the two terms on the left share a common factor 
and the two terms on the right also share a common 


factor. 

Step 4: Factorise the two left terms and two right =2x(x+4)+3(«+4) 
terms independently by taking out their common 

factor. 

Step 5: Factorise the expression by taking out the =(x+ 4) (2x +3) 


binomial factor. 


e The reasoning behind step | is not given in the table above. The working below shows why we use factors 
of ac that add to b. You do not need to be able to complete this working yourself, but try to read along and 
understand it. 
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(dx + e) (fc + g) = dfx? + dex t efx +eg 


= dfx? + (dg +ef)xt+eg 
m+n=dgtef and mxn=dg xX ef 
=b = dgef 
= dfeg 
=ac 


Factorising a non-monic quadratic 


To factorise a general quadratic of the form ax” + bx + c, find factors of ac that sum to b. 
Then rewrite the expression as four terms that can then be regrouped and factorised. 


axe +bx+c=axrr-+mxtnxtcec 


Factors of ac that sum to b 


WORKED EXAMPLE 6 Factorising a non-monic quadratic trinomial 


Factorise 6x2 — 11x — 10. 


THINK WRITE 

1. Write the expression and look for common factors 6x? — 11x—10 
and special patterns. The expression is a general 
quadratic with a= 6, b=—11 and c=—10. 


2. List factors of —60 and determine the sum of Factors of —60 (6 x —10)|Sum of factors 
each pair of factors. 60. 1 59 
Highlight the pair of factors which add to —11. — = 

—20, 3 -17 
—30, 2 —28 
15,-—4 11 
—15,4 -11 

3. Rewrite the quadratic expression: 6x — 1lx—10 = 6x? + 4x +—15x—10 
ax’ +bx+c= ax? +mxt+nx+c 
with m= 4 andn=-—15. 

4. Factorise using the grouping method: 6x — 11lx—10 = 2x (3x+2)+—5 (3x +2) 
6x? + 4x = 2x(3x + 2) and = (3x+2)(2x—5) 


—15x-10=—5(3x +2) 
Write the answer. 


ion) Resources 


ca) 
[4 eWorkbook Topic 7 Workbook (worksheets, code puzzle and project) (ewbk-2033) 


g Digital document SkilISHEET Finding a factor pair that adds to a given number (doc-5250) 


® Video eLesson _ Factorisation of trinomials (eles-1921) 


} Interactivities Individual pathway interactivity: Factorising expressions with three terms (int-4597) 
Factorising monic quadratic trinomials (int-6148) 
Factorising trinomials by grouping (int-6144) 
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Exercise 7.3 Factorising expressions with three terms learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
1,4, 7, 10, 12, 13, 16, 19, 22, 25 2,5, 8, 11, 14, 17, 20, 23, 26, 27 3, 6, 9, 15, 18, 21, 24, 28, 29 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 

EI For questions 1-3, factorise the expressions. 

1a. x? 43x42 b. x7 +4x+3 c. x7 + 10x+ 16 
d. x7 +8x+16 Bor le 3 

2. a. x7 —3x—-4 b. x*—11lx—12 c. x7 —4x—12 
d. x7 +3x-—4 e. x +4x—5 

3. a. x°+6x—-7 b. x7 +3x—10 c. x7 — 4x43 
d. x7 —9x+20 e. x7 +9x—70 


EE For questions 4—9, factorise the expressions. 


4, a. —2x? — 20x — 18 b. —3x* —9x—6 c. —x° —3x—-2 d. —x* —11x—10 
5. a. —x* —7x—10 b. —x* —13x—12 c. —x* —7x— 12 d. —x? —8x—12 
6. a. 2x7 + 14x +20 b. 3x? + 33x+ 30 c. 5x7 + 105x + 100 d. 5x* + 45x + 100 
7. a. a’ —6a—7 b. P—6t+8 c. b&+5b+4 d. m? +2m—15 
8. a. p* —13p—48 b. c? + 13c—48 co. k? +22k+57 d. s* — 16s —57 
9. a. 9? -—g—72 b. v? —28v+75 c. x° + 14x—32 d. x” — 19x +60 


10. EWS To factorise —14x? — 49x + 21, the first step is to: 


A. Determine factors of 14 and 21 that will add to —49. 

. Take out 14 as a common factor. 

. Take out —7 as a common factor. 

. Determine factors of 14 and —49 that will add to make 21. 
. Take out —14 as a common factor. 


mogowo 


11. OOS The expression 42x? — 9x — 6 can be completely factorised to: 


A. (6x — 3) (7x + 2) B. 3(2x — 1)(7x + 2) C. (2x— 1)(21x+ 6) 
D. 3(2x+ 1)(7x — 2) E. 42(x —3)(x + 2) 
42. HS When factorised, (x + ay —(y+ a) equals: 
A. (x+y—2)(«+y+2) B. (x@—y-—l@+y-1) C.(x-—y-1) («+ y+5) 
D. (x-y+1)@+yH+5) E.a~+y—1)(«+y+2) 
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Understanding 


For questions 13-15, factorise the expressions using an appropriate method. 


13. a. 2x7 +5x+2 b. 2x7 -3x+1 c. 4x*-17x-15 d. 4x*+4x-3 
14. a. 2x? —9x—35 b. 3x7 + 10x+3 c. 6x7 —17x+7 d. 12x? —13x-14 
15. a. 10x? -9x-9 b. 20x? + 3x—2 c. 12x? +5x-2 d. 15x? +x-2 
For questions 16—18, factorise the expressions. Remember to look for a common factor first. 
16. a. 4x7 + 2x-6 b. 9x” — 60x—21 c. 72x? + 12x—12 d. —18x? + 3x+3 
17. a. —60x7+150x+90 — b. 24ax?+18ax—105a c. —8x° + 22x-12 d. —10x? + 31x+ 14 
18. a. —24x? + 35x—4 b. —12x? — 2xy + 2y? 

c. —30x” + 85xy + 70y" d. —600x? — 780xy — 252y” 


19. Consider the expression (x — iy +5(x-—1)-6. 


a. Substitute w =x — 1 in this expression. 
b. Factorise the resulting quadratic. 
c. Replace w with x — 1 and simplify each factor. This is the factorised form of the original expression. 


For questions 20 and 21, use the method outlined in question 19 to factorise the expressions. 


20. a. (x+1)°+3(x+1)—-4 b. (x +2)? +(x+2)—6 c. (x—3)° + 4(x-3) +4 
21. a. (x +3) + 8(x+3) +12 b. (e=7) =7=7)=8 6 @=S) =36@=5)—-10 
Reasoning 


22. Fabric pieces comprising yellow squares, white squares and black rectangles are sewn 
together to make larger squares (patches) as shown in the diagram. The length of each 
black rectangle is twice its width. These patches are then sewn together to make a 
patchwork quilt. A finished square quilt, made from 100 patches, has an area of 1.44 m?. 
a. Determine the size of each yellow, black and white section in one fabric piece. Show 
your working. 

b. Determine how much (in m’) of each of the coloured fabrics would be needed to 
construct the quilt. (Ignore seam allowances.) 

c. Sketch a section of the finished product. 


23. Each factorisation below contains an error. Identify the error in each statement. 


a. x7 —7x+12=(x +3) (x—-4) b. x2 —x—12=(x—3)(x+ 4) 

ce. x* —x—2=(x—1) (x42) d. x* —4x—21 =(x—3)(x—-7) 
24. Each factorisation below contains an error. Identify the error in each statement. 

a. x? +4x—21 =(¢+3)(x-7) b. x” —x—30=(x-5)(x+6) 

c. x7 +7x—8 =(x+ 1) (x8) d. x? —11x+30=(x—5) (x+6) 


Problem solving 


25. Cameron wants to build an in-ground ‘endless’ pool. Basic models have a depth of 2 metres and a length 
triple the width. A spa will also be attached to the end of the pool. 


a. The pool needs to be tiled. Write an expression for the surface area of the empty pool (that is, the floor 
and walls only). 

b. The spa needs an additional 16 m? of tiles. Write an expression for the total area of tiles needed for both 
the pool and the spa. 

c. Factorise this expression. 
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d. Cameron decides to use tiles that are selling at a discount price, but there are only 280 m? of the tile 
available. Determine the maximum dimensions of the pool he can build if the width is in whole metres. 
Assume the spa is to be included in the tiling. 

e. Evaluate the area of tiles that is actually needed to construct the spa and pool. 

f. Determine the volume of water the pool can hold. 


26. Factorise x? + x — 0.75. 


27. The area of a rectangular playground is given by the general expression (6x? +11lx+ 3) m? where x is a 
positive whole number. 


a. Determine the length and width of the playground in terms of x. 
b. Write an expression for the perimeter of the playground. 
c. If the perimeter of a particular playground is 88 metres, evaluate x. 


28. Factorise: 


a. 6(3a—1)’ —133a—1)—5 
b. 3m*—19m2 — 14 
c. 2sin? (x) —3 sin(x) + 1. 


29. Students decide to make Science Day invitation cards. 
The total area of each card is equal to (x? — 4x — 5) cm?. 


a. Factorise the expression to determine the dimensions of the cards in terms of x. 

b. Write down the length of the shorter side in terms of x. 

c. If the shorter side of a card is 10 cm in length and the longer side is 16cm in length, determine the value 
of x. 

d. Evaluate the area of the card proposed in part c. 

e. If the students want to make 3000 Science Day invitation cards, determine how much cardboard will be 
required. Give your answer in terms of x. 


7.4 Factorising expressions with two or four terms 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e factorise expressions by taking out the highest common factor 
e recognise and factorise expressions that can be written as DOTS 
e factorise expressions with four terms by grouping. 


® 7.4.1 Factorising expressions with two terms 


eles-4831 
e To factorise an expression with two terms, follow the following steps: 


Step 1: look for the highest common factor (HCF) of the terms 
Step 2: take out the HCF 
Step 3: check to see if the remaining expression is a DOTS. 
For example: 
4x? — 36 = 4 (x? -9) taking out the HCF of 4 
= 4(x-—3)(«+3) using DOTS 


Remember, the formula for the difference of two squares (DOTS) is: 


a —b* =(a—b)(at+b) 
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WORKED EXAMPLE 7 Factorising expressions with two terms 


Factorise the following. 
a. 12k? +18 b. 16a” — 25b4 


THINK WRITE 


a. 1. Write the expression and look for common factors. The a. 12k°+18=6 (2k? ar 3) 
terms have a highest common factor of 6. Write the 6 in 
front of a set of brackets, then determine what must go 
inside the brackets. 12k? =6 x 2k’, 18=6X3 

2. Look for patterns in the expression inside the brackets 

to factorise further. The expression inside the brackets 
cannot be factorised further. 

b. 1. Write the expression and look for common factors. b. 16a? —25b* 
The expression has no common factors. 


2. Look for the DOTS pattern in the expression. Write =—42g 5 (D2) 
the equation showing squares. wan 5 pe 


3. Use the pattern for DOTS to write the factors. = (4a AP 5b’) (4a = 5b) 
a’ —b? =(a+b)(a—b) 


@® 7.4.2 Factorising expressions with four terms 


les-4832 : : : , 
_ e To factorise an expression with four terms, follow the following steps: 


Step 1: look for a common factor 

Step 2: group in pairs that have a common factor 

Step 3: factorise each pair by taking out the common factor 

Step 4: factorise fully by taking out the common binomial factor 
e This process is known as grouping ‘two and two’. 

For example, 


10a — 30b + 15ac — 45bc terms have a common factor of 5 
=5 (2a—6b + 3ac—9bc) grouping in pairs 
=5(2(a—3b)+3c(a—3b)) factorising each pair 
=5(a—3b)(2+ 3c) common binomial factor 


WORKED EXAMPLE 8 Factorising expressions with four terms by grouping ‘two and two’ 


Factorise each of the following. 


a. x — 4y + mx — 4my b. x7 4+ 3x —y? + 3y 
THINK WRITE 
a. 1. Write the expression and look for a common a. x—4y+mx— 4my 


factor. (There isn’t one.) 


2. Group the terms so that those with common = (x —4y) + (mx — 4my) 
factors are next to each other. 
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3. Take out a common factor from each group = la—4y)+ma—4y) 
(it may be 1). 


4. Factorise by taking out a common binomial = (x —4y) (1 +m) 
factor. The factor (x — 4y) is common to 
both groups. 

b. 1. Write the expression and look for a b. x7 +3x—y* + 3y 

common factor. 

2. Group the terms so that those with common = (ie _ y’) + (3x + 3y) 
factors are next to each other. 

3. Factorise each group. = (x+y)x—y)+ 34+) 

4. Factorise by taking out a common binomial = (x+y) (x—-y+3) 
factor. The factor (x + y) is common to 
both groups. 


e Sometimes an expression containing four terms can be factorised by grouping three terms together and 
then factorising. This method is known as grouping “three and one” and it is demonstrated in the Worked 
example 9. 


WORKED EXAMPLE 9 Factorising by grouping ‘three and one’ 


Factorise the following expression: x? + 12x + 36 — y?. 


THINK WRITE 

1. Write the expression and look for a common factor. x + 12x+36—y? 

2. Group the terms so that those that can be factorised are = (a2 + 125+ 36) —y 
next to each other. 

3. Factorise the quadratic trinomial. = (x+6)(x+6)—-y? 
This is the form of a perfect square. =(x+6)-y 

4. Factorise the expression using a’ — b* =(a+b)(a—b). =(x+6+y)(x«+6—-Yy) 


ion) Resources 


wis) 
[4 eWorkbook Topic 7 Workbook (worksheets, code puzzle and project) (ewbk-2033) 


| Digital documents SkilISHEET Factorising by taking out the highest common factor (doc-5246) 
SKilISHEET Factorising by taking out a common binomial factor (doc-5247) 


Be Interactivities Individual pathway interactivity: Factorising expressions with two or four terms (int-4598) 
Factorising expressions with four terms (int-61 45) 
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Exercise 7.4 Factorising expressions with two or four terms learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
1,4, 6, 9, 12, 15, 16, 19, 22, 25, 2,5, 7, 10, 13, 17, 20, 23, 26, 27, 3, 8, 11, 14, 18, 21, 24, 28, 30, 34, 
31, 32, 35, 38 29, 33, 36, 39 37, 40 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 
For questions 1—3, factorise the expressions by taking out a common factor. 
1. a. x7 +3x b. x*—4x c. 3x* —6x 
2. a. 4x? + 16x b. 9x? — 3x c. 8x— 8x" 
3. a. 12x —3x? b. 8x — 12x? c. 8x" — 11x 
For questions 4 and 5, factorise the expressions by taking out a common binomial factor. 
4. a. 3x(x—2)+2(x—2) b. 5(x+ 3) — 2x(x+ 3) c. (x—1)7 + 6(x-1) 
5. a. (x+1)°—2(¢4+1) b. (x+4)(x—-4) + 2(x4 +4) c. 7(x—3)—(x+3)(x— 3) 
For questions 6—11, factorise the expressions. 
6. a. x?-1 b. x79 c. x7 —25 
7. a. x*— 100 b. y°—k? c. 4x — Oy" 
8. a. 16a* — 49 b. 25p? — 36q7 c. 1— 100d? 
9. a. 4x4 b. 5x? —80 c. ax? —9a 
10. a. 2b? -8d? b. 100x” — 1600 c. 3ax?—147a 
11. a. 4px? — 256p b. 36x? — 16 c. 108 — 3x? 


12. DG If the factorised expression is (x + 7) (x— 7), then the expanded expression must have been: 
Asx = 7 B.x7 +7 C. x7 — 49 D. x7 +49 E. x* —14x+49 


13. DI If the factorised expression is (Z - >) (: + >) then the original expression must have been: 


(v3) 
(vs) 


2 
R28 oo = 
4. 5 4 


2 
D. ri = - Eo ; 
(v5) 
14. M1 The factorised form of 64x? — 9y? is: 
A. (64x + 9y) (64x — 9y) B. (8x + 3y) (8x — 3y) C. (8x — 3y) (8x — 3y) 
D. (8x + 3y) (8x + 3y) E. (16x + 3y) (16x — 3y) 
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15. £9 Which of the following expressions would be factorised by grouping ‘two and two’? 


A. x? — a’ + 12a—36 B. x* —7x—10 C. 2x” — 6x — xy + 3y 
D. (s— 5)” — 25(s +3)" E. (r+5)—(r+3)(r+5) 

For questions 16—18, factorise the expressions over the set of real numbers. 

16. a. x°-11 b. x°—7 c. x7 -15 

17. a. 4x*— 13 b. 9x7 — 19 c. 3x* — 66 

18. a. 5x? —15 b. 2x7 -4 c. 12x* — 36 


Understanding 


For questions 19-21, factorise the expressions. 


19. a. (x—1)?-4 b. (x+ 1)? —25 c. (x—2)?-9 
20. a. (x +3)*—16 b. 49—(x+1)* c. 36—(x-4)° 
He G=1) -—G-57 b. 4(x +2)? —9(x—1)? c. 25(x— 2)? — 16(x +3)" 


| WESa Bele questions 22—26, factorise the expressions. 


22. a. x—2y+ax—2ay b. 2x +ax+2y+ ay c. ax—ay+bx— by d. 4x+4y+xz+ yz 
23. a. ef—2e+3f—6 b. mm—Tm+n—7 
c. 6rt — 3st+ 6ru— 3su d. 7mn —21n+35m— 105 
24. a. 64 —8j + 16k — 2jk b. 3a” — a*b + 3ac — abc 
co. 5x7 + 10x +x7y + 2xy d. 2m? — mn + 2mn — mn? 
25. a. xy+7x—2y— 14 b. mmn+2n—3m—6 c. pg+5p—3q-—15 
26. a. s?+3s—4st—12t b. a*b—cd—be+a’d ce. xy—z—5z* + Sxyz 


EE For questions 27 and 28, factorise the expressions. 


27. a. a’ —b?+4a—4b b. p?—q’? —3p+3q c. nn? +Ilm+In 
28. a. Tx + Ty +x°—-y’ b. 5p—10pq+1—4¢q? c. 499” — 36h? — 28g — 24h 
Ed For questions 29 and 30, factorise the expressions. 
29. a. x7 +14x4+49—-y* b. x7 + 20x+100—y c. a? —22a+121-—b* 
30. a. 9a* + 12a +4—b* b. 25p* —40p + 16-97 c. 3677 — 12t+1—5v? 
31. D0 In the expression 3(x — 2) + 4y(x — 2), the common binomial factor is: 
A. 3+4y B. 3—4y Cc. x D. —x+2 E. x—2 
32. E11 Identify which of the following terms is a perfect square. 
A. 9 B. (x+1)(x-1)_—C..: 3x D. 5(a+b)’ E. 25x 
33. [9 Identify which of the following expressions can be factorised using grouping. 
A. x? —y? B. 1+4y—2xy + 4x" C. 3a°+8a+4 
D.e+x+y—-y E. 2a+4b—6ab+ 18 
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34. [TS When factorised, 6(a + b) — x(a + b) equals: 


A.6—x(at+b) B. (6—x) (a+b) C. 6(a+b—x) 
D. (6+) (a—b) E. (6+x)(a+b) 
Reasoning 


35. Jack and Jill both attempt to factorise the expression 4x? — 12x+8. 


Jack’s solution Jill’s solution 
4x? —12x+8 4x2 —12x+8 

= 4(x? — 3x +2) = 4(x? — 3x+2) 
= A(x— +3) = A(x 2)(@— 1) 


a. State who was correct. 
b. Explain what error was made in the incorrect solution. 


36. Jack and Jill attempted to factorise another expression. Their solutions are given below. 
Explain why they both had the same correct answer but their working was different. 


Jack’s solution Jill’s solution 
6x2 + 7x — 20 6x2 + 7x — 20 
= 6x* — 8x + 15x—20 = 6x7 + 15x —8x—20 
= 2x(3x —4) + 5(3x —4) = 3x(2x +5) —4(2x +5) 
= (3x —4)(2x+ 5) = (2x + 5)(3x — 4) 


37. Factorise the following expressions. Explain your answer. 
a. x? —4xy + 4y? —a* + 6ab — b* b. 12x” — 75y? — 9(4x — 3) 


Problem solving 
38. The area of a rectangle is (x? — 25) cm’. 


. Factorise the expression. 

. Determine the length of the rectangle if the width is (x+5) cm. 

If x =7 cm, calculate the dimensions of the rectangle. 

. Hence, evaluate the area of the rectangle. 

. Ifx=13cm, determine how much bigger the area of this rectangle would be. 


©2009 


39. A circular garden of diameter 27 m is to have a gravel 
path laid around it. The path is to be 1 m wide. 


a. Determine the area of the garden in terms of r. 

b. Determine the area of the garden and path 
together in terms of r, using the formula for the 
area of a circle. 

c. Write an expression for the area of the path in 
fully factorised form. 

d. If the radius of the garden is 5 m, determine the 
area of the path, correct to 2 decimal places. 
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40. A roll of material is (x + 2) metres wide. Annie 
buys (x + 3) metres of the material and Bronwyn 
buys 5 metres of the material. 


a. Write an expression, in terms of x, for the area 
of each piece of material purchased. 

b. If Annie has bought more material than 
Bronwyn, write an expression for how much 
more she has than Bronwyn. 

c. Factorise and simplify this expression. 

d. Evaluate the width of the material if Annie has 
5m’ more than Bronwyn. 

e. Determine how much material each 
person has. 


7.5 Factorising by completing the square 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e complete the square for a given quadratic expression 
e factorise a quadratic expression by completing the square. 


® 7.5.1 Completing the square 


eles-4833 
e Completing the square is the process of writing a general quadratic expression in turning point form. 


ee, 


ax + bx+ : = a(x—h)" + ‘ 


General form Turning point form 


e The expression x? + 8x can be modelled as a square with a smaller square missing from the corner, as 
shown below. 


x? + 8x = (x + 4)°- (4)? 
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e In ‘completing the square’, the general equation is written as the area of the large square minus the area of 
the small square. 
e In general, to complete the square for x? + bx, the small square has a side length equal to half of the 


coefficient of x; that is, the area of the small square is (2) ; 


x2 + bx = 


e The process of completing the square is sometimes described as the process of adding the square of half 
of the coefficient of x then subtracting it, as shown in purple below. The result of this process is a perfect 
square that is then factorised, as shown in blue. 


2 2 
P+ox= 2 +6r+(2) -(2) 
2 2 
2 


2 


Il | 
Pe b 
bad + 
=F > 
Nis a 
Sa ae 
SS gees, 
| Nis 
N 
NI 
alae | 
> ars, 
> 
Se 


WORKED EXAMPLE 10 Converting expressions into turning point form 


Write the following in turning point form by completing the square. 


a. x7 + 4x b. x7+7x+1 
THINK WRITE 
a. e The square will consist of a square that Gk 


has an area of x” and two identical 
rectangles with a total area of 4x. 

The length of the large square is (x + 2) so 
its area is (x+ De 

e The area of the smaller square is Or, 
Write x* + 4x in turning point form. 


x2 44x = (x +2) -(2) 
=(x+2)°-4 
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ne 
—_ 
e 


Complete the square with the terms b. 
containing x. 

The square will consist of a square that 

has an area of x” and two identical 

rectangles with a total area of 7x. 


The length of the large square is (: oF i) 
7\2 
so its area is (++ x) : 


2 
The area of the smaller square is (Z) : 


Write x? + 7x + 1 in turning point form. 


2 
7 49° 4 
2. Simplify the last two terms. = ( feat x) aa ae ; 


@® 7.5.2 Factorising by completing the square 
— 3 When an equation is written in turning point form, it can be factorised as a difference of two squares. 


For example, factorise x” + 8x + 2 by completing the square. 


2 2 
e+are (5) -(3) +2 
2 2 


=x2 4+ 8x+(4) -(4)° +2 
=x + 8x+ 16-1642 
=(x+4)—14 
=(x+4)-14 


= (x+4- vi4) (x+4+ vi4) 
WORKED EXAMPLE 11 Factorising by completing the square 


Factorise the following by completing the square. 
a. x7+4x +2 b. x7-9x+1 


THINK WRITE 


2 2 
4\~ 4 
a. 1. To complete the square, add the square of a. x + 4x42 = 2° +404 (3) = (5) 2 


half of the coefficient of x and then subtract it. Z 
2. Write the perfect square created in its =o AO) =) 2 
factorised form. = (ro = Oy 2 
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3. Write the expression as a difference of two 


squares by: 


e simplifying the numerical terms 
e writing the numerical term as a square 


(=(8) 


4. Use the pattern for DOTS, 
a —b* =(a—b) (a+b), where 
a=(x+2) and b= v2. 


. To complete the square, add the square 


of half of the coefficient of x, then 


subtract it. 


2. Write the perfect square created in its 


factorised form. 


3. Write the expression as a difference of two 


squares by: 


e simplifying the numerical terms 
° writing the numerical term as 


2 2 
77 77 V77 

a square. — = — } =| — 
4 4 az 


4. Use the pattern for DOTS: 
a’ —b? =(a—b) (a+b), where 


a= (x+-2) Py le 
2 2 


=(x+2)°-442 
=(x+2)?-2 


= (x+2)- (v2) 


= (x+24 v2) (x+2- v2) 


b. P—9r4 1a 914 ( 


yore: 


TI | THINK 

a-b. 

In a new problem, on a 
Calculator page, press: 

e CATALOG 

el 

°F 

Then scroll down to select 
factor( 

Complete the entry lines 
as: 

factor (x? + 4x + 2, x) 
factor (x? —9x+1, x) 
Press EXE after each 
entry. 


DISPLAY/WRITE 
a-b. 
11 


(x+J2 +2): (e-/2 +2) 


factor(x 2 +4 wea) 


factor\e?-9- xt) 
(2-x+)77 -9): (2:x-J77 -9) 


4 


P+4x42= (x+ v2+2) (x- y2+2) 


x =ox+1S 


(2x+ v71-9) (2x- v71-9) 


4 
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CASIO | THINK 

a-b. 

On the Main screen, tap: 
© Action 

e Transformation 

e factor 

e rFactor 

Complete the entry lines 
as: 

rfactor (x7 + 4x+ 2) 
rfactor (x? —9x+ 1) 
Press EXE after each 
entry. 


DISPLAY/WRITE 
a-b. 


© Edit Action interactive 
Sales TSTT 


rFactor (x?+4x+2) - 
(04242) + (x-V242) 


rFactor (x?—9x+1) 
(xF-$)--F-$) 


D 


Alg Standsrd = Real Deg a 


P+4x42= (x+ y2+2) (x y2+2) 


x =ox+1= (s+ 


Poa) 


e Remember that you can expand the brackets to check your answer. 
e If the coefficient of x* # 1, factorise the expression before completing the square. 
e For example, 2x? — 8x +2 


= 2(x* — 4x +1) 


2 2 
n2( sa (=*) - (+) + ) 
2 9 
=I((¢= 3) —44+1) 
= 2((x—2)° —3) 


=2(x-2- v3) (x-2+ v3) 


ion) Resources 


a) 
[4 eWorkbook Topic 7 Workbook (worksheets, code puzzle and project) (ewbk-2033) 


C) Video eLesson Factorisation by completing the square (eles- 1939) 


& Interactivities Individual pathway interactivity: Factorising by completing the square (int-4599) 
Completing the square (int-2559) 


Exercise 7.5 Factorising by completing the square learn@) 
Individual pathways 

B@ PRACTISE B@ CONSOLIDATE B® MASTER 

1,3, 4, 7, 10, 13, 16 2, 5, 8, 11, 14, 17 6, 9, 12, 15, 18 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 

ES ror questions 1 and 2, write the expressions in turning point form by completing the square. 
1. a. x7 + 10x b. x* + 6x c. x°—4x d. x? + 16x e. x? — 20x 
2. a. x°+8x b. x7 — 14x c. x7 + 50x d. x7 + 7x e. x7 —x 


ECS For questions 3-6, factorise the expressions by completing the square. 


3. a. x27 -—4x—7 b. x7 +2x—-2 c.x?-10x4+12 9 d. x? +6x—10 e. x7 + 16x—1 
4. a. x7 — 14x +43 b. x7 +8x+9 c. x7 —4x—13 d. x? — 12x +25 e. x7 -6x+4 
5. a. x-x—-1 b. x°-—3x-3 c. xP +x—5 d. x7 +3x—-1 e. x7 +5x+2 
6. a. x7 +5x—-2 b. x27 -—7x—-1 c. x7 —9x+13 d. x? -x—-3 e. x7 -x-1 
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For questions 7 and 8, factorise the expressions by first looking for a common factor and then completing 
the square. 


7. a. 2x7 +4x-—4 b. 4x2 — 8x — 20 c. 5x7 +30x+5 
d. 3x2 — 12x —39 e. 5x? — 30x +10 

8. a. 6x7 +24x—-6 b. 3x* + 30x +39 c. 2x7 -8x-14 
d. 6x? + 36x — 30 e. 4x? — 8x — 16 


Understanding 


9. From the following list, determine which method of factorising is 
the most appropriate for each of the expressions given. 


. Factorising using common factors 
. Factorising using the difference of two squares rule 
. Factorising by grouping 
. Factorising quadratic trinomials 
. Completing the square 
i. 3x7 -—8x—3 ii. 49m — 16n? 
iii, x7 +8x+4-—y? iv. 7x? — 28x 
v. 6a—6b+ a? — b? vi. 2 +x—5 
vii. (x— 3)? + 3(x—3) — 10 viii. x2 —7x—1 


oagqaoq a ® 


10. EZ To complete the square, the term which should be added to x” + 4x is: 


A. 16 B. 4 C. 4x D. 2 E.. 2x 
11. [09 To factorise the expression x* — 3x + 1, the term that must be both added and subtracted is: 
A.9 B. 3 C. 3x D. 2 E. : 
2 4 


42. OS) The factorised form of x? — 6x + 2 is: 


A. (x+3- 7) (x+3+4-V7) B. (x+3- 7) (x-3+ v7) c. (x-3- v7) (x-3- v7) 
D. (x-3- 7) (x+3+ v7) E. (x34 y7) (x-3- v7] 


Reasoning 
13. Show that x? + 4x + 6 cannot be factorised by completing the square. 


14. A square measuring xcm in side length has acm added to its length and bcm added to its width. The 
resulting rectangle has an area of (ae + 6x+ 3) cm’. Evaluate a and b, correct to 2 decimal places. 


15. Show that 2x? + 3x +4 cannot be factorised by completing the square. 


Problem solving 


16. Students were asked to choose one quadratic expression from a given list. 
Peter chose x” — 4x +9 and Annabelle chose x” — 4x — 9. 
Using the technique of completing the square to write the expression in turning point form, determine which 
student was able to factorise their expression. 


17. Use the technique of completion of the square to factorise x” + 2(1 — p)x + p(p —2). 


18. For each of the following, complete the square to factorise the expression. 


a. 2x7 + 8x+1 b. 3x27 —7x+5 
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7.6 Mixed factorisation 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e factorise by grouping 
e factorise by completing the square 
e factorise using DOTS. 


@® 7.6.1 Mixed factorisation 


eles-4835 : 7 ‘ 7 : 
e To factorise quadratic trinomials and other expressions, remember: 


Quadratic expression 


Common factors 


DOTS Grouping Completing the square 
62 = lie * Two and two aie (ey 2B) 
=(a—b) (a+b) e Three and one gir sp aes = ‘aa 


WORKED EXAMPLE 12 Applying mixed factorisation to expressions 


Factorise and simplify each of the following expressions. 
4, OXIA, Sx+10 ‘ (4S**). (=e) 
© x? - 16 8(x+2) Ae +2x41)/  \ wt) 


THINK WRITE 
6x—24 5x+10 
a. x 
x—-16 8(x+2) 
_ 6=—4 ¥ S(x +2) 
~ = 16 8(x+2) 
_ 6-4) Soe) 


a. 1. Write the expression. 


2. Look for common factors. 


3. Look for the DOTS pattern in the expression. 


Use a2 — b? =(a +b)(a—b) to write the (x Ayat+4)  8A+2) 
factors. 
3 5 
4. Cancel the common factors. = "Blea SS Seer 
pO—4f(x+4) 4B iO-4+2y7 
5. Simplify and write the answer. = Z x 2 
(x+4) 4 
ee) 
4(x+ 4) 
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24 6x+8 x? +5x+6 
b. 1. Write the expression. b. EE ee 
x +2x+1 (x+ 1) 
_ x +6x+8 ap Il 


2. Change the division to multiplication. Flip the = oe 
x +2x4+1 x°4+5x4+6 


second expression. 
_ @+2)0+4) x+1 
ea ee 
Sens 
(xt pi (+ 3) G42) 


3. Factorise and look for common factors. 


4. Cancel the common factors. 


4 
5. Simplify and write the answer. = oe x : 
(x+1) (x+3) 
(x+4) 


~ (xt 1)(x+3) 


ion) Resources 


SB 
[v4 eWorkbook Topic 7 Workbook (worksheets, code puzzle and project) (ewbk-2033) 


g Digital documents SkilISHEET Simplifying algebraic fractions (doc-5248) 
SKilISHEET Simplifying surds (doc-5249) 
SKilISHEET Factorising by grouping three and one (doc-5252) 


a Interactivity Individual pathway interactivity: Mixed factorisation (int-4600) 


Exercise 7.6 Mixed factorisation learn@) 
Individual pathways 

HM PRACTISE Hi CONSOLIDATE Hi MASTER 

1,2 %, WO, Wil, Wes, U7 2,5, 8, 12, 15, 18 3, 6, 9, 13, 16, 19 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 
For questions 1-9, factorise each of the following expressions. 
1. a. 3x+9 b. x7 +4x+4—9y* c. x7 — 36 
d. x? —49 e. 5x? -9x—-2 
2. a. 15x—20y b. 5c +de+dc+5e c. 5x? —80 
d. —x* —6x—5 e. xr +x—12 
3.a.mn+1+mt+n b. x°—7 c. 16x* — 4x 
d. 5x? + 60x + 100 e. 18+ 9x — 6y — 3xy 
4. a. x7 —8x+16—y" b. 4x7 +8 c. fg+2h+2g+fh 
d. x°—5 e. 10mn—5n+ 10m—5 
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5. a. x7 +6x4+5 b. x7 -—10x—11 c. 7-4 


d. —Sa+ be + ac —5b e. xy—14+x-y 

6. a. 3x27 +5x4+2 b. 7x2 —28 c. —4x? — 28x —24 
d. 2p—rs+pr—2s e. 3x° —27 

7. a. —3u+tv+ut—3v b. 2-11 c. 12x2-7x+1 
doi) =2 e. (x +2)’ — 16 

8. a. (2x +3)" —25 b. 3(x+5)° —27 65 S4=07 
d. 4(3 — x)? — 16y” e. (x+2y—(2x+y)" 

9. a. (x +3) —(x+ 1) b. (2x—3y)y’ —(x— yy’ c. (x +3) +5 (x+3)4+4 
d. (x—3)° +3 (x-3)— 10 e. Axt+ 1)? +5(x+1)4+2 


Understanding 


10. Consider the following product of algebraic fractions. 


x°4+3x-10 2° +4x44 
x4 x —2x—-8 
a. Factorise the expression in each numerator and denominator. 


b. Cancel factors common to both the numerator and the denominator. 
c. Simplify the expression as a single fraction. 


| WE12 Dove questions 11—13, factorise and simplify each of the following expressions. 
Note: You may choose to follow the procedure in question 10. 


x —4x4+3 x7 4+5x4+6 3x2 —17x+ 10 v1 
11. a. ———_ KX — b.. ————- X 
ee eal xr—9 67 4+5x-6 x7 - 6x45 
6x—-12 3x+6 
co x 
x>-4 = x(x—5) 
6x27 -—x-2 2x27 +x-1 e+4x—-5 x27 4100425 
12. a. —————_. xX ——___—_ 5, eee 
Qx7-+-3x+1 3x*+10x—-8 etx—-2 °° 44x44 
x —7x+6 x —x—12 
cc. ———— + ———— 
e+x—-2 x2-2x-8 
ie % 4dab+8a_, Sac+5a ‘ ie a p’+p-6 
“* (e=3) (¢c2-2c-3 " p?—49 © p?+14p+49 
m-+4m+4—n? | 2m*+4m—2mn 
4m? —4m—-15 10m? +. 15m 
Reasoning 


14. a. Determine the original expression if the factorised expression is: 


bara) aes) ($43) (F-3) 


b. Explain why your answers are the same. 
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15. Factorise the following using grouping ‘three and one’ and DOTS. 
a. x7 —18x+81-—y’ b. 4x7 + 12x — 16y7 +9 


16. The expansion of perfect squares 
(a+b) =a? + 2ab +b? and (a—b)’ =a? — 2ab + b* can be used to simplify some arithmetic calculations. 
For example: 


97° = (100 —3)” 


= 100°—2x 100x3+ 32 
= 9409 


Use this method to calculate the following. 
a. 103° b. 62° c. 997° d. 10127 e. 53° f. 98° 


Problem solving 
17. Use grouping ‘two and two’ and DOTS to factorise the following. Show your working. 
a. x°4+3x—-y? +3y b. 7x+7y +x? —y? c. Sp—10pq+1—4q? 


18. The expansions for the sum and difference of two cubes are given below. 
a+b =(atb) (a? —ab +b’) 
a — b> =(a—b) (a? +ab +b’) 
Using these expansions, simplify: 


2a*—Tat+6, Sa°+lla+2 , 10a*~ 13a—3 
a+8 a—8 "  @-2a+4 
19. Factorise: 
a. x7 + 12x+40—4(x7y? + 1) b. 225x*y* — 169x’y® 
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7.7 Review 
7./.1 Topic summary 


Expanding using FOIL 


QUADRATIC 
EXPRESSIONS 


Binomial expansion (perfect squares) 


¢ When a binomial expression is squared the 
expansion can be determined using the 
following formulas. 
* (a+b)? =a?+2ab + b? 
* (a—b)?=a?—2ab + b? 
e.g. 
(3x — 5)? 
= (3x)?-2 x 3xx5+(5)" 
= 9x?— 30x + 25 


Difference of two squares (DOTS) 


° a —b?=(a+b\(a-b) 
¢ This formula can be used to expand or factorise 
quadratic expressions. 
e.g. 
47-9 
= (xy =Gy 
= (2x + 3)(2x — 3) 


Factorising monic quadratics 


* To factorise monic quadratics, x7 + bx + c, determine 
factors of c that add to b. 

© x? 4+ bx +c =(x+m)(x +n) where mand nare the 
factors of c that add to b. 
e.g. 
go = De IS 
The factors of —15 that add to —2 are —5 and 3. 
x? —2x-—15 =(x—5)(x + 3). 


Factorising non-monic quadratics 


* To factorise non-monic quadratics, ax? + bx + c, 
determine factors of ac that add to b. 
¢ Split the bx term into two terms based on the 
factors of ac that add to b. 
¢ Pair the four terms so that the terms on the left 
share a common factor and the terms on the right 
share a common factor. 
¢ Take the common factors out of the pairs of terms. 
¢ Take out the binomial factor. 
e.g. 
5x7 + 8x43 
The factors of 15 that add to 8 are 5 and 3. 
5x7 + 8x4+3 
= Sip? 1h Sheck Bp se 3 
= 5x(x + 1) + 3(x + 1) 
= (x + 1)(5x + 3) 


Completing the square 


¢ Completing the square is a method to convert a 
quadratic expression into turning point form. 


2 2 
. +br+(5) =(x+ 3) 


b 2; 
¢ By adding ] to the expression a perfect square 


is formed. This part of the expression can then 
be factorised. 

e.g. 6 2, 6 2 
2 2 2 fen | 
x? + 6x =x? + Ox + ele 

=x7+6x+9-9 
= (x+3)-9 
* Once the square has been completed the quadratic can 
often be factorised further using DOTS. 
e.g. 
(x + 3)?-9 = (x + 3)°- (3)? 
=(x+3-3)(x+3 +3) 
=x(x + 6) 
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7.7.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic 


Success criteria ‘-) QO @ 


7.2 | can expand binomial expressions using FOIL. 


| can expand squares of binomial expressions. 


| can expand binomial expressions using the difference of two squares 
(DOTS). 


7.3 | can recognise monic and non-monic quadratic expressions. 


| can factorise monic quadratic trinomials. 


| can factorise non-monic quadratic trinomials. 


7.4 | can factorise expressions by taking out the HCF. 


| can recognise and factorise expressions that can be written as DOTS. 


| can factorise expressions with four terms by grouping. 


7.5 | can complete the square for a given quadratic expression. 


| can factorise a quadratic expression by completing the square. 


7.6 | can factorise by grouping. 


| can factorise by completing the square. 


| can factorise using DOTS. 
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T.f.9 Project 


Celebrity squares and doubles 


In small groups or as a class, use the process of elimination to find your ‘square and double pair’ by playing 
“Celebrity squares and doubles’ as outlined below. 


Equipment: roll of calculator paper, scissors, sticky tape, marker pen 
1. Set-up 
e Make a class set of headbands. Each headband will be part of a matching pair made by a number 
being squared and that same original number being doubled (16 and 8 would be a pair, because 
4? = 16 and 4x2=8). Your teacher will direct the class as to what number should be written on each 
headband. 
e Place the headbands randomly on a table. 
2. Beginning the game 
e There is to be no communication between players at this time. 
e Your teacher will randomly allocate a headband to each player by placing a headband on their head 
without the player seeing the number on their headband. 
3. Playing the game 
The object of the game 
e The object of the game is to use the process of elimination for you to find your pair. A possible train of 
thought is illustrated at right. 
Starting the game 
e Once all headbands have been allocated, stand in a circle or walk around freely. 
e Without speaking, determine who is a match; then, by a process of elimination, determine who might 
be your match. 
Making a match 
e When you think you have found your match, approach that person and say ‘I think I am your match.’ 
e The other player should now check to see if you have a match elsewhere and can reply by saying one 
of two things: “Yes, I think I am your match,’ or ‘I know your match is still out there.’ 
e Ifa match is agreed upon, the players should sit out for the remainder of the game. If a match is not 
agreed upon, players should continue looking. 
Ending the game 
e The class should continue until everyone is in a pair, at which time the class can check their results. 
e The class should now discuss the different trains of thought they used to find their pair and how this 
relates to factorising quadratic trinomials. 


ion) Resources 


as 
[4 eWorkbook _ Topic 7 Workbook (worksheets, code puzzle and project) (ewbk-2033) 
By Interactivities Crossword (int-2845) 


Sudoku puzzle (int-3594) 
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Exercise 7.7 Review questions learn@y) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 

1. ES When expanded, —3x (x + 4) (5 — x) becomes: 
A. —3x2 — 3x2 — 27x B. —3x° + 3x —27x C. 3x3 + 3x2 — 60x 
Do -3 or —00r E. 3x° — 3x” — 60x 


2. HS When expanded, (3x + 7)” becomes: 


A. 9x7 +49 B. 3x2 +49 C. 3x? +21x+ 49 
D. 9x? + 42x + 49 E. 9x + 21x+49 


3. MS The factorised form of —3d? — 9d + 30 is: 


A. —3(d—5)(d—2) B. —3(d+ 5)(d—6) Cc. —(3d+5)(d—2) 
D. —(3d+5)(d—6) E. —3(d+5)(d—2) 
4. D0 If the factorised expression is (2x — 5) (2x +5), then the original expression must have been: 
Ale —5 B. 4x7 —5 GA — 25 
D4 — 20x + 25 E.2¢ 4-25 


5. HS To factorise —5x* — 45x + 100, the first step is to: 
A. determine factors of 5 and 100 that sum to —45. 
B. take out 5 as a common factor. 
C. take out —5 as a common factor. 
D. determine factors of 5 and —45 that will add to make 100. 
E. take out —5x as a common factor. 


6. ES) To complete the square, the term which should be added to x” — 12x is: 
A. 36 B.—12 C. —12x D. —6 E. —6x 


7. [2 Identify which of the following is equivalent to 5x7 — 20x —5. 
NEEDY B. 5(x—2)° —3 C50) -1> 
D. 5(x-2)° —20 E. S(x—2)° —25 


8. Ha In the expanded form of (x — 3) (x +5), determine which of the following is incorrect. 
A. The value of the constant is —15. 
B. The coefficient of the x term is 2. 
C. The coefficient of the x term is —8. 
D. The coefficient of the x? term is 1. 
E. The expansion shows this to be a trinomial expression. 


For questions 9 and 10, expand each of the following and simplify where necessary. 


9. a. 3x(x—4) b. —7x(3x + 1) c. (x—7)(x+ 1) 
d. (2x—5) (x—3) e. (4x— 1) (3x—5) 

10. a. 3(x—4)Q2x+7) b. (2x —5) (x+3)(«+7) 
Cc. @+)ia@-+ 7) + 2x—ds)ia—6) d. (x +3) (Sx—1)—2x 
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For questions 11-13, expand and simplify each of the following. 


disa G—7) 
ee ye SESE 


13. a. ~+9)(x—9) 


b. (2—x)* 
b. —7(2x+5)° 


b. (3x—1) (3x41) 


For questions 14-17, factorise each of the following. 


14. a. 2x* —8x 
15. a. (x+1) +(x4+1) 
16. a. x*7-16 


17. a. 3x* —27y? 


For questions 18-21, factorise each of the following by grouping. 


18. a. ax—ay+bx—by 
19. a. mn—q—2q° +2mnq 
20. a. a’ —b*? +5a—5b 


21. a. 4x7 +12x4+9-y? 


b. —4x2 + 12x 
b. 302% —5)—Ox—5) 
b. x2 —25 


b. 4ax* — 16ay* 


b. 7x+ay+ax+7Ty 
b. pq—5r —r+5paqr 
bod 42 — 44-4 6c 


b. 49a? —28a+4—-—4b 


(Gaile 
7 = 104% —5)7 


. (5+ 2x) (5 — 2x) 


an ay. 
. x—4) («+ 2) -—(*-4) 
_ Dye = 7D 


(4=4) —9 


7 wy 2y ox LO 
. uv—ut9v—9 
OF es Sear 


645° — los — 37 


For questions 22-24, factorise each of the following. 


22 a <4 10x49 b. x7—11x+18 &, de — Dil 
Gh 3 4: ke — 2B en —1 oro 

23. a. 3x2 +33x—78 b. —2x* + 8x+10 (Cy wae nD ame) 
oh ie appl eno, oil 

24, a. 8x7 +4x—12 b. 105x* — 10x—15 ce. —12x* +62x—70 
d. —45x? —3x+6 e. —60x* — 270x — 270 


For questions 25 and 26, factorise each of the following by completing the square. 
25. a. x°+6x41 b. x*— 10x—3 c. x7 +4x-2 


26nar — or? bo a &, De tb lea D 


For questions 27 and 28, factorise each of the following using the most appropriate method. 
27. a. 3x? —12x b. x +6x+2 c. 4x? —25 


28. a. 2x7 +9x+10 b. 2ax+4x+3a+6 C37 — 374-18 


29. First factorise then simplify each of the following. 
x+4 — 2x-12 3x+6 — 7x-42 xv-4 x? 4+4x-5 
a. x b. x Ca 
= 30 gap il 4x—24 6x4+12 xv+5x x°-2x-8 
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Problem solving 


30. A large storage box has a square base with sides measuring (x + 2) cm and is 32 cm high. 
a. Write an expression for the area of the base of the box. 
b. Write an expression for the volume of the box (V = area of base x height). 
c. Simplify the expression by expanding the brackets. 


d. If x = 30cm, calculate the volume of the box in cm?. 


31. A section of garden is to have a circular pond of 

radius 27 with a 2 m path around its edge. 

a. State the diameter of the pond. 

b. State the radius of the pond and path. 

c. Calculate the area of the pond. 

d. Calculate the area of the pond and path. 

e. Write an expression to determine the area of 
the path only and write it in factorised form. 

f. If the radius of the pond is 3 metres, calculate 
the area of the path. 


32. In order to make the most of the space available for headlines and stories, the front page of a newspaper 
is given an area of (Ge = 35S We ene, 
a. If the length is («+ 2) cm, calculate the width. 
b. Write down the length of the shorter side in terms of x. 
c. If the shorter side of the front page is 28 cm, determine the value of x. 
d. Evaluate the area of this particular paper. 


33. Here is a well-known puzzle. Leta=b=1. 


Step 1: Write a=b. a=b 

Step 2: Multiply both sides by a. a’ =ab 

Step 3: Subtract b* from both sides. a —b’ =ab—b? 

Step 4: Factorise. (a+b) (a—b)=b(a—b) 
Step 5: Simplify by dividing by (a—b). (a+b)=b 

Step 6: Substitute a=b=1. eal 


Explain where the error is. Show your thinking. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources 


lon) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


725 
[4 

Download the workbook for this topic, which includes 

worksheets, a code puzzle and a project (ewbk-2033) Bl 


725 
[4 

Download a copy of the fully worked solutions to every 

question in this topic (sol-0741) 


LO 


| 


7.2 SkilISHEET Expanding brackets (doc-5244) 
SkilISHEET Expanding a pair of brackets (doc-5245) 

7.3 SkilISHEET Finding a factor pair that adds to a given 
number (doc-5250) 

7.4 SkilISHEET Factorising by taking out the highest 
common factor (doc-5246) 
SKilISHEET Factorising by taking out a common 
binomial factor (doc-5247) 

7.6 SkilISHEET Simplifying algebraic fractions (doc-5248) 
SKilISHEET Simplifying surds (doc-5249) 
SkilISHEET Factorising by grouping three and one 
(doc-5252) 


LETS SUE STP i ar a9 Lesh Ea] 


7.2 Binomial expansion (eles-4825) 

The square of a binomial expression (eles-4827) 
The difference of two squares (eles-4828) 
Expansion of binomial expressions (eles- 1908) 

7.3 Factorising monic quadratic trinomials (eles-4829) 
Factorising non-monic quadratic trinomials (eles-4830) 
Factorisation of trinomials (eles-1921) 

7.4 Factorising expressions with two terms (eles-4831) 
Factorising expressions with four terms (eles-4832) 

7.5 Completing the square (eles-4833) 

Factorising by completing the square (eles-4834) 

Factorising by completing the square (int-1939) 

Mixed factorisation (eles-4835) 


OOOOO OUOOUOOOO 


ey 
ron) 


7.2. Individual pathway interactivity: Expanding algebraic 
expressions (int-4596) 
Expanding binomial factors (int-6033) 
Difference of two squares (int-6036) 

7.3 Individual pathway interactivity: Factorising expressions 
with three terms (int-4597) 
Factorising monic quadratic trinomials (int-6143) 
Factorising trinomials by grouping (int-6144) 

7.4 Individual pathway interactivity: Factorising expressions 
with two or four terms (int-4598) 
Factorising expressions with four terms (int-6145) 


a af 


O 


7.5 Individual pathway interactivity: Factorising by 
completing the square (int-4599) 
Completing the square (int-2559) 

7.6 Individual pathway interactivity: Mixed factorisation 
(int-4600) 

7.7 Crossword (int-2845) 
Sudoku puzzle (int-3594) 


a ef | 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 


Topic 7 Quadratic expressions 
Exercise 7.1 Pre-test 


10. 


12. 
13. 
14. 
15. 


11 


27 +x° —7x-6 


1. —2x-6 

2. 4m(1 — 5m) 

3. alat+c\(4+b) 

4. («+ 5)(*—2) 

5. —9x* —6x—1 

6.A 

7.E 

8. C 

9. (x+2- 10) (x+2+ Vi0) 


D 
2, 
(4x + 23) (+ 9) 
B 


Exercise 7.2 Expanding algebraic expressions 


i 


10. 


11. 


12. 


13. 


14. 
15. 


a. 2x+6 b. 4x— 20 

ce. 21—3x d. —x-3 

a. x +2x b. 2x7 — 8x 

c. 15x? — 6x d. 10x — 15x? 

a. 8x7 + 2x b. 4x° — 6x2 

c. 6x? — 3x7 d. 15x° + 20x” 

a. r—x—-12 b. x —2x—-3 

c. x —5x— 14 d. x —6x+5 

a. —x7 —x+6 b. 2 —6x+8 

c. 2x7 -17x+21 d. 3x°-x-2 

a. 6x7 — 17x +5 b. 21 —17x+ 2x" 
c. 15+ 14x— 8x7 d. 110+ 47x — 21x" 
a. 2x7 -—4x-6 b. 8x7 — 28x — 16 
c. —2x7 4+ 12x+ 14 

a. 2x9 —2x b. 3x? — 75x c. 6x9 — 54x 
a. 2x? — 12x" + 18x b. 5x? — 30x” + 40x 


c. —6x° — 6x7 + 120x 


a. 42x? —x-2 b. 


ce. xP — 5x7 —x45 


xv — 6x +11x-6 b. 


x — 2x7 —5x +6 


2 — Tx? —5x+4 


c. 608-77 +1 

a. xr —x-2 b. —2x7 + 4x+ 10 
c. 5x°—6x—5 d. 19x — 23 

a. —5x-1 

b. —2x+6 

c. 2-34 3x 

d. V6 + 22x — 33x — 6x2 — 5x 

A 

Cc 
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16. 
17. 


18. 


19. 


20. 


21. 


22. 


23. 
24. 
25. 
26. 


27. 


28. 


29. 


30. 


B 
a 2 -2x4+1 b. x + 4x44 

c. x + 10x +25 d. 164+8x+x 

a. 49— 14x +37 b. 144-24 + x7 
c. 9x7 — 6x +1 d. 144x7 —72x+9 
a. 25x* + 20x+4 b. 4— 12x + 9x7 

c. 25—40x + 16x” d. 1— 10x + 25x? 
a. 2x7 - 12x +18 b. 4x7 — 56x + 196 
c. 3x7 + 6x +3 

a. —4x7 - 12x-9 b. —49x? + 14x— 1 


c. 8x7 — 24x + 18 


a. —124 108x— 2432? b. 
c. —16x* — 16x—4 


—45 + 330x — 605x7 


a. x7 — 49 b. x — 81 ce. x7 — 25 
a xr-1 b. 4x7 -9 c. 9-1 
a. 49—3x° b. 64—x° c. 9-47 
a. (x+ 1)@—3) b. 7° —2x-3 
c. 6cm, 2cm, 12cm? 
a b. 
(x+1)m 
xm (x+2)m 
c. (x+ I (x4+2) d. x +3x4+2 


e. 4m’, 12m 
Sample responses can be found in the worked solutions in 
the online resources. Examples are shown. 
a. (xt 4) (x+3)=x° + 7x4 12 
b. (x+ 4) =x? + 8x+ 16 
c. (x +4) (4-4) =x" - 16 
d. (x +4) =x? + 8x4 16 
a. Student C 
b. Student B 
(3x + 4) (2x +5) 
= 3xX2x+3xX5+4X2x+4xX5 
= 6x" + 23x + 20 
Student A 
(3x + 4) (2x +5) 
= 3xX2x+3xX5+4X2x+4xX5 
= 6x" + 15x + 8x4 20 
= 6x + 23x + 20 
(a—b)(a+b)=a —b° 
LHS 
(5 — 3) (5+ 3) 
=2x8 


LHS = RHS => True 


31. 


(a+ by =a +2ab+l? 
LHS: 


(S437 
= 82 
= 64 


RHS : 


5 2K 5K 949° 
= 25+ 30+9 
= 64 
LHS = RHS=& True 
32. (a+ b)(c +d) =(c+d) (a+b) 
LHS : 
(a+ b)(c+d)=ac+ad+bce+bd 
RHS : 
(c+d)(a+b)=ca+cbh+da+t+db 
LHS = RHS > True 
33. The square of a binomial is a trinomial; the difference of 
two squares has two terms. 
34. V=6x° — 293° + 46x — 24 
35. TSA = 12x” + 20x + 3 
36. a. 4x? + 12xy — 20xz + Oy? — 30yz + 2527 
1 


1 
b.— +— —4x4+ 47-1 
x 4x2 


Exercise 7.3 Factorising expressions with 
three terms 


joa. (x+2) 4+ 1) b. («+3)@4+ 1) 
c. (x+8)(x+2) d. (x +4) 
e. x*-3)@4+1)) 

2a. (x-4 a+ 1) b. (x—- 12)@+4 1) 
c. (x—6)(x+ 2) d. &®&+4@-1) 
e. x+5)(—-1) 

3.a. «+7 @-1 b. («+ 5) — 2) 
ec. «&-—3)@-1) d. @-4)@—5) 


e. (x+ 14)(—-5) 


4. a. —2x+ 9x +1) b. —3(x + 2)(x+ 1) 
c. —(x+ 2x4 1) d. —(x+ 10)(x+ 1) 

5. a. —(x+2)(x +5) b. —(x-+ 12)(x+ 1) 
c. —(x+ 3)\(x+ 4) d. —(x+ 2)(x+ 6) 

6. a. 2x + 2)\(x+5) b. 3(x-+ 1)(x + 10) 
c. 5(x+ 20)(x + 1) d. 5(x+ 4)(x+ 5) 

7. a. (a—7)(at+ 1) b. (t—4)(t— 2) 
c. (b+ 4) (b+ 1) d. (m+5)(m-—3) 

8. a. (p— 16) (p +3) b. (c+ 16) (c — 3) 
c. (k+ 19) (k +3) d. (s— 19) (s +3) 

9. a. (g +8) (g—9) b. (v— 25) (v— 3) 
c. (x + 16) (x—2) d. (x— 15)(@-4) 

10. C 

11. B 

12,.C 

13. a. (2x + 1) («+ 2) b. Qx—-—1)@—-1) 
c. (4x + 3)(%—5) d. (2x — 1) (2x + 3) 

14. a. (x—7)(2x+5) b. (x+ 1) (+3) 
c. (6x —7) (2x — 1) d. (4x — 7) (3x + 2) 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
27. 


28. 


29. 


aooD 


. (5x + 3) (2x — 3) 
. Bxt+2)(4x- 1) 


a. 2(x— 1)(2x + 3) 
c. 12(2x+ 1)(3x—1) 


a. —30(2x + 1)(x — 3) 


(4x — 1) (5x + 2) 
(3x — 1) (5x + 2) 


3(3x + 1)(x — 7) 
—3(3x + 12x — 1) 


3a(4x — 7)(2x + 5) 


_ =x = 3h = 2) 

. —(8x — 1)3x- 4) 

» —2(3x- y\(2Qx+y) 

» —5(2x — Ty)(3x + 2y) 
» —12(5x + 3y)(10x + Ty) 
.w+5w—6 b. 
. (x+5)(x- 2) 

- x(x+5) 

- x(x+5) 


- &+9) +5) b. 
. («— 10) (x - 3) 


. Yellow =3cmx3cm 


*~o ooo. 


Se 


—(2x — 7)(5x + 2) 


(w + 6) (w— 1) 


(x-1) 
(x — 15) (x— 6) 


Black = 3cm xX 6cm 
White = 6cm X6cm 


. Yellow = 0.36 m? 


Black = 0.72 m* 
White = 0.36 m* 


_ x —Ix+12=(¢-3) (4-4) 
~ 2? +7x—-12=(¢-3)(x-4) 


VP —x—-2=(-Dot+) 
x —4x—21=(x +3)(x—-7) 
ve +4x—-21=(x-3) (4 +7) 
x —x—30=(«+ 5) (x6) 
e+ 7x—-8=(x—- 1) (x + 8) 
x — 11x+30=(x—5)(x-6) 


SA = 3x" + 16x 


. Total area = 3x7 + 16x + 16 
. Bx t4a4+ 4) 


1=21m;w=7m,;d=2m 
275 m* 
294 m3 


(x — 0.5) (x + 1.5) 


a. (2x + 3)(3x+ 1) 


b. P=10x+8 


c. x= 8 metres 


a. (9a — 2) (6a — 7) 


2035 D 


f (3m? + 2) (m— v7) (m+ v7) 
. (2sin (x) — 1) (sin(x) — 1) 
- (x—5)(x4+ 1) 


. (x—5) cm 


x=15m 


. 160cm? 
. 3000(x — 5) (x + 1) cm? or 


(3000x7 — 12000x — 15000) cm? 


TOPIC 7 Quadratic expressions 463 


Exercise 7.4 Factorising expressions with two 


or four terms 
1. a. x(x+3) b. x(x — 4) c. 3x(x — 2) 
2. a. 4x(x+ 4) b. 3x(3x — 1) c. 8x(1 —x) 
3. a. 3x(4—x) b. 4x(2 — 3x) c. x(8x — 11) 
4. a. (x— 2) (x +2) b. («+ 3)(5 — 2x) 
c. @— 1) (+5) 
5a. xtDa-lDb. «+4)~4-2) ce. @~-3)(4—-%x) 
6a. &+DG@-Ib. @4+3)@-3) ce. +5) -5) 
7. a. (x+10)(x— 10) b. (y +k) (y—k) 
c (2x + 3y) (2x = 3y) 
8. a. (4a +7) (4a —7) b. (5p + 6q) (Sp — 6g) 
c. (1+ 10d) (1 — 10d) 
9a. 44+ Da-1) b. 5x+4)%—-4) 
c. a(x + 3)(x— 3) 
10. a. 2(b + 2d)(b — 2d) b. 100(x + 4)(x — 4) 
c. 3a(x + 7)(x — 7) 
11. a. 4p(x + 8)(x — 8) b. 4(3x + 2)(3x — 2) 
c. 3(6+x)(6 —x) 
12..C 
13. B 
14. B 
15. C 
16. a. (x+ vit) (x- vit) 
b. (x+ 7) (x- v7) 
c. (x+ vis) (x- vi5) 
17.a (20+ vi3) (2x- vi) 
b. (3x+ 19) (3x- vi9) 
CoS (x+ 22) (x- 22) 
18. a. 5 (x+ 3) (x- v3) 
b. 2(x+ 2) (x- v2) 
CG: 12 (x+ v3) (x- v3) 
19.a. (x-—3)(«4+1)b. *©-4 (14+ 6) ce. &@-—5) 441) 
20. a. (x—1)(*+7) b. (6—x) («4+ 8) c. (GO—x)(*4+ 2) 
21. a. 8(x—3) b. (7—x)(5x+ 1) 
c. (x — 22) (9x + 2) 
22. a. (x—2y) (1 +a) b. (x+y) (2+a) 
c. (x—y) (a+b) d. (x+y) (4+2) 
23. a. (f—2) (e+ 3) b. (n—7)(m+1) 
c. 3(Q2r—s)(t+u) d. 7(m— 3)(n +5) 
24. a. 2(8—j) (44h) b. a3—b)(at+o) 
c. x(S+y) +2) d. m(m+n)(2—n) 
25. a. (y +7) (x—2) b. (m+ 2)(n—3) 
e. (q+5) (p—3) 
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26. 


27. 


28. a. 


29. a. 


30. 


36. 


37. 


38. 


39. 


40. 


Se wu > ot 


. (s +3) (s — 42) 

. (1 +52) (xyz) 

. (a—b)(a+b+4) 
- (m+n) (m—-—n+) 


b. (b+ d)(a? —c) 


b. (p—q) (p+4-3) 


x+y) (7+x—y) 
1 —2q) (Sp + 1 + 2q) 


x+74+y) (x+7-y) 
x+10+y) (x+10—y) 


( 
( 
. (7g + 6h) (7g - 6h — 4) 
( 
( 


. (a—11+b)(a—-11—b) 


a. 3Ga+2+b)3a+2—b) 
b. (Sp—4 +31) (Sp—4- 371) 


When splitting the middle term, the order is not important. 
The order will change the first binomial factor but gives the 


; (6r—1+ v5v) (61-1 - v5v) 


Jill 
The factors have to add to the —3 and multiple to 2. 


Jack’s pair added to 2 and multiplied to —3, the wrong 


way around. 


Same answer. 


a. 
b. 


a. 
c. 


oO 


(x —2y-—a+ 3b) (x —2y +a—3b) 
3(2x — Sy — 3)(2x + Sy — 3) 

(x —5)(x +5) 
2cm, 12cm 


b. (x—5) cm, («+ 5) cm 
d. 24cm? 


. 120cm? or 6 times bigger 

_A,= rm? 

» A= Art 1° nm 

_Az=n(r+ 1 —a7r =2Q2rt lm? 
. 34.56m" 


. Annie = (x +3) (x +2) m? Bronwyn = 5(x + 2) mm 
. +3) (e+ 2) -—5(x + 2) 
.&+2e-2=r7-4 

. Width =5m 

. Annie has 30m? and Bronwyn has 25 m’. 


Exercise 7.5 Factorising by completing the 


square 
qa: 25 b. 9 c. 4 d. 64 e. 100 
2.a. 16 b. 49 c. 625 
49 1 
d.. — e = 
4 4 


3.a. (x—-2+ vil) (x-2- vi) 


b. 


c. 


( 
(x+1+ V3) (x+1- v3) 
(x-5+ vis) (x-5- v3) 


. (x34 V9) (x+3-vi9) 
. (x+8+ V65) (x+8- 65) 
x-7+ V6) (x-7- v6) 
x+44 7) (x44- v7) 
(x= 2+ 17) (x-2- vi7) 
. (x-6+ Vil) (x-6- vil) 


He) 
(-3-F) (+39) 
2 (r+ 14-3) (x41 V3 


, 


d. 6(x+3+4 14) (x+3- V4) 
e. a(x -l- V5) (x- 1+ V5) 
i. d ii. b iii. c iv. a 
v. c vi. d vii. d viii. e 
.B 
E 
. This expression cannot be factorised as there is no 


difference of two squares after completing the square. 


. a= 0.55; b= 5.45 


. This expression cannot be factorised as it does not become 


DOTS. 


. Annabelle: (x- 2- v3) (x- 2+ vi) 


. (x-p) (x—p +2) 


‘e. 2(v42- YE) (x424 ve) 


b. This expression cannot be factorised as there is no 
difference of two squares. 


Exercise 7.6 Mixed factorisation 


1. 


a. 3(x + 3) 

. (x +24 3y) (x+2—-3y) 
. + 6) (x- 6) 

» &@+7)(x-7) 

. (5x + 1) (x — 2) 

a. 5(3x — 4y) 

b. (c+e)(5+d) 

c. 54+ 4) 4-4) 

d 

e. 


oanao0 


—(+5)@4+) 
. (x +4) (x- 3) 


.a (m+ )D(in+) 


b. (c+ v7) (<—V7) 
c. 4x(4x — 1) 

d. 5(x + 10)(x + 2) 

e. 333 —y)(x+ 2) 


a. (x-4+y) (x-4—-y) 
b. 4(7 + 2) 

c. (g +h) (f+ 2) 

d. (x+ V5) (x- V5) 
e. 5(n+ 1)(2m — 1) 


. *+5)04+D 

. w@+D@—-11) 
(x + 2) (x— 2) 

. (a+b) (c—5) 
(y+1)@-1) 
- 3x +2)(x+ 1) 
WEF 2e=2 
. —4(x+ 6x + 1) 
f (2+7)(p—s) 

. 3(x + 3)(x- 3) 


o2009 


oaqoao oa ® 
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7. a. (u+v)(t—3) 

b. (x+ vil) (x- vil) 
. (4x-1)Bx-1) 

d. («+ 1) (x— 3) 

e. (x+6)(~—2) 
8. a. 4(x— 1)(x+4) 


Project 


Students will apply their skills of elimination to find 
“square and double pair’ by playing the game with the given 
instructions. 


eo) 


Exercise 7.7 Review questions 


b. 3(x-+2)(x+ 8) oe 
c. (3+x)(7—x) 2. D 
d. 43 —x+2y)3—x-2y) 3.E 
e. 3 +x)(y— x) 4.C 
9. a. (3x—4y) (x—2y) 5. C 
b. (x +7) (x+4) 6. A 
c. (x+2)(x—5) 7.E 
d. eae ac 
ac 9. a. 3x2 — 12x b. —21x? — 7x 
40: Cau ae erase ae c. x —6x—7 d. 2x7 — 11x +15 
(x+2)(—2) (-4)@+2) e. 12x7 —23x+5 
yg ere Mee ete) 10. a. 6x” — 3x— 84 b. 2x? + 15x7 — 8x — 105 
OA+2I OF (x — 4) Oe +27 c. 3x7 —5x+65 d. 5x7 4+ 12x-3 
«ets Hoa 14x+49 b. 4-4et3°  c. Ox + 6x41 
x-4 2: 
12. a. —18x° +24x-8 
re ae aaa eee b. —28x2 — 140x— 175 
x—6 2x +3 x(x—5) c. —160x2 + 400x — 250 
12:a. a _— Cc. — 13. a. x —81 b. 9x7 —1 c. 25-47 
x x x 
4(b +2) 14. a. 2x(x-4) b. —4x(x-—3) cc. ax(3 — 2x) 
Oe 15. a. (x+1)(x+2) 
b. 2(2x—5)(4—x) 
P(p +7) 
b. G23) 0-9) Cc. (x-4)@+ 1) 
P P 16.a. (x+4)(x—-4) 
Bs S(m+2+n) b. (*+5)(x—5) 
2(2m — 5) c. 2(x+ 6)(x— 6) 
ees ne 17. a. 3(x+ 3y)(x — 3y) 
"16 25 b. 4a(x + 2y)(x — 2y) 
2 9 ce. (x-— 1) («—-7) 
ii. 16 25 18. a. (x-y) (a+b) b. (x+y) (7+a) 


c. (x +2) (y +5) 


= 2 2 Db 
b. (=) = (2) == 19. : (1 + 2q) (mn — q) b. (57+ 1) (pq—r) 


. v-Dut+9) 

15. a. (x—9—y) (x9 +y) 20.a. (a—b)(at+b+5)  b. (d—20)(d+2c-3) 

b. (2x+3—4y) (2x+3+4y) c. (L+m)(3—m) 
16. a. 10609 b. 3844 c. 99409 21a. (2x+3+y) (2x4+3-y) 

d. 1024144 —e. 2809 f. 9604 b. (7a —2 + 2b) (7a —2— 2b) 
17. a. (x+y) (x-y +3) c. (8s-1+ v3r) (8s-1- y3r) 

b (a9) (7+2-y) 22. a. (x +9) (x4 1) b. (x—9)(x—2) 

c. (1—2q) (5p +1+42¢) c. &@—7)(x+3) d. &@+7)(x-4) 
4s 1 e. —(x-3)° 

“a +2a+4 23. a. 3(x + 13)(x — 2) b. —2(x—5)(x+1) 
19. a. (x+6—2xy) (x+ 6+ 2xy) c. —3(x—6)(x—2) d. (4x— 1) (2x + 1) 


. y?(15x — 13y")(15x + 13y’) or 
x’ y?(— 15x — 13y’)(—15x + 13y’) 
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24. 


| Bx— 1) (2x+ 1) 
. 42x + 3)(x- 1) 


c. —2(3x— 5)(2x —7) 


. —30(2x + 3)(x + 3) 


. 5(7x — 3)(3x + 1) 
. —3(3x — 1)(5x + 2) 


ce ae 22 


( 
v1) (= 


b. (x+3+-v7) (x+3- V7) 
. (2x +5) (2x —5) 


. (2x+5) (+ 2) b. (a+ 2) (2x + 3) 
ec. —3(x—2)(*+ 3) 


2(x+4) 
5+ 
(x-2@—-1) 
x(x —4) 
. a. (x +2)? . 32(x + 2)° 
. 32x? + 128x + 128 . 32768 cm? 


.a. 4r 2-2 
. 47° . (47 + 8r+ 4) 
. An(2r + 1) . 287 m2 
32. a. (x—7) .x—-T7Tcom 
c. 35 . 1036cm? 


33. Dividing by zero in step 5 


7 
"8 
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.3 The quadratic formula .. a 
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VSS 


8.1 Overview 
Why learn this? 


Have you ever thought about the shape a ball makes as it flies 
through the air? Or have you noticed the shape that the stream of 
water from a drinking fountain makes? These are both examples 
of quadratic equations in the real world. When you learn about 
quadratic equations, you learn about the mathematics of these 
real-world shapes, but quadratic equations are so much more than 
interesting shapes. 


Being able to use and understand quadratic equations lets you 
unlock incredible problem-solving skills. It allows you to quickly 
understand situations and solve complicated problems that would 
be close to impossible without these skills. Many professionals 
rely on their understanding of quadratic equations to make 
important decisions, designs and discoveries. Some examples 
include: sports people finding the perfect spot to intercept a 

ball, architects designing complex buildings such as the Sydney 
Opera House and scientists listening to sound waves coming from 
the furthest regions of space using satellite dishes. All of these 
professionals use the principles of quadratic equations. 


By learning about quadratic equations you are also embarking on 
your first step on the path to learning about non-linear equations. 
When you learn about non-linear equations, a whole world of 
different shaped curves and different problem-solving skills will 
open up. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 
eLessons 


Digital 
documents 


Fully worked 
solutions 
to every 
question 


eWorkbook 


470 Jacaranda Maths Quest 10 + 10A 


Exercise 8.1 Pre-test learn(@y) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


Ws 


10. 


State whether the following statement is true or false. 
The Null Factor Law states that if the product of two numbers is zero then one or both of the numbers 
must equal zero. 


. Calculate the two solutions for the equation (2x — 1)(x+5) =0. 


. Solve 16x” — 9 =0 for x. 
. Ed The solutions for x(x — 3)(x + 2) = 0 are: 
AD x — 306 ——2 Box —3 0nx——2  2=OOrsS—3 Or xs 
Dio — Vlor.— Sion — 2 =, f= lorrs3 OS —2 
. H The solutions to the equation x* + x — 6 =0 are: 
/.\ 36 3) Oe = — Bax —— 3 0hea— 2 = 3 Or vs 
D. x=—60rx=1 Es——lorx—6 
. £9 Four times a number is subtracted from 3 times its square. If the result is 4, the possible 
numbers are: 
A. x=—4 B. x=0 orx=—4 Cc. x=O0orx=4 
Bee Oleg E. pees orx=2 
3 2 
. HS An exact solution to the equation x7 —3x—1=Ois x= 


; 3413 3 3+ V/13 . S02 SD 


. Calculate the discriminant for 5x2 —8x+2=0. 


. Match the discriminant value to the number of solutions for a quadratic equation. 


Discriminant value Number of solutions 


a. A=0 No real solutions 
b. A<O Two solutions 
c. A>0 Only one solution 


(9 If A =0, the graph of a quadratic: 

A. does not cross or touch the x-axis 

B. touches the x-axis 

C. intersects the x-axis twice 

D. intersects the x-axis three times 

E. There is not enough information to know whether the graph touches the x-axis. 
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11. £9 The equation 3x” — 27 =0 has: 
A. two rational solutions B. two irrational solutions 
C. one solution D. one rational and one irrational solution 
E. no solutions. 


12. A rectangle’s length is 4cm more than its width. Determine the dimensions of the rectangle if its area is 
(4x +9) cm?. 


13. Calculate the value of m for which mx” — 12x +9 =0 has one solution. 


14. M1 Identify for what values of a the straight line y= ax — 12 intersects once with the parabola 


y=x?—2x-8. 
A. a=—60ra=2 B. a=6ora=-—2 C. a=4ora=-2 
D. a=—4 ora=2 E. a=3 ora=4 
415. DZ Solve for x, x aoa = ib, 
x—2 x+4 
A. x=—1 orx=—4 By x0 on4—2 Cc. x=Oorx=-1 
D. x=20rx=—4 E. x=5 orx=—2 


8.2 Solving quadratic equations algebraically 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e use the Null Factor Law to solve quadratic equations 
e use the completing the square technique to solve quadratic equations 
e solve worded questions algebraically. 


® 8.2.1 Quadratic equations 


eles-4843 ‘ : 
e Quadratic equations are equations in the form: 


ax” + bx +c=0, where a, b and c are numbers. 
e For example, the equation 3x7 + 5x -—7=0 has a=3,b=5 and c=—7. 


The Null Factor Law 


e We know that any number multiplied by zero will equal zero. 


Null Factor Law 
e If the product of two numbers is zero, then one or both numbers must be zero. 
a number X another number = 0 


e In the above equation, we know that a number = 0 and/or another number = 0. 


e To apply the Null Factor Law, quadratic equations must be in a factorised form. 
e To review factorising quadratic expressions, see topic 7. 
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WORKED EXAMPLE 1 Applying the Null Factor Law to solve quadratic equations 


Solve the equation (x — 7)(x + 11) =0. 


THINK WRITE 


1. Write the equation and check that the right-hand side equals zero. (x—7)(x+11)=0 
(The product of the two numbers is zero.) 
x—7=0orx+11=0 


a) Olax —— i 


2. The left-hand side is factorised, so apply the Null Factor Law. 
3. Solve for x. 


WORKED EXAMPLE 2 Factorising then applying the Null Factor Law 


Solve each of the following equations. 
a. x7 —3x=0 
c. x7 —13x +42=0 


b. 3x?-27=0 
d. 36x? —21x =2 


THINK WRITE 


a. 1. Write the equation. Check that the right-hand a. 7° —3x=0 


side equals zero. 


2. Factorise by taking out the common factor of xx —3))=0 
x? and 3x, which is x. 

3. Apply the Null Factor Law. x— 0) or 4—3'—0 

4. Solve for x. c=) Or 3 

b. 1. Write the equation. Check that the right-hand 3x* —27 =0 

side equals zero. 

2. Factorise by taking out the common factor of 307 —9) =0 
3x2 and 27, which is 3. 

3. Factorise using the difference of two 3 = 3) =0 


squares rule. 


. Apply the Null Factor Law. 


5. Solve for x. 


3(x+ 3)(x-—3) =0 


a S=0 GF = Sa 
wa—3) Or S38 
(Alternatively, x = +3.) 


c. 1. Write the equation. Check that the right-hand . x —13x+42=0 

side equals zero. 

2. Factorise by identifying a factor pair of 42 that adds actoreGhdle Saalontictore 
ee . =6 and =7 a3 

3. Use the Null Factor Law to write two 
linear equations. (x -—6)(x—7) =0 

x-—6=0 or x—7=0 
4. Solve for x. PS Ge a7 
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d. 1. Write the equation. Check that the right-hand d. 36x? — 21x =2 


side equals zero. (It does not.) 


2. Rearrange the equation so the right-hand side of 36x? —21x-2=0 


the equation equals zero as a quadratic trinomial 
in the form ax* + bx +c =0. 


3. Recognise that the expression to factorise is a 


Factors of —72 


Sum of factors 


quadratic trinomial. 


Calculate ac = 36 xX —2 = —72. 3 and — 24 —21 
Factorise by identifying a factor pair of —72 that 
adds to —21. 36x? —24x + 3x-2=0 


4. Factorise the expression. 


Wye(Gee— ar (ke 2) =) 


(3x —2)(12x+ 1) =0 


5. Use the Null Factor Law to write two 302 — 0) on 12x50 
linear equations. 3x=2 or 12x=-1 
6. Solve for x. i 2 or x=— us 
3 2) 


® 8.2.2 Solving quadratic equations by completing the square 


eles-4844 


e Completing the square is another technique that can be used for factorising quadratics. 


e Use completing the square when other techniques will not work. 


e To complete the square, the value of a must be 1. If a is not 1, divide everything by the coefficient of x 


so thata=1. 
e The completing the square technique was introduced in topic 9. 


Steps to complete the square 


Factorise x7 + 6x+2=0. 


Step 1: ax? + bx +c=0. Since a= 1 in this example, we can complete the square. 


2 
Step 2: Add and subtract (+) . In this example, b= 6. 


ene a 
4 6r+ (2x6) +2- (2x6) = (0) 
2) 2) 


x* +6x+9+2-9=0 
Step 3: Factorise the first three terms. 
x*+6x+9-7=0 
(x+3)—-7=0 


Step 4: Factorise the quadratic by using difference of two squares 


«+3)'-(v7) =0 because (v7) =7 
(x+34 V7) (x+3-7)=0 


When a# 1: 
e factorise the expression if possible before completing the square 


e if ais nota factor of each term, divide each term by a to ensure the coefficient of x? is 1. 
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2 


WORKED EXAMPLE 3 Solving quadratic equations by completing the square 


Solve the equation x? + 2x — 4 = 0 by completing the square. Give exact answers. 


THINK WRITE 

1. Write the equation. x +2x-4=0 
1 2 

2. Identify the coefficient of x, halve it and (5 x 2) 


square the result. 


2 2 
1 1 
3. Add the result of step 2 to the equation, + 2x4 (5 x 2) — 4- (5 x 2) = 
placing it after the x-term. To balance the : Z 


9 eS ee iD, = 
equation, we need to subtract the same ees 0) c 


amount as we have added. x*+2x+1-4-1=0 
4. Insert brackets around the first three terms to (7 +2x+1)-5=0 
group them and then simplify the remaining 
terms. 
5. Factorise the first three terms to produce a (+ 1)-5=0 


perfect square. 


D 
6. Express as the difference of two squares and Cal) = J/5 =0 


then factorise. (x+1+-¥5) (x+1-¥v5) 0 


7. Apply the Null Factor Law to identify linear Seqp Ilse 5 =0 or *+1— /5 =(0 
equations. 


8. Solve for x. Keep the answer in surdformto %x=—1— /5 or x=—-1+ /5 


provide an exact answer. (Alternatively, x= —1+ /5 a) 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
In a new document, on a > saussronone mao X] On the Main screen in [6 ait mim mani 
Calculator page, press: = standard, tap: et] be [tals |] A 
eM page, P solve(x2+2-x-4#0,x) © Acti P solve (x242x=420, x) Q 
oe xe-(/5 +1) orxe/5 -1 cuion {xe-VB-1, x0V5-1) 
e 3: Algebra e Advanced és 
e 1: Solve ® solve 
Complete the entry line as: Then press EXE. 
solve (x7 + 2x —4=0, x) 
Then press ENTER. 
x +2x-—450 
Sx=—14+ 75 or aha 
a 
Ag Standard Fal Ong oy 
x +2x-4=0 
Sx=-14+ 5 or ais 
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® 8.2.3 Solving worded questions 


eles-4845 ‘ 
e For worded questions: 


e start by identifying the unknowns 
e then write the equation and solve it 
e give answers in a full sentence and include units if required. 


WORKED EXAMPLE 4 Solving worded questions 


When two consecutive numbers are multiplied together, the result is 20. Determine the numbers. 


THINK WRITE 

1. Define the unknowns. First number = x, Let the two numbers be x and (x + 1). 
second number =x + 1. 

2. Write an equation using the information x(x+ 1) = 20 
given in the question. 


3. Transpose the equation so that the x 1) —20'=0 
right-hand side equals zero. 
4. Expand to remove the brackets. x*+x—20=0 
5. Factorise. (x+5)\(x—-—4) =0 
6. Apply the Null Factor Law to solve for x. 4+3=0 of x—4=0 
PS—s Or see! 
7. Use the answer to determine the Ifx=—5,x+1=—4. 
second number. Ib? eS) secs lS, 
8. Check the solutions. Cheek 
4x5=20 (—5)x(—4)=20 
9. Write the answer in a sentence. The numbers are 4 and 5 or —5 and —4. 


WORKED EXAMPLE 5 Solving worded application questions 


The height of a football after being kicked is determined 

by the formula h = —0.1d? + 3d, where d is the horizontal 

distance from the player in metres. 

a. Calculate how far the ball is from the player when it hits 
the ground. 

b. Calculate the horizontal distance the ball has travelled 
when it first reaches a height of 20m. 


THINK WRITE 
a. 1. Write the formula. a. h=—0.1d* +3d 
2. The ball hits the ground when h=0. —0.1d* +3d=0 
Substitute / = 0 into the formula. 
3. Factorise. —0.1d*+3d=0 
d(—0.1d+3) =0 
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4. Apply the Null Factor Law and simplify. 


5. Interpret the solutions. 


6. Write the answer in a sentence. 


b. 1. The height of the ball is 20 m, so, substitute 
h=20 into the formula. 


2. Transpose the equation so that zero is on the 
right-hand side. 


3. Multiply both sides of the equation by 10 to 
remove the decimal from the coefficient. 


d=0or —0.ld+3=0 


—0.ld = —3 
as 
=0n 

= 30 


d= 0 is the origin of the kick. 

d= 30 is the distance from the origin that the 
ball has travelled when it lands. 

The ball is 30 m from the player when it hits 
the ground. 


h=-—0.1d* +3d 
20 = —0.1d* + 3d 


0.1d’ —3d+20=0 


ad — 30d + 200 = 0 


4. Factorise. (d—20)(d— 10) =0 

5. Apply the Null Factor Law. d—20=0 or d-10=0 

6. Solve. d=20 ot d=10 

7. Interpret the solution. The ball reaches a The ball first reaches a height of 20 m after it 
height of 20m on the way up and on the way has travelled a distance of 10m. 
down. The first time the ball reaches a height 
of 20 m is the smaller value of d. Write the 
answer in a sentence. 

DISCUSSION 


What does the Null Factor Law mean? 


ion) Resources 


ey 
[4 eWorkbook 


Topic 8 Workbook (worksheets, code puzzle and a project) (ewbk-2034) 


g Digital documents SkilISHEET Factorising by taking out the highest common factor (doc-5256) 
SkilISHEET Finding a factor pair that adds to a given number (doc-5257) 


SkilISHEET Simplifying surds (doc-5258) 


SkilISHEET Substituting into quadratic equations (doc-5259) 
SkilISHEET Equation of a vertical line (doc-5260) 


® Video eLesson 
SS Interactivities 


The Null Factor Law (eles-231 2) 


The Null Factor Law (int-6095) 


Individual pathway interactivity: Solving quadratic equations algebraically (int-4601) 
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Exercise 8.2 Solving quadratic equations algebraically 


learn) 


Individual pathways 
@ PRACTISE 


1, 4, 7, 10, 13, 16, 17, 18, 21, 27, 


30, 31, 35, 39, 44 


CONSOLIDATE 
2, 5, 8, 11, 14, 19, 22, 24, 25, 28, 
32, 33, 36, 40, 41, 45 


m@ MASTER 
3, 6, 9, 12, 15, 20, 23, 26, 29, 34, 
37, 38, 42, 43, 46 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


SI For questions 1-6 solve each of the following equations. 
b. ~—3)@+2)=0 


1. a. (x+7)(x-—9)=0 
c. (x—2)(~-—3)=0 


2. a. xx-—1)=0 
c. 2x(x -—3)=0 


o 
® 
—~ 
tad 
| 
Nile 
NWS 
a 
& 
+ 
NIlRe 
a 

| 
Co 


c. 2(x—0.1)(2x — 1.5)=0 


4. a. (2x—1)(x-—1)=0 


i) 


5. a. (7x + 6)(2x —3) =0 


6. a. x(x — 3)Qx-—1)=0 


d. x(x—-3)=0 


b. x(x+5)=0 
d. 9x(x + 2)=0 


b. —(v+ 1.2)(x+ 0.5) =0 


a. (x+ V2) (x- v3) =0 


b. (33x+2)(x+2)=0 
b. (5x—3)(3x—2)=0 


b. x(2x — 1)(5x+2)=0 


| WE2a Boye questions 7-9 solve each of the following equations. 


7. a. x7 -2x=0 
8. a. 3x27 =—2x 


9. a. 4x2 —2/7x=0 


b. x7 +5x=0 
b. 4x7 —6x=0 


b. 3x2 + V/3x=0 


EY For questions 10-12 solve each of the following equations. 


10. a. x7-4=0 
c. 3x2 —12=0 


41. a. 9x7-16=0 
c. 9x? =4 


b. x*-25=0 
d. 4x7 — 196 =0 


b. 4x7 -—25=0 

d. 36x? =9 

b. Ee eee 
36 9 

d. 9x7 -11=0 


| WE2c Boye questions 13-15 solve each of the following equations. 


13. a. x*-x-6=0 
c. 2 —6x-7=0 
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b. x7 +6x+8=0 
d. x7 -8x+15= 


c. (4x—1)a«-—7)=0 
c. (8x +5)(3x—2)=0 


c. x(x +3) (5x-—2)=0 


c. x2 =7x 
c. 6x? —2x=0 


c. 15x—12x7 =0 


0 


14. a. x*-3x-4=0 b. x7 —10x+25=0 c. x27 -3x-10=0 


d. x7 —8x+12=0 e. x7 —4x-21=0 

15. a. x7 -—x-30=0 b. x2 -—7x+12=0 c. x2 -—8x+16=0 
d. x? +10x+25=0 e. x7 —20x+100=0 

16. ES The solutions to the equation x7 + 9x — 10=0 are: 
A.x=1andx=10 B.x=1andx=-10 C.x=—-1landx=10 
D.x=-1 andx=—-10 E.x=1andx=9 


17. ES The solutions to the equation x* — 100 = 0 are: 


A. x=0andx=10 B.x=0andx=-10 C.x=—-10andx=10 
D. x=0 and x= 100 E. x=—100 and x= 100 


I For questions 18—20 solve each of the following equations. 


18. a. 2x7 -—5x=3 b. 3x27 +x—-2=0 
c. 5x7 +9x=2 d. 6x7 -—11x+3=0 
19. a. 14x?-11x=3 b. 12x*-—7x+1=0 
c. 6x7 —7x=20 d. 12x? +37x+28=0 
20. a. 10x27 -x=2 b. 6x7 —25x+24=0 
c. 30x27 + 7x-2=0 d. 3x2 —21x=—36 


ES For questions 21—26 solve the following equations by completing the square. Give exact answers. 


21. a. x°-4x+2=0 b. x7 +2x-2=0 c. x°+6x—-1=0 

22. a. x? -8x+4=0 b. x? —10x+1=0 c. x? -2x-2=0 
23. a. x7 +2x-5=0 b. x7 +4x-6=0 c. x°+4x-11=0 
24. a. x°—3x+1=0 b. x7 +5x—-1=0 c. x°—7x+4=0 

25. a. x —5 =x b. x*—-1lx+1=0 cx +x=1 

26. a. x°+3x-7=0 b. x*-3=5x c. x°-9x+4=0 
For questions 27—29 solve each of the following equations, rounding answers to 2 decimal places. 
27. a. 2x7 +4x-6=0 b. 3x7 +12x-3=0 c. 5x7 —10x—15=0 
28. a. 4x7 —8x—-8=0 b. 2x7 -6x+2=0 c. 3x7 -9x-3=0 
29. a. 5x? — 15x—25=0 b. 7x? +7x—21=0 c. 4x7 + 8x-2=0 


Understanding 


30. E23 When two consecutive numbers are multiplied, the result is 72. Determine the numbers. 
31. When two consecutive even numbers are multiplied, the result is 48. Determine the numbers. 
32. When a number is added to its square the result is 90. Determine the number. 

33. Twice a number is added to three times its square. If the result is 16, determine the number. 


34. Five times a number is added to two times its square. If the result is 168, determine the number. 
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35. | WES | A soccer ball is kicked. The height, 4, in metres, of the soccer ball t seconds 
after it is kicked can be represented by the equation 4 = —t(t — 6). Calculate how 
long it takes for the soccer ball to hit the ground again. 


36. The length of an Australian flag is twice its width and the diagonal length is 45 cm. 


a. If xcm is the width of the flag, express its length in terms of x. 

b. Draw a diagram of the flag marking in the diagonal. Label the length and the 
width in terms of x. 

c. Use Pythagoras’ theorem to write an equation relating the lengths of the sides to the length of 
the diagonal. 

d. Solve the equation to calculate the dimensions of the Australian flag. Round your answer to the 
nearest cm. 


37. If the length of a paddock is 2m more than its width and the area is 48 m’, calculate the length and width of 
the paddock. 


38. Solve for x. 


pee b. x= 2 epee 
x x—5 x 

Reasoning 
n(n+ 1) 


39. The sum of the first m numbers 1, 2,3,4...2 is given by the formula S= 


a. Use the formula to calculate the sum of the first 6 counting numbers. 
b. Determine how many numbers are added to give a sum of 153. 
. 2x+4 x+5 
40. If these two rectangles have the same area, determine the value of x. 
41. Henrietta is a pet rabbit who lives in an enclosure that is 2m wide 3x-6 
and 4m long. Her human family has decided to purchase some more 
rabbits to keep her company and so the size of the enclosure must be 
increased. 


a. Draw a diagram of Henrietta’s enclosure, clearly marking the lengths of 
the sides. 

b. If the length and width of the enclosure are increased by xm, express the new 
dimensions in terms of x. 

c. If the new area is to be 24 m’, write an equation relating the sides and the area 
of the enclosure (area = length x width). 

d. Use the equation to calculate the value of x and, hence, the length of the sides 
of the new enclosure. Justify your answer. 


42. The cost per hour, C, in thousands of dollars of running two cruise ships, Annabel and Betty, travelling at a 
speed of s knots is given by the following relationships. 
Cannabet = 0.35" + 4.25 + 12 and Cgery = 0.45" + 3.65 + 8 


a. Determine the cost per hour for each ship if they are both travelling at 28 knots. 
b. Calculate the speed in knots at which both ships must travel for them to have the same cost. 
c. Explain why only one of the solutions obtained in your working for part b is valid. 
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43. Explain why the equation x? + 4x + 10 =0 has no real solutions. 


Problem solving 
44, Solve (x2 — x) —32(x2 — x) + 240 =0 for x. 


37° — 35 


45. Solve —z=0 for z. 


46. A garden measuring 12 metres by 16 metres is to have a pedestrian pathway installed all around it, increasing 
the total area to 285 square metres. Determine the width of the pathway. 


8.3 The quadratic formula 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e use the quadratic formula to solve equations 
e use the quadratic formula to solve worded questions. 


® 8.3.1 Using the quadratic formula 


eles-4846 . ‘. 
e The quadratic formula can be used to solve any equations in the form: 


ax? + bx +c =0, where a, b and c are numbers. 
e To use the quadratic formula: 
e identify the values for a, b and c 
e substitute the values into the quadratic formula. 
e Note that the derivation of this formula is beyond the scope of this course. 


The quadratic formula 


The quadratic formula is: 
ae —b + Vb? —4ac 
2a 
Note that the + symbol is called the plus—minus sign. To use it, identify the first solution by treating it as a 
plus, then identify the second solution by treating it as a minus. 


e There will be no real solutions if the value in the square root is negative; that is, there will be no solutions 
if b> — 4ac <0. 
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WORKED EXAMPLE 6 Using the quadratic formula to solve equations 


Use the quadratic formula to solve each of the following equations. 
a. 3x? + 4x + 1=0 (exact answer) 
b. —3x? — 6x — 1 = 0 (round to 2 decimal places) 


THINK WRITE 
a. 1. Write the equation. a. 3x°+4x+1=0 
—b+vVb2-4 
2. Write the quadratic formula. R= = 
a 
3. State the values for a, b and c. Wine = 3), =A) eS ll 
—44+v42-4 
4. Substitute the values into the formula. eS SENSE SSE 
Se 3} 
eer —4+ V4 
5. Simplify and solve for x. = 5 
_ 442 
6 
—442 —4-2 
i Or 7e 
6 6 
6. Write the two solutions. oe -5 or x=-l 
b. 1. Write the equation. b. —3x°-6x-1=0 
—b+vVb?-4 
2. Write the quadratic formula. Xo ——— 
a 
3. State the values for a, b and c. where a= —3,b=-—6,c=-—1 
= (0) by (0) 4x) x (1) 
4. Substitute the values into the formula. 8 
2x-3 
6+ 24 
5. Simplify the fraction. = — 6 
_ 6426 
6 
Bes V6 
8 
3+ V6 3-6 
i or 
—3 -3 
6. Write the two solutions correct to 2 decimal xx—-182 or xx—0.18 


places. 


Note: When asked to give an answer in exact form, you should simplify any surds as necessary. 
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-b. a-b. a-b. a-b. 
In a new problem, on a > os On the Main screen in © Gait Action intarective = 
Calculator page, complete 5.3 standard, complete the (eile Tiafm [TT : 
. solvel 3x" +4 x+1=0,x) xe-lor oo ¢ solve(3x744x41=0, x? 
the entry lines as: 3 entry lines as: fsied) 
2 = ‘ _ mie} 
solve (3x° + 4x + 1=0) SE RET solve (3x° +4x+1=0) ne pico 
solve (—3x” — 6x — 1=0) (fess)  fe-3 solve (—3x? — 6x — 1=0) [==] 
Then press ENTER after oie ea aa a Press EXE after each solve (-2x2-6x-120, x) 
h I (xe~1. 816496581, x=-0. 1835(> 
ae nny, solve(-3-x2-6- x-1=0,x) ent: " 
Press CTRL ENTER to get x=-1.8165 or x=-0.1835 To change the final 
a decimal approximation a ~ answer to a decimal, 
for b. 3x° + 4x+1=0 change from standard to 
2p Sc24' ae. I decimal mode and press 
3 EXE again. ; 
—3x° —6x-1=0 a 
2 
—(v6+3) as 32 4+ 4x4+1=0 
<= — >. or v6 1 
3 3 >x=-l o —- ; 
x =—1.82 or -0.18 rounding to —~37 —6x-1=0 
2 decimal places. ( Ve . é 
- + ) 6=3 
Fe °) Gl 
3 3 
x = —1.82 or -0.18 rounding to 
2 decimal places. 
DISCUSSION 


What kind of answer will you get if the value inside the square root sign in the quadratic formula is zero? 


ion) Resources 


oO) 
(4 eWorkbook Topic 8 Workbook (worksheets, code puzzle and a project) (ewbk-2034) 
g Digital document SkilISHEET Substituting into the quadratic formula (doc-5262) 


® Video eLesson The quadratic formula (eles-231 4) 


& Interactivities Individual pathway interactivity: The quadratic formula (int-4602) 
The quadratic formula (int-2561) 


Exercise 8.3 The quadratic formula learn@) 
Individual pathways 

@ PRACTISE @ CONSOLIDATE @ MASTER 

1, 3, 6, 9, 13, 18, 19, 22 2, 4, 7, 10, 11, 14, 17, 20, 23, 24 5, 8, 12, 15, 16, 21, 25 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 

1. State the values for a, b and c in each of the following equations of the form ax” + bx +c =0. 
a. 3x° -—4x+1=0 b. 7x2 —12x+2=0 
c. 8x7 -x-3=0 d. x7 -5x+7=0 
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2. State the values for a, b and c in each of the following equations of the form ax” + bx +c =0. 


a. 5x? -5x-1=0 b. 4x2 -9x-3=0 
c. 12x? —29x+ 103 =0 d. 43x2 — 81x—24=0 


| WE6a Bae questions 3—5 use the quadratic formula to solve each of the following equations. Give exact answers. 


3. a. 2° +5x4+1=0 b. x°+3x—1=0 
c. x7 —5x+2=0 d. x2 -—4x-9=0 

4. a. x27 +2x—-11=0 b. x27-—7x+1=0 
c. x27-9x+2=0 d. x7 -6x-3=0 

5. a. x2 +8x—-15=0 b. —x7+x+5=0 
c. x7 +5x+2=0 d. —x?-—2x+7=0 


BE For questions 6-8 use the quadratic formula to solve each of the following equations. Give approximate 
answers rounded to 2 decimal places. 


6. a. 3x*-—4x-3=0 b. 4x7 -x-7=0 c. 2x7 +7x-5=0 
d. 7x? ++x-2=0 e. 5x2 -8x+1=0 

7. a. 2x? -13x+2=0 b. —3x7+2x+7=0 c. —7x7+x+8=0 
d. —12x7+x+9=0 e. —6x7 ++4x+5=0 

8. a. —1lx?-x+1=0 b. —4x7-x+7=0 
c. —2x7 + 12x-1=0 d. —5x27+x+3=0 


9. O09 The solutions of the equation 3x” — 7x — 2 =0 are: 
A. 1,2 B. 1,—2 C. —0.257, 2.59 D. —0.772,7.772 E. —1.544, 15.544 


10. HZ In the expansion of (6x — 5) (3x + 4), the coefficient of x is: 
A. 18 B. -15 c.9 D.6 E. —2 


11. DG In the expanded form of (x — 2) (x + 4), identify which of the following statements is incorrect. 


A. The value of the constant is —8. 

. The coefficient of the x term is —6. 

. The coefficient of the x term is 2. 

. The coefficient of the x? term is 1. 

. The expansion shows this to be a trinomial expression. 


mooo 


12. M9 Identify an exact solution to the equation x? +2x-5=0. 


A. —3.449 B. -1+ 1/24 c.-14+ 6 
p, 2t¥=16 : 2+ 24 
, ) a) 


Understanding 


For questions 13—15 use each of the following equations using any suitable method. Round to 3 decimal places 
where appropriate. 


13. a. 2x*-—7x+3=0 b. 2 —5x=0 c. x7 -2x-3=0 d. x7 -3x+1=0 
14. a. x?-6x+8=0 b. x7 -—5x+8=0 c. x? -—7x-8=0 d. x7 +2x-9=0 
15. a. 2x74 11x-—21=0 b. 7x2 —2x+1=0 c. —x7+9x—-14=0 d. —6x7 -x+1=0 
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16. The surface area of a closed cylinder is given by the formula SA = 27r(r+h), where rcm is the radius of 
the can and hcm is the height. 
The height of a can of wood finish is 7 cm and its surface area is 231 cm’. 


a. Substitute values into the formula to form a quadratic equation using the pronumeral, r. 

b. Use the quadratic formula to solve the equation and, hence, determine the radius of the can correct 
to 1 decimal place. 

c. Calculate the area of the curved surface of the can, correct to the nearest square centimetre. 


17. To satisfy lighting requirements, the window shown must have an area of 1500 cm’. fo Sas 
a. Write an expression for the area of the window in terms of x. AO eri 
b. Write an equation so that the window satisfies the lighting requirements. 
c. Use the quadratic formula to solve the equation and calculate x to the nearest mm. 

18. When using the quadratic formula, you are required to calculate b* (inside the square * 


root sign). When b = —3, Breanne says that b* = —(3)" but Kelly says that 5? = (-3)°. 


a. What answer did Breanne calculate for b? 
b. What answer did Kelly calculate for b*? 
c. Identify who is correct and explain why. 


Reasoning 


19. There is one solution to the quadratic equation if b* — 4ac =0. The following have one solution only. 
Determine the missing value. 
a. a=landb=4,c=? 
b. a=2andc=8, b=? 
c. 2x7 +12x+c=0,c=? 


20. Two competitive neighbours build rectangular pools that cover the same area but are different shapes. Pool A 
has a width of (x + 3) m and a length that is 3 m longer than its width. Pool B has a length that is double the 
width of Pool A. The width of Pool B is 4m shorter than its length. 


a. Determine the exact dimensions of each pool if their areas are the same. 
b. Verify that the areas are the same. 


21. A block of land is in the shape of a right-angled triangle with a perimeter of 150 m and a hypotenuse of 
65 m. Determine the lengths of the other two sides. Show your working. 


Problem solving 


2 
22. Solve (++ *) —14 (x+ ~) = 72 for x. 
x x 


1 
23. Gunoor’s tennis serve can be modelled using y= a Tal + wx +2. The 


landing position of his serve will be one of the solutions to this equation 
when y=0. 


1 
a. For “ae + wx +2=0, determine the values of a, b and c in 


ax*+bx+c=0. 

b. Using a calculator, calculate the solutions to this equation. 

c. Gunoor’s serve will be ‘in’ if one solution is between 12 and 18, and 
a ‘fault’ if no solutions are between those values. Interpret whether 
Gunoor’s serve was ‘in’ or if it was a ‘fault’. 


TOPIC 8 Quadratic equations 485 


24. Triangle MNP is an isosceles triangle with sides MN = MP =3 cm. M 
Angle MPN is equal to 72°. The line NQ bisects the angle MNP. 


a. Prove that triangles MNP and NPQ are similar. 

b. If NP=mcm and PQ=3-mcm, show that m? + 3m—9=0. 

c. Solve the equation m” + 3m—9 =0 and determine the side length of NP, 
giving your answer correct to 2 decimal places. 


25. The equation ax* + bx* + c=0 can be solved by applying substitution and the 

rules used to solve quadratics. Q 
For example, x* — 5x? + 4 =0 is solved for x as follows. 

Notice that x4 —5x7+4= (2) — 5(x)° +4. Now let x? =u and substitute. 


a 
(2) — 5a)? +4=1? —Sut4 7 - 
Solve for u. That is, 
w—S5u+4=0 
(u—4)(u—1) =0 
u—4=0oru—1=0 
u=4oru=1 
Since x” = u, that implies that 
rector a1 
x=+2 orx=+1 
Using this or another method, solve the following for x. 
a. xt 13x° +36=0 b. 4x4 — 17x? =—4 
8.4 Solving quadratic equations graphically 
LEARNING INTENTION 
At the end of this subtopic you should be able to: 
e identify the solutions to ax” + bx + c=0 by inspecting the graph of y= ax? + bx +c 
e recognise whether ax” + bx + c=0 has two, one or no solutions by looking at the graph. 
® 8.4.1 Solving quadratic equations graphically 
° To solve quadratic equations, look at the graph of y= ax? + bx +c. 
+ The solutions to ax? + bx + c=0 are the x-axis intercepts, where vA 
the graph ‘cuts’ the x-axis. y=art+bx+ce 
e The number of x-axis intercepts will indicate the number of 


solutions. 


Solutions 
to ax* + bx +c=0 
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Number of solutions 


Two solutions One solution No real solutions 
The graph ‘cuts’ the The graph ‘touches’ the x-axis. The graph does not reach the 
x-axis twice. For example: X-axis. 
For example: For example: 
‘YA 
y=3x7-4x44+4 
~s 0 = 
2 | 2. 
Y Y 


WORKED EXAMPLE 7 Determining solutions from the graph 


Determine the solutions of each of the following quadratic equations by inspecting their 
corresponding graphs. Give answers to 1 decimal place where appropriate. 


a. x7+x-2=0 b. 2x7+4x-—5=0 
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THINK WRITE/DRAW 


a. 1. Examine the graph of y=x? +x—2 and a. 
locate the points where y= 0, that is, where 3 
the graph intersects the x-axis. 
2 
1 
Ne lee eee y é 
I 2 
yew x2 
3 


2. The graph cuts the x-axis (y=0) at x=1 and From the graph, the solutions are x = 1 and x= —2. 
x =-—2. Write the solutions. 


b. 1. The graph of y=2x* — 4x —5 is equal to zero b. y 
when y= 0. Look at the graph to see where 
y =O, that is, where it intersects the x-axis. 
By sight, we can only give estimates of the 
solutions. 
2 
~< > 
2, a es ees 1 2 a 
-2 
6 
2. The graph cuts the x-axis at approximately From the graph, the solutions are x ¥ —0.9 and 
x =-—0.9 and approximately x=2.9. Write the x 2.9. 
solutions. 
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TI | THINK DISPLAY/WRITE 


a. a. 
In a new problem, on a Graphs 
page, complete the function 
entry line as: 

fl@= r+x-2 

Then press ENTER. The graph 
will be displayed. 

To locate the x-intercepts, 
press: 


° MENU ; 
e 6: Analyze Graph er+x—-2=0 
° 1: Zero =>x=1or—2 
Move the cursor to the left of 

the zero, press ENTER, then 

move the cursor to the right of 

the zero and press ENTER. The 

coordinates of the x-intercept 

are displayed. Repeat for the 

other x-intercept. 


b. b. 
On a Graphs page, complete 
the function entry line as: 
fl) = 2x — 4x —5 

Then press ENTER. The graph 
will be displayed. 

To locate the x-intercepts, 
press: 

e MENU 

© 6: Analyze Graph 

e 1: Zero 

Move the cursor to the left of 
the zero, press ENTER, then 
move the cursor to the right of 
the zero and press ENTER. The 
coordinates of the x-intercept 
are displayed. Repeat for the 
other x-intercept. 


12(x)=2 x74 x-5 


2x° —4x-5=0 
=>xx—0.9 or 2.91 
correct to | decimal place. 


CASIO | THINK 


a. 
On the Graph & Table screen, 
complete the function entry line 
as: 

yla=x+x—-2 

Press EXE. 

Then tap the graphing icon. 

The graph will be displayed. To 
locate the x-intercepts, tap the 

Y =Oicon. 

To locate the second root, tap the 
right arrow. 


b. 
On the Graph & Table screen, 
complete the function entry line 
as: 

yl = 2x —4x-—5 

Press EXE. 

Then tap the graphing icon. 

The graph will be displayed. To 
locate the x-intercepts, tap the 

Y =Oicon. 

To locate the second root, tap the 
right arrow. 


DISPLAY/WRITE 


a. 


© Edit Zoom Analysis x 


2 fed Ped OES 


{Shoot |Steet2 [Sheet | Sheets |Sheet5) 
My l=x24,-2 — 


a 
yao i 


x +x-2=0 
>x=10r—2 


b. 


© Edit Zoom Analysis x 


2x° —4x-5=0 
=>xex —0.9 or 2.9 
correct to 1 decimal place. 


® 8.4.2 Confirming solutions of quadratic equations 


eles-4848 . 7 
e To confirm a solution is correct: 


e substitute one solution for x into the quadratic equation 
e the solution is confirmed if the left-hand side (LHS) equals the right-hand side (RHS) 
e repeat for the second solution if applicable. 


WORKED EXAMPLE 8 Confirming solutions by substitution 


Confirm, by substitution, the solutions obtained in Worked example 7a: 
x2 +x —2=0; solutions: x = 1 and x = —2. 


THINK WRITE 
1. Write the left-hand side of the equation and When x= 1, 
substitute x = 1 into the expression. LHS ho = a 
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2. Write the right-hand side. RHS=0 


3. Confirm the solution. LHS = RHS => Solution is confirmed. 
4. Write the left-hand side and substitute x = —2. When x= —2, 
LHS: x7 4+x-—2 =(—2)?+-2-2 
=4-2-2 
=) 
5. Write the right-hand side. RHS=0 
6. Confirm the solution. LHS =RHS = Solution is confirmed 


WORKED EXAMPLE 9 Solving application questions using a graph 


A golf ball hit along a fairway follows the path shown in the 
following graph. The height, / metres after it has travelled 


1 
x metres horizontally, follows the rule h = ET (x? — 180x). 


Use the graph to identify how far the ball landed from 
the golfer. 


YA 
30 
S a h=- ho ~ 180x) 
= 
= 
a) 
o 
= 10 
—\ * 
0 90 180 
Distance, x (m) 
THINK WRITE 


On the graph, the ground is represented by the ‘The golf ball lands 180 m from the golfer. 
x-axis since this is where h=0. The golf ball 
lands when the graph intersects the x-axis. 


DISCUSSION 


What does ‘the solution of a graph’ mean? 
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ion) Resources 


a! 
(4 eWorkbook Topic 8 Workbook (worksheets, code puzzle and a project) (ewbk-2034) 


B Interactivities Individual pathway interactivity: Solving quadratic equations graphically (int-4603) 


Solving quadratic equations graphically (int-6148) 


Exercise 8.4 Solving quadratic equations graphically learn@) 
Individual pathways 

m@ PRACTISE mi CONSOLIDATE @ MASTER 

1,4, 7,10 2. (8), Wl 3,6, 9, 12 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 
Fluency 


1. a. Determine the solutions of each of the following quadratic equations by inspecting the 
corresponding graphs. 


i. x*-x-6=0 ii, x*—11x+10=0 
A 
8 
~€ > 
(0 4 8 1p 
8 
—16 


y = xP—[ll4+ 10 


YA 
#8 yee + 25 
20 
10 
* % 
J 2 | 9 | 
=19 
Y 


b. HE Confirm, by substitution, the solutions obtained in part a. 
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2. a. Determine the solutions of each of the following quadratic equations by inspecting the corresponding 


graphs. Give answers correct to 1 decimal place where appropriate. 


i. 2x*—8x+8=0 ii, x2-—3x-4=0 


YA YA 


Le? + 34 — 4 


Vv 


II 
i) 


iii, x° —3x—6 


y=x3x-6 


a i 


Y 


b. Confirm, by substitution, the solutions obtained in part a. 


3. a. Determine the solutions of each of the following quadratic equations by inspecting the 
corresponding graphs. 


i. x*+15x—250=0 ii, —x?=0 


300 5 


100 ~ 


VY 


y = x4 + 15x|- 250 
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iii, x7 +x-3=0 iv. 2x7 +x-3=0 


YA 
5 
ip ~ 
-) 4 | 0 2 
ye ardtxt3 
5 
Y Y 


b. Confirm, by substitution, the solutions obtained in part a. 


Understanding 


rag WES BN golf ball hit along a fairway follows the path shown in the graph. 


1 
The height, / metres after it has travelled x metres horizontally, follows the rule h= ang — 150x). Use the 


graph to identify how far the ball lands from the golfer. 


hp nel 

at x00) 

= 

o~ 

= 

2 

o 

x 

ot 
0 75 150 
Distance, x (m) 
5. [1 Use the graph to determine how many solutions the equation y 
x* +3 =O has. 5 
A. No real solutions 
B. One solution . 
C. Two solutions ye x +3 
D. Three solutions 
E. Four solutions 5 
6. £1 For the equation x? + c =0, what values of c will give two solutions, one 

solution and no real solutions? 1 
A. Two solutions c > 0; one solution c = 0; no solutions c <0 Le >| 
B. Two solutions c= 2; one solution c = 0; no solutions c = —2 2 1 9 1 2 * 
C. Two solutions c <0; one solution c = 0; no solutions c > 0 
D. Two solutions c = 2; one solution c = 1; no solutions c=0 
E. Two solutions c <0; one solution c = 0; one solutions c= 1 
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Reasoning 
7. Two graphs are shown. 


a. What are the solutions to both graphs? 

b. Look at the shapes of the graphs. Explain the similarities and differences. 

c. Look at the equations of the graphs. Explain the similarities and 
differences. 


8. a. The x-intercepts of a particular equation are x= 2 and x=5. Suggest a 
possible equation. 
b. If the y-intercept in part a is (0,4), give the exact equation. 


9. a. The x-intercepts of a particular equation are x= p and x= q. Suggest a 
possible equation. 


b. If the y-intercept in part a is (0,7), give the exact equation. 


Problem solving 


10. A ball is thrown upwards from a building and follows the path shown in 
the graph until it lands on the ground. 
The ball is h metres above the ground when it is a horizontal distance of 
x metres from the building. 
The path of the ball follows the rule h = —x? + 4x +21. 


a. Use the graph to identify how far from the building the ball lands. 
b. Use the graph to determine the height the ball was thrown from. 


11. A platform diver follows a path determined by the equation 
h=—0.5d° +2d+6, where h represents the height of the diver 
above the water and d represents the distance from the diving 
board. Both pronumerals are measured in metres. 


it h=-0.5d? 42d +6 
6 
4 
2 
>! 
0 2 4 od 


Use the graph to determine: 


a. how far the diver landed from the edge of the diving board 
b. how high the diving board is above the water 
c. the maximum height reached by the diver when they are in the air. 
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YA 
|_| xii || 
ia * 
=? 0 2 
yi C74 1) 
Y 
hp 
a =i? 4x + 21 
21 
% 
0 2 ri 


12. Determine the equation of the given parabola. Give your answer in the form y= ax” + bx +c. 


YA 
20 
~ > 
at 9 , 1414 il 
10 
-20 
-30 
Y 


8.5 The discriminant 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e calculate the value of the discriminant 
e use the value of the discriminant to determine the number of solutions and type of solutions 
e calculate the discriminant for simultaneous equations to determine whether two graphs intersect. 


® 8.5.1 Using the discriminant 


eles-4849 . ee : . . 
e The discriminant is the value inside the square root sign in the quadratic formula. 


e The discriminant can be found for equations in the form ax? + bx +c=0. 


The discriminant 
A=b? — 4ac 


e The symbol A represents the discriminant. This symbol is the Greek capital letter delta. 


e The discriminant is found from: 
oe —b + Vb — 4ac 
5 2a 


ee se 
Qa 


e The value of the discriminant indicates the number of solutions for a quadratic equation. 
e A<0O: if the discriminant is negative there are no real solutions. 
e A=0.: if the discriminant is zero there is one solution. 
e A> 0: if the discriminant is positive there are two solutions. 
- A positive discriminant that is a perfect square (e.g. 16, 25, 144) gives two rational solutions. 
- A positive discriminant that is not a perfect square (e.g. 7, 11, 15) gives two irrational 
(surd) solutions. 
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WORKED EXAMPLE 10 Using the discriminant to determine the number of solutions 


Calculate the value of the discriminant for each of the following and use it to determine how many 
solutions the equation will have. 
a. 2x*+9x—5=0 


THINK 


a. 1. 


Write the expression and determine the values 
of a, b and c given ax* + bx+c=0. 


. Write the formula for the discriminant and 


substitute values of a, b and c. 


. Simplify the equation and solve. 


. State the number of solutions. In this case 


A> 0, which means there are two solutions. 


. Write the expression and determine the values 


of a, b and c given ax? + bx +c=0. 


. Write the formula for the discriminant and 


substitute the values of a, b and c. 


. State the number of solutions. In this case 


A <0, which means there are no solutions. 


b. x7+10=0 


WRITE 


a. 


2x? +9x-5 =0 
2x7 ++9x+—-5=0 
a=2,b=9,c=—5 


A =b? —4ac 
= 9%-4x2x-5 
= 81 —(—40) 
= i 


A> 0, so there will be two solutions to the 
equation 2x? + 9x —5 = 0. 
7?+10=0 
1x? +0x+10=0 
o= lh bS=O0, 6S 10 


A=b? —4ac 
=0?-4x1x10 
=0-40 
= —40 


A <0, so there will be no solutions to the 
equation x? + 10 = 0. 


® 8.5.2 Using the discriminant to determine if graphs intersect 


eles-4850 


e The table below summarises the number of points of intersection by the graph, indicated by 
the discriminant. 


vin 


A > 0 (positive) 
A < 0 (negative) A =0 (zero) Perfect square | Not a perfect square 
Number of No real solutions 1 rational solution 2 rational 2 irrational (surd) 
solutions solutions solutions 
Description Graph does not cross | Graph touches the x-axis Graph intersects the x-axis twice 
or touch the x-axis 
Graph 
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WORKED EXAMPLE 11 Using the discriminant to determine the number and type 
of solutions 


By using the discriminant, determine whether the following equations have: 
i. two rational solutions 
iii. one solution 

a. x7 —9x —10=0 

c. x7 -—2x+14=0 


THINK 


a. 1. 


2 
3. 


Write the equation. 


. Identify the coefficients a, b and c. 


Calculate the discriminant. 


. Identify the number and type of solutions 


when A > 0 and is a perfect square. 


. Write the equation. 
. Identify the coefficients a, b and c. 


. Calculate the discriminant. 


. Identify the number and type of solutions 


when A > 0 but not a perfect square. 


. Write the equation. 
. Identify the coefficients a, b and c. 


. Calculate the discriminant. 


. Identify the number and type of solutions 


when A <0. 


. Write the equation, then rewrite it so the 


right side equals zero. 


. Identify the coefficients a, b and c. 


. Calculate the discriminant. 


. Identify the number and types of solutions 


when A=0. 


ii. two irrational solutions 
iv. no real solutions. 


b. x? -2x-14=0 
d. x? —14x = —49 


WRITE 
a. x*—9x—10=0 
a=1,b=-9,c=-10 


A= b* —4ac 
= (—9)? 4x 1x(—10) 
= 121 


The equation has two rational solutions. 


b. x27—2x—-14=0 
a=1,b=-2,c=-14 


A = b? —4ac 
= (-2)? -—4x1x(-14) 
= 60 


The equation has two irrational solutions. 


c. x*-2x+14=0 
a=1,b=-2,c=14 
A = b* —4ac 


= (-2 -4x1x14 
= —52 


The equation has no real solutions. 
d. x + 14x = —49 
x? + 14x+49 = 0 


A= lbs 4 e=29 


A=b* —4ac 
= 147-4x1x49 
= (0) 


The equation has one solution. 
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TI | THINK 


a-d. 
On a Calculator page, complete 
the entry lines as: 


b? —4ac|a=1andb=~—9 
andc=-—10 

b’ — 4ac|a=1 and b=-—2 
andc=—-14 

b’ —4ac|a=1andb=-—2 
and c= 14 

b’ —4ac|a=1andb= 14 
and c = 49 


Press ENTER after each entry. 


DISPLAY/WRITE 
a-d. 


24 3.1) 4.1 


[b7-4a-clamtand b=-9andcm-10 121 
b? 4 a clam and b=-2 and c=-14 
b7-4 a: cla~land b=-2 and ce#14 
b?-4- a: cla=1 and b=14 and c=49 


If A= 121, the equation has two 
rational solutions. 

If A= 60, the equation has two 
irrational solutions. 

If A= —52,the equation has no 
real solutions. 

If A = 0, the equation has one 
solution. 


CASIO | THINK 


a-d. 
On the Main screen, complete 
the entry lines as: 


b? —4ac|a=1|b=—9| 
c=-—10 

b? —4ac|a=1|b=-2| 
c=-14 

b? —4ac|a=1|b=-2| 
c=14 

b’ —4ac|a=1|b=14|c=49 


Press EXE after each entry. 


DISPLAY/WRITE 
a-d. 


© Edit Action Interective 


15 
oa 
b2—gaxcla=] |b=-21c=-14 
60 
b2—Aaxe|aml [be-2\c=14 
~52 
b?-daxcla=l |b=141c=49 
0 
0 
Q 
@ 


Ag Standard Peal Fad 


If A= 121, the equation has 
two rational solutions. 

If A = 60, the equation has 
two irrational solutions. 

If A= —52,the equation has 
no real solutions. 

If A = 0, the equation has 
one solution. 


e In topic 4 we saw that simultaneous equations can be solved graphically, where the intersection of the two 


graphs is the solution. 


e The discriminant can be used to determine whether a solution exists for two equations and, hence, whether 


the graphs intersect. 


WORKED EXAMPLE 12 Using the discriminant to determine if graphs intersect 


Determine whether the parabola y = x” — 2 and the line y = x — 3 intersect. 


THINK 


1. If the parabola and the line intersect, 
there will be at least one solution to the 


simultaneous equations: let y; = yo. 


2. Collect all terms on one side and simplify. 


3. Use the discriminant to check if any 


solutions exist. 


If A <0, then no solutions exist. 


WRITE 
Yy=%X%y-2 
yn =x-3 
34) 32 

C2 =7 3 


2 =e 34 —3 — 14-9 


oo 
x —x+1=0 


A = b* —4ac 


a— Web — lee —all 


A=(-1)-4x1x1 


4. Write the answer in a sentence. 


=1-4 
= -—3 
A <0, .. no solutions exist 


The parabola and the line do not intersect. 
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DISCUSSION 


What does the discriminant tell us? 


ion) Resources 


oO) 
[v4 eWorkbook Topic 8 Workbook (worksheets, code puzzle and a project) (ewbk-2034) 


® Video eLesson The discriminant (eles- 1946) 


& Interactivities Individual pathway interactivity: The discriminant (int-4604) 
The discriminant (int-2560) 


Exercise 8.5 The discriminant learn@) 
Individual pathways 

HM PRACTISE Hi CONSOLIDATE BH MASTER 

1,4,9, 11, 15, 19, 22 2,5, 7, 12, 14, 18, 20, 23 3, 6, 8, 10, 13, 16, 17, 21, 24 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


ES For questions 1-3 calculate the value of the discriminant for each of the following and use it to determine 
how many solutions the equation will have. 


1. a. 6x7 + 13x-5=0 b. x7 +9x—-90=0 c. 7 +4x-2=0 
d. 36x -1=0 e. x7 +2x+8=0 

2. a. x*-—5x—-14=0 b. 36x27 +24x+4=0 c. x2 -—19x+88=0 
d. x? —10x+17=0 e. 30x? +17x—21=0 

3. a. x7 +16x+62=0 b. 9x? — 36x+ 36=0 c. 2x7 — 16x=0 d. x7 -64=0 


4, TG By using the discriminant, determine whether the equations below have: 


i. two rational solutions ii. two irrational solutions 
iii. one solution iv. no real solutions. 
a. x7 —3x+5 b. 4x7 — 20x+25=0 
c. x7 +9x—22=0 d. 9x7 + 12x +4 
5. By using the discriminant, determine whether the equations below have: 
i. two rational solutions ii. two irrational solutions 
iii. one solution iv. no real solutions. 
a. x°+3x-7=0 b. 25x” —10x+1=0 
c. 3x7 —2x-4=0 d. 2x7 —5x+4=0 
6. By using the discriminant, determine whether the equations below have: 
i. two rational solutions ii. two irrational solutions 
iii. one solution iv. no real solutions. 
a. x7 —10x+26=0 b. 3x27 +5x-7=0 
c. 2x7 +7x—-10=0 d. x7 —11x+30=0 
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7. Determine whether the following graphs intersect. 
a. y=—x? +3x+4 and y=x—-4 b. y=—x? +3x4+4 and y=2x+5 
c. y=—(xt 1)? +3 and y=—4x—1 d. y=(x— 1) +5 and y=—4x-1 
8. Consider the equation 3x* + 2x+7=0. 


a. Identify the values of a, b and c. 
b. Calculate the value of b* — 4ac. 
c. State how many real solutions, and hence x-intercepts, are there for this equation. 


9. Consider the equation —6x* +x+3=0. 


a. Identify the values of a, b and c. 
b. Calculate the value of b* — 4ac. 
c. State how many real solutions, and hence x-intercepts, there are for this equation. 


10. Consider the equation —6x? +x+3=0. With the information gained from the discriminant, use the most 
efficient method to solve the equation. Give an exact answer. 


11. [09 Identify the discriminant of the equation x? — 4x—5 =0. 


A. 36 B. 11 c. 4 D. 0 E. —4 
12. G9 Identify which of the following quadratic equations has two irrational solutions. 

A. x° —8x+16=0 B. 2x? —7x=0 C.x° +8x+9=0 

D.x*-4=0 E. x°—6x+15=0 


13. EUS The equation x? = 2x — 3 has: 


A. two rational solutions B. exactly one solution 
C. no solutions D. two irrational solutions 
E. one rational and one irrational solution 


Understanding 


14. Determine the value of k if x — 2x —k=0 has one solution. 
15. Determine the value of m for which mx? — 6x +5 =0 has one solution. 
16. Determine the values of n when x? — 3x —n=0 has two solutions. 


17. The path of a dolphin as it leaps out of the water can be modelled by the equation h = —0.4d? + d, where h is 
the dolphin’s height above water and d is the horizontal distance from its starting point. Both / and d are in 
metres. 


a. Calculate how high above the water the dolphin is when it 
has travelled 2 m horizontally from its starting point. 

b. Determine the horizontal distance the dolphin has covered 
when it first reaches a height of 25 cm. 

c. Determine the horizontal distance the dolphin has covered 
when it next reaches a height of 25cm. Explain your answer. 

d. Determine the horizontal distance the dolphin covers in one 
leap. (Hint: What is the value of 4 when the dolphin has 
completed its leap?) 

e. During a leap, determine whether this dolphin reaches a 
height of: 
i. O.Sm ii. 1m. 
Explain how you can determine this without actually solving 
the equation. 


f. Determine the greatest height the dolphin reaches during a leap. 
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18. a. Determine how many times the parabolas y= x? — 4 and y =4 — x’ intersect. 
b. Determine the coordinates of their points of intersection. 


Reasoning 


19. Show that 3x? + px — 2 =0 will have real solutions for all values of p. 


20. Answer the following questions. 


a. Determine the values of a for which the straight line y= ax+ 1 will have one intersection with the 
parabola y = —x? —x—8. 
b. Determine the values of b for which the straight line y = 2x + b will not intersect with the parabola 
yH=xr+3x—S. 
21. Answer the following questions. 


a. Identify how many points of intersection exist between the parabola y= —2(x + 1)’ =5, 
where y= f(x) ,x ER, and the straight line y= mx —7, where y=f(x) ,xER. 

b. Determine the value of m (where m <0) such that y= mx —7 has one intersection point with 
y=—m(xt+ iy Ss, 


Problem solving 
22. Answer the following questions. 


a. If A=9, a=1 and b=5, use the quadratic formula to determine the two solutions of x. 
b. If A=9, a=1 and b=5, calculate the value of c. 


23. The parabola with the general equation y = ax” + bx + 9 where 0 <a <0 and 0 <b < 20 touches the x-axis at 
one point only. The graph passes through the point (1, 25). Determine the values of a and b. 


24. The line with equation kx + y = 3 is a tangent to the curve with equation y = kx” + kx — 1. Determine the 
value of k. 
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8.6 Review 


8.6.1 Topic summary 


Standard quadratic equation 


Solving quadratic The discriminant 


equations graphically 


¢ The discriminant indicates the 

number and type of solutions. 
A= b?-4ac 

¢ A <0: no real solutions 

¢ A=0: one solution 

¢« A> 0: two solutions (if perfect 
square then two rational solutions, 
if not a perfect square then two 
irrational solutions) 


* Quadratic equations are in the form: 
ax?+bx+c=0 
where a, b and c are numbers. 
e.g. In the equation —5x7+ 2x-—4=0, 
a=-5,b=2 andc=-4. 


¢ A positive discriminant that is a 
perfect square (e.g. 16, 25, 144) 
gives two rational solutions. 

¢ A positive discriminant that is not a 

perfect square (e.g. 7, 11, 15) gives 

two irrational (surd) solutions. 


QUADRATIC EQUATIONS 


Solving quadratic equations algebraically 


* Use algebra to determine the x-value solutions to ax? + be +c = 0. 
¢ There will be two, one or no solutions. 


Factorising Quadratic formula 


Factorise using: 

* common factor 

¢ difference of two squares 
¢ factor pairs 

completing the square. 


Once an equation is factorised, then 
apply the Null Factor Law. 

e Set the products equal to zero. 

° Solve for x. 

If the product of two numbers is 
zero, then one or both numbers 
must be zero. 
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8.6.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Success criteria ‘?) QO @ 


8.2 | can use the Null Factor Law to solve quadratic equations. 


Subtopic 


| can use the completing the square technique to solve quadratic 
equations. 


| can solve worded questions algebraically. 


8.3 | can use the quadratic formula to solve equations. 


| can use the quadratic formula to solve worded questions. 


8.4 | can identify the solutions to ax” + bx + c=0 by inspecting the graph of 
y=ax+bx+c. 


| can recognise whether ax* + bx + c= 0 has two, one or no solutions by 
looking at the graph. 


8.5 | can calculate the value of the discriminant. 


| can use the value of the discriminant to determine the number of 
solutions and type of solutions. 


| can calculate the discriminant for simultaneous equations to determine 
whether two graphs intersect. 


8.6.3 Project 


Weaving 


Many articles of clothing are sewn from materials that show designs and 
patterns made by weaving together threads of different colours. Intricate 
and complex designs can result. Let’s investigate some very simple 
repetitive patterns. Knowledge of quadratic equations and the quadratic 
formula is helpful in creating these designs. 


We need to understand the process of weaving. Weaving machines 
have parts called warps. Each warp is divided into a number of blocks. 
Consider a pattern that is made up of a series of blocks, where the first 
block is all one colour except for the last thread, which is a different 
colour. 


Let’s say our pattern is red and blue. The first block contains all red threads, except for the last one, which 
is blue. The next block has all red threads, except for the last two threads, which are blue. The pattern 
continues in this manner. The last block has the first thread as red and the remainder as blue. The warp 
consists of a particular number of threads, let’s say 42 threads. 


How many blocks and threads per block would be necessary to create a pattern of this type? 
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To produce this pattern, we need to divide the warp into equally Block 1 
sized blocks, if possible. What size block and how many 
threads per block would give us the 42-thread warp? We will 


need to look for a mathematical pattern. Look at the table Block 2 
(below), where we consider the smallest block consisting of 
2 threads through to a block consisting of 7 threads. Bloclan 


Pattern Number of threads per block | Number of blocks | Total threads in warp 


RB 
RRB RBB 3 2 6 
RRRB RRBB 4 


RBBB 


1. Complete the entries in the table. 
2. Consider a block consisting of n threads. 
a. How many blocks would be needed? 
b. What would be the total number of threads in the warp? 


The 42-thread warp was chosen as a simple example to show the procedure 

involved in determining the number of blocks required and the number of = 5 

threads per block. In this particular case, 6 blocks of 7 threads per block @* i 

would give us our design for a 42-thread warp. In practice, you would not at he 

approach the problem by drawing up a table to determine the number of ae 

blocks and the size of each block. f=, oO 

3. Take your expression in question 2b and let it equal 42. This should form a quadratic equation. Solve 
this equation to verify that you would need 6 blocks with 7 threads per block to fulfil the size of a 
42-thread warp. 

4. In reality, the size of each block is not always clearly defined. Also, the thread warp sizes are generally 
much larger, about 250. Let’s determine the number of threads per block and the number of blocks 
required for a 250-thread warp. 

a. Form your quadratic equation with the thread warp size equal to 250. 

b. A solution to this equation can be found using the quadratic formula. Use the quadratic formula to 
determine a solution. 

c. The number of threads per block is represented by n and this obviously must be a whole number. 
Round your solution down to the nearest whole number. 

d. How many whole blocks are needed? 

e. Use your solutions to c and d to determine the total number of threads used for the pattern. 

f. How many more threads do you need to make the warp size equal to 250 threads? 

g. Distribute these threads by including them at the beginning of the first block and the end of the last 
block. Describe your overall pattern. 

5. Investigate the number of blocks required and threads per block required for a 400-thread warp. 

6. Investigate changing the pattern. Let the first block be all red. In the next block, change the colour of the 
first and last threads to blue. With each progressive block, change the colour of an extra thread at the top 
and bottom to blue until the last block is all blue. On a separate sheet of paper, draw a table to determine 
the thread warp size for a block size of n threads. Draw the pattern and describe the result for a particular 
warp size. 
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ion Resources 


A) 
[4 eWorkbook Topic 8 workbook (worksheets, code puzzle and a project) (ewbk-2034) 
By Interactivities Crossword (int-2848) 


Sudoku puzzle (int-3595) 


Exercise 8.6 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 

1. (1 Identify the solutions to the equation x* + 10x — 11 =0. 
A. x=landx=11 B. x=landx=—11 Cc. x=—landx=11 
D: x=—1 andx=—Il1 Ea —leande—al0) 


2. OH Identify the solutions to the equation —5x? +x+3=0. 
A. x= Landx= = B. x= —0.68 and x = 0.88 Cox — sland ——5 


D. x= 0.68 and x = —0.88 E. x=Landx=—2 


3. 1 Identify the discriminant of the equation x7 — 11x+30=0. 
A. 1 B. 241 Cc. 91 D. 19 E. —11 


4. &1 Choose from the following equations which has two irrational solutions. 
A. x7 —6x+9=0 B. 4x*-11x=0 Cc. x7 -25=0 
D. x7 +8x+2=0 E. x —4x+10=0 


5. The area of a pool is (6x* + 11x +4) m?. Determine the length of the rectangular pool if its width 
is (2x+1)m. 
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10. 


11. 


12. 


13. 


14. 


. Determine the solutions of the following equations, by first factorising the left-hand side. 
a. x°+8x+15=0 b. x7 +7x+6=0 c. x7 +11x+24=0 
d. x? +4x—12=0 e. x°—3x—-10=0 

. Determine the solutions of the following equations, by first factorising the left-hand side. 
a. x°+3x—28=0 b. x7 -4x+3=0 
c. x’ —11x+30=0 d. x*-2x—35=0 

. Determine the solutions of the following equations, by first factorising the left-hand side. 
a. 2x7 + 16x+24=0 b. 3x°+9x+6=0 c. 4x7 + 10x-6=0 
d. 5x7 + 25x—70=0 e. 2x7-7x-4=0 

. Determine the solutions of the following equations, by first factorising the left-hand side. 
a. 6x? —8x—-8=0 b. 2x*-6x+4=0 
c. 6x? —25x+25=0 d. 2x? + 13x-7=0 


Determine the solutions to the following equations by completing the square. 
a. x +8x—1=0 b. 3x7 +6x—15=0 c. —4x7-3x+1=0 


Ten times an integer is added to seven times its square. If the result is 152, calculate the 
original number. 


By using the quadratic formula, determine the solutions to the following equations. Give your answers 
correct to 3 decimal places. 


a. 4x2 -2x-3=0 b. 7x7 +4x-1=0 c. —8x7-x+2=0 


By using the quadratic formula, determine the solutions to the following equations. Give your answers 
correct to 3 decimal places. 


a. 18x*-—2x-—7=0 b. 29x? — 105x—24=0 c. —5x7+2=0 


The graph of y=x* — 4x — 21 is shown. 


35. ch. 
y Y, +25 


Use the graph to identify the solutions to the quadratic equation x* — 4x —21 =0. 


506 Jacaranda Maths Quest 10 + 10A 


15. 


16. 


Wa 


18. 


19. 


20. 


21. 


Determine the solutions to the equation —2x* — 4x+6=0. 


Yh 
10 
2 y= -2x?-4x +6 
i * 
aS ea (a 2 6 
5 
Ly 


By using the discriminant, determine the number and nature of the solutions for the 
following equations. 


a. x°+11x+9=0 b. 3x°+2x-5=0 c. x°—3x+4=0 
What are the solutions to the pair of simultaneous equations shown below? 


y=x? +4x—10 
y—0— 2x 


Solve the following pair of simultaneous equations to determine the point(s) of intersection. 


y=x*-—7x+20 
y= she — 2) 


Determine the solutions to the pair of simultaneous equations shown to determine the point(s) 
of intersection. 


yH=xr+7x4+11 
Y= 


For each of the following pairs of equations: 

i. solve simultaneously to determine the points of intersection 

ii. illustrate the solution (or lack of solution) by sketching a graph. 
a. y=x+6x+5 and y=I11x—-1 

b. y=x° +5x—6 and y=8x—8 

c. y=x° + 9x+ 14 and y=3x4+5 


For each of the following pairs of equations: 

i. solve simultaneously to determine the points of intersection 

ii. illustrate the solution (or lack of solution) by sketching a graph. 
a. y=x? —7x+10 and y=—11x+6 

b. y=—x? + 14x —48 and y= 13x—54 

c. y=—x* +4x+ 12 and y=9x+ 16 


TOPIC 8 Quadratic equations 507 


Problem solving 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


When a number is added to its square, the result is 56. Determine the number. 


Leroy measures his bedroom and finds that its length is 3 metres more than its width. If the area of the 
bedroom is 18 m2, calculate the length and width of the room. 


The surface area of a cylinder is given by the formula SA = 27r(r+h), where rcm is the radius of the 
cylinder and hcm is the height. 
The height of a can of soft drink is 10cm and its surface area is 245 cm”. 


a. Substitute values into the formula to form a quadratic equation using the pronumeral r. 

b. Use the quadratic formula to solve the equation and, hence, determine the radius of the can. Round 
your answer to | decimal place. 

c. Calculate the area of the label on the can. The label covers the entire curved surface. Round the 
answer to the nearest square centimetre. 


Determine the value of d when 2x” — 5x —d=0 has one solution. 
Determine the values of k where (k— 1) x7 — (k— 1)x +2 =0 has two distinct solutions. 


Let m and n be the solutions to the quadratic equation x* — 2/5x — 2 =0. Determine the value of 
ene 
Nissans. 


Although it requires a minimum of two points to determine the graph of a line, it requires a minimum 

of three points to determine the shape of a parabola. The general equation of a parabola is 

y=ax* + bx +c, where a, b and c are the constants to be determined. 

a. Determine the equation of the parabola that has a y-intercept of (0, —2), and passes though the points 
(1, —5) and (—2, 16). 

b. Determine the equation of a parabola that goes through the points (0, 0), (2, 2) and (5,5). Show full 
working to justify your answer. 


When the radius of a circle increases by 6 cm, its area increases by 25%. Use the quadratic formula to 
calculate the exact radius of the original circle. 
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30. A football player received a hand pass and ran directly towards goal. Right on the 50-metre line he 
kicked the ball and scored a goal. The graph shown represents the path of the ball. Using the graph, 
answer the following questions. 

a. State the height of the ball from the ground when it was kicked. 

b. Identify the greatest height the ball reached. 

c. Identify the length of the kick. 

d. If there were defenders in the goal square, explain if it would have been possible for one of them to 
mark the ball right on the goal line to prevent a goal. (Hint: What was the height of the ball when it 
crossed the goal line?) 

e. As the footballer kicked the ball, a defender rushed at him to try to smother the kick. If the defender 
can reach a height of 3m when he jumps, determine how close to the player kicking the ball he must 
be to just touch the football as it passes over his outstretched hands. 


y 


7 


Height (m) 
KR 


0 10 20) 30 4G) 50 60. 70 80" 
Distance (m) 


=b + \ b*—4ac 
2a 
An alternative form of the quadratic formula is x = 


31. The quadratic formula is x= 
2G 


Bee, ae 


Choose a quadratic equation and show that the two formulas give the same answers. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources on a 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


[4 
(J 
Download the workbook for this topic, which includes 
worksheets, a code puzzle and a project (ewbk-2034) 


ai) 

[Y 
Download a copy of the fully worked solutions to every 
question in this topic (Sol-0742) 


Teacher resources 


There are many resources available exclusively for teachers 
L] online. 


O 


| 


8.2 SkilISHEET: Factorising by taking out the highest 
common factor (doc-5256) 
SkilISHEET: Finding a factor pair that adds to a given 
number (doc-5257) 
SKilISHEET: Simplifying surds (doc-5258) 
SkilISHEET: Substituting into quadratic equations 
(doc-5259) 
SkilISHEET: Equation of a vertical line (doc-5260) 

8.3 SkiIISHEET Substituting into the quadratic formula 
(doc-5262) 


8.2 Quadratic equations (eles-4843) 


Solving quadratic equations by completing the square 


(eles-4844) 
Solving worded questions (eles-4845) 
The Null Factor Law (eles-231 2) 
8.3 Using the quadratic formula (eles-4846) 
The quadratic formula (eles-231 4) 
8.4 Solving quadratic equations graphically (eles-4847) 


Confirming solutions of quadratic equations (eles-4848) 


8.5 Using the discriminant (eles-4849) 
Using the discriminant to determine if graphs 
intersect (eles-4850) 
The discriminant (eles-1946) 


ee ee Ee 


et EY 9 


8.2. Individual pathway interactivity: Solving quadratic 
equations algebraically (int-4601) 
The Null Factor Law (int-6095) 


8.3 Individual pathway interactivity: The quadratic formula 


(int-4602) 
The quadratic formula (int-2561) 
8.4 Individual pathway interactivity: Solving quadratic 
equations graphically (int-4603) 
Solving quadratic equations graphically (int-6148) 
8.5 Individual pathway interactivity: The discriminant 
(int-4604) 
The discriminant (int-2560) 
8.6 Crossword (int-2848) 
Sudoku puzzle (int-3595) 


eB a a ef a 9 | 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 13. a. —2,3 is ae 
c. —1,7 d. 3,5 
Topic 8 Quadratic equations 14, a, —1,4 b. 5 e. 2,5 
; d. 2,6 e. —3,7 
Exercise 8.1 Pre-test 
ack 15.a. —5,6 b. 3,4 c. 4 
ene i d. —5 e. 10 
Sa Sa) 16.B 
3 17..C 
3.x=47- 1 2 
4 18a. —-,3 b. -,—-1 
4.D 2 3 
11 
me o=2.= pia 
6.D 5 3°72 
3 11 
ee 19.a. ——,1 b. -,- 
8. 24 14 4° 3 
F ili 3 1 
9. a. Only one solution powiae 7 ee 
b. No real solutions ee 4 3 
c. Two solutions 20. a. eae b. ee 
5 a: pee 
241 
11.A ooo d. 3,4 
12. Width = 3 cm, length = 77cm 5 6 
13.m=4 21.a. 2+2,2—-2 
14.4 ee ey eye) 
15.E c. —3+ V/10, -3— 10 
: ; d : 22. a. 4421/3,4—2 
Exercise 8.2 Solving quadratic equations a 44273, v3 
b. 5+2/6,5—-2V6 
algebraically A Ye 
1.a. -7,9 b. —2,3 aura 
23 d. 0,3 23.a. -1+ V/6,-1- V6 
2. a. 0,1 b. —5,0 b. —2+ V10,-2— 10 
. 0,3 d. —2,0 c. —2+ V/15,-2-— V15 
1 
Sa, = e= b. —1.2,-0.5 2 5 3 N45 
a aS oso 
c. 0.1, 0.75 d. —2, V3 5 29 5 29 
eer eee a ose oa 
as = —2,-<- C3 
2 3 4 a) ” V¥33 7 33 
6 3 2 52 Cn ea aa 
ae ae a | 
1 i 2 2 ee 
6.a Dass b ora c. 0,-3,- 2. 2 2 2 
lo V7 Wl V7 
= b. — + ——, — —- —— 
7a a b — c ay 5 Ss 5 
ia —-0 b. 0,1- 6.0; P i v5 _1_¥5 
3 2 3 a 
7 3 ./37 /37 
Ppa pol wes 0 Bee We ee Nae 
2 3 ie Deo mage) 
10. a. —2,2 b. —5,5 5 V37 5 37 
-2,2 d. -7,7 eos oe 
11 1 1 V/ V 
11a: als b. menses c. +o -S 
Phat} ileal 
eee re 27. a. —3,1 b. —4.24,0.24 c. -1,3 
373 979. 
ll 28. a. —0.73,2.73 b. 0.38,2.62  c. —0.30,3.30 
Ts Bs a Be 29. a. —1.19,4.19 b. —2.30, 1.30 c. —2.22,0.22 
11 11 30. 8 and 9 or —8 and —9 
c. —V5, V5 —, — 
v5 v5 3 3 31. 6 and 8, —6 and —8 
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32. 


33. 


34. 


35. 
36. 


37. 
38. 


39. 
40. 
41. 


42. 


43. 


44, 


45. 
46. 


9 or —10 


2 
2 or —2= 
3 
1 
8 or —10- 
2 
6 seconds 
a 22% 
b. 


2xcm 
ee ee S45 ae 9005 
d. Length 40cm, width 20cm 


8m, 6m 

a. —6,1 b. 8, -—3 c. x=+1 

a. 21 b. 17 

a. 7 

a. b. (2+x)m,(4+x) m 
—}: 


4m 
c. (24+x)(4+x) =24 
a. Cannabei(28) = $364 800, Cpery(28) = $422 400 
b. 10 knots 


c. Speed can only be a positive quantity, so the negative 
solution is not valid. 


d. x =2, 4m wide, 6m long 


No real solutions — when we complete the square we get 
the sum of two squares, not the difference of two squares 
and we cannot factorise the expression. 


x=5,-4,4,-3 
== 
3 
The width of the pathway is 1.5m. 


Exercise 8.3 The quadratic formula 


tia. a=3,b=-4,c= 
b. a=7,b=—-12,c=2 
c @=8,b=—-—1,c=—3 
d. a=1,b=-5,c=7 
2.a. a=5,b=—-5,c=-1 
b. a=4,b=-9,c=— 
c. a=12,b=—29,c= 103 
d. a=43,b=—-81,c=—24 
—54y21 —34y13 
3. a. b. 
2 2 
S417 
c d. 2+ 13 
2 
T+3V5 
4.a. -—1+2V/3 b 
2 
9+V73 
c d. 3423 
2 
1+y21 
5.a. —44 31 b 
2 
5433 
c d. -1+2vV2 
2 
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16. 


17. 


18. 
19. 


20. 


21. 


22. 


23. 
24. 


25. 


a. —0.54, 1.87 b. —1.20, 1.45 
c. —4.11,0.61 d. —0.61, 0.47 
e. 0.14, 1.46 
a. 0.16, 6.34 b. —1.23,1.90 c. —1.00, 1.14 
d. —0.83,0.91 e. —0.64, 1.31 
a. —0.35,0.26 b. —1.45,1.20 c. 0.08, 5.92 
d. —0.68, 0.88 
C 
Cc 
B 
C 
a. 0.5, 3 b. 0,5 
e, =1,3 d. 0.382, 2.618 
a. 2,4 b. No real solution 
c. —1,8 d. —4.162, 2.162 
. a. —7,1.5 b. No real solution 
11 
Ge. 2.7 d. —-,- 
23 
a. 2mr + 14zr—231=0 
b. 3.5cm 
c. 154cm? 
a. x(x + 30) 
b. x(x + 30) = 1500 
c. 265mm 
a. —9 b. 9 c. Kelly 
a. 4 b. 8 c. 18 


2 2 1 1 
a. Pool A: 3=m by 6=m; Pool B: 3=m by 7=m 
3 3 3 3 


b. The area of each is 245m’. 


25 m, 60m 
1 7 

a @a=—-— b=— C=2 
16 8 


b. x= —2andx=16 


c. One solution is between 12 and 18 (x= 16), which 
means his serve was ‘in’. 


—2+3,9+445 


a. Sample responses can be found in the worked solutions 
in the online resources. 


b. Sample responses can be found in the worked solutions 
in the online resources. 


c. m=1.85 so NP is 1.85 cm. 
a. x= +20rx=43 


1 
b. x=24+-o0rx=+2 
2 


Exercise 8.4 Solving quadratic equations 


graphically 
tiaoi x= —-2,x=3 ii, x=1,x=10 
iii. x= —5,x=5 


i ae be 


b. Sample responses can be found in the worked solutions 
in the online resources. 

x= 2 

iti. xX —1.4,x 24.4 


i. x= —-1,x=4 


b. Sample responses can be found in the worked solutions 
in the online resources. 


. a i 


BN eS 


ii. x=0 
iv. x8 -1.5,x= 1 


x=-—25,x=10 
iii, x Y —2.3, x2 1.3 

b. Sample responses can be found in the worked solutions 
in the online resources. 


. 150m 
A 
C 
a. x=—landx=1 
b. Similarity: shapes; Difference: one is inverted 
c. Similarity: both have x” — 1; Difference: one has a 


negative and brackets 


.a. y=a(x—2)(—-5) 


2 
b. pe) 


alk y=a(x—p) (x-q) 


r 


b. y= — (x= x= 
y oe p) (x—4) 
La: 7m b. 21m 
.a. 6m b. 6m c. 8m 


. y= —4x? + 26x — 30 


Exercise 8.5 The discriminant 


1. 


. a. A=8l, 2 solutions 


a. A=289,2 solutions b. A=441, 2 solutions 
c. A= 24, 2 solutions d. A= 144, 2 solutions 
e. A=—28, 0 solutions 


io” 


. A=0, 1 solution 
c. A=9, 2 solutions d. A= 32, 2 solutions 


e. A= 2809, 2 solutions 


.a. A= 8, 2 solutions b. A=O, 1 solution 
c. A=256,2 solutions d. A=256, 2 solutions 
. a. No real solutions b. 1 solution 
c. 2 rational solutions d. 1 solution 
. a. 2 irrational solutions  b. 1 solution 
c. 2 irrational solutions dd. No real solutions 
. a. No real solutions b. 2 irrational solutions 
c. 2irrational solutions  d. 2 rational solutions 
.a. Yes b. No c. Yes d. No 
ja @=3,b=2,c=7 b. —80 


c. No real solutions 


18. 
19. 


20. 


.a. a=—-6,b=1,c=3 bz. 73 


c. 2 real solutions 


1+ 773 


12 


ii. No 
Identify the halfway point between the beginning and 
the end of the leap, and substitute this value into the 
equation to determine the maximum height. 


f. 0.625 m 


a. Two times b. (—2, 0), (2, 0) 


p’ can only give a positive number, which, when added to 
24, is always a positive solution. 


a. a= —7or5 will give one intersection point. 


21 
b. For values of < — a there will be no intersection 


points. 

21. a. The straight line crosses the parabola at (0, —7), so no 
matter what value m takes, there will be at least one 
intersection point and a maximum of two. 

8 
b m=—— 
5 
22.a. x=—4andx=-1 
b. 4 

23.a=4,b=12 

24.k=—-4 

Project 


1. See table at the bottom of the page.* 


ale 


Number of 

threads per Number of 
Pattern block blocks Total threads in warp 
RB 2 1 2 
RRB RRB 3 2 6 
RRRB RRBB RBBB 4 3 12 
RRRRB RRRBB RRBBB RBBBB 5: 4 20 
RRRRRB RRRRBB RRRBBB 6 5 30 
RRBBBB RBBBBB 
RRRRRRB RRRRRBB RRRRBBB a 6 42 
RRRBBBB RRBBBBB RBBBBBB 
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a 
3. 


a n—-1 b. n—n 


Answers will vary. Students should form a quadratic equation 
and let it equal 42. Then solve this equation. 


a. Ww —n=250 


vy 1001 +1 


2 


n= 16 

15 

240 

10 

Answers will vary. Students should show overall pattern. 


anon oO 


. Answers will vary. Students should investigate the number 


of blocks required and threads per block required for a 
400-thread warp. 


. Answers will vary. Students should investigate changing 


the pattern. Students should draw a table to determine the 
thread warp size for a block size of n threads and also draw 
the pattern and describe the result for a particular warp size. 


Exercise 8.6 Review questions 


51 


PAR oR o 


Ma =—4eV7 be H=lay6 © Bie 


4 
a. —0.651,1.151 
c 


. a. —0.571, 0.682 


B 
B 
A 
D 
. 3x+4)m 
a. —5,—-3 b. —6, —1 c. —8, —3 
d. 2,-6 e. 5,-2 
a. 4,—-7 b. 3,1 c. 5,6 
d. 7,—-5 
1 
a. —2,—-6 b. —2,—1 c. -,—-3 
i 2 
d. 2,-7 e —-~,4 
2 
2 52 '5 
a= 3 b. 2,1 & o— 
3 32 
1 
a7, 


b. —0.760, 0.188 
. 0.441, —0.566 


b. —0.216, 3.836 
c. —0.632, 0.632 


39 
me | 


. a. 2 irrational solutions 


b. 2 rational solutions 
c. No real solutions 


. a. (—8, 22) and (2, 2) 
. (5, 10) 
. No solution 
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20. a. 


21. a. 


CL 
, 32) 
(2,21 
+5 
Z z= 1 z 
Yu 
YA 
8 ,8) 
d,0 
> 
3 0 x 
Y 
° 
(2, 28) 
10 
6 \o 
ir 
y 


22. —8and7 
23. Length = 6m, width = 3m 
24. a. 27r(r+ 10) = 245 

b. 3.0cm 


c. 188 cm? 
25 


8 
k>9andk<1 


. 24 
. a. y= 2x —5x—-2 
b. No parabola is possible. The points are on the same 
straight line. 


} 12(V5+2)em 
. a. 0.Sm 


. 6.1m 
. 76.5m 


. No, the ball is 5.5 m off the ground and nobody can 


reach it. 
e. 9.5m away 


. Sample responses can be found in the worked solutions in 
the online resources. 


LEARNING SEQUENCE 


OV CINIS Wier css eccedeet esctecesttseesniesieeciiesee nae ee An cr ee es 
Plotting parabolas from a table of values ae 

Sketching parabolas using transformations. ...........22:..0c.%2:..-... Aen ue sere 533 
sketching) parabolas using/turning| point form ........tee-ame..2:.........Aameemeeertiers, «cates emer searnee 544 


Sketching parabolas in expanded form 
Exponential graphs 
INVERSE PNG DOMIOM ies ree secs e sca: a ee <2 
Sketching the hyperbola ...... 

Sketching the circle ....... 


9.1 Overview 
Why learn this? 


So far, throughout high school, much of the focus of 
algebraic sketching has been on linear graphs. A linear 
graph is the graph of a straight line; therefore, a non- 
linear graph is any graph of a curve that is not straight. 
This means that non-linear graphing is a huge field of 
mathematics, encompassing many topics and areas 

of study. 


If we think of the purpose of sketching graphs, to some 
extent it is to model relationships between real-life 
variables. Yet how often do we actually come up across 
a linear relationship? Throwing a ball through the air, 
the speed of a car as it accelerates from rest, the path of 
arunner around a track, the temperature of coffee as it 
cools — none of these relationships are linear. Even the 
path of light from a star in the night sky may not be a 
straight line through space to Earth, due to the curvature 
of space itself based on gravity! 


Non-linear graphs, whether they be parabolas, hyperbolas, exponentials or circles, are some of the more 
common types of graphs that are used to model phenomena in everyday life. Thus, it is important to study these 
relationships and their graphs so we can use them to help us model concepts such as exponential growth of a 
colony of bacteria, or an inversely proportional relationship such as the decay of radioactive material over time. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 


eLessons 


Digital 
documents 


Fully worked 
solutions 
to every 
question 


eWorkbook 
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Exercise 9.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. 


10. 


Wile 


12. 


Complete the table of values for the equation y = AG =D 8, 


—3 —2 —l 0 


| | 
aa 


. For the graph of y=—3(+ 1) —2, state the equation of the axis of symmetry. 


. 2 Por the graph of y=2(x + 5) +8, the turning point is: 

A. (—5, —8) B. (—5, 8) C. (5, 8) D. (8,5) E. (2,8) 
. OS The graph of y= —(x— 1)? —3 has: 

A. a maximum turning point B. a minimum turning point 

C. no turning point D. two maximum turning points 


E. two minimum turning points 


. OS The x-intercepts of y = 2(x— 2)” —8 are: 
A. x=2o0rx=8 B. x=Oorx=8 
Cc. x= 100rx=—6 D. x=Oorx=4 


E. x=—-8o0rx=—4 


. Calculate the coordinates of the turning point for the graph of y=(x+3)(« +5). 


Write your answer in the form (a, b). 


. The equation y= 2x? + bx — 1200 has x-intercepts of (—30, 0) and (20, 0). Determine the value of b. 


. OS The radius r, of the circle 4x” + 4y = 16 is: 
A. r=16 B. r=8 Cc. r=4 D. r=2 Eaa—ll 

. £9 The center of the circle with equation x? + 4x + y? — 6y+9=0 is: 
A. (—4, —3) B. (4, -6) Cc. (—4, 6) D. (2, —3) E. (—2, 3) 
Calculate the points of intersection between the parabola y = x” and the circle x* + y* = 1, correct to 


two decimal places. 


(9 The horizontal asymptote for y= 3~* + 1 is: 


A. y=0 B. y=1 Cc. x=—l D. x=0 E. x=1 
2D 
(1 For the equation of a hyperbola y = ae 1, the vertical and horizontal asymptotes are: 
x 
A. x= Sandy=—1 B. x=3andy=—1 Cc. x=—3andy=-1 
D. x=—landy=-—3 E. x=landy=3 
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13. Match each graph with its correct equation. 


Equation | Graph 


a. y=2* 1. yA 
> 
x 
Y 
b. —2* 2. y 
> 
xX 
Y 
14. From the graph of the hyperbola, the equation is: ; 
1 y 
See ii 
2 sedP 2 
-1 
B. y= -1 
‘i x+2 a 
2 
y= ——-l > 
aes fee Ue sil 
as | 
es (0, -2) 
-1 
v= -1 
x—1 
Y 
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15. HS The graph of the truncus with equation y = 


A. 


YA 
> 
x 
Y 
YA 
@) x 
Y 
v 
x 


en reflected in the x-axis looks like: 


x2 


YA 


~ 
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® 


eles-4864 


9.2 Plotting parabolas from a table of values 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e create a table of values and use this to sketch the graph of a parabola 
e identify the axis of symmetry, turning point and y-intercept of a parabola. 


9.2.1 Plotting parabolas 


e The graphs of all quadratic relationships are called parabolas. 


e If the equation of the parabola is given, a table of values can be produced by 16. A 
substituting x-values into the equation to obtain the corresponding y-values. 9. 
These x-and y-values provide the coordinates for points that can be plotted 8 
and joined to form the shape of the graph. 
¢ The graph of y=.x* shown has been produced by generating a table po? 
of values. 
mm-3 | -2/-1[ 0] 1/2 [ 3 
y | 9 4 1 0 1 4 9 2 
e Parabolas are symmetrical; in other words, they have an axis of symmetry. 0 I yy ls 
In the parabola shown the axis of symmetry is the y-axis, also called the 1 a ‘i 
line x =0. y | 


e A parabola has a vertex or turning point. In this case the vertex is at the 
origin and is called a ‘minimum turning point’. 

e The y-intercept of a quadratic is the coordinate where the parabola cuts the y-axis. This can be found from 
a table of value by looking for the point where x = 0. 

e The x-intercept of a quadratic is the coordinate where the parabola cuts the x-axis. This can be found from 
a table of value by looking for the point where y = 0. 

° Consider the key features of the equation y= x? +2x+8. 


YA 
y-intercept (2, 0) 
~< ral x 
AA 3-4 =| 1p 44 
x-intercept (-4, 0) _ | | —}5- 
+3 | 
+t ] y= 7 +/2x +8 
i 
+5 
: 
+ y-intercept (0, —8) 
Turning point (—1, —9)—> 
i_Y 


Axis of symmetry: x = —1 
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Shapes of parabolas 


e Parabolas with the shape U are said to be ‘concave up’ and have a minimum turning point. 
e Parabolas with the shape /M are said to be ‘concave down’ and have a maximum turning point. 


Yh 


Negative quadratic with a 
Positive quadratic with a | maximu turning point 
inimum turning point 


~ > 
x 


Parabolas in the world around us 


e Parabolas abound in the world around us. Here are some examples. 


Satellite dishes 


The cables from a suspension bridge A cone when sliced parallel to its edge 
reveals a parabola. 
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WORKED EXAMPLE 1 Plotting parabolas using a table of values 


Plot the graph of each of the following equations. In each case, use the values of x shown as the values 
in your table. State the equation of the axis of symmetry and the coordinates of the turning point. 


1 
a. y = 2x? for —3 <x <3 b. y= 5x" for 3x53 
THINK WRITE/DRAW 
a. 1. Write the equation. ay OX. 
2. Produce a table of values using * =e ee es 0 1 2 3 


-values from — , 
x-values from —3 to 3 18 8 2 0 2 8 18 


3. Draw a set of clearly labelled yA 
axes, plot the points and join 
them with a smooth curve. The 
scale would be from —2 to 20 
on the y-axis and —4 to 4 on 
the x-axis. 

4. Label the graph. 


Mz 2x2 


re al a Se! a 
eegee eOlN eepeaaey 
—2 (0, 0) 
Y 

5. Write the equation of the axis The equation of the axis of symmetry is x=0. 

of symmetry that divides the 

parabola exactly in half. 
6. Write the coordinates of the The turning point is (0, 0). 

turning point. 

1 
b. 1. Write the equation. b. y= a 

2. Produce a table of values using © oe 0 I 2 3 


x-values from —3 to 3. 
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3. Draw a set of clearly labelled 
axes, plot the points and join 
them with a smooth curve. The 
scale would be from —2 to 6 on 
the y-axis and —4 to 4 on the 
X-axis. 

4. Label the graph. 


5. Write the equation of the The equation of the axis of symmetry is x =0. 
line that divides the parabola 
exactly in half. 

6. Write the coordinates of the The turning point is (0, 0). 


turning point. 


WORKED EXAMPLE 2 Determining the key features of a quadratic equation 


Plot the graph of each of the following equations. In each case, use the values of x shown as the values 
in your table. State the equation of the axis of symmetry, the coordinates of the turning point and the 
y-intercept for each one. 

a. y=x? +2 for —3<x <3 b. y=(x +3) for —6<x <0 

c. y=—x’ for —3<x<3 


THINK WRITE/DRAW 
a. 1. Write the equation. a y=x+2 
2. Produce a table of values. * =e ee 0 I 2 3 
11 6 3 2 3 11 


3. Draw a set of clearly labelled 
axes, plot the points and join 
them with a smooth curve. The 
scale on the y-axis would be 
from —2 to 12 and —4 to 4 on 
the x-axis. 

4. Label the graph. 
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5. Write the equation of the The equation of the axis of symmetry is x =0. 
line that divides the parabola 
exactly in half. 


6. Write the coordinates of the The turning point is (0, 2). 
turning point. 

7. Determine the y-coordinate The y-intercept is 2. 
of the point where the graph 
crosses the y-axis. 


b. 1. Write the equation. b. 


2. Produce a table of values. 


3. Draw a set of clearly labelled 
axes, plot the points and join 
them with a smooth curve. The 
scale on the y-axis would be 
from —2 to 10 and —7 to 1 on 
the x-axis. 

4. Label the graph. 


5. Write the equation of the The equation of the axis of symmetry is x = —3. 
line that divides the parabola 
exactly in half. 
6. Write the coordinates of the The turning point is (—3, 0). 
turning point. 
7. Determine the y-coordinate The y-intercept is 9. 
of the point where the graph 
crosses the y-axis. 


c. 1. Write the equation. c. y=—-x 


2. Produce a table of values. 


mm —9 | -4/-1/ o | -1 | -4 | -9 
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3. Draw a set of clearly labelled 
axes, plot the points and join 
them with a smooth curve. The 
scale on the y-axis would be 
from —10 to 1 and from —4 to 
4 on the x-axis. 

4. Label the graph. 


5. Write the equation of the The equation of the axis of symmetry is x =0. 
line that divides the parabola 
exactly in half. 
6. Write the coordinates of the The turning point is (0, 0). 
turning point. 
7. Determine the y-coordinate The y-intercept is 0. 
of the point where the graph 
crosses the y-axis. 


DISCUSSION 


What x-values can a parabola have? What y-values can a parabola have? 


ion) Resources 


was) 
[4 eWorkbook Topic 9 Workbook (worksheets, code puzzle and a project) (ewbk-2035) 


| Digital documents SkilISHEET Substitution into quadratic equations (doc-5266) 
SkilISHEET Equation of a vertical line (doc-5267) 


& Interactivities Individual pathway interactivity: Plotting parabolas (int-4605) 
Plotting quadratic graphs (int-6150) 
Parabolas in the world around us (int-7539) 
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Exercise 9.2 Plotting parabolas from a table of values learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
1,3, 5, 11, 13, 15, 19, 22, 26, 29 2, 6, 8, 10, 16, 17, 20, 23, 27, 30 4, 7,9, 12, 14, 18, 21, 24, 25, 
28, 31 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


You may wish to use a graphing calculator for this exercise. 


Fluency 
1. EXE Plot the graph of each of the following equations. In each case, use the values of x shown as the values 


in your table. State the equation of the axis of symmetry and the coordinates of the turning point. 


a. y= 3x" for —3<x<3 b. y= 7? for —3.<x3 


2. Compare the graphs drawn for question 1 with that of y= x*. Explain how placing a number in front of x? 
affects the graph obtained. 


3, EET Piot the graph of each of the following for values of x between —3 and 3. State the equation of the 
axis of symmetry, the coordinates of the turning point and the y-intercept for each one. 
a y=xr+l1 b. y=x? +3 c. y=x?-3 d. y=x?-1 

4. Compare the graphs drawn for question 3 with the graph of y=.x°. Explain how adding to or subtracting 


from x* affects the graph obtained. 


BF For questions 5 to 8, plot the graph of each of the following equations. In each case, use the values of x 
shown as the values in your table. State the equation of the axis of symmetry and the coordinates of the turning 
point and the y-intercept for each one. 


B.y=(x+1 9-5 <x <3 
6. y=(x—2)° —Il<x<5 
7. y=(x-1)° —2<x<4 
8. y=(x42) —-6<x<2 


9. Compare the graphs drawn for questions 5 to 8 with that for y =x”. Explain how adding to or subtracting 
from x before squaring affects the graph obtained. 


BES For questions 10 to 13, plot the graph of each of the following equations. In each case, use the values of x 
shown as the values in your table. State the equation of the axis of symmetry, the coordinates of the turning point 
and the y-intercept for each one. 


10. y=—x? +1 —3<x<3 
11. y=—(x 4-2)" —5<x<l 
12. y=—x? —3 —3<x<3 
13. y=—(x— 1)" —2<x<4 


14. Compare the graphs drawn for questions 10 to 13 with that for y= x. Explain how a negative sign in front of 
x’ affects the graph obtained. Also compare the graphs obtained in questions 10 to 13 with those in questions 
3 and 5 to 8. State which graphs have the same turning point. Describe how are they different. 
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Understanding 


For questions 15 to 20: 


a. plot the graph 
b. state the equation of the axis of symmetry 
c 
d. state the y-intercept. 
15. y=(x-5) +1 0<x<6 
16. y=2x+2)"-3  —-5<x<1 
17. y=—-(x-3)"" +4 0<x<6 
18. y=—3(x-1)9? +2 —2<x<4 
19. y=x? +4x—5 —-6<x<2 
20. y=—3x?-6x+24 —S<x<3 
21. Use the equation y= a(x — b)” +c to answer the following. 
looking only at its equation. 
the equation. 
the parabola. 
22. GS For the graph of y = (x— 2) +5, the turning point is: 
A. (5, 2) B. (2, —5) 
23. [9 For the graph of y = 3(x— 1)° + 12, the turning point is: 
A. (3, 12) B. (1, 12) 
24. [15 For the graph of y = (x + 2)° —7, the y-intercept is: 
A. —2 B. —7 
25. 
A. Turning point (3, 4), y-intercept —5 
C. Turning point (—3, 4), y-intercept —5 
E. Turning point (3, —4), y-intercept 13 
Reasoning 


26. A ball is thrown into the air. The height, metres, of the ball at any 
time, t seconds, can be found by using the equation h = —(t— 4) + 16. 


. State the coordinates of the turning point and whether it is a maximum or a minimum 


a. Explain how you can determine whether a parabola has a minimum or maximum turning point by 


b. Explain how you can determine the coordinates of the turning point of a parabola by looking only at 


c. Explain how you can obtain the equation of the axis of symmetry by looking only at the equation of 


D. (—2, —5) E. (—2,5) 


po-3,12) Bes 12) 


E. 7 


(9 Select which of the following is true for the graph of y= —(x — 3) +4. 


a. Plot the graph for values of t between 0 and 8. 


b. Use the graph to determine: 


i. the maximum height of the ball 
ii. how long it takes for the ball to fall back to the ground from the 


moment it is thrown. 


B. Turning point (3, 4), y-intercept 5 
D. Turning point (—3, 4), y-intercept 5 
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27. From a crouching position in a ditch, an archer wants to fire an arrow 
over a horizontal tree branch, which is 15 metres above the ground. 
The height, in metres (h), of the arrow ¢ seconds after it has been fired 
is given by the equation h = —8r(t — 3). 


28. There are 0, 1, 2 and infinite possible points of intersection for two parabolas. 


a. 
b. 


a. 
b. 
Cc. 


Plot the graph for t=0, 1, 1.5, 2, 3. 
From the graph, determine: 
i. the maximum height the arrow reaches 

ii. whether the arrow clears the branch and the distance by which it 
clears or falls short of the branch 

iii. the time it takes to reach maximum height 

iv. how long it takes for the arrow to hit the ground after it has 
been fired. 


Illustrate these on separate graphs. 
Explain why infinite points of intersection are possible. Give an example. 
Determine how many points of intersection are possible for a parabola and a straight line. Illustrate these. 


Problem solving 


29. The area of a rectangle in cm? is given by the equation A = = (w — 6), where w is the width of the 


30. 


31. 


rectangle in centimetres. 


oago o 


. Complete a table of values for -—1<w<7. 

. Explain which of the values for w from part a should be discarded and why. 

. Sketch the graph of A for suitable values of w. 

. Evaluate the maximum possible area of the rectangle. Show your working. 

. Determine the dimensions of the rectangle that produce the maximum area found in part d. 


The path taken by a netball thrown by a rising Australian player is given by the quadratic equation 
y=—x* + 3.2x+ 1.8, where y is the height of the ball and x is the horizontal distance from the player’s 
upstretched hand. 


oao 5 ® 


. Complete a table of values for -—1 <x <4. 

. Plot the graph. 

. Explain what values of x are ‘not reasonable’. 

. Evaluate the maximum height reached by the netball. 

. Assuming that nothing hits the netball, determine how far away from the player the netball will strike 


the ground. 


The values of a, b and c in the equation y = ax” + bx +c can be calculated using three points that lie on the 
parabola. This requires solving triple simultaneous equations by algebra. This can also be done using a CAS 
calculator. If the points (0, 1), (1, 0) and (2, 3) all lie on one parabola, determine the equation of the parabola. 
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9.3 Sketching parabolas using transformations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
¢ be familiar with the key features of the basic graph of a quadratic, y = x" 
e determine whether a dilation has made the graph of quadratic narrower or wider 
e determine whether a translation has moved the graph of a quadratic function left/right or up/down 


sketch the graph of a quadratic equation that has undergone any of the following transformations: 
dilations, a reflection, or translations. 


® 9.3.1 Sketching parabolas 


caeee i A sketch graph of a parabola does not show a series of plotted points, but it does accurately locate 
important features such as x- and y-intercepts and turning points. 
° The basic quadratic graph has the equation y = x”. Transformations or changes in the features of the graph 
can be observed when the equation changes. These transformations include: 
e dilation 
¢ translation 
e reflection. 
Dilation 


e A dilation stretches a graph away from an axis. A dilation of factor 3 
from the x-axis triples the distance of each point from the x-axis. This 
means the point (2, 4) would become (2, 12). 

¢ Compare the graph of y= 2x” with that of y= x’. This graph is thinner 
or closer to the y-axis and has a dilation factor of 2 from the x-axis. 
As the magnitude (or size) of the coefficient of x* increases, the graph 
becomes narrower and closer to the y-axis. 


e The turning point has not changed under the transformation and is still (0, 0). 


e Compare the graph y= ria with that of y =x’. 


1 
The graph is wider or closer to the x-axis and has a dilation factor of factor mk 


The turning point has not changed and is still (0, 0). As the coefficient of x* decreases (but remains positive), the 
graph becomes wider or closer to the x-axis. 
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WORKED EXAMPLE 3 Determining dilation and the turning point 


State whether each of the following graphs is wider or narrower than the graph of y =x? and state the 
coordinates of the turning point of each one. 


1 
a. y= —x? b. y= 4x? 
5 
THINK WRITE 
: : 1 
a. 1. Write the equation. BL ae 
: : 1 eee 
2. Look at the coefficient of x* and decide — <1, so the graph is wider than that of y=.x*. 
whether it is greater than or less than 1. 5 
3. The dilation doesn’t change the turning point. The turning point is (0, 0). 
b. 1. Write the equation. b. y= 4x 
2. Look at the coefficient of x” and decide 4> 1, so the graph is narrower than that 
whether it is greater than or less than 1. Oly =o 
3. The dilation doesn’t change the turning point. The turning point is (0, 0). 


® 9.3.2 Vertical translation 


eles-4866 
e Compare the graph of y=.x? + 2 with that of y=’. 


The whole graph has been moved or translated 2 units upwards. The turning point has become (0, 2). 


YA y=x24+2 
YY. 
* 


e Compare the graph of y =x? — 3 with that of y=’. 
The whole graph has been moved or translated 3 units downwards. The turning point has become (0, —3). 


(0, -3) 
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WORKED EXAMPLE 4 Determining the vertical translation and the turning point 


State the vertical translation and the coordinates of the turning point for the graphs of the following 
equations when compared to the graph of y =x’. 


a. y=x? +5 b. y=x?-4 
THINK WRITE 
a. 1. Write the equation. a y=xr+5 
2. +5 means the graph is translated upwards Vertical translation of 5 units up. 
5 units. 
3. Translate the turning point of y= x? which is The turning point becomes (0, 5). 


(0, 0). The x-coordinate of the turning point 
remains O, and the y-coordinate has 5 added 


to it. 
b. 1. Write the equation. b. y=x?-4 
2. —4 means the graph is translated downwards Vertical translation of 4 units down. 
4 units. 
3. Translate the turning point of y=.x?, which The turning point becomes (0, —4). 


is (0,0). The x-coordinate of the turning 
point remains 0, and the y-coordinate has 4 
subtracted from it. 


® 9.3.3 Horizontal translation 


eles-4867 


e Compare the graph of y= (x— 2)° with that of yar. 
The whole graph has been moved or translated 2 units to the right. The turning point has become (2, 0). 


e Compare the graph of y= («+ 1)? with that of y =x. 
The whole graph has been moved or translated | unit left. The turning point has become (—1, 0). 


e Note: Horizontal translations appear to cause the graph to move in the opposite direction to the sign inside 
the brackets. 
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WORKED EXAMPLE 5 Determining the horizontal translation and the turning point 


State the horizontal translation and the coordinates of the turning point for the graphs of the 
following equations when compared to the graph of y =x’. 


a. y=(x—3) b. y=(x +2)? 
THINK WRITE 
a. 1. Write the equation. a. y=(x- By 
2. —3 means the graph is translated to the right Horizontal translation of 3 units to the right 
3 units. 


3. Translate the turning point of y= x’, which is The turning point becomes (3, 0). 
(0, 0). The y-coordinate of the turning point 
remains 0, and the x-coordinate has 3 added 


to it. 
b. 1. Write the equation. b y= G+ ay 
2. +2 means the graph is translated to the left Horizontal translation of 2 units to the left 
2 units. 
3. Translate the turning point of y=x*, which The turning point becomes (—2, 0). 


is (0, 0). The y-coordinate of the turning 
point remains 0, and the x-coordinate has 2 
subtracted from it. 


® 9.3.4 Reflection 


eles-4868 
e Compare the graph of y= —x? with that of y=’. 


In each case the axis of symmetry is the line x = 0 and the turning point is (0,0). The only difference 

between the equations is the negative sign in y = —x’, and the difference between the graphs is that y = x” 
‘sits’ on the x-axis and y= —x? ‘hangs’ from the x-axis. (One is a reflection or mirror image of the other.) 
The graph of y=? has a minimum turning point, and the graph of y= —x? has a maximum turning point. 


Shapes of quadratic graphs 


Any quadratic graph where x° is positive has a U shape and is said to be upright. Conversely, if x? is 
negative the graph has a M shape and is said to be inverted. 
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WORKED EXAMPLE 6 Identifying the coordinates of the turning point 


For each of the following graphs, identify the coordinates of the turning point and state whether it is a 


maximum or a minimum. 


a. y=—-(x- we 
THINK 
a. 1. Write the equation. 


2. It is a horizontal translation of 7 units to the 
right, so 7 units is added to the x-coordinate 
of (0,0). 

3. The sign in front of the x? term is negative, so 
it is inverted. 


. Write the equation. 


2. Rewrite the equation so that the x? term 
is first. 

3. The vertical translation is 5 units up, so 5 
units is added to the y-coordinate of (0, 0). 


4. The sign in front of the x? term is negative, so 
the graph is inverted. 


b. y=5—x? 


WRITE 
a. y=—(x-7)° 
The turning point is (7, 0). 


Maximum turning point. 
b. y=5-x 
y=? +5 
The turning point is (0, 5). 


Maximum turning point. 


TI | THINK DISPLAY/WRITE 
a. a. 

In a new problem, on a 
Graphs page, complete the 
function entry line as: 
fl@)=-@-7/ 

Then press ENTER. 

To locate the turning point, 
press: 

e MENU 

© 6: Analyze Graph 

e 3: Maximum 

Drag the dotted line to the 
left of the turning point (the 
lower bound), click ENTER 
and then drag the dotted line 
to the right of the turning 
point (the upper bound) and 
press ENTER. 

The turning point will be 
shown. 


ti(<)=-(x-7)? 


(7,0) | 


The turning point (7, 0) is a 
maximum. 


CASIO | THINK 
a. 
On the Graph & Table screen, 
complete the function entry line 
as: Byte (192 —o 
yl=-(-7)" va:0 | 
Tap the graphing icon and the vas 

graph will be displayed. ye: “ 
To locate the turning point, tap: (Sys 

e Analysis ial 

° G-Solve 

° Max 

The turning point will be shown. 


DISPLAY/WRITE 
a. 


© Edit Zoom Analysis x 


[Beg Peal 


The turning point (7, 0) isa 
maximum. 
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® 9.3.5 Combining transformations 


eles-4869 


b. b. 
In a new problem, on a new 
Graphs page, complete the 

function entry line as: 

fl@) =5—x 

Then press ENTER. 

To locate the turning point, 
press: 

e MENU 


e 6: Analyze Graph 

e 3: Maximum 

Drag the dotted line to the 
left of the turning point (the 
lower bound), click ENTER 
and then drag the dotted line 
to the right of the turning 
point (the upper bound) and 
press ENTER. 

The turning point will be 
shown. 


The turning point (0, 5) is a 
maximum. 


b. b. 
On the Graph & Table screen, 
complete the function entry line 
as: 

yl =5-x° 

Tap the graphing icon and the 
graph will be displayed. 

To locate the turning point, 
press: 

e Analysis 

° G-Solve 

© Max 

The turning point will be shown. 


Mae 
> 
(Seg Pa a 


The turning point (0, 5) is a 
maximum. 


e Often, multiple transformations will be applied to the equation y = x* to produce a new graph. 
e We can determine the transformations applied by looking at the equation of the resulting quadratic. 


Combining transformations 


A quadratic of the form y = a(x — h)* + k has been: 


e dilated by a factor of |a| from the x-axis, where |a| is the magntiude (or size) of a. 


e reflected in the x-axis ifa<0 

e translated h units horizontally: 
e ifh >0, the graph is translated to the right 
e if h <0, the graph is translated to the /eft 

e translated k units vertically: 
¢ ifk>0, the graph is translated upwards 


e if k <0, the graph is translated downwards. 


WORKED EXAMPLE 7 Determining transformations 


For each of the following quadratic equations: 


i. state the appropriate dilation, reflection and translation of the graph of y = x? needed to obtain 


the graph 
ii. state the coordinates of the turning point 
iii. hence, sketch the graph. 


a. y=(x+3) b. y=—2x? 
THINK WRITE/DRAW 
a. 1. Write the quadratic equation. a. y=(+ oe 


2. Identify the transformation i. 
needed — horizontal translation 
only, no dilation or reflection. 
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Horizontal translation of 3 units to the left 


State the turning point. 


Sketch the graph of y= («+ Ne 
You may find it helpful to lightly 
sketch the graph of y = x’ on the 


same set of axes first. 


. Write the quadratic equation. 


Identify the transformations 


needed — dilation (2 in front of 


x) and reflection (negative in 
front of x”), no translation. 


The turning point remains the 
same as there is no translation. 


Sketch the graph of y = —2x?. 


ii. The turning point is (—3, 0). 


y= —2x 


2 


This is a reflection, so the graph is inverted. 


As 2 > 1, the graph is narrower than that of y= x. 


ii. The turning point is (0, 0). 


YA 9 

You may find it helpful to lightly re 

sketch the graph of y =x” on the 

same set of axes first. 

(0,0) * 
Y vi 2x2 

TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a. a. a. a. 
1. Ona Graphs page, 1. Ona Graph & Table screen, 


complete the function 
entry lines as: 
A@=x 
PQQ) = (e+ 3° 
The graphs will be 
displayed. 


. To locate the turning 


point, press: 

° MENU 

© 6: Analyze Graph 

e 2: Minimum 

Drag the dotted line to the 
left of the turning point 
(the lower bound), click 
ENTER and then drag 
the dotted line to the right 
of the turning point (the 
upper bound) and press 
ENTER. 

The turning point will be 
shown. 


+7 


77” ’ 
| f1(x)ax? 


complete the function entry 


lines as: 
yl=x 
y2=(x+ 3)" 


graphs will be displayed. 


2. To locate the turning point, 
press: 
© Analysis 
° G-Solve 
° Min 
Select the graph you want 
using the up and down arrow 
keys and then press EXE. 
The turning point will be 
shown. 
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Tap the graphing icon and the 


Miylexe a 


Mi y2=(x43)? =_ 


y4 
y5:0 


© Edit Zoom Analysis © 
7 aa 
ee See Sl 


Sheet! Sheet? Sheet? Sheets SheetS 
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b b. b 


i b. 
1. Ona Graphs page, 


1. Ona Graph & Table screen, © Edit Zoom Walls « x 


complete the function complete the function entry 

entry lines as: lines as: myi=,2 —o 
fl@) =x yl=x neo i 
f2(x) = —2x° y2 = —2x va 

The graphs will be Tap the graphing icon and the 

displayed. graphs will be displayed. 


fed  feal i) 


2. To locate the turning 2. To locate the point of © Edit Zoom Analysis 


point, press: intersection, press: ites be 

e MENU © Analysis ge 
© 6: Analyze Graph © G-Solve By2=~20x2 -|) 
e 2: Minimum © Max se 

Drag the dotted line to the Select the graph you want shes 43 
left of the turning point using the up and down arrow = 
(the lower bound), click keys and then press EXE. 

ENTER and then drag The turning point will be 

the dotted line to the right shown. 


of the turning point (the 
upper bound) and press 
ENTER. 

The turning point will be 
shown. 


DISCUSSION 


Determine the turning points of the graphs y =x? +k and y=(x— hy’. 


ion) Resources 


fis) 
(4 eWorkbook Topic 9 Workbook (worksheets, code puzzle and a project) (ewbk-2035) 


3S Interactivities Individual pathway interactivity: Sketching parabolas (int-4606) 
Horizontal translations of parabolas (int-6054) 


Vertical translations of parabolas (int-6055) 
Dilation of parabolas (int-6096) 
Reflection of parabolas (int-6151) 
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Exercise 9.3 Sketching parabolas using transformations learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
1,4, 7, 10, 13, 16, 17, 22, 25 2,5, 8, 11, 14, 18, 19, 23, 26 3, 6, 9, 12, 15, 20, 21, 24, 27, 28 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


ES For questions 1 to 3, state whether each of the following graphs is wider or narrower than the graph of 
y =x’ and state the coordinates of the turning point of each one. 


1 
1. a. y=5x7 b y= —x 
3 
2 2 25 
2. a. y= 7x b. y= 10x = 
3. a. y=0.25x" b. y=1.3x" Cc. y= 3x2 


EI For questions 4 to 6, state the vertical translation and the coordinates of the turning point for the graphs of 


each of the following equations when compared to the graph of y =x’. 


4. a. y=x° +3 b. y=x?—-1 

5. a. y=x°—7 bier ee eyes 
4 2 

6. a. y=x*-0.14 b. y=x? + 2.37 c. y=xr+ 3 


Ed For questions 7 to 9, state the horizontal translation and the coordinates of the turning point for the graphs 


of the following equations when compared to the graph of y =x”. 


7. a. y=(x-1) b. y=(x-2) 
2 
8. a. y=(x+ 10)" b. y=(x+4)” c. y=(x-3) 
1\° 2 
9. a. y=(x+2) b. y=(x+0.25)° c. y=(x+ V3) 


ES For questions 10 to 12, for each of the following graphs identify the coordinates of the turning point and 
state whether it is a maximum or a minimum. 


10. a. y=-x? +1 b. y=x°—3 
11. a. y=—(x +2)” b. y= 3x" c. y=4-x° 
12. a. y=—2x" b. y=(x—-5)° ce. y=1+x 
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For questions 13 to 15, in each of the following state whether the graph is wider or narrower than y = x” and 
whether it has a maximum or a minimum turning point. 


13. a. y=3x" b. y=—3x" 
1 1 4 
14. a. y= =x? b. y=—=x? c. y=——x? 
<3 as a 
15. a. y=0.25x" b. y= 3x2 c. y=—0.16x" 


Understanding 


For questions 16 to 21: 

i. state the appropriate dilation, reflection and translation of the graph of y=.” needed to obtain the graph 
ii. state the coordinates of the turning point 
iii. hence, sketch the graph. 


16. a. y=(x+1)” b. y=—3x" ce. y=x+1 
|, 2 
17. a a b. y=x°—-3 
2 22 2 
18. a. y=(x—-4) se c. y=5x 
19. a. y=—x7 +2 b. y=—(x-6) 
a) 2 1 2 
20. a. y=—x° —4 b. y=2Qx4+ 1) -4 y=, 0") +2 
1 2,1 7 2 3 
21. a. y=—-(*4+-2) 4+ - b. y=—-(x-1)°-- 
» AS ) 5 y a‘ ) 5 
Reasoning 


22. A vase 25 cm tall is positioned on a bench near a wall as shown. The shape of the 
vase follows the curve y= (x— 10)”, where ycm is the height of the vase and xcm is 
the distance of the vase from the wall. 


a. Identify how far the base of the vase is from the wall. 

b. Determine the shortest distance from the top of the vase to the wall. 

c. If the vase is moved so that the top just touches the wall, determine the new 
distance from the wall to the base. 

d. Determine the new equation that follows the shape of the vase. Bench 


Wall 


23. Tom is standing at the start of a footpath at (0, 0) that leads to the base of a hill. The height of the hill is 
modelled by the equation h = ata — 25)’ +40, where h is the height of the hill in metres and d is the 
horizontal distance from the start of the path. 

a. Calculate how tall the hill is. 

b. Determine how far the base of the hill is from the beginning of the footpath. 

c. If the footpath is to be extended so the lead in to the hill is 50 m, determine the new equation that models 
the height of the hill. 


d. The height of the hill has been incorrectly measured and should actually be 120 m. Adjust the equation 
from part c to correct this error and state the transformation applied. 


542 Jacaranda Maths Quest 10 + 10A 


24. 


A ball is thrown vertically upwards. Its height in metres after 
t seconds is given by h=7t—P’. 


a. Sketch the graph of the height of the ball against time. 
b. Evaluate the highest point reached by the ball. Show your 
full working. 


A second ball is thrown vertically upwards. Its height in metres 
after t seconds is given by h= 10r— 7°. 


c. On the same set of axes used for part a, sketch the graph of the 
height of the second ball against time. 

d. State the difference in the highest point reached by the two 
balls. 


Problem solving 


25. 


26. 


27. 


28. 


Consider the quadratic equation y = x* — 4x +7. 
a. Determine the equivalent inverted equation of the quadratic that just touches the one above at the 


turning point. 
b. Confirm your result graphically. 


Consider the equation y = 3(x — a7, 
a. State the coordinates of the turning point and y-intercept. 
b. State a sequence of transformations that when applied to the graph of y= =e — 2) —7 will produce the 


graph of y =x. 


1 
A parabola has the equation y = “3 —3)° +4. A second parabola has an equation defined by 
Y=2(y—1)-3. 
a. Determine the equation relating Y to x. 
b. State the appropriate dilation, reflection and translation of the graph of Y= x? required to obtain the graph 
of Y=2(y—1)-3. 
c. State the coordinates of the turning point Y= 2(y— 1) —3. 
d. Sketch the graph of Y= 2(y— 1) —3. 


A ball shot at a certain angle to the horizontal follows a parabolic 
path. It reaches a maximum height of 200 m when its horizontal 
distance from its starting point is 10m. When the ball’s horizontal 
distance from the starting point was | m, the ball had reached a height 
of 38 m. 

Determine an equation to model the ball’s flight, clearly defining 
your chosen pronumerals. 
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9.4 Sketching parabolas using turning point form 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine the axis of symmetry and turning point of a quadratic in turning point form 
e calculate the y-intercept and any x-intercepts of a quadratic in turning point form. 


® 9.4.1 Turning point form 


eles-4870 : . . : 2 
e When a quadratic equation is expressed in the form y=a(x—h)° +k: 


e the turning point is the point (A, k) 
e the axis of symmetry is x=h y=a(x—-h) +k 
e the x-intercepts are calculated by solving a(x — hy +k=0. 7 t * 
: é ; Reflects Translates Translates 
e Changing the values of a, h and k in the equation transforms the shape and 


and left and up and 
position of the parabola when compared with the parabola y= x’. dilates right down 


Turning point form 


A quadratic of the form y =a(x — h) +k has: 
© a turning point at the coordinate (h,k) 
e the turning point will be a minimum ifa>0 
e the turning point will be a maximum if a <0 
e an axis of symmetry ofx =h 
° ay-intercept of (0, ah? + k). 


The number of x-intercepts depends on the values of a, h and k. Changing the value of a does not change the 
position of the turning point, only / and k. 


WORKED EXAMPLE 8 Determining the turning point from turning point form 


For each of the following equations, state the coordinates of the turning point of the graph and 
whether it is a maximum or a minimum. 


a. y=(x-6)* -4 b. y=—(x +3)? +2 
THINK WRITE 
a. 1. Write the equation. a y=(%- 6) —4 
2. Identify the transformations — horizontal translation of 6 units The turning point is (6, —4). 


to the right and a vertical translation of 4 units down. State the 
turning point. 

3. As ais positive (a= 1), the graph is upright with a minimum Minimum turning point. 
turning point. 


b. 1. Write the equation b. y=—(x+3)? +2 


2. Identify the transformations — horizontal translation of 3 units The turning point is (—3, 2). 
to the left and a vertical translation of 2 units up. State the 
turning point. 

3. As ais negative (a= —1), the graph is inverted with a maximum Maximum turning point. 
turning point. 
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® 9.4.2 x- and y-intercepts of quadratic graphs 


eles-4871 
e Other key features such as the x- and y-intercepts can also be determined from the equation of a parabola. 


e The point(s) where the graph cuts or touches the x-axis are called the x-intercept(s). At these points, y = 0. 
e The point where the graph cuts the x-axis is called the y-intercept. At this point, x =0. 


WORKED EXAMPLE 9 Determining the axial intercepts from turning point form 


For the parabolas with the following equations: 
i. determine the y-intercept 
ii. determine the x-intercepts (where they exist). 


a. y=(x+3)?—-4 b. y=2(x—1)? c. y=—(+2)?-1 
THINK WRITE 
a. 1. Write the equation. a. y= By? —4 
2. Calculate the y-intercept by substituting x =0 y-intercept: when x= 0, 
into the equation. y—(O- 3) —4 
=9—4 
='5 
The y-intercept is 5. 
3. Calculate the x-intercepts by substituting y=0 x-intercepts: when y=0, 
into the equation and solving for x. Add 4 to both (x+3)-4=0 
sides of the equation. Take the square root of Ga eed 
both sides of the equation. Cea 
Subtract 3 from both sides of the equation. 
x—2—30tx%——2—3 
Solve for x. 
x=-1 x=—S 
The x-intercepts are —5 and —1. 
b. 1. Write the equation. - y=2x- 1) 
2. Calculate the y-intercept by substituting x =0 y-intercept: when x= 0, 
into the equation. y=2(0- De 
=2x1 
= 2 
The y-intercept is 2. 
3. Calculate the x-intercepts by substituting y=0 x-intercepts: when, y=0, 
into the equation and solving for x. (x—-1)? =0 
Note that there is only one solution for x and so Ge =0 
there is only one x-intercept. (The graph touches tes0 
the x-axis.) Pia 
= il 
The x-intercept is 1. 
c. 1. Write the equation. 2 V=—(6ep Dye —1 
2. Calculate the y-intercept by substituting x =0 y-intercept: when x= 0, 
into the equation. y—— (OEE a —1 
=—4-] 
=—5 


The y-intercept is —5. 
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3. Calculate the x-intercepts by substituting x-intercepts: when y =0, 
y =0 into the equation and solving for x. We =: = i) 
cannot take the square root of —1 to obtain real Cl 


solutions; therefore, there are no x-intercepts. There are no real solutions, so there are no 


x-intercepts. 


WORKED EXAMPLE 10 Sketching a quadratic in turning point form 


For each of the following: 
i. write the coordinates of the turning point 
ii. state whether the graph has a maximum or a minimum turning point 
iii. state whether the graph is wider, narrower or the same width as the graph of y = x” 
iv. calculate the y-intercept 
v. calculate the x-intercepts 
vi. sketch the graph. 


a. y=(x—-2)7 +3 b. y=—2(x + 1)* +6 
THINK WRITE/DRAW 
a. 1. Write the equation. a y=(- ay +3 

2. State the coordinates of the turning The turning point is (2, 3). 


point from the equation. Use (A, k) as the 
equation is in the turning point form of 
y=a(x—h)’ +k where a=1,h=2 


and k=3. 
3. State the nature of the turning point by The graph has a minimum turning point as the 
considering the sign of a. sign of a is positive. 
4. Specify the width of the graph by The graph has the same width as y = x” 
considering the magnitude of a. sincea=1. 
5. Calculate the y-intercept by substituting y-intercept: when x =0, 
x =0 into the equation. y=(0- De +3 
= 
=7/ 
y-intercept is 7. 
6. Calculate the x-intercepts by substituting x-intercepts: when y = 0, 
y=0 into the equation and solving for x. @=2) +3=0 
As we have to take the square root of a G23) =33 


negative number, we cannot solve for x. There are no real solutions, and hence no 


x-intercepts. 


7. Sketch the graph, clearly showing the ; aK 
turning point and the y-intercept. ares 
8. Label the graph. : 
9) (3) 
0 4 x 
Y 
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b. 1. Write the equation. 


2. State the coordinates of the turning 
point from the equation. Use (h, k) as the 
equation is in the turning point form of 
y=a(x—h)y +k where a=—2,h=-1 
and k=6. 

3. State the nature of the turning point by 
considering the sign of a. 


4. Specify the width of the graph by 
considering the magnitude of a. 


5. Calculate the y-intercept by substituting 
x= 0 into the equation. 


6. Calculate the x-intercepts by substituting 
y = 0 into the equation and solving for x. 


7. Sketch the graph, clearly showing the 
turning point and the x- and y-intercepts. 


8. Label the graph. 


b. y=—2(x+ 1)? +6 


The turning point is (—1, 6). 


The graph has a maximum turning point as the 
sign of a is negative. 


The graph is narrower than y =x” since |a| > 1. 


y-intercept: when x= 0, 
y= -2(0+ 1) +6 
=—2xX1+6 
= 4 
The y-intercept is 4. 
x-intercepts: when y= 0, 
—2(x+ 1) +6=0 
2(x+1)° =6 


(x+ 1) =3 
x+1=¥3 or xt 1=-V3 
x=-14+ 3 or x=—-1- 3 
The x-intercepts are —1 — V3 and —1+ V3 (or 
approximately —2.73 and 0.73). 


y=2x+ 1? +6 


Note: Unless otherwise stated, exact values for the intercepts should be shown on sketch graphs. 


DISCUSSION 


Does a in the equation y = a(x — h) +k have any impact on the turning point? 
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ion) Resources 


nay 
[4 eWorkbook Topic 9 Workbook (worksheets, code puzzle and a project) (ewok-2035) 


® Video eLessons Sketching quadratics in turning point form (eles- 1926) 
Solving quadratics in turning point form (eles-1941) 


«S Interactivities — Individual pathway interactivity: Sketching parabolas in turning point form (int-4607) 
Quadratic functions (int-2562) 


Exercise 9.4 Sketching parabolas using turning point form learn@) 
Individual pathways 

@ PRACTISE @ CONSOLIDATE @ MASTER 

1,4, 7,9, 12, 14, 17, 20, 23, 27 2, 5, 8, 10, 13, 15, 18, 21, 24, 28 3, 6, 11, 16, 19, 22, 25, 26, 29 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


RF For questions 1 to 3, for each of the following equations, state the coordinates of the turning point of the 
graph and whether it is a maximum or a minimum. 


1.a. y=(x—-1)° +2 b. y=(x+2)?-1 c. y=(x+ 1) +1 
2. a. y=—(x—- 2) +3 b. y=—(x 5)? +3 c. y=(x+2)’-6 
2 2 
1 3 1 2 3 
2a yelx——) St b. y=(x--—]) +- - y=(*x+ 0.3) —0.4 
a. y (« *) ri y (: *) 3 c. y=(x ) 


4. For each of the following, state: 
i. the coordinates of the turning point 
ii. whether the graph has a maximum or a minimum turning point 
iii. whether the graph is wider, narrower or the same width as that of y= x’. 
a. y=2(x4+3)?—-5 b. y=—(x-1)? +1 
5. For each of the following, state: 


i. the coordinates of the turning point 
ii. whether the graph has a maximum or a minimum turning point 
iii. whether the graph is wider, narrower or the same width as that of y= x’. 


a. y=—S(x+2)?—4 b. y= 30-3) +2 


6. For each of the following, state: 


i. the coordinates of the turning point 
ii. whether the graph has a maximum or a minimum turning point 
iii. whether the graph is wider, narrower or the same width as that of y =x’. 


1 t\’ 4 
a. y=—=(x+ 1) +7 b. y=0.2(x--) —- 
y 5 ) y (: :) 5 
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7. Select the equation that best suits each of the following graphs. 


mi 
io) 
a 


Y 
a. y=(x4 1-3 b. y=—(x—2)7 +3 
8. Select the equation that best suits each of the following graphs. 


i. wih i. >i 


* 0 % 
-I 
Y 
a. y=(x—-1)’-3 b. y=—(x +2) +3 


2 
9. O09 The translations required to change y =x? into y= (« - *) + : are: 
A. right : up : B. left 2 down : 
2 3 2 3 
C. right a. down Z D. left - up a 
2 3 2 3 


es eee 
- rg 3” PS 


2 
10. ES For the graph . (: - *) + > the effect of the ; on the graph is: 


A. no effect B. to make the graph narrower 
C. to make the graph wider D. to invert the graph 


E. to translate the graph up . of a unit 


11. ES Compared to the graph of y= x, y= —2(x + 1) —4is: 


A. inverted and wider B. inverted and narrower 
C. upright and wider D. upright and narrower 
E. inverted and the same width 


12. ES) A graph that has a minimum turning point (1,5) and that is narrower than the graph of y=? is: 


A. y=(x—-1) +5 B.y= Set +5 C. y=2(x-1)? +5 


D. y=2(x4+ 1)? +5 Ey= 50-145 
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13. EZ) Compared to the graph of y =x’, the graph of y= —3(x — 1)? —2 has the following features. 


A. Maximum TP at (—1, —2), narrower 
C. Maximum TP at (1, 2), wider 
E. Minimum TP at (—1, —2), wider 


B. Maximum TP at (1, —2), narrower 
D. Minimum TP at (1, —2), narrower 


BY ror questions 14 to 16, for the parabolas with the following equations: 


i. determine the y-intercept 
ii. determine the x-intercepts (where they exist). 


14. a. y=(x+ 1-4 
15. a. y=—(x+ 4)? -2 


16. a. y=2x° +4 


b. y=3(x—2) 
b. y=(x—2)°-9 


b. y=(x+3)°-5 


Understanding 
17. ESD) For each of the following: 


i. write the coordinates of the turning point 
ii. state whether the graph has a maximum or a minimum turning point 
iii. state whether the graph is wider, narrower or the same width as the graph of y = x? 
iv. calculate the y-intercept 
v. calculate the x-intercepts 
vi. sketch the graph. 


a. y=(x-4/° +2 b. y=(x—3)°—-4 c. y=(x4 1) +2 


18. For each of the following: 


i. write the coordinates of the turning point 
ii. state whether the graph has a maximum or a minimum turning point 
iii. state whether the graph is wider, narrower or the same width as the graph of y =x” 
iv. calculate the y-intercept 
v. calculate the x-intercepts 
vi. sketch the graph. 


a. y=(x+5)-3 b. y=—(x-1)’ +2 ey=-—(42) -3 


19. For each of the following: 


i. write the coordinates of the turning point 
ii. state whether the graph has a maximum or a minimum turning point 
iii. state whether the graph is wider, narrower or the same width as the graph of y = x? 
iv. calculate the y-intercept 
v. calculate the x-intercepts 
vi. sketch the graph. 


a. y=—(x+3)?-2 b. y=2(x— 1)? +3 c. y=—3(x +2) +1 
20. Consider the equation 2x? — 3x— 8 =0. 


a. Complete the square. 
b. Use the result to determine the exact solutions to the original equation. 
c. Determine the turning point of y= 2x” — 3x—8 and indicate its type. 


21. Answer the following questions. 


a. Determine the equation of a quadratic that has a turning point of (—4, 6) and has an x-intercept at (—1, 0). 
b. State the other x-intercept (if any). 
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22. Write the new equation for the parabola y = x” that has been: 


QaQo%»o 


oO 


. reflected in the x-axis 

. dilated by a factor of 7 away from the x-axis 

. translated 3 units in the negative direction of the x-axis 
. translated 6 units in the positive direction of the y-axis 


. dilated by a factor of — from the x-axis, reflected in the x-axis, and translated 5 units in the positive 


direction of the x-axis and 3 units in the negative direction of the y-axis. 


Reasoning 


23. The price of shares in fledgling company “Lollies’r’us’ plunged 
dramatically one afternoon, following the breakout of a small fire on 
the premises. However, Ms Sarah Sayva of Lollies Anonymous agreed 
to back the company, and share prices began to rise. 

Sarah noted at the close of trade that afternoon that the company’s share 
price followed the curve: 
P=0.1(t— 3)? + 1 where $P is the price of shares ¢ hours after noon. 


a. 


oaoa DS 


. Determine the initial share price. 

. Determine the lowest price of shares that afternoon. 
. Evaluate the time when the price was at its lowest. 

. Determine the final price of ‘Lollies’r’us’ shares as trade closed at 5 pm. 


Sketch a graph of the relationship between time and share price to 
represent the situation. 


24. Rocky is practising for a football kicking competition. After being kicked, the path that the ball follows can 
be modelled by the quadratic relationship: 


ee (sy +8 
30 


where h is the vertical distance the ball reaches (in metres), and d is the horizontal distance (in metres). 


a. 
b. 
c. 


Determine the initial vertical height of the ball. 
Determine the exact maximum horizontal distance the ball travels. 
Write down both the maximum height and the horizontal distance when the maximum height is reached. 


25. Answer the following questions. 


a. 
b. 


If the turning point of a particular parabola is (2,6), suggest a possible equation for the parabola. 
If the y-intercept in part a is (0,4), determine the exact equation for the parabola. 


26. Answer the following questions. 


a. 
b. 


If the turning point of a particular parabola is (p, g), suggest a possible equation for the parabola. 
If the y-intercept in part a is (0, 7), determine the exact equation for the parabola. 


Problem solving 


27. Use the completing the square method to write each of the following in turning point form and sketch the 
parabola for each part. 


a. y=x°— 8x41 b. y=x° +4x—5 c. y=x?+3x42 
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28. Use the information given in the graph shown to answer the following questions. 


V 


a 0 1 


: | 


| ocal minimum _ 


fpf @l-3) | {{ {tt tT 
Y 


a. Determine the equation of the parabola shown. 
b. State the dilation and translation transformations that have been applied to y =x? to achieve this parabola. 
c. This graph is reflected in the x-axis. Determine the equation of the reflected graph. 
d. Sketch the graph of the reflected parabola. 
29. The graph of a quadratic equation has a turning point at (—3, 8) and passes through the point (—1, 6). 
a. Determine the equation of this parabola. 
b. State the transformations that have been applied to y= x” to produce this parabola. 
c. Calculate the x and y-intercepts of this parabola. 
d. The graph is reflected in the x-axis, dilated by a factor of 2 from the x-axis, and then reflected in the 


y-axis. Sketch the graph of this new parabola. 


9.5 Sketching parabolas in expanded form 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine the x-intercept/s, y-intercept and turning point of a quadratic equation and sketch its graph by 
first factorising the equation 
e determine the x-intercept/s, y-intercept and turning point of a quadratic equation and sketch its graph 
using the quadratic formula. 


® 9.5.1 Parabolas of the form y=ax?+bx+c 


eles-4872 
e The general form of a quadratic equation is y = ax? + bx +c where a, b and c are constants. 


e The x-intercepts can be found by letting y =0, factorising and using the Null Factor Law to solve for x. 

e The y-intercept can be found by letting x =0 and solving for y. 

e The x-coordinate of the turning point lies midway between the x-intercepts. 

e Once the midpoint of the x-intercepts is found, this value can be substituted into the original equation to 
find the y-coordinate of the turning point. 

e Once these intercepts and turning point have been found, it is possible to sketch the parabola. 

e If an equation is not written in turning point form, and cannot be readily factorised, then we will need to 
use the quadratic formula to help find all key points. 
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Quadratic formula 


A quadratic of the form y = ax? + bx +c has: 
e ay-intercept at the coordinate (0, c). 
e x-intercepts that can be found using the quadratic formula; that is, when the equation ax? + bx +c =0 


we —b + Vb? — 4ac 
7 2a 


: : : b b? 
e a turning point at the coordinate {| -—,c— — }. 
2a 4a 


For example, given the equation y =x? + 4x —6: 
e In this example we have a= 1,b=4andc=—6. 
e The y-intercept is (0, c) = (0, —6) 
e The x-intercepts are given by: 


= — ~(4)4 4" -4x()x(-6)_ - 
je EN OE EO EN WO yng 


2a 2x(1) 2 a 


e Therefore, the x-intercepts are (-2 + +710, 0) and (-2 — 10, 0). 


e The turning point is given by (-Zec- =) = (-S.-»- =) =(—2,—10). 
a a 


Note: Do not convert answer to decimals unless specified by the question. It is always best practice to leave 
coordinates in exact form. 


WORKED EXAMPLE 11 Sketching a factorised quadratic equation 


Sketch the graph of y = (x —3) (x +2). 


THINK WRITE/DRAW 
1. The equation is in factorised form. To calculate the x-intercepts, = =y = (x—3)(x+2) 
let y=0 and use the Null Factor Law. 0 = (x—3) (x+2) 
x-3=0 or x+2 =0(NFL) 
es Ol x=-—2 


x-intercepts: (3, 0) (—2, 0) 


ee 3-4 (—2 
2. The x-coordinate of the turning point is midway between xXpp = ‘ ) 
the x-intercepts. Calculate the average of the two x-intercepts to 5 
determine the midpoint between them. 
3. e To calculate the y-coordinate of the turning point, substitute y=(@-—3)(*+2) 
X7p into the equation. yrp = (0.5 — 3) (0.5 +2) 
= —6.25 


* State the turning point, Turning point: (0.5, —6.25) 


4. e To calculate the y-intercept, let x =0 and substitute. y= (0—-3)(0+2) 
=-5 
e State the y-intercept. y-intercept: (0, —6) 
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5. e Sketch the graph, showing all the important features. 
e Label the graph. 


y=(x+ 3)(x 4+ 2) 


(0.5, —6.25) 


WORKED EXAMPLE 12 Sketching a quadratic in expanded form 


Sketch the graph of y = 2x” — 6x — 6. 


THINK WRITE/DRAW 
1. The equation is not in factorised form, but there is y= Dye ON 6 
acommon factor of 2. Take out the common factor = 2(2 — 3x—3) 
of 2. 
sane ets 
2. The equation cannot be factorised (no factors of y=2 (* = 3% + (5) = (5) = a) 
—3 add to —3), so use completing the square to 2 - 
write the equation in turning point form. 31° aN 
e Halve and then square the coefficient of x. =2 ( [s = 4 = (5) ao 
e Add this and then subtract it from the equation. 
e Collect the terms for and write the perfect 3]? 9 
square. =2( [3 -2-3] 
e Simplify the brackets to write the equation in 
turning point form. ale) Ol 
e Identify the coordinates of the turning point =e E - 4 7H 
(h, k). : 
=2 (: ) a 
2) 4 
( 3 ) 21 
= x-- -—-— 
2 2 
Turning point : (. =) 
DD 
3. e To calculate the x-intercepts, let y=0. No x-intercepts: let y=0. 
factors of —3 add to —3, so use the quadratic 0 = 2x* —6x—6 


formula to calculate the x-intercepts. 
—b+ ¥ b* —4ac 
2a 
where a= 2,b=-—6,c=—6 


5 
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e State the x-intercepts. 


—(-6) + \/ (-6)° —4x 2x (-6) 
2(2) 
_ 6+ ¥36+48 


4 


_ 6484 64221 
a | 
The x-intercepts are: 


3+ 721 
x a oa and 


i 


_3-y21 
= 


f1(x)=2- x? -6+ x-6 


XxX 
ao) x % —0.79 
¢ To calculate the y-intercepts, let x= 0 and y = 2x? —6x—-6 
substitute. y= 2(0)° —6(0)—6 
e State the y-intercept. 5 
y-intercept: (0, —6) 
e Sketch the graph, showing all the important 5 wk LB 
features. 8 ri 
e Label the graph and show the exact values of aaa ial yin 2x2— 6x — 6 
the x-intercepts. 
f Wi fj 
3-V2l ! 2 v1] 
2) i L\\ |2 
SE SEA Eee aeaes 
10 3 |-211 
yf |e 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
On a Graphs page, 1. Ona Graph & Table screen, Sane eo 5 
complete the function complete the function entry BODE Go 
entry line as: line as: the rR sent ae ni 
fle) = 2x° — 6x-—6 yl =2x —6x—6 pe 
The graph will be Tap the graphing icon and the ~ 
displayed. graph will be displayed. 
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2. To locate the turning 2. To locate the turning point, © Edit Zoom Analysis © 


rT ‘allaleale 
Pat] be [ESD SF 


point, press: press: Sere le 
e MENU e Analysis beitor Seve —o 
© 6: Analyze Graph ° G-Solve va 
e 2: Minimum ° Min ; 


/ 
Drag the dotted line to To locate the turning point, 


> / 

the left of the turning ra a! Yonsei) press: 

point (the lower bound), ii e Analysis 

click ENTER and then © G-Solve 

drag the dotted line to The graph is shown, along with © Root 

the right of the turning the critical points. To locate the second root, tap the 

point (the upper bound) right arrow. —— = 

and press ENTER. The points of interest will be ; ie 
The turning point is 

To locate the intercepts, shown. (1.5, 10.5). 

press: The x-intercepts 

°¢ MENU are (—0.791, 0) and 

e 6: Analyze Graph (3.791, 0). 


e 1: Zero 

Locate the points as 
described above. 

The points of interest 
will be shown. 


DISCUSSION 


What strategy can you use to remember all of the information necessary to sketch a parabola? 


ion) Resources 


[ eWorkbook Topic 9 Workbook (worksheets, code puzzle and a project) (ewbk-2035) 

S| Digital documents SkilISHEET Completing the square (doc-5268) 
SKilISHEET Solving quadratic equations using the quadratic formula (doc-5269) 
SKiIISHEET Solving quadratic equations of the type ax” + bx + c = 0 where a = | (doc-5270) 
SKiIISHEET Solving quadratic equations of the type ax” + bx + c = 0 where a# 1 (doc-5271) 


a) 
(4 Video eLessons — Sketching quadratics in factorised form (eles-1927) 
Sketching parabolas using the quadratic formula (eles-1945) 


& Interactivity Individual pathway interactivity: Sketching parabolas of the form y = ax” + bx + c (int-4608) 


Exercise 9.5 Sketching parabolas in expanded form learn@) 


Individual pathways 


M@ PRACTISE M CONSOLIDATE m@ MASTER 
1,2, 5, 8, 11, 14 3,6,9, 12,15 4,7, 10, 13, 16 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. What information is necessary to be able to sketch a parabola? 


ES For questions 2 to 4, sketch the graph of each of the following. 
2. a. y=(x—5)(x-2) b. y=(x+ 4) (x—-7) 


556 Jacaranda Maths Quest 10 + 10A 


3. a. y=(*+3)@4+5) b. y=(2x+3)@+4+5) 

4. a. y=(4—x) (x +2) p.y=(343) (5—x) 

ES For questions 5 to 7, sketch the graph of each of the following. 

5. a. y=x°+4x42 b. y=x*—4x—5 c. y=2x*—4x-3 
6. a. y=—2x? + 11x45 b. y=—2x? + 12x c. y=3x7 + 6x41 
7. a. y=—3x?—5x+2 b. y= 2x? + 8x—10 c. y=—3x° + 7x43 


Understanding 


8. 


10. 


. The monthly profit or loss, p, (in thousands of dollars) for a new brand 


The path of a soccer ball kicked by the goal keeper can be modelled by the 
1 
equation y = — aa — 24x) where y is the height of the soccer ball and x is 


the horizontal distance from the goalie, both in metres. 


a. Sketch the graph. 
b. Calculate how far away from the player does the ball first bounce. 
c. Calculate the maximum height of the ball. 


of chicken loaf is given by p = 3x” — 15x — 18, where x is the number of 
months after its introduction (when x= 0). 


a. Sketch the graph. 
b. Determine during which month a profit was first made. 
c. Calculate the month in which the profit is $54 000. 


The height, / metres, of a model rocket above the ground ¢ seconds after launch is given by the 
equation h = 44(50 — tf), where 0 <t<50. 


)~: a 


a. Sketch the graph of the rocket’s flight. 
b. State the height of the rocket above the ground when it is launched. 
c. Calculate the greatest height reached by the rocket. 
d. Determine how long the rocket takes to reach its greatest height. 
e. Determine how long the rocket is in the air. 
Reasoning 
11. The equation y =x? + bx + 7500 has x-intercepts of (—150, 0) and (—50, 0). Determine the value 
of b in the equation. Justify your answer. 
12. The equation y = x* + bx +c has x-intercepts of m and n. Determine the value of b in the equation. 
Justify your answer. 
13. A ball thrown from a cliff follows a parabolic path of the form y = ax? + bx +c. The ball is 


released at the point (0, 9), reaches a maximum height at (2, 11) and passes through the point 
(6, 3) on its descent. os 
Determine the equation of the ball’s path. Show full working. 
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Problem solving 


14. A ball is thrown upwards from a building and follows the path given by the formula h = —x* + 4x + 21. The 
ball is h metres above the ground when it is a horizontal distance of x metres from the building. 

. Sketch the graph of the path of the ball. 

. Determine the maximum height of the ball. 


. Determine how far the ball is from the wall when it reaches the maximum height. 
. Determine how far from the building the ball lands. 


Qodao3xo ® 


15. During an 8-hour period, an experiment is done in which the temperature of a room follows the relationship 
T=h? —8h+21, where T is the temperature in degrees Celsius h hours after starting the experiment. 


. Sketch the graph of this quadratic. 

. Identify the initial temperature. 

Determine if the temperature is increasing or decreasing after 3 hours. 
Determine if the temperature is increasing or decreasing after 5 hours. 
Determine the minimum temperature and when it occurred. 

. Determine the temperature after 8 hours. 


~gaoo0 


16. A ball is thrown out of a window, passing through the points (0, 7), (6, 18) and (18, 28). A rule for the height 


of the ball in metres is given by h = ax* + bx +c where x is the horizontal distance, in metres, covered by 
the ball. 


Determine the values of a, b and c in the rule for the height of the ball. 

. Calculate the height that the ball was thrown from. 

. Evaluate the maximum height reached by the ball. 

Determine horizontal distance covered by the ball when it hits the ground. 
. Sketch the flight path of the ball, making sure you show all key points. 


©2009 
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9 


.6 Exponential graphs 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 


e determine the asymptote of an exponential equation and sketch a graph of the equation 
e sketch the graph of an exponential graph after it has undergone a number of transformations that may 


include dilations, a reflection in the x- or y-axis, or translations. 


® 9.6.1 Exponential functions 


eles-4873 


e Relationships of the form y= a* are called exponential functions with 
base a, where a is a real number not equal to 1, and x is the index power 
or exponent. 

e The term ‘exponential’ is used, as x is an exponent (or index). 


For example, the graph of the exponential function y = 2’ can be plotted by 
completing a table of values. 


Remember that 2~? = Ze 


93 
1 
= —, andsoon. 
8 
x —4 —3 —2 —1 0 1 2 3 4 
y a u z . 1 2 4 8 16 
16 8 4 2 


e The graph has many significant features. 


Co 


The y-intercept is 1. 

e The value of y is always greater than zero. 

As x decreases, y gets closer to but never reaches zero. So the graph gets 
closer to but never reaches the x-axis. The x-axis (or the line y = 0) is 
called an asymptote. 

e As x increases, y becomes very large. 


mparing exponential graphs 


The diagram at right shows the graphs of y = 2” and y=3*. 
The graphs both pass through the point (0, 1). 


The graph of y = 3* climbs more steeply than the graph of y= 2”. 
y =0 is an asymptote for both graphs. 


y 
H 4 


ye? 


TOPIC 9 Non-linear relationships 559 


Translation and reflection 


Vertical translation 


Reflection about the x-axis 


Reflection about the y-axis 


3 units 


T T T oO T T T T T 
aft pup ai | 1 9 4 4 5 
Y 


e The diagram shows the graphs of 
y=2* and y=2* +3. 

e The graphs have identical shape. 

Although they appear to get 

closer to each other, the graphs 

are constantly 3 vertical units 

apart. 

As x becomes very small, the 

graph of y= 2* + 3 approaches 

but never reaches the line 

y=3, so y=3 is the horizontal 

asymptote. 

When the graph of y = 2* is 

translated 3 units upward, it 

becomes the graph of y=2* + 3. 


The diagram shows the graphs of 
y=2* and y=—2"*. 

The graphs have identical shape. 
The graph of y= —2* isa 
reflection about the x-axis of the 
graph of y= 2". 

The x-axis (y=0) is an 
asymptote for both graphs. 

In general, the graph of y = —a* 
is a reflection about the x-axis of 
the graph of y=a*. 


4-3-9 1,0 
Y 


The diagram shows the graphs of 
y=2* andy=2™. 

The graphs have identical shape. 
The graph of y=2™ is a 
reflection about the y-axis of the 
graph of y= 2*. 

Both graphs pass through the 
point (0, 1). 

The x-axis (y= 0) is an 
asymptote for both graphs. 

In general, the graph of y= a7 
is areflection about the y-axis of 
the graph of y=a’. 


x 


WORKED EXAMPLE 13 Sketching exponential graphs 


Given the graph of y = 4", sketch on the same axes the graphs of: 


a. y=" -2 
b.y=—-& 
& yao™, 
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THINK DRAW 
a. The graph of y= 4* has already been drawn. It has a y-intercept a. 


of 1 and a horizontal asymptote at y= 0. The graph of 7h 
y=4* — 2 has the same shape as y = 4* but is translated 2 units 6 
vertically down. It has a y-intercept of —1 and a horizontal 5 
asymptote at y= —2. aa 
S- 
ce 4752 
ya] 0 
— 
Je eee 
a idee 
Y 


b. y=—4* has the same shape as y= 4" but is reflected about the b. 
x-axis. It has a y-intercept of —1 and a horizontal asymptote 
at y=0. 


c. y=4~ has the same shape as y = 4* but is reflected about the Cc. 
y-axis. The graphs have the same y-intercept and the same 
horizontal asymptote (y= 0). 
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® 9.6.2 Combining transformations of exponential graphs 


eles-4874 
e It is possible to combine translations, dilations and reflections in one graph. 


WORKED EXAMPLE 14 Sketching exponentials with multiple transformations 


By considering transformations to the graph of y = 2*, sketch the graph of y = —2* + 1. 


THINK DRAW 
1. Start by sketching y= 2”. 
It has a y-intercept of 1 and a horizontal asymptote at y= 0. 
2. Sketch y = —2* by reflecting y = 2* about the x-axis. 
It has a y-intercept of —1 and a horizontal asymptote at y=0. 
3. Sketch y= —2* + 1 by translating y = —2* upwards by 1 unit. 
The graph has a y-intercept of 0 and a horizontal asymptote 
aty=1. 


TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
Open the Graph & Table a7 it te + 


1. Inanew problem, 


on a Graphs page, screen and complete the 

complete the ner function entry line as: 

function entry yl=2* 

line as: y2=—2" 

SAG) = 2* y3=—2* +1 

Then press ENTER. Then tap the graphing 
icon and the graphs will 
be displayed. 


i> 

ee /@ 

2. Press TAB and 
complete the 


function entry 


From yl! to y2 the graph 
has undergone a reflection 


line as: about the x-axis. From 
f2x) = —f1@) y2 to y3 the graph has 
Then press ENTER. undergone a translation 


Press TAB and 
complete the 
function entry 
line as: 
f3(x) =f2(x) + 1 The graph of y = —2" is the 
Then press ENTER. reflection of the graph of y = 2* 
in the x-axis. 
The graph of y = —2* + 1 is 
the graph of y = —2* translated 
upwards by | unit. 
The graph of y = —2* + 1 passes 
through the origin and has a 
horizontal asymptote at y= 1. 


upwards by | unit. 
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DISCUSSION 


Explain whether the graph of an exponential function will always have a horizontal asymptote. 


ion) Resources 


co) 
(4 eWorkbook _ Topic 9 Workbook (worksheets, code puzzle and a project) (ewbk-2035) 
} Interactivities Individual pathway interactivity: Exponential functions and graphs (int-4609) 


Exponential functions (int-5959) 


Exercise 9.6 Exponential graphs learn@) 
Individual pathways 

B PRACTISE B@ CONSOLIDATE B® MASTER 

1, 6, 8, 10, 13, 15, 18 2,4, 7, 11, 14, 16, 19 3,5, 9, 12, 17, 20 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
1. Complete the following table and use it to plot the graph of y= 3*, for -3<x <3. 


—3 =2 || 1 0 1 2 3 


ml 


2. If x=1, calculate the value of y when: 
a. y=2* b. y=3* c. y=4" 

3. If x= 1, calculate the value of y when: 
a. y=10° b. y=a". 

4. Using a calculator or graphing program, sketch the graphs of y = 2*, y= 3* and y =4* on the same set 
of axes. 


a. Describe the common features among the graphs. 
b. Describe how the value of the base (2, 3, 4) affects the graph. 
c. Predict where the graph y = 8* would lie and sketch it in. 


5. Using graphing technology, sketch the following graphs on one set of axes. 
y=3*,y=3*4+2,y=3* +5 and y=3* —3 
a. State what remains the same in all of these graphs. 
b. State what is changed. 
c. For the graph of y= 3* + 10, write down: 
i. the y-intercept 
ii. the equation of the horizontal asymptote. 


6. Using graphing technology, sketch the graphs of: 
a. y=2* and y=—2* 
b. y=3* andy=—3* 
c. y=6* andy=—6*. 
d. State the relationship between these pairs of graphs. 
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7. Using graphing technology, sketch the graphs of: 

. y=2* andy=2~* 

. y=3* andy=3~* 

. y=6*'andy=6~* 

. State the relationship between these pairs of graphs. 


Qoqn5xo ® 


8. Given the graph of y= 2*, sketch on the same axes the graphs of: 
a. y=2*+6 
b. y=—2* 
eG y=2. 


9. Given the graph of y = 3*, sketch on the same axes the graphs of: 
a y=3*4+2 
b. y=—3*. 


10. Given the graph of y= 4", sketch on the same axes the graphs of: 


a. y=4*-3 
b. y=4™. 


Understanding 


11. Lg By considering transformations of the graph of y = 2*, sketch the 
following graphs on the same set of axes. 


a. y=2-*42 
b. y=—2* +3 

12. By considering transformations of the graph of y = 5”, sketch the following 
graphs on the same set of axes. 


a. y=—5*+ 10 
b. y=57*+ 10 
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yar 


YA 

6 

5 

4 

3 

13 
sf» 
7 
hat ale 234 


YA 

6 

5 

4 z 

4 | fy 

2 

* 

af at ee ? 3 4 


13. Match each equation with its correct graph. 


A. y=2* B. y=3* Cc. y=—4* D. y=5~ 
a. y b. Ty] | | |yA TO OTOTtfGUTttd 
10 2 
9 1 
8 > 
7 = oe 123 4* 
6 -2 
5 3 
3 -5 
2 -6 
| —] 
> -8 
oe ee Pcl ie Se a _9 
2 -10 
Ee a e ( , P 
¢ YA d. m7 
10 
9 9 
8 8 
ca ze 
6 6 
= 
4 
3 
2 
1 
i 0 x 0 "x 
2 ab) 
Y Y 
14. Match each equation with its correct graph. Explain your answer. 
A. y=2* +1 B.y=3 +1 Cc. y=—2* +1 D. y=27*+1 
a. y b. y 
10 6 
9 =) 
8 4 
a 
6 2 
5 1 
3 $819) 19 4d aq 
2 2 
1 Y 
~ > 
= oe ee Fl es ee 
2 
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al YA a: YA 
rT 
~< > 
9 en Duals is ae 
19 
4 43 
3 4. 
3 
4 —6 
~ > -7 
oe es cs es Dae -3 
42 ~9 
Y Y 
Reasoning 


15. By considering transformations of the graph of y = 3”, sketch the graph of y= —3-* — 3. 


16. The graph of f(x) = 16* can be used to solve for x in the exponential equation 16* = 32. Sketch a graph of 
f(x) = 16" and use it to solve 16* = 32. 


17. The graph of f(x) =6*—! can be used to solve for x in the exponential equation 6*—! = 36 V6. Sketch a graph 
of f(x) =6°~! and use it to solve 6°! = 36/6. 


Problem solving 
18. Sketch the graph of y= —27* + 2. 


19. The number of bacteria, N, in a certain culture is reduced by a third every 
hour so 


where ¢ is the time in hours after 12 noon on a particular day. Initially there 
are 10000 bacteria present. 


a. 
b. 


20. a. 


oao & 


1 t 
N=NoX (z) 
3 


State the value of No. 
Calculate the number of bacteria, correct to the nearest whole number, 
in the culture when: 


i. ¢=2 ii, t=5 iii. t= 10. 


The table shows the population of a city between 1850 and 1930. Explain if the population growth 

is exponential. 

| Year 1850 1860 1870 1880 1890 1900 1910 1920 1930 
Population | 1.0 1.3 1.69 2.197 | 2.856 | 3.713 4.827 | 6.275 | 8.157 
(illion) 


. Determine the common ratio in part a. 

. Evaluate the percentage increase every ten years. 
. Estimate the population in 1895. 

. Estimate the population in 1980. 


566 Jacaranda Maths Quest 10 + 10A 


9.7 Inverse proportion 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 


e calculate the constant of proportionality, k, between two variables that are inversely proportional to 


each other 


e determine the rule between two inversely proportional variables and plot the graph of their relationship. 


® 9.7.1 Inverse proportion 


eles-4875 


If 24 sweets are shared between 4 children, then each child 
will receive 6 sweets. If the sweets are shared by 3 children, 
then each will receive 8 sweets. 

The relationship between the number of children (C) and the 
number sweets for each child (”) can be given in a table. 


n 24 | 12 8 6 4 3 2 


State ee 


As the number of children (C) increases, the number of sweets 
for each child (7) decreases. This is an example of inverse 
proportion or inverse variation. 

We say that ‘n is inversely proportional to C’ or ‘n varies 
inversely as C’. 


a5 F 1 k : 
This is written as Cx —, or C= —, where k is a constant (the 
n n 


constant of proportionality). This formula can be rearranged 
to Cn=k. Note that multiplying any pair of values in the table 


(3 X 8, 12 x 2) gives the same result. 

e The relationship has some important characteristics: 
e As C increases, n decreases, and vice versa. 
e The graph of the relationship is a hyperbola. 


WORKED EXAMPLE 15 Calculating the constant of proportionality 


y is inversely proportional to x and y = 10 when x = 2. 


a. Calculate the constant of proportionality, k, and hence the rule relating x and y. 
b. Plot a graph of the relationship between x and y, for values of x from 2 to 10. 


THINK 


a. 1. Write the relationship between the variables. 


2. Rewrite as an equation using k, the constant of 
proportionality 


3. Substitute y= 10, x=2, into y= ‘ and solve for k 
a 


WRITE/DRAW 


1 
a. yx- 
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b. 


4. Write the rule by substituting k= 20 into y= sy 
x 


2 
1. Use the rule y= za to set up a table of values for x and 


x 
y, taking values for x which are positive factors of k so 
that only whole number values of y are obtained. 


2 
For example, x=4, y= a =F 


2. Plot the points on a clearly labelled set of axes and join 
the points with a smooth curve. Label the graph. 


3.3 | 22) 


10 


When a wire is connected to a power source, the 
amount of electrical current (J) passing through the 
wire is inversely proportional to the resistance (R) 

of the wire. If a current of 0.2 amperes flows through 
a wire of resistance 60 ohms: 


a. 


b 
c. 
d 


calculate the constant of proportionality 


. determine the rule relating R and J 


calculate the resistance if the current equals 5 amperes 


. determine the current that will flow through a wire of 


resistance 20 ohms. 


THINK 


Summarise the information in a table. 


1 


Tx 


R 


Write the rule. 


a. 


b. 
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1. Substitute R= 60, 7=0.2, into J = =. 


2. Solve for k. 


Write the rule using k= 12. 
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WRITE 
R | 60 20 
I \}02) 5 
or 
R 
a. 02 = ae 
60 
OP G0) =k 
oy 
ie eee 
R 


c. 1. Substitute 7=5 into = he Ga d= ie 
R R 
sk = 2 
Ree 
2) 
2. Solve for R. =2.4 
3. Write the answer in a sentence. The resistance equals 2.4 ohms. 
d. 1. Substitute R= 20 into J= Les ek f= ue 
R 20 
= 016 
2. Write the answer in a sentence. The current will be 0.6 amperes. 


DISCUSSION 


Explain what is meant by inverse proportion. 


ion) Resources 


oy) 
[4 eWorkbook _ Topic 9 Workbook (worksheets, code puzzle and a project) (ewbk-2035) 


yy Interactivities Individual pathway interactivity: Inverse proportion (int-451 2) 
Inverse proportion (int-6058) 


Exercise 9.7 Inverse proportion learn@i) 
Individual pathways 

M PRACTISE mi CONSOLIDATE @ MASTER 

1, 3,6, 10, 13 2,4, 7,11, 14 5, 8,9, 12, 15 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. Decide whether inverse proportion exists between each pair of variables. If it does exist, write an equation to 
describe the relationship. 


. The speed of a car (s) and the time (f) it takes to complete one lap of a race circuit. 

The amount of money (D) that I have and the number (n) of cards that I can buy. 

. The time (¢) that it takes to make a pair of jeans and the number of pairs (p) that can be made in one day. 
. The price (P) of petrol and the amount (L) that can be bought for $80. 

. The price (P) of petrol and the cost (C) of buying 80 L. 

. The number of questions (7) in a test and the amount of time (f) available to answer each one. 


»o 2009 


2. List three examples of inverse proportion. 
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3, HGH y varies inversely as x and y= 100 when x= 10. 

a. Calculate the constant of proportionality, k, and hence the rule relating x and y. 

b. Plot a graph of the relationship between x and y, for values of x that are positive factors of k less than 21. 
4. p is inversely proportional to g and p= 12 when q=4. 

a. Calculate the constant of proportionality, k, and hence the rule relating p and gq. 

b. Plot a graph of the relationship between g and p, for values of q that are positive factors of k less than 11. 
5. y varies inversely as x and y=42 when x= 1. 


a. Calculate the constant of proportionality, k, and hence the rule relating x and y. 
b. Plot a graph of the relationship between x and y, for values of x from 1 to 10. 


Understanding 


6. MSH) When a constant force is applied to an object, its acceleration is inversely proportional to its mass. 
When the acceleration of an object is 40 m/s”, the corresponding mass is 100kg. 


. Calculate the constant of proportionality. 

. Determine the rule relating mass and acceleration. 
. Determine the acceleration of a 200 kg object. 

d. Determine the acceleration of a 1000 kg object. 


oo ® 


7. The number of colouring pencils sold is inversely proportional 
to the price of each pencil. 
Two thousand pencils are sold when the price is $0.25 each. 


a. Calculate the constant of proportionality. 

b. Determine the number of pencils that could be sold for 
$0.20 each. 

c. Determine the number of pencils that could be sold for 
$0.50 each. 


8. The time taken to complete a journey is inversely proportional to the speed travelled. A trip is completed in 
4.5 hours travelling at 75 km per hour. 


. Calculate the constant of proportionality. 

. Determine how long, to the nearest minute, the trip would take if the speed was 85 km per hour. 
. Determine the speed required to complete the journey in 3.5 hours, correct to 1 decimal place. 

. Determine the distance travelled in each case. 


aaon0 © 


9. The cost per person travelling in a charter plane is inversely 
proportional to the number of people in the charter group. It 
costs $350 per person when 50 people are travelling. 


a. Calculate the constant of variation. 

b. Determine the cost per person, to the nearest cent, if there 
are 75 people travelling. 

c. Determine how many people are required to reduce the 
cost to $250 per person. 

d. Determine the total cost of hiring the charter plane. 
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Reasoning 


10. The electrical current in a wire is inversely proportional to the resistance of the wire to that current. There is 
a current of 10 amperes when the resistance of the wire is 20 ohms. 


a. Calculate the constant of proportionality. 

b. Determine the current possible when the resistance is 200 ohms. 

c. Determine the resistance of the wire when the current is 15 amperes. 
d. Justify your answer to parts b and c using a graph. 


11. The pressure of an ideal gas is inversely proportional to the volume taken up 
by the gas. A balloon is filled with air so it takes up 3 L at a pressure of 
5 atmospheres. 


a. Calculate the constant of proportionality. 

b. Determine the new volume of the balloon if the pressure was dropped to 
0.75 atmospheres. 

c. Determine the pressure if the same amount of air took up a volume of 6L. 


12. Two equations relating the time of a trip, T, and the speed at which they 
travel, S, are given. For both cases the time is inversely proportional to the 


speed: T; = = and T, = = Explain what impact the different constants of 


1 
proportionality have on the time of the trip. 


Problem solving 


13. The time it takes to pick a field of strawberries is inversely proportional 
to the number of pickers. It takes 2 people 5 hours to pick all of the 
strawberries in a field. 


a. Calculate the constant of proportionality. 
b. Determine the rule relating time (7) and the number of pickers (P). 
c. Determine the time spent if there are 6 pickers. 


14. For a constant distance covered by a sprinter, the sprinter’s speed is inversely proportional to their time. If a 
sprinter runs at a speed of 10.4 m/s, the corresponding time is 9.62 seconds. 


a. Calculate the constant of variation. 

b. Determine the rule relating speed (V) and time (7). 

c. Determine the time, correct to 2 decimal places, if they ran at a speed of 10.44 m/s. 
d. Determine the time, correct to 2 decimal places, if they ran at a speed of 6.67 m/s. 


15. A holiday hostel is built to accommodate group 
bookings of up to 45 people. It is known that it would 
cost each of the individuals in a group of 20 people 
$67.50 per night to rent this venue. The cost of the venue 
will remain the same no matter how many people are 
part of the group booking. 


a. Write the rule for the cost per person (C) and the 
number of people in a group booking (7). 

b. If 6 people from the original group are no longer able 
to attend, determine the new cost per person. 

c. Calculate the cheapest possible cost per person. 
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9.8 Sketching the hyperbola 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine the equation of the vertical and horizontal asymptote of a hyperbola 
e sketch the graph of a hyperbola, and understand the effect dilations and reflections have on the shape of 
the graph. 


® 9.8.1 Hyperbolas 


eles-4876 


e A hyperbola is a function of the form xy =kory= ce 
x 


WORKED EXAMPLE 17 Creating a table of values in order to graph a hyperbola 


1 
Complete the table of values below and use it to plot the graph of y = -. 
x 


x —3 | 2 |] -1)]- : 0 z 1 2 3 
2 2 
y 
THINK WRITE/DRAW 
1. Substitute each x-value into the 1 1 
function y= - to obtain the x | -3|) 2 )-1)- 2 0 2 ! 2|3 
ding y-value. 
corresponding y-value 7 ut - 1 1/21 Undet. | 2 I ul 1 
3 2 2 3 


2. Draw a set of axes and plot the points 
from the table. Join them with a 
smooth curve. 


e The graph in Worked example 17 has several important features. 
1. There is no function value (y-value) when x = 0. At this point the hyperbola is undefined. When this 
occurs, the line that the graph approaches (x = 0) is called a vertical asymptote. 
2. As x becomes larger and larger, the graph gets very close to but will never touch the x-axis. The same is 
true as x becomes smaller and smaller. The hyperbola also has a horizontal asymptote at y= 0. 
3. The hyperbola has two separate branches. It cannot be drawn without lifting your pen from the page and 
is an example of a discontinuous graph. 


1 
e Graphs of the form y= — are the same basic shape as y = — with y-values dilated by a factor of k. 
x BG 
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General form of a hyperbola 


The general form of a hyperbola with multiple transformations is given by the equation 
a 
Sete 
’ x—h 
e This graph has a horizontal asymptote with equation y =k. This occurs because the fraction 
cannot be made to equal 0, which means y can never be equal to k. 
e The graph has a vertical asymptote with equation x =h. This is because the denominator of a fraction 
cannot be equal to 0, so x can never be equal to h. 
e The graph will be reflected in the x-axis if a <0. 


Note: Not all exponential graphs will have an x- or y-intercept. This will depend on the equation of 
the asymptotes. 


WORKED EXAMPLE 18 Identifying the asymptotes of a hyperbola 


4 
a. Plot the graph of y = — for —2 <x <2. 
x 


b. Write down the equation of each asymptote. 


THINK WRITE/DRAW 
a. 1. Prepare a table of values taking a. 1 I 
x-values from —2 to 2. Fill in the table am 2 | —1 5 0 5 1 2 
pine foe : h 
by substituting each x-value into the mm 2 |—4|—8| Under. | 8 a 12 
given equation to find the corresponding 
y-value. 
2. Draw a set of axes and plot the points yh 
from the table. Join them with a smooth j 1S Ry = 
curve. aaa 
r< rae is 
UU 
oY 
b. Consider any lines that the curve b. Vertical asymptote is x =0. 
approaches but does not cross. Horizontal asymptote is y = 0. 


WORKED EXAMPLE 19 Sketching a reflected hyperbola 


-3 
Plot the graph of y = — for —3<x <3. 
x 


THINK WRITE/DRAW 
1. Draw a table of values and substitute 
; : : 1 1 
each x-value into the given equationto | ¥ | —3 | -2 | —-1|— 5 0 5 1 2 3 


find the corresponding y-value. 
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2. 


Draw a set of axes and plot the points 
from the table. Join them with a 
smooth curve. 


TI | THINK 


1. 


WORKED EXAMPLE 20 Determining the equation of the asymptotes of a hyperbola 


DISPLAY/WRITE 


In a new problem, open 
a Graphs page to sketch 
the graph, complete the 
entry line as: 


—3 
fl) = — 
x 
Then press ENTER. 


To see the table of 

values (for x and y 

values), press: 

° Menu 

e 7: Table 

e 1: Split-screen Table 
(Ctrl+T) 

Scroll up to see the 

negative x-values. 


CASIO | THINK 
1. 


Open the Graph & Table 
screen and complete the 
function entry line as: 


Myi== 

—3 vai 

flQ@) = — 
x y5i0 

Then tap the graphing v6: 


icon and the graph will be 
displayed. 


*. 
; Si fare ic) ( 
Le at} ae ji 


Sheet! Steet? Sheet3 Sheets Sheets 


fees 


To see the table of values 
(for x and y values), tap on 
the table of values icon. wiyie23 
The values displayed can a0 
be changed by editing the v4 
Table Input. — 


BEE 


Write the equation of the asymptotes of the following hyperbolas: 


1 
b. y=—-+4 
x 


THINK 
Consider what value of x would make the denominator 


equal to 0, as well as any value added to the fraction. 


Consider what value of x would make the denominator 


equal to 0, as well as any value added to the fraction. 


Consider what value of x would make the denominator 


equal to 0, as well as any value added to the fraction. 


5 
10-—x 


& v= - 
WRITE 

a. Vertical asymptote is x = —2 
Horizontal asymptote is y=0 
Vertical asymptote is x = 0 
Horizontal asymptote is y=4 
Vertical asymptote is x= 10 
Horizontal asymptote is y= —1 


ao 
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WORKED EXAMPLE 21 Sketching a transformed hyperbola 


2} 
Plot the graph of y = ——— +3. 
x+1 


THINK 


1. Consider what value of x would make the 
denominator equal to 0, as well as any value 
added to the fraction. 


2. Calculate the y-intercept (when x= 0). 


3. Calculate the x-intercept (when y= 0). 


4. Sketch the graph with coordinates of both 
intercepts and both asymptotes labelled. 


WRITE 


Vertical asymptote is x = —1 
Horizontal asymptote is y= 3 


2 
eT 
2 pel 


y-intercept is (0, 1) 


oo Z aP 
x+ | 
—3(x+1)=-2 
oe a 
=3 
(ee 


DISCUSSION 


How could you summarise the effect of the transformations dealt with in this subtopic on the shape of the 


1 
basic hyperbola y = —? 
BG 


ion) Resources 


co) 
[4 eWorkbook Topic 9 Workbook (worksheets, code puzzle and a project) (ewbk-2035) 


eB Interactivities Individual pathway interactivity: The hyperbola (int-461 0) 
Hyperbolas (int-6155) 
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Exercise 9.8 Sketching the hyperbola 


learn) 


Individual pathways 


@ PRACTISE 


1,4, 7, 10, 14, 17, 20 


@ CONSOLIDATE 
2,5, 8, 11, 15, 18, 21 


m@ MASTER 
3, 6, 9, 12, 13, 16, 19, 22, 23 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 


questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1 
1. Complete the table of values below and use it to plot the graph of y= ba 
x 


2 


—1 


0 


2 3 4 5 


x 5 4 


ES For questions 2 to 4, answer the following. 
a. Plot the graph of each hyperbola. 


b. Write down the equation of each asymptote. 


5 
a7 > 
x 
3. ie 
x 
100 
4. y= — 
x 


2 
5. Draw the graphs of y= —, 
x 


k 
6. Describe the effect of increasing the value of k on the graph of y= -. 
x 


x 


re KOS Plot the graph of y= =) for -—5<x<5. 
x 


6 —6 
8. Draw the graphs of y= — and y= —, on the same set of axes. 
x x 


9. Describe the effect of the negative in y= —. 
x 


3 4 
y= -— and y= -, on the same set of axes. 
x 


1 : 
10. Complete the table of values below and use the points to plot y= 7) State the equation of the 
x= 


vertical asymptote. 


3 


2 


—1 


Understanding 


11. Plot the graph of each hyperbola and label the vertical asymptote. 


1 


a.) = —— 
4 x-2 
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12. Plot the graph of y= 


: and label the vertical asymptote. 
x+1 


13. Describe the effect of a in y= ; 
x-a 


For questions 14 to 16: 
j. EXD write the equations of the asymptotes of the following hyperbolas 
ii. sketch the graphs of the following hyperbolas. 


a ea: b. ye 
ee x+1 id x-1 
3 

15. a. y= lr) 
at) ars) 

16. a. y=— +1 b ae er 
_ x+2 - 3-—x 


Reasoning 

17. Give an example of the equation of a hyperbola that has a vertical asymptote of: 
a. x=3 b. x=—10. 

18. Give an example of a hyperbola that has the following key features. 


a. Asymptotes of x =2 and y=3 
b. Asymptotes of x =—2 and y=4 and a y-intercept of —3 


19. The graph of y= : is reflected in the x-axis, dilated by a factor of 2 parallel to the y-axis or from the x-axis 


x 
and translated 3 units to the left and down 1 unit. Determine the equation of the resulting hyperbola and give 
the equations of any asymptotes. 


Problem solving 


20. a. Complete the following table in order to graph the hyperbola defined by y = - 
x 


Me 2.) ot || = |) =< 
2 2 


y 


b. This hyperbola is also known as a truncus. Give the equations of any asymptotes. 


c. Determine the equation of the truncus which results when y = — is reflected in the x-axis. 
ee 
‘ : F 1, : : 
d. Determine the equation of the truncus which results when y = = is reflected in the y-axis. 
x 
780 


21. The temperature of a cup of coffee as it cools is modelled by the equation T= ei0 + 22, where T 
t 
represents the temperature in °C and f is the time in minutes since the coffee was first made. 


a. State the initial temperature of the cup of coffee. 

b. Calculate the temperature, to 1 decimal place, of the coffee after it has been left to cool for an hour. 

c. A coffee will be too hot to drink unless its temperature has dropped below 50 °C. Determine how long 
someone would have to wait, to the nearest minute, before drinking the coffee. 

d. Explain whether the coffee will ever cool to 0 °C. Justify your answer. 
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22. Consider the equation y = — +2. 
x —4 


a. Calculate the x- and y-intercepts of the graph of the equation. 

b. Use your knowledge of quadratics and hyperbolas to state the equation of any asymptotes of the 
above equation. 

c. Using a table of values, or otherwise, sketch the graph of the equation. 


23. Consider the truncus defined by y= > This hyperbola is reflected in the x-axis, dilated by a factor of 


3 parallel to the y-axis or from the x-axis and translated 1 unit to the left and up 2 units. Determine the 
equation of the resulting hyperbola and give the equations of any asymptotes. 


9.9 Sketching the circle 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e identify the centre and radius of the graph of a circle from its equation and then sketch its graph 
e use completing the square to turn an equation in expanded form into the form of an equation of a circle. 


® 9.9.1 Circles 


eles-5352 
e Acircle is the path traced out by a point at a constant distance (the radius) from a 


fixed point (the centre). 

Consider the circles shown. The first circle has its centre at the origin and radius r. 
Let P(x, y) be a point on the circle. 

By Pythagoras: x? + y? =r’. 

This relationship is true for all points, P, on the circle. 

The equation of a circle, with centre (0, 0) and radius r is: 


y 
P(x, 
ee ane | / as 
kt- 
e If the circle is translated h units to the right, parallel to the x-axis, and k units 
upwards, parallel to the y-axis, then the centre of the circle will become (A, k). 
The radius will remain unchanged. * of h : os 


Equation of a circle 


e The equation of a circle, with centre (0, 0) and radius r, is: 
P4yar 
e The equation of a circle, with centre (h,k) and radius r, is: 


(-hyY+Q-kP =r 


Note: We can produce an ellipse by dilating a circle from one or both of the axes. 
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WORKED EXAMPLE 22 Identifying the centre and radius of a circle from its equation 


Sketch the graph of 4x? + 4y? = 25, stating the centre and radius. 


THINK 


1. Express the equation in general form by 
dividing both sides by 4. 


2. State the coordinates of the centre. 


3. Calculate the length of the radius by taking 
the square root of both sides. (Ignore the 
negative results.) 


4. Sketch the graph. 


WRITE/DRAW 
y= 7 
4x? + 4y? = 25 
2) 
2 2 
oy = —— 
a 


Centre (0, 0) 


Radius = 2.5 units 


YA 
25) 


225 25a 


a 


WORKED EXAMPLE 23 Sketching a circle from its equation 


Sketch the graph of (x — Ze (y+ 3)? = 16, clearly showing the centre and radius. 


THINK 


1. Express the equation in general form. 


2. State the coordinates of the centre. 


3. State the length of the radius. 


4. Sketch the graph. 


WRITE/DRAW 
(x—hY +Qy—-k* =P 
(x— 2)’ + (y+ 3)" = 16 


Centre (2, —3) 
a6 
pat 
Radius = 4 units 


YA 
i 
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WORKED EXAMPLE 24 Completing the square to determine the equation of a circle 


Sketch the graph of the circle x? + 2x + y? —6y + 6=0. 


THINK WRITE/DRAW 
1. Express the equation in general form by (x—hyY +(y-k° =P 
completing the square on the x terms and 2 +2x+y?—6y+6=0 


again on the y terms. (2 + 2x+1)-14+(67-6y+9)-94+6=0 


@+1)°+@-—3) —4=0 
(x+ 1)? +(y—-3) =4 


2. State the coordinates of the centre. Centre (—1, 3) 
3. State the length of the radius. | 
ao 


Radius = 2 units 


4. Sketch the graph. 


WORKED EXAMPLE 25 Sketching a circle including the intercepts 


Sketch the graph of the circle (x + 3) +0- a3 = 25. Make sure to show all axial intercepts. 


THINK WRITE 
1. State the coordinate of the centre. Centre (—3, 2) 
2. State the length of the radius. 5 

r=5 


Radius = 5 units 


3. To determine the y-intercepts let x= 0. (O+ aye y= oe = 5) 


(y—2)? = 25-9 
(y—2)° = 16 
y=x4 


y=442o0r4+42 
The y-intercepts are (0, 6) and (0, —2) 
4. To determine the x-intercepts let y= 0. (x+ 3): +(0- Dy = 25) 
(x+3) =25-—4 
Pao) +21 
op 8) a5 V21 
The x-intercepts are (-3 a v21,0) and (-3 = v21,0). 
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5. Sketch the graph. yh 


(0, 6) 
—3, 2) 
2 
(3-21, 0 -3 + y21, 0) 
le *| 
“10-9 -§ Y-6-5 4-32-19 24 4 
(0, -2) 
14 
Y 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
On a Graphing page, press: On a Conics screen, type: © elt toon walnls 5 
Cais /Edi (+3) 24-2)? (x + 3) + (y— 2)? = 25 : 
e325 t t x43)" +(-2)- 925 
“3: a es Press the graphing icon and i at cia 


Then type: the graph will be displayed. 


(x+ 3) + (y— 2)? =25 


Press ENTER and the graph 
will be displayed. 


DISCUSSION 


How could you write equations representing a set of concentric circles (circles with the same centre, but 
different radii)? 


ion) Resources 


Ay 
(4 eWorkbook Topic 9 Workbook (worksheets, code puzzle and a project) (ewbk-2035) 
$y Interactivities Individual pathway interactivity: The circle (int-461 1) 


Graphs of circles (int-6156) 
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Exercise 9.9 Sketching the circle learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
1,4, 7, 10, 13, 17 2,5, 8, 11, 14, 15, 18 3, 6, 9, 12, 16, 19, 20 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 

or questions 1 to 3, sketch the graphs of the following, stating the centre and radius of each. 
2 For questi ketch the graphs of the following, stating th d radius of each 
1a. x? +y?=49 b. x? +y?=4? 
2.a.x°+y*=36 b. x? +y’=81 
3. a. 2x7 + 2y? =50 b. 9x? + 9y" = 100 

lor questions 4 to 6, sketch the graphs of the following, clearly showing the centre and the radius. 
BEEF For questi ketch the graphs of the following, clearly showing th d the radi 
4. a. (x—1/9 +(y-27 =? b. (x +2) + (+3) =C@ 
5. a. (x+3)? +(y— 1)? =49 b. (x— 4)? +(y +5)" =64 
6. a. 24+ (y+3) =4 b. (x—5)? +? = 100 


BE For questions 7 to 9, sketch the graphs of the following circles. 


7a. x +4x+y? +8y+16=0 b. x° —10x+y* —2y+10=0 
8. a. x°-14x+y’+6y+9=0 b. x7 +8x+y?—12y—12=0 
9. a. x°+y*— 18y—19=0 b. 2x* —4x + 2y*+8y—8=0 


Understanding 
10. Hd The graph of (x — 2) +(y+ 5) =4 is: 


A. vp 


Y 
E. None of these 
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44. O09 The centre and radius of the circle (x + 1)? + (y- 3) =4is: 


A. C1, —3), 4 B. (—1, 3), 2 Cc. (3, —-1),4 
D. (1, —3), 2 E. (-1,3),4 

12. £1 The centre and radius of the circle with equation x* + y* + 8x— 10y=0 is: 
A. (4,5), V41 B. (—4,5),9 C. (4, —5), 3 
D. (—4, 5), V41 E. (—4,—5), V41 

Reasoning 


13. Determine the equation representing the outer edge of the galaxy as shown in the photo below, using the 
astronomical units provided. 


y 


| 
I 
I 
I 
| 
| 
| 
I 
I 
I 
9 


H 
1 
1 
1 
1 
i) 
1 
1 
5 


14. Circular ripples are formed when a water drop hits the surface of a pond. 
If one ripple is represented by the equation x? + y* =4 and then 3 seconds later by x + y” = 190, where the 
length of measurements are in centimetres: 


a. identify the radius (in cm) of the ripple in each case 
b. calculate how fast the ripple is moving outwards. 
(State your answers to 1 decimal place.) 


15. Two circles with equations x” + y* = 4 and (x— 1) + y’ =9 intersect. Determine the point(s) of intersection. 
Show your working. 


16. a. Graph the line y =x, the parabola y =x’ and the circle x* + y* =1 on the one set of axes. 
b. Evaluate algebraically the points of intersection of: 


i. the line and the circle 
ii. the line and the parabola 
iii. the parabola and the circle. 


Problem solving 
17. Sketch the graph of (x + 6)” +(y—3)" = 100 showing all axial intercepts. 


18. Determine the points of intersection between the quadratic equation y = x” — 5 and the circle given 
by x+y? =25. 


19. Determine the point(s) of intersection of the circles x* + y* — 2x —2y —2 =0 and x? + y? — 8x—2y+ 16=0 
both algebraically and graphically. 


20. The general equation of a circle is given by x? + y* + ax+ by +c=0. Determine the equation of the circle 
which passes through the points (4, 5), (2, 3) and (0,5). State the centre of the circle and its radius. 
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9.10 Review 


9.10.1 Topic summary 


Transformations of the parabola The parabola Turning point form 
* The parabola with the equation y = x* has a ¢ The graph of a quadratic equation ¢ Completing the square allows us 
turning point at (0,0). is called a parabola. to write a quadratic in turning 
¢ A dilation from the x-axis stretches the a _axis of _ point form. 
parabola. YL At hnthetly ¢ Turning point form: 
¢ A dilation of factor a from the x-axis _x-intercept\. y=ax-hy +k 
produces the equation y = ax? and: y=0 s\\ ¢ Turning point at (h, k) 
e will produce a narrow graph for a > 0 aes Ws pe y ¢ The y-intercept is determined by 
* will produce a wider graph for0<a< 1 | setting x = 0 and solving for y. 
° For a <0 (ais negative), the graph is ° x-intercept/s is determined by 
reflected in the x-axis. r yin te eal 17 | un alg setting y = 0 and solving for x. 


oo Se 
Expanded form 


¢ The expanded form of a 
quadratic is y =ax?+ bx +c. 


NON-LINEAR ¢ There are two methods for 
REL ATION SHIPS sketching: factorising or using the 


quadratic formula. 
e.g. Consider y = x? — 2x -3. 


‘ * To sketch, first factorise: 
Exponential graphs y=(x—3)(x4 1) 


° The graph of y = (x—h)” has been 
translated left/right / units. 
* The graph of y =x?+k has been 


translated up/down k units. 
¢ Use the null-factor law to 


determine the x-intercepts: 
when y = 0, 0 = (x- 3)(x + 1) 
sox=3or-l. 

¢ Axis of symmetry: x= 0) - 1 

* y-coordinate of the turning point: 
x=l,y=(1-3)1 + 1) =-4. 
Turning point is (1, —4). The 
y-intercept when x = 0 is (0, —3). 


Inverse proportion and hyperbolas 


Quadratic formula 


Circles For y =ax*+ bx +¢ 

* axis of symmetry: x = —— 

* turning = c -=) 4 
point: 


* x-intercepts can be 
vp2 
—pD+ — Aj 

calculated as: x= —b = Vb*-4ac 


* Discriminant: A = b?-— 4ac is 
used to determine the number of 
x-intercepts. 

e A> 0, two x-intercepts 
eA =0, one x-intercept 
eA <0, no x-intercept 
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9.10.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic | Success criteria >) | 2) @ 


| can create a table of values and use this to sketch the graph of 
a parabola. 


| can identify the axis of symmetry, turning point and y-intercept of 
a parabola. 


9.3 | am familiar with the key features of the basic quadratic y = x?. 


| can determine whether a dilation has made the graph of quadratic 
narrower or wider 

| can determine whether a translation has moved the graph of a quadratic 
function left/right or up/down 


| can sketch a quadratic equation that has undergone any of the following 
transformations: dilations, reflections or translations. 


9.4 | can determine the axis of symmetry and turning point of a quadratic 
expressed in turning point form. 


| can calculate the y-intercept and any x-intercepts of a quadratic in 
turning point form. 


9.5 | can determine the x-intercept/s, y-intercept and turning point of a 
quadratic equation and sketch its graph by first factorising the equation. 


| can determine the x-intercept/s, y-intercept and turning point of a 
quadratic equation and sketch its graph using the quadratic formula. 


9.6 | can determine the equation of the asymptote of an exponential equation 
and sketch a graph of the equation. 


| can sketch the graph of an exponential equation after it has undergone 
any number of transformations that may include dilations, a reflection in 
the x- or y-axis, or translations. 


9.7 | can calculate the constant of proportionality, k, between two variables 
that are inversely proportional to each other. 


| can determine the rule between two inversely proportional variables and 
plot the graph of their relationship. 


9.8 | can determine the equation of the vertical and horizontal asymptote of 
a hyperbola. 


| can sketch the graph of a hyperbola, and understand the effect dilations 
and reflections have on the shape of the graph. 


9.9 | can identify the centre and radius of the graph of a circle from its equation 
and then sketch its graph. 


| can use completing the square to turn an equation in expanded form into 
the form of an equation of a circle. 
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9.10.3 Project 


Parametric equations 


You are familiar with the quadratic equation y = x* and its 
resulting graph. Let us consider an application of this equation by 
forming a relationship between x and y through a third variable, 
say, ft. 


Sep tie) ae 


It is obvious that these two equations are equivalent to the 
equation y=x~. This third variable ¢ is known as a parameter, 
and the two equations are now called parametric equations. We 
cannot automatically assume that the resulting graph of these 
two parametric equations is the same as that of y =x? for all real 
values of x. It is dependent on the range of values of t. 


Consider the parametric equations x =f and y=?’ for values of the parameter ¢> 0 for questions 1 to 3. 
1. Complete the following table by calculating x- and y-values from the corresponding t-value. 


2. Graph the x-values and corresponding y-values on this Cartesian Parametric equations 
plane. Join the points with a smooth curve and place an arrow on | [ | | jo* ai ice 
the curve to indicate the direction of increasing ¢-values. te do | | | | | | 
3. Is there any difference between this graph and that of y = x?? [ peal | 
Explain your answer. ul 10 | 


4. Consider now the parametric equations x= 1 —t and y=(1 — ae ETE | | ts. | 
These clearly are also equivalent to the equation y = x*. Complete lng 


Paes a ea 
the table and draw the graph of these two equations for values of the —-5 4 -3 -2 -1 Oe iy Al al 
parameter t > 0. Draw an arrow on the curve in the direction of IL ay 
increasing f-values. 

Parametric equations 
LLL LL 
0 | —35 +--+} 
+20 
1 
Coe 
10 | 
3 5 
4 > are 
| | 0 | | lee. 
5 -54-3-2-1"| 123 45 
| Y_| | 


Describe the shape of your resulting graph. What values of the parameter t would produce the same 
curve as that obtained in question 2? 
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? is a reflection of y=x? in the x-axis. Construct Parametric equations 


x=tand y=-t 


5. The graph of y= —x 
a table and draw the graph of the parametric equations x =f and 


y=-—f for parameter values t>0. Remember to place an arrow on a 
the curve in the direction of increasing f-values. ~ > 
6. Without constructing a table, predict the shape of the graph of the -5 4 -3 -2 sind i es Ve Ue ok 
parametric equations x = 1 —f and y=—(1 — t)” for parameter -~10 
values t> 0. Draw a sketch of the shape. =15 
—20 
=25 
Y 


ion) Resources 


was) 
[4 eWorkbook Topic 9 Workbook (worksheets, code puzzle and a project) (ewbk-2035) 
¥y Interactivities Crossword (int-2851) 


Sudoku puzzle (int-3596) 


Exercise 9.10 Review questions learn@y) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. [09 The turning point for the graph y= 3x? — 4x +9 is: 


Tee ne) eat) 
a 8 33 6 6 
D. (2.72) = (2.67) 
ay 33 
2. G9 Select which graph of the following equations has the x-intercepts closest together. 


A. y=x° 43x42 B. y=x?+x-2 C. y=2x? +x—-15 
D. y=4x" +27x—7 E. y=x°—2x-8 


3. O19 Select which graph of the equations below has the largest y-intercept. 

A. y=3(x—-2)° +9 B. y=5(x—-1)° +8 C. y=2(x— 1)? +19 

D. y=2(x-5)° +4 E. y=12(x—-1)°+ 10 

1 

4. OS The translation required to change y =x? into y=(x—3)? + , is: 

A. right 3, up - B. right 3, down - C. left 3, down - 

1 1 
D. left 3, up — E. right —, up 3 
Pp a g A Pp 

5. [If y is inversely proportional to x, then select which of the following statements is true. 


A. x+y is aconstant value. B. y+ x is a constant value. Cc. yXx is a constant value. 
D. y—x is a constant value. E. x+y is aconstant value. 


TOPIC 9 Non-linear relationships 587 


6. £19 The number of calculators a company sells is inversely proportional to the selling price. If a 
company can sell 1000 calculators when the price is $22, determine how many they could sell if they 
reduced the price to $16. 

A. 2000 Ba C. 6000 D. 1375 Essie 


7. 19 The graph of y = —3 x 2? is best represented by: 


ATT PET) 7 
10 
5 
3 
iS * 
3219 1234 ee Ee 
-10 -10 
Y Y 
c YA D YA 
10 10 
5 5 
35 
~< > > 
ooh oe cee oe eae Seta o 
45 5 
-10 -10 
Y Y 
5 YA 
10 
5 
Ee | Ls Je ly 
5 
-10 
Y 


8. Use the completing the square method to determine the turning point for each of the following graphs. 
a. y=x*—8x4+1 b. y=x?+4x—5 


9. For the graph of the equation y= x” + 8x +7, produce a table of values for the x-values between 
—9 and 1, and then plot the graph. Show the y-intercept and turning point. From your graph, state 
the x-intercepts. 


10. For each of the following, determine the coordinates of the turning point and the x- and y-intercepts and 
sketch the graph. 
a. y=(x-3) +1 b. y=2(x+1)?—5 
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11. 


12. 


13. 


14. 


15. 


16. 


W2o 


18. 


19. 


20. 


21. 


22s 


For the equation y = —x? — 2x + 15, sketch the graph and determine the x- and y-intercepts and the 
coordinates of the turning point. 


Draw the graph of y= 10 x 3* for —-2<x<4. 
Draw the graph of y= 10“ for —-2<x<2. 


For the exponential function y = 5”: 
a. complete the table of values 


b. plot the graph. 
a. On the same axes, draw the graphs of y=(1.2)" and y=(1.5)". 


b. Use your answer to part a to explain the effect of changing the value of a in the equation of y= a’. 


1 
a. On one set of axes, draw the graphs of y=2 x 3*,y=5 X3* andy= 5 x 3* 
b. Use your answer to part a to explain the effect of changing the value of k in the equation of y = ka‘. 


a. On the same set of axes, sketch the graphs of y = (2.5)" and y= (2.5) “*. 
b. Use your answer to part a to explain the effect of a negative index on the equation y= a*. 


Sketch each of the following. 


4 
a5 —— 


Sketch y = esa) 
x—2 


Give an example of an equation of a hyperbola that has a vertical asymptote at x = —3. 
Sketch each of these circles. Clearly show the centre and the radius. 


ax+y=16 
b. (x —5)? + (y +3)" =64 


Sketch the following circles. Remember to first complete the square. 


a.x?+4x+y?—2y=4 
bx? +8x+y" +8y=32 
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23. Determine the equation of this circle. 


as 


a | 


-6, 


Problem solving 


24. The height, h, in metres of a golf ball ¢ seconds after it is hit is given by the formula h = 4t—’’. 
a. Sketch the graph of the path of the ball. 
b. Calculate the maximum height the golf ball reaches. 
c. Determine how long it takes for the ball to reach the maximum height. 
d. Determine how long is it before the ball lands on the ground after it has been hit. 


25. A soccer ball is kicked upwards in the air. The height, h, in metres, t seconds after the kick is modelled 
by the quadratic equation h = —5f + 201. 
a. Sketch the graph of this relationship. 
b. Determine how many seconds the ball is in the air for. 
c. Determine how many seconds the ball is above a height of 15 m. That is, solve the quadratic 
inequation —S? + 20r> 15. 
d. Calculate how many seconds the ball is above a height of 20 m. 


26. The height of the water level in a cave is determined by the tides. At any time, ¢, in hours after 9 am, the 
height, / (¢), in metres, can be modelled by the function h(t) =f — 12+ 32,0<1t< 12. 
a. Determine the values of t for which the model is valid. Write your answer in interval notation. 
b. State the initial height of the water. 
c. Bertha has dropped her keys onto a ledge which is 7 metres from the bottom of the cave. By using a 
graphics calculator, determine the times in which she would be able to climb down to retrieve her 
keys. Write your answers correct to the nearest minute. 


27. When a drop of water hits the flat surface of a pool, circular ripples are made. One ripple is represented 
by the equation x” + y? =9 and 5 seconds later, the ripple is represented by the equation x” + y? =225, 
where the lengths of the radii are in cm. 

a. State the radius of each of the ripples. 

b. Sketch these graphs. 

c. Evaluate how fast the ripple are moving outwards. 

d. If the ripple continues to move at the same rate, determine when it will hit the edge of the pool which 
is 2m from its centre. 


28. Seventy grams of ammonium sulfate crystals are dissolved in 0.5 L of water. 


a. Determine the concentration of the solution in g/mL. 
b. Another 500 mL of water is added. Determine the concentration of the solution now. 
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29. A grassed area is planted in a courtyard that has a width of 5 metres and length of 7 metres. The shape 


of the grassed area is described by the function P= —x? + 5x, where P is the distance, in metres, from 
the house and x is the distance, in metres from the side wall. The diagram represents this information 
on a Cartesian plane. 


a. In terms of P, write down an inequality that describes the region where the grass has been planted. 

. Determine the maximum distance the grass area is planted from the house. 

c. The owners of the house have decided that they would prefer all of the grass to be within a maximum 
distance of 3.5 metres from the house. The shape of the lawn following this design can be described 
by the equation N(x) = ax? + bx +c 
i. Using algebra, show that this new design can be described by the function N (x) = —0.56x (x — 5). 

ii. Describe the transformation that maps P(x) to N(x). 

d. If the owners decide on the first design, P(x), the percentage of area within the courtyard without 
grass is 40.5%. By using any method, determine the approximate percentage of area of courtyard 
without lawn with the new design, N (x). 


ley 


30. A stone arch bridge has a span of 50 metres. The shape of the curve AB can be modelled using a 


quadratic equation. 

a. Taking A as the origin (0, 0) and given that the maximum 
height of the arch above the water level is 4.5 metres, show 
using algebra, that the shape of the arch can be modelled using 
the equation b (x) = —0.0072x? + 0.36x, where b (x) is the 
vertical height of the bridge, in metres, and x is the horizontal 
distance, in metres. 

b. A floating platform p metres high is towed under the bridge. 
Given that the platform needs to have a clearance of at least 
30 centimetres on each side, explain why the maximum value 
of p is 10.7 centimetres. 


b(x) 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources 


ion) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


Z 


Download the workbook for this topic, which includes 


worksheets, a code puzzle and a project (ewbk-2035) L] 
co] 
[4 

Download a copy of the fully worked solutions to every 

question in this topic (sol-0743) [J 


| 


CUE SIETEE) Sie Seal ele ee] 


9.2 SkiIISHEET Substitution into quadratic equations 
(doc-5266) 
SkilISHEET Equation of a vertical line (doc-5267) 
9.5 SkiIISHEET Completing the square (doc-5268) 
SkilISHEET Solving quadratic equations using the 
quadratic formula (doc-5269) 
SkilISHEET Solving quadratic equations of the type 
ax” +bx +c=0wherea=1 (doc-5270) 
SkilISHEET Solving quadratic equations of the type 
ax” + bx + c = 0 where a #1 (doc-5271) 


i 


9.2 Plotting parabolas (eles-4864) 
9.3 Sketching parabolas (eles-4865) 
Vertical translation (eles-4866) 
Horizontal translation (eles-4867) 
Reflection (eles-4868) 
Combining transformations (eles-4869) 
9.4 Turning point form (eles-4870) 
X- and y-intercepts of quadratic graphs (eles-487 1) 
Sketching quadratics in turning point form (eles-1926) 
Solving quadratic equations in turning point form 
(eles-1941) 
9.5 Parabolas of the form y = ax? + bx +c (eles-4872) 
Sketching quadratics in factorised form (eles-1927) 
Sketching parabolas using the quadratic formula 
(eles- 1945) 
Exponential functions (eles-4873) 
Combining transformations of exponential graphs 
(eles-4874) 
Inverse proportion (eles-4875) 
Hyperbolas (eles-4876) 
Circles (eles-5352) 


id 
fo.) 


Laced 
oon 


PIE Eley Vela Vela) el el ES! Eee 


9.2 Individual pathway interactivity: Plotting parabolas 
(int-4605) 
Plotting quadratic graphs (int-6150) 
Parabolas in the world around us (int-7539) 

9.3 Individual pathway interactivity: Sketching parabolas 
(int-4606) 
Horizontal translations of parabolas (int-6054) 
Vertical translations of parabolas (int-6055) 
Dilation of parabolas (int-6096) 
Reflection of parabolas (int-6151) 


BE elelel~ EIT 


9.4 Individual pathway interactivity: Sketching parabolas in 
turning point form (int-4607) 
Quadratic functions (int-2562) 

9.5 Individual pathway interactivity: Sketching parabolas 
of the form y = ax” + bx +c (int-4608) 

9.6 Individual pathway interactivity: Exponential functions 
and graphs (int-4609) 
Exponential functions (int-5959) 

9.7 Individual pathway interactivity: Inverse proportion 
(int-4512) 
Inverse proportion (int-6058) 

9.8 Individual pathway interactivity: The hyperbola 
(int-4610) 
Hyperbolas (int-6155) 

9.9 Individual pathway interactivity: The circle (int-461 1) 

Graphs of circles (int-6156) 

Crossword (int-2851) 

Sudoku puzzle (int-3596) 


9.10 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 


Topic 9 Non-linear relationships 


Exercise 9.1 Pre-test 


_— 


ee ee ee Y 
SP om} 


ES 
wuesaw 
N 
oa 


15. 


Exercise 9.2 Plotting parabolas from a 


Oca er oe aN 


—3 —2 —1 


9.5 5 1.5 


<) & 


& 
ll 
| 

fan 


7 a Seep a ba 
it, 5 
oo 
os] 


. (—0.79, 0.62) and (0.79, 0.62) 


table of values 


‘t, 


2. Placing a number greater than | in front of x* makes the 
graph thinner. Placing a number greater than 0 but less than 


a. Tk yaad 


A 
Pa i 


ll 
“i 


~< 
pep Ol 9, 
Y 


x= 0, (0, 0) 


ma 


1 in front of x” makes the graph wider. 


ll 
hy 
+ 


2V¥ 


x=0,(0,-1),-1 
4. Adding a number raises the graph of y = x vertically that 
number of units. Subtracting a number lowers the graph of 
y=.’ vertically that number of units. 


—5, 16 


OOD | 


4A 


~< 
2 ee eee 


Ole eos 


Y 


x=—1,(-1,0),1 
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6 YA 
10 
= (x + 2) 
a] 
~ 1 > 
UI He ie 
Y 
x= 2,(2,0),4 
7 YA 
10 
6 t @- I) 
~« > 
of i444 F 
Y 
x=1,(1,0),1 
8. 2) a il 
yaar ay 
16. 
x=1,(1,0),-1 
14. The negative sign inverts the graph of y= x*. The graphs 
with the same turning points are: y=x° + 1 and 
2 A y=—? +1; y=(x— 1)’ andy =—-@— 1); y= 42) 
— 4 —) 2 and y= —(x + 2)?;y =x? — 3 and y= —x* — 3. They differ 
: in that the first graph is upright while the second graph is 
x= —2,(-2,0),4 inverted. 
9. Adding a number moves the graph of y = x horizontally 15. a. 


to the left by that number of units. Subtracting a number 
moves the graph of y = x” horizontally to the right by that 
number of units. 


10. y 
~ > 
3-2 f1 9 44% 
i 
3 by x=5 ce. (5,1), min d. 26 
a 16. a. YA 
5 y=2(x+2/P-B i 
15 
: 10 
4g - 
Y yan pl ~< — 
x=0,(0,1),1 = YT 
11 vA b. x= —2 c. (—2, —3), min 
5 
~ > 
6 & 0 2 17.a a 
4 
“a rs 
1 
+5 
~< ji > 
= 3 
: aI 4 6 
2 
8 a 
- yl=teab3r 44 
Y= rel Ir Y ++ 
x= —2, (-2, 0), -—4 | 
b. x=3 c. (3,4), max d. —5 
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19. a. 


20. a. 


Palle 


22. 
23. 
24. 
25. 
26. 


i) 


»>aWOQA 


b. 


ke —|1)? +2 
A alk c. (1, 2), max d. -1 
YA 
= 224 4y —|5 iz 
ieee ae 10 
5: 
~ > 
=f Mog OY a 2% 
+5, 
x=—-2 0 ¢20C—~—“‘i“‘i‘ (—2, —9), min 
—5 
y = —3x7 — 6x + 24 
1, 
|| 1¢45_| 
10 
5. | 
~ _ 
-6 2.0 ai 
10 
| -15: mA 
20 
25 
| Y | 
x=-1 c. (—1, 27), max 
24 


. If the x” term is positive, the parabola has a minimum 


turning point. If the x” term is negative, the parabola has 
a maximum turning point. 


. If the equation is of the form y = a(x — by +c, the 


turning point has coordinates (b, c). 


. The equation of the axis of symmetry can be found from 


the x-coordinate of the turning point. That is, x = b. 


hp 


rs 
] 
) 


OF 42 304 5:6 7 8 


i. 16m ii. 8s 


27. a. 


28. a. 


Afi il 
18 
16 —-—— 
144-/—\— — — 
12 L 
10, 
ffm ys es a UE 
624 bal 
4 
2 
my 
We aa 
i. 18m ii. Yes, by 3m 
iii. 1.55 iv. 3s 
y yp 
~ 0 = 0 = 
Y 
y yp 
~ 0 = ~ 0 > 
Y 


. An infinite number of points of intersection occur when 


the two equations represent the same parabola, with the 
effect that the two parabolas superimpose. For example 
y=x? + 4x43 and 2y= 2x + 8x46. 


. It is possible to have 0, 1 or 2 points of intersection. 


y yp 

oes 0 Ss 0 % 
Y 
y yA 

~= 7 > ~< 7 > 
Y 
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29. a. 
* Wem —-1 |oji] 2/3] 4 5 7 8. a. Horizontal 10 left, (—10, 0) 
Acm? | —11.2| 0} 8 | 12.8] 14.4] 12.8] 8 —11.2 b. Horizontal 4 left, (—4, 0) 
: La 1 
b. The length of a rectangle must be positive, and the area ee Honizonial 2 Highs (5. 0) 
must also be positive, so we can discard l l 
w=-1,0,6 and 7. 9. a. Horizontal 5 left, (- 3 0) 
c b. Horizontal 0.25 left, (—0.25, 0) 
c. Horizontal V3 left, (- v3.0) 
10. a. (0,1), max bb. (0, —3), min 
4i.a (—2,0), max b (0,0), min 
12. a. (0,0), max _b.. (5,0), min 
‘ 13. a. Narrower, min 
ae sesiacaices ae Pech 14. a. Wider, min _b. Wider, max 
e. The dimensions of this rectangle are 3cm X 4.8cm. 
15. a. Wider, min 
c. Wider, max 
0 lS 2 3 4 aula 
16. a. i. Horizontal translation 1 left 
—2.4 1.8 4 4.2 2.4 —1.4 10) 
is iii. Yay =(x+ 17 
Y 
c. x cannot equal —1 as this would put the ball behind her; 
at x = 4, the ball is under ground level. b. i. Reflected, narrower (dilation) 
d. The maximum height reached is 4.36 m. ii. (0, 0) 
e. The ball will hit the ground 3.688 m from the player. iii. 
31. y= 2° —3x41 
Exercise 9.3 Sketching parabolas using 
transformations 
1. a. Narrower, TP (0, 0) b. Wider, (0, 0) 
2. a. Narrower, TP (0, 0) b. Narrower, TP (0, 0) 
c. Wider, TP (0, 0) 
3. a. Wider, TP (0, 0) b. Narrower, TP (0, 0) 
c. Narrower, TP (0, 0) 
4. a. Vertical 3 up, TP (0, 3) 
b. Vertical 1 down, TP (0, — 1) c. i. Vertical translation 1 up 
5. a. Vertical 7 down, TP (0, —7) ii, (0, 1) 
1 1 iii 
b. Vertical — up, TP (0, i) me i poet 
4 4 
eel 1 
c. Vertical — down, TP {| 0, —= 
2 2, 
6. a. Vertical 0.14 down, TP (0, —0.14) 
b. Vertical 2.37 up, TP (0, 2.37) 
~ 
c. Vertical 73 up, TP (0, v3) 
7. a. Horizontal 1 right, (1, 0) 17. a. i. Wider (dilation) 
b. Horizontal 2 right, (2, 0) ii. (0, 0) 
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c (0,4), max 


c. (0,1), min 


b. Narrower, max 


c. Narrower, max 


b. Narrower, min 


y=? +2 


b. i. Reflected, horizontal translation 6 right 


b. i. Vertical translation 3 down 
ii. (O, —3) ii. (6,0) 
il. Jp if. 


- 
yHxy 


ie y=—- 6) 
¥ ) 
18. a. i. Horizontal translation 4 right 20. a. t Reflected, vertical translation 4 down 
ii. (4,0) ii. (0, —4) 
iii y uf 
. er y=(x-4/ 
0 (4, 0) x 
sf b. i. Narrower (dilation), horizontal translation 1 left, 
b. i. Reflected, wider (dilation) vertical translation 4 down 
ii. (0,0) ii. (-1, —4) 


: 
y=x 


~ > 
x 


c. i. Narrower (dilation) 
ii. (0, 0) 


iii. y psae 


y=2x4+1)?-4 


c. i. Wider (dilation), horizontal translation 3 right, 
vertical translation 2 up 


ii, (3, 2) 
iii. YA 


19. a. i. Reflected, vertical translation 2 up 
ii. (0,2) 


1 2 
=> (x- 3) +2 
derek ) 


0 
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21. a. i. Wider (dilation), reflected, horizontal translation 


2 left, vertical translation ri up 


1 2 
. h=——(d—70)? +40 
TA + 


. h=e = —70) + 120, this is a dilation by a factor of 
3 from the d axis. 
24. a. and c. 
a See figure at the bottom of the page.* 
ie b. 12.25m d. 12.75m 
ya-Z 0+ 2P44 25. a. y=—(x—- 2) +3=-0 +4x-1 
b. 


Y 


b. i. Narrower (dilation), reflected, horizontal translation 


1 right, vertical translation 3 down 


“(9 


iii. 


26. a. (2, —7) and (0, 5) 
b. In the following order: translate 2 units left, translate 7 


2; 
units up, reflect in the x-axis then dilate by a factor of 3 


from the x-axis. 


*24.a.andc. 4 
25 


20 


15 


27.a. Y=—(x-3)? +3 14.a. i. —3 ii, —3,1 
b. Reflected in x-axis, translated 3 units to the right and up b. i. 12 ii. 2 
euntie Noilanon: 15. a. i. —18 ii. No x-intercepts 
mS) ae it. =1,6 
d. See figure at the bottom of the page.* r eee 
28. v= —2h? + 40h, where v is the vertical distance h is the oO . ate a 
horizontal distance. b. i. 4 
ii, —3— V5, 3+ V5 (approx.—5.24, —0.76) 
Exercise 9.4 Sketching parabolas using turning 17. a. i. (4,2) 
point form ii. Min 
1. a. (1,2), min iii. Same width 
b. (—2, -1), min iv. 18 
c. (—-1,1), min v. No x-intercepts 
2. a. (2,3),max ib. (5,3),max =e. (—2, —6), min vi. 
YA y =(x—4)2 +2 
3. : 2 i b ee i 0, 18 
a: ee ,» min P 3°73 , min 18-@ (0, 18) 
c. (—0.3, —0.4) , min 
4. a. i. (—3, —5) ii. Min iii. Narrower 
b. i. (1,1) ii. Max iii. Same < (4, 2) 
5. a. i. (—2, —4) ii. Max iii. Narrower yi234 
b. i. (3,2) ii. Min iii. Wider b. i. GB, —4) 
6. a. i. (—1,7) ii. Max iii. Wider ii. Min 
1 1 : ; iii. Same width 
b. =,-- ii. Min iii. Wider : 
Sr? 2 iv. 5 
7.a. y=(x+ 1) — 3, graph iii v. 1,5 
b. y= —(x—2)° +3, graph i vi. Yhy = (r= 3)2=4 
c. y=—x’ + 1, graph ii 
8a. y=(x- 1)? — 3, graph iii 
b. y= —(x+ 2)" +3, graph i 
c. y=x — 1, graphii 
9A 
10. C ; 
11.B 7 e 
ii. 
12..C 
iii. Same width 
13.B 
iv. 3 
v. No x-intercepts 
*27. d. y 
ies 
to Local maximum L 
-intercept (3,3). x-intercept 
(1.267 949, 0) 4.732 051, 0 
: 2 3 g_| 4 
1 
Lat 
-6 
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vi. =r lee vi. 


YA 


18.a. i. (—5, —3) bi. 
ii. Min ii. 
iii. Same width iii. 
iv. 22 iv. 
v. -5— V3, -5 + V3 (approx. —6.73, —3.27) v. 


" y=(x+5P-3 y 


S 0 
Sa sh | 
b. i. (1,2) ci. 


ii. Max ii. 


mf 


iii. Same width iii. 
iv. 1 iv. 


v. 1— ¥2,1+ V2 (approx. —0.41, 2.41) ss 


y=—-(x-1)24+2 


c. i. (—2, —-3) 
ii. Max 
iii. Same width 
iv. —7 


v. No x-intercepts 


(0,-11) 


y=-(x+ 3-2 ¥ 


(1, 3) 
Min 
Narrower 
5 


No x-intercepts 


YA y=%x-1/ 43 
5 


(1, 3) 


(-2, 1) 
Max 


Narrower 


-11 
1 1 
—2 — —~, —2 + —— (approx.—2.58, — 1.42) 


v3 3 


anes 
vi. 3 ] 
c. | -,-— ]}, minimum 
(3-3) 
2 2 
Ota ga ee) +6 
b. (—7,0) 
22.a. y= —x" 
A b. y= 7x" 
y=-(x+2)°-3 2 
c y=(+3) 
19.a. i. (—3, —2) d. y= +6 
ii. Max a ye 5-3 
iii. Same width ne 4 : 
iv. -ll 


v. No x-intercepts 
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23. a. PSO, b. y=(x+2)°-9 


1.9 
uN (5, 0) (1, 0) 
1.04 ’ 
| a aa ae t (Hours after 12 pm) 
3 5 
b. $1.90 cc. $1 d. 3pm e. $1.40 Oi) 
24. a. 0.5m 
b. (15+4y15) m a 
Local minimum Y 
c. Maximum height is 8 meters when horizontal distance is (-2, -9) 
15 meters. 3\2 4 
25. a. Sample responses can be found in the worked solutions GC y= (: + >) =F 


in the online resources. 
An example is y = (x — 2)? + 6. 
1 
b. y= ae +6 
26. a. Sample responses can be found in the worked solutions 
in the online resources. 
: 2 
An example is y = (x —p) +4. 


b y= (St) (oy +4 : i 14 


Local minimum Y 


27. a. y=(x—-4)°— 15 (-1.5, -0.25) 


(Vis +4, 0) 28. a. y=3(x—-2)-8 
b. Dilated by a factor of 3 parallel to the y-axis or from the 
x-axis as well as being translated 2 units to the right and 
down 8 units. 
c y= —3(x—2)° +8 


d. See figure at the bottom of the page.* 


(0, 1) 


-15-4 
Local minimum 
(4, -15) 
*28. d. Local maximum 
y, (2,8 
3.63, 0 
l (0.37, 0) ( | 
0 1 2 \\ | 4 % 
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1 
29. a. y= —5e+3) +8 3: 8 y, 


(0, 15) 


1 
b. In the following order: a dilation of a factor of — from 


the x-axis, a reflection in the x-axis, a translation of 3 
units left and 8 units up. 


c. x- intercepts: (—7, 0) and (1, 0) 
; d. la 
y- intercept: | 0, 3 foe 3 —) -1 0 
Turni joint 
d. The new rule is y = (x— 3)° — 16 vn i ig 


”h b. y 


(0, 15) 


(5, 0) 


A 
#¥ 


4. a. Yp 


Y 


Local minimum (-2,0 4,0) 


(3, -16) 


Exercise 9.5 Sketching parabolas in 
expanded form 

1. You need the x-intercepts, the y-intercept and the turning Y 

point to sketch a parabola. b. 

2. a. 


urning point 
Y (1.5, -30.25) 
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Turning point 


(2, -9) 


Turning point 
(1, -5) 


Turning point 
(2.75, 20.1) 


ial et 
2 8 
doh Turning point 
(3, 18) 
15 
10- 
554 
(0, 0) (6,9)| 
ry 
2 8 


(0,1) 
ial T [ax 
6 -4 2 
Turning point 
CI, -2) 
Y 
Turning point a) 
(0,2) 
aa x 
6 i) 
b. 
y= Rx? 1+ Gx 410 
(, 0) 
al Ie looks slo 
-6 = 23 4 § 
“18-4 
—2,-18 
( ) he 
c. 
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8a =A 15. a. Th 
14 ia Ge = er 2 25 
Bs 
be (12, 1) ne 
1 5 2 15 
a3 
0.8 EE 10 
0.6 t— Bs 5 
0.4 ra 
0 t 
246 8 
a (74,10) > Hours 
ee ie es) ee be o1eC 
b. 24m c. Decreasing 
c. lm d. Increasing 
9.a e. 5°C after 4 hours 
ne p = 3x" - 15x - 18 £ 21°C 
1 13 
C1 Wade 16. a. eae ears al 
(6, 0) b. 7 metres 
+ 7 225 
| (0, -18) Cc. a metres 
| d. 42 metres 
Y Bry 
b. 6th month 50 
c. The company breaks even at the end of the 6th month. 40 DE 
The first month in which a profit is made is the 30 
7th month. 20 
10 
10. a. 42, 0 
0.a aa (25, 2500) ; (0, 7) ( - 
10 15 20 2. 40 4. 
2000 5 10 15 20 25 30 35 40 45 
a Exercise 9.6 Exponential graphs 
500 
0 ls 
um “Mm -3]/-27-1)0]/1]2]3 
©" 10 20 30 40 50 ! 
b. 0 
c. 2500m 
d. 25 seconds Yp 
e. 50 seconds 28 
114. 200 = 
24 
12. —(m+n) do 
1 
13. y= —=x° 42x49 20 
2 18 
14. a. ha . (2,25) 16 
21 
h=-x?+4x421/ 14 
/ 12 
/ 10 
~ a > 8 yas 
-3 7 6 
4 
2 
Y > 
BS subia 2 ee, 
25m Y 
2m 
28s. b. 3 e4 
7m 
3. a. 10 b. a 
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4. b. Each graph has a different y- intercept and a different 
horizontal asymptote. 
c. i. (0,11) 
ii, y= 10 


a. The graphs all pass through (0, 1). The graphs have the 
same horizontal asymptote, (y = 0). The graphs are all 
very steep. 


b. As the base grows larger, the graphs become steeper. 


C: y 
16-5 


a 


d. In each case the graphs are symmetric about the x-axis. 
a. The shape of each graph is the same. 
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N 
Q 


d. In each case the graphs are symmetric about the y-axis. 11. a, b 


8. a-c. 
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19. a. 


20. 


There is a constant ratio of 1.3. 
30% 

3.26 million 

30.26 million 


9 ao 5 9 


Exercise 9.7 Inverse proportion 


13. a. B b. C k k 
c. D d. A 1.a. s=-ort=- b. No 
t 
14.4. B b. D : ; : 
c. A dC c. t=-orp=-— d. L=-orp=-— 
Pp t Pp L 
k 
e. No f. t=-—orn=- 
n t 
2. Sample responses can be found in the worked solutions in 
the online resources. 
1000 
3. a. k= 1000, y= —— 
x 
b. YE 
1000-4 
800- 
600- 
400- 
Point of 
intersection 
(1.25, 32) ial 
obo) fo) 1x 
-3 -2-1 ©| 1 2 3 1 ; 1 1 > 
0) 0 x 
Y 4 10 15 20 25 
e125 
4.a. k= 48, p= — 
17. Point of p 
intersection b. 
P 
y= 36/6100 A (3.5, 8.181631) sot 
ral 40 
30 
ail 4. 1p 70-1 
—20 Y 
x=3.5 104 
0 T T T T ia 
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10. 


11. 


a. k=42,y= 
b. yp 
4000 
a. 4000 b. a= —— 
m 
c. 20m/s" d. 4m/s” 
a. 500 b. 2500 pencils 


c. 1000 pencils 


c. P=2.5 atmospheres 


a. 337.5 b. 3.97 hours = 3h58 min 
c. 96.4km/h d. 337.5km 
. a. 17 500 b. $233.33 
c. 70 people d. $17500 
a. 200 
b. | ampere 
c. 13.3 ohms 
d. Sample responses can be found in the worked solutions 
in the online resources. 
av k= 15 b. V=20L 


Exercise 9.8 Sketching the hyperbola 
1. See table at the bottom of the page.* 


12. The constant of proportionality represents the distance of ay > 
the trip; therefore, when this value is smaller, the time taken 0 H cs 
to complete the trip at the same speed is also smaller. 

10 
13. a. 10 b. T= — Y 
P 
c. 1 hour 40 minutes 
100.048 5. 
14. a. 100.048 b. T= c. 9.58 seconds 
d. 15.00 seconds 
1350 
15.a. C= b. $96.43 per person 
n 
c. $30 per person 
6. It increases the y-values by a factor of k and hence dilates 
the curve by a factor of k. 
a I 
—5 —4 —3 —2 -1 0 1 3 +f 
—2 —2.5 | —3.3 —5 —10 Undef. 10 5 3.3 2:5 


608 Jacaranda Maths Quest 10 + 10A 


13. The a translates the graph left or right, and x = a becomes 
the vertical asymptote. 


14.a. i. x=—-l,y=0 


k 
9. The negative reflects the curve y= — in the x-axis. 
x 


10. See table bottom of the page.* 


b. i 

I 
I s. 
ii. 

I 

| 

| 

! 

I 

I 

I 

ly =] 
Equation of vertical asymptote is x = 1. 
11. a. 15. a. i 
ii. 
b. 
b. i 
ii. 
* 
as x = =) =i 0 n 2 3 4 
—0.25 —0.33 —0.5 —1 Undef. 1 0.5 0.33 
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20. a. 


1 1 
x —2 |) -l1/-- = 1 2 
2 2 
! 1 4 4 1 : 
m4 4 
See figure at the bottom of the page.* 
1 1 
b. x=0 eae a ae 
21. a. 100°C 
33.1°C 


17.85 minutes ~ 18 minutes 


a2Qo%#e. 


. No. The horizontal asymptote is 22 °C, so the 
temperature will never drop below this value. 


1 
22. a. y-intercept: (0. ;) 


x-intercepts: (1,0) and (—1, 0) 
b. x=2,x=—2andy=2 


17. Sample responses can be found in the worked solutions in c. yp 
the online resources. Possible answers: 6 y= 6 | 
1 ea 
a. y= 
y x-3 | 
—— | 
+10 as a (ea al : - 
18. a. Any equation of the form y = 5 + 3. Le -1) 0% ~'(1,10) 
ee 
={4 ene ae ee Ce eae 
b. y= +4 
c= 8 IT 2 
19. y= —— -1,x=-3,y=-1 
~ x+3 a 45 
6 
N Y 
2. : +2 1 2 
y= X= y= 
(x +1) 
*20. a. Yh 
4 
3 
1 
Pia 
B 
1 
« ad 
3 2 = 0 1 2 one 
x=0,y=0 


610 Jacaranda Maths Quest 10 + 10A 


Exercise 9.9 Sketching the circle b. 
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b. (x +4) + (9-6) = 8 13. (v5) + (y—3) = 16 
14. a. 2cm, 13.8cm 
b. 3.9cm/s 
15. (—2, 0) 
16. a. See the figure at the bottom of the page.* 
b. i. (0.707, 0.707) and (—0.707, —0.707) 
ii. (0, 0) and (1, 1) 
iii. (0.786, 0.618) and (—0.786, 0.618) 


YA 
(-6, 13)15- 


18. (—3, 4), (3, 4), (0, 5) and (0, —5) 


10. D 
11.B 
12. D 
*16.a 
Point of intersection 
Point of intersection 
Point of intersection (0.707107, 0.707107) 
(-0.786151, 0.618034) . : i 
Point of intersection 
(0.786151, 0.618034) 
a a 


I 
2 


xV¥ 


Point of intersection 
(—0.707 107, —0.707107), 
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19. (x— 1+ (y - 1) = 4 centre at (1, 1) and radius of 2 units. 


t x y 
(x- 4y + (y - iD = | centre at (4, 1) and radius of 1 unit. 0 1 1 
The circles intersect (touch) at (3, 1). 
1 0 0 
See figure at the bottom of the page.* 5 i i 
20. (x — y+ (y - 5)” = 4 centre at (2, 5) and radius of 2 units. 3 =) 4 
Project a = 2 
5 —4 16 
ms t x y Sample responses can be found in the worked solutions in the 
0 0 0 online resources. 
1 1 1 t= 1,0, -1, —2, -3, —4. 
By} 2: 4 Parametric equations 
3 3 9 x=1-tandy=(1-?) 
YA 
4 + 16 25 
5 5 25 20 
15 
2. Parametric equations 10 
x=tandy=? 5 
YA 
25 Sree ei See eS ee 
20 
15 B 
10 t x y 
5 0 0 0 
~< 0 * 1 it -1 
=5 4-3-2 -1'¥ 1 2 3 4 5° 5 5 4 
3. Sample response: Yes the graph is different. Y = x° is a 3 3 _~9 
parabola and therefore, the graph appears in the I and the AA 4 —16 
II quadrants. Where as in Q2 the graph only appears in the I 5 5 75 
quadrant. Other sample responses can be found in the worked = 
solutions in the online resources. 
Ey 
19. yp 
2+ yp —Pxt 2y-2= 
3 wn 
5 P+ |= dx I2y+ 16 40 
1 
~ > 
“a iu 1 2 3 5 
-1 
Y 
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Parametric equations 10 
x=tandy=-f 


: at r 


Se tae 3.4 5 


. a. TP (3, 1); no x-intercepts; y-intercept: (0, 10) 


y=(x-3/ +1 


#V 


£5: 
30- 


5 5 
Y b. TP (—1, —5); x-intercepts: —1— yon + Es 
6. Sample response: The shape of the graph will be the same as ; : 2 2 
shown in Q5 but it will be in quadrant III (reflection of the y-intercept: (0, —3) 


0 <7 


15 
20 
| 
| 


graph in Q5). Other sample responses can be found in the YR Ay = 2x4 12-5 
worked solutions in the online resources. 
Parametric equations alt {e 
x=tandy=r ca > 
5 
1. 7 
(-1,-5) 
11. TP (—1, 16); x-intercepts: —5 and 3; y-intercept: (0, 15) 
Pe Teer wn i 


Exercise 9.10 Review questions 


1.D 
2.A 
3.D 
4. A 
5 
6. D 
7.B 
8. a. (4, -—15) b. (—2, —9) 
9. See table at the bottom of the page.* 
yy, 
16 
14 
12 
10 
8 
6 
ye x4 Bx 7 
i < 
-s\6-43Pl 3 4 
C4 to 
TP (—4, —9); x-intercepts: —7 and —1 


*9, 


16 Cl 0 =5 —8 —9 —8 =5 0 sf 16 
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14. a. See table at the bottom of the page.* 18. a. YA 
b. 


(i, 4) 


Y 


15. a. YA 


b. Increasing the value of a makes the graph steeper for 
positive x-values and flatter for negative x-values. 


ae 20. Sample responses can be found in the worked solutions in 


y 1 
|] 36 A the online resources. Possible answer is y= ——~. 
40 x+3 
28 21. a 
94: = 
20 y=5 x 3* 
16: y=2 x3 
fe <—y -+ x3" 
~ aa 
Poe SUR e 2s: e 
Y 
b. Increasing the value of k makes the graph steeper. 
17,a.. | a ae ey a es 
45, 
y= (2.5)* =|(2.5)* 
Pe ea 22.8. 2 +4x+y?—2y=44% 
2 L| 
20 
15 
10. e 
ake: 
= 4 -19| 1 2 3 
Y 
b. Changing the sign of the index reflects the graph in x24 8x + y? + By = 32 
the y-axis. ees y ~ 36 
BS 
Lacie x = = =i 0 n e 3 
0.008 0.04 0.2 i! 5) 25 125 
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. 2 seconds 
. 4 seconds 


(2, 20) 
h=-5?+20t 


(4, 0) 


. 4 seconds 

. 2 seconds (1 <t< 3) 

. The ball is never above a height of 20 m. 
» [0,12 

. 32m 

. 11:41 am to 6:19 pm. 


. First ripple’s radius is 3 cm, second ripple’s radius 
is 15cm. 


. 2.4cm/s 

d. 1 minute 22.1 seconds after it is dropped. 
. 0.14 g/ml b. 0.7 g/ml 
Pee +50 0=3<5 

b. 6.25m 


c. i. Sample responses can be found in the worked 
solutions in the online resources. 

ii. Dilation by a factor of 0.56 parallel to the y-axis. 

. 66.7% 

. Sample responses can be found in the worked solutions 
in the online resources. 

. When x= 0.3, b= 10.7. Therefore if p is greater than 
10.7 cm the platform would hit the bridge. 


1 0 Deductive geometry 


LEARNING SEQUENCE 


TOMO VGINIC Ware tte ere a ernie eer eer iene a eet Lee es A ieesbaeertetesee 
10.2 Angles, triangles and congruence 

10.3 Similar triangles ....... 
10.4 Quadrilaterals 

10.5 Polygons ..... 

10.6 Review 


10.1 Overview 
Why learn this? 


Geometry is an area of mathematics that has an abundance of 
real-life applications. The first important skill that geometry 
teaches is the ability to reason deductively and prove logically 
that certain mathematical statements are true. 


Euclid (c. 300 BCE) was the mathematician who developed a 
systematic approach to geometry, now referred to as Euclidean 
geometry, that relied on mathematical proofs. Mathematicians 
and research scientists today spend a large part of their time 
trying to prove new theories, and they rely heavily on all the 
proofs that have gone before. 


Geometry is used extensively in professions such as navigation 
and surveying. Planes circle our world, land needs to be 
surveyed before any construction can commence, and 
architects, designers and engineers all use geometry in their 
drawings and plans. Geometry is also used extensively in 
software and computing. Computer-aided design programs, computer imaging, animations, video games and 
3D printers all rely greatly on built-in geometry packages. 


Just about every sport involves geometry heavily. In cricket alone there are many examples; bowlers adjust the 
angle at which they release the ball to make the ball bounce towards the batsmen at different heights; fielders are 
positioned so they cover as much of the ground as efficiently as possible and batsmen angle their bat as they hit 
the ball to ensure the ball rolls along the ground instead of in the air. Netballers must consider the angle at which 
they shoot the ball to ensure it arcs into the ring and cyclists must consider the curved path of their turns that will 
allow them to corner in the quickest and most efficient way. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 
concepts covered in this topic. 


Fully worked 
solutions 
to every 
question 


Video Interactivities 
eLessons 


Digital 
documents 


eWorkbook 
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Exercise 10.1 Pre-test learn@y) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. Calculate the value of the pronumeral x. 


2. Calculate the value of the pronumeral x. 


WN42° 


3. State what type of triangles have the same size and shape. 


4. Determine the values of the pronumerals x and y. 


5. Triangles ABC and DEF are congruent; calculate the values of the pronumerals x, y and z. 


D Oxy 


A 
[> fe) 
C E 


(x+2)° (3y+z)° 


6. EZ) Choose which congruency test will prove these triangles are congruent. 


<<a 


A. SAS B. SSS Cc. AAS D. RHS E. ASA 


7. State what the AAA test checks about two triangles. 
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8. Calculate the value of the pronumeral x in the quadrilateral shown. 


10. Determine the exterior angle of a regular pentagon. 


11. Evaluate the sum of the interior angles of an octagon. 


42. (1 Select the correct values of the pronumerals x and y. > 3cm _ (3x + 2)° cm S 
1 2 
A. x= y= 7V2 B. x= 5,y=5V2 - = 
Ce ete Basie y=7y2 poe 
3° 3° ycm 
2 
E. Ta a V78 


13. Calculate the value of the pronumeral x. 


14. £15 Choose the correct values for the pronumeral x. 


/\ 8=OOrv=5 
Beg—4 OGa—4 
Cry — Sone — 4 
PL r=Oores4! 
=, #=S50rv=5 


15. O19 Select the correct values of the pronumerals x and y. 
A. x= 1.25 and y=6.5 
B. x= 0.8 and y=5.6 
Cr — 0M sandy —sleli2s 
D. x=5 and y=3.5 
Exo —0randiy—alel 
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10.2 Angles, triangles and congruence 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e apply properties of straight lines and triangles to determine the value of an unknown angle 
° construct simple geometric proofs for angles in triangles or around intersecting lines 
e prove that triangles are congruent by applying the appropriate congruency test. 


@® 10.2.1 Proofs and theorems of angles 


les-4892 
e Euclid (c. 300 BC) was the mathematician who developed a systematic approach to geometry, now referred 


to as Euclidean geometry, that relied on mathematical proofs. 
e A proof is an argument that shows why a statement is true. 
e A theorem is a statement that can be demonstrated to be true. It is conventional to use the following 
structure when setting out a theorem. 
¢ Given: a summary of the information given 
e To prove: a statement that needs to be proven 
¢ Construction: a description of any additions to the diagram given 
¢ Proof: a sequence of steps that can be justified and form part of a formal mathematical proof. 


Sums of angles 
Angles at a point 
e The sum of the angles at a point is 360°. 


at+b+c+d+e= 360° 


Supplementary angles 


e The sum of the angles on a straight line is 180°. 

e Angles that add up to 180° are called supplementary 
angles. 

e In the diagram angles a, b and c are supplementary. a+b+c= 180° 


Complementary angles A 


e The sum of the angles in a right angle is 90°. 
e Angles that add up to 90° are called complementary angles. 
e In the diagram angles a, b and c are complementary. 


ha 
> 
Natb+c=90° 
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Vertically opposite angles 


Theorem 1 
e Vertically opposite angles are equal. D 
A 
Given: Straight lines AB and CD, which intersect at O. 
To prove: ZAOD = ZBOC and ZBOD = ZAOC 
Construction: Label ZAOD as a, ZBOC as b and ZBOD as c. 
Proof: Let ZAOD = a°, ZBOC = D° and ZBOD = c?. 
a+c= 180° (supplementary angles) 
b+c= 180° (supplementary angles) 
“atc=bt+e 
“a=b 
So, ZAOD = ZBOC. 
Similarly, ZBOD = ZAOC. 
Parallel lines 
e If two lines are parallel and cut by a transversal, then: 
e co-interior angles are e corresponding angles are 
supplementary equal 
Ww a) 
\>) 
b/ 
a+b=180° a=b 


e alternate angles are 
equal. 


Digital technology 


There are many online tools that can be used to play around with lines, 


shapes and angles. One good tool to explore is the Desmos geometry 
tool, which can be used for free at www.desmos.com/geometry. 


In the Desmos geometry tool, you can draw lines, circles, polygons and 
all kinds of other shapes. You can then use the angle tool to explore the 
angles between lines or sides. The figure at right shows the angle tool 
being used to demonstrate that co-interior angles are supplementary and 


alternate angles are equal. 
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® 10.2.2 Angle properties of triangles 
oa Theorem 2 


e The sum of the interior angles of a triangle is 180°. 


B 


Ja am 


A C 
Given: AABC with interior angles a, b and c 
To prove: a+b+c= 180° 
Construction: Draw a line parallel to AC, passing through B and label it DE as shown. 


Label ZABD as x and ZCBE as y. 


A C 
Proof: a=x (alternate angles) 
c=y (alternate angles) 

x+b+y= 180° (supplementary angles) 


*-at+b+c=180° 


Equilateral triangles 


e It follows from Theorem 2 that each interior angle of an equilateral triangle is 60°, and, conversely, if the 
three angles of a triangle are equal, then the triangle is equiangular. 


a+a+a= 180° (sum of interior angles in a triangle is 180°) 
3a = 180° 
a= 60° 
B 
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Theorem 3 


e The exterior angle of a triangle is equal to the sum of the 
opposite interior angles. 


Given: AABC with the exterior angle labelled d 

To prove: d=a+b 

Proof: c+d=180° (supplementary angles) 
a+b+c=180° (sum of interior angles in a triangle is 180°) 
“d=atb 


® 10.2.3 Congruent triangles 
les-4897 
wae e Congruent triangles have the same size and the same shape; that is, they are identical in all respects. 


e The symbol used for congruency is &. 
e For example, AABC in the diagram below is congruent to APQR. This is written as AABC = APQR. 


A i R 
e Note that the vertices of the two triangles are written in corresponding order. 


e There are four tests designed to check whether triangles are congruent. The tests are summarised in the 
table below. 


Congruence test Example Description 


Side-side-side The three corresponding sides are the 

(SSS) v4 ‘ same lengths. 

Side-angle-side Two corresponding sides are the 

(SAS) same length and the angle in between 
these sides is equal. 


Angle-angle-side Two corresponding angles are equal 
(AAS) and the side in between these angles 
is the same length. 
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Congruence test 


Example 


Description 


A pair of corresponding angles and a 
non-contained side are equal. 


Right angle- 
hypotenuse-side 
(RHS) 


The triangles are right-angled, and 
the hypotenuse and one other side 
of one triangle are equal to the 
hypotenuse and a side of the other 
triangle. 


e In each of the tests we need to show three equal measurements about a pair of triangles in order to show 


they are congruent. 


WORKED EXAMPLE 1 Determining pairs of congruent triangles 


Select a pair of congruent triangles from the diagrams shown, giving a reason for your answer. 


THINK 


1. In each triangle the length of the side opposite 
the 95° angle is given. If triangles are to be 
congruent, the sides opposite the angles of 
equal size must be equal in length. Draw your 
conclusion. 


2. To test whether AABC is congruent to APQR, 
first evaluate the angle C. 


3. Apply a test for congruence. Triangles ABC 
and PQR have a pair of corresponding sides 
equal in length and 2 pairs of angles the same, 
so draw your conclusion. 


18 cm N 
L 


WRITE 


All three triangles have equal angles, but the sides 
opposite the angle 95° are not equal. 
AC =PR= 15cmandLN= 18cm 


INNEXCS ANSSUP, ABS OS”, 
AG = it — Sr = Sey 
= 35° 


A pair of corresponding angles 

(ZB = ZQand ZC = ZR) and a corresponding 
side (AP = PR) are equal. 

AABC = APQR (AAS) 


® 10.2.4 lsosceles triangles 


eles-4898 


e A triangle is isosceles if the lengths of two sides are equal but the third side is 


not equal. 


sh B 
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Theorem 4 


e The angles at the base of an isosceles triangle are equal. 


Given: AC = CB 
To prove: ZBAC = ZCBA 


Construction: Draw a line from the vertex C to the midpoint of the base AB and label the midpoint D. 
CD is the bisector of ZACB. 
C 


A /\ D ( B 
Proof: In AACD and ABCD, 
CD=CD (common side) 
AD=DB (construction, D is the midpoint of AB) 
AC=CB (given) 
=> AACD = ABCD (SSS) 
“. ZBAC = ZCBA 


e Conversely, if two angles of a triangle are equal, then the sides opposite those angles are equal. 


WORKED EXAMPLE 2 Determining values in congruent triangles 


Given that AABD = ACBD, determine the values of the pronumerals in the figure shown. 


THINK WRITE 
1. In congruent triangles corresponding sides are equal in AABD = ACBD 
length. Side AD (marked x) corresponds to side DC, so AIDE (ED, ADSse, CHS 
state the value of x. Sox=3 cm. 
2. Since the triangles are congruent, corresponding angles ZBAD= ZBCD 
are equal. State the angles corresponding to y and z and ZBAD= 40°, ZBCD=y 
hence determine the values of these pronumerals. So y=40° 
ZBDA = ZBDC 
ZBDA =z, ZBDC = 90° 
So Z—90%. 


626 Jacaranda Maths Quest 10 + 10A 


WORKED EXAMPLE 3 Proving two triangles are congruent 


Prove that APQS is congruent to ARSQ. 


P 
- Q 
O 
S R 
THINK WRITE 
1. Write the information given. Given: Rectangle PQRS with diagonal QS. 
2. Write what needs to be proved. To prove: that APQS is congruent to ARSQ. 


QP =SR (opposite sides of a rectangle) 
ZSPQ = ZSRQ = 90° (given) 
QS is common. 
3. Select the appropriate congruency test for proof. (In this So APQS = ARSQ (RHS) 
case, it is RHS because the triangles have an equal side, 
a right angle and a common hypotenuse.) 


ion) Resources 


co) 
[4 eWorkbook Topic 10 Workbook (worksheets, code puzzle and project) (ewbk-2036) 


g Digital documents SkilISHEET Naming angles, lines and figures (doc-5276) 
SkillISHEET Corresponding sides and angles of congruent triangles (doc-5277) 
SKilISHEET Angles and parallel lines (doc-5280) 


C3 Interactivities Individual pathway interactivity: Angles, triangles and congruence (int-461 2) 
Angles at a point (int-6157) 
Supplementary angles (int-6158) 
Angles in a triangle (int-3965) 
Interior and exterior angles of a triangle (int-3966) 
Vertically opposite and adjacent angles (int-3968) 
Corresponding angles (int-3969) 
Co-interior angles (int-3970) 
Alternate angles (int-397 1) 
Congruency tests (int-3755) 
Congruent triangles (int-3754) 
Angles in an isosceles triangle (int-6159) 
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Exercise 10.2 Angles, triangles and congruence learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
1,4, 7, 8, 9, 16 2,5, 10, 11, 12, 17 3, 6, 13, 14, 15, 18 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 
1. Determine the values of the unknown in each of the following. 


a. b. A c. A 
OS 
US<5 6° 120 
e b 
B 430 IN 
eA 
Dy 
44°( > B 
e 
> 
C 


2. Determine the values of the pronumerals in the following diagrams. 


a. b. Cc. 
115° 
~ 100°. Y 


3. DT select a pair of congruent triangles in each of the following, giving a reason for your answer. All side 


lengths are in cm. 
Pe ess 
3 ” rm 
4 
70° 4 
KS 3 


110° 
= 40° 


6cm 


il 
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ios) 
& 
& 
wm 
Ww 


3.5 4.8 2.5 


Understanding 


4. Determine the missing values of x and y in each of the following diagrams. Give reasons for your answers. 


a. A 
I~ 
B 


Cc 6 D 
AS 
we 
0 
99°() 


B 


b. A 


5. Determine the values of the pronumerals. Give reasons for your answers. 


a. b. 
1302 p52 
2b 
é 
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6. M2) Determine the value of the pronumeral in each of the following pairs of congruent triangles. All side 
lengths are in cm. 


V 


7. O19 Choose which of the following is congruent to the triangle shown. 
Note: There may be more than one correct answer. 


3cm 
Scm 
Dp 
A 3cm B 
5 cm 
Scm 
3cm 
Cc. D. 3cem 
3cm CS 
Scm 
5cm 
Pp 


E. None of these 
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Reasoning 
8. Prove that AABC = AADC and hence determine the value of the pronumerals. 


9. If DA=DB=DC, prove that zABC is a right angle. 


Cc 
A 
A B 


10. EXE Prove that each of the following pairs of triangles are congruent. 
| | | LT i 
/\\ 
R S Q 
d. A B e. Q 
>< P R 
D Cc 
S 


11. Prove that AABC & AADC and hence determine the value of x. 
B D 


A Cc 


( 
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12. Explain why the triangles shown are not necessarily congruent. 


> 
Sem 5cm 
7cm 
las 
7com 


13. Prove that AABC = AADC and hence determine the values of the pronumerals. 


B Cc 
30° | 


65° 


Ale D 


14. Explain why the triangles shown are not congruent. 


8cm 
—30° em 30°C 
70° Ko 


15. If AC=CB and DC = CE in the diagram shown, prove that AB||DE. 


D E 


Problem solving 
16. Show that AABO & AACO, if O is the centre of the circle. 


—— 
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17. Triangles ABC and DEF are congruent. 


A D 
ZS LS 
(2x + y)° 
110° 
2 : Z\ (\ 
B Cc E F 


Determine the values of the pronumerals x, y and z. 


18. ABC is an isosceles triangle in which AB and AC are equal in length. BDF is a right-angled triangle. 


F 


Show that triangle AEF is an isosceles triangle. 


10.3 Similar triangles 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e identify similar figures 
e calculate the scale factor in similar figures 
e show that two triangles are similar using the appropriate similarity test. 


® 10.3.1 Similar figures 


eles-4899 8 ee . . 
e Two geometric shapes are similar when one is an enlargement or reduction 


of the other shape. 

e An enlargement increases the length of each side of a figure in all 
directions by the same factor. For example, in the diagram shown, triangle 
A’B’C’ is an enlargement of triangle ABC by a factor of 3 from its centre 
of enlargement at O. 

e Similar figures have the same shape. The corresponding angles are the same 
and each pair of corresponding sides is in the same ratio. 

e The symbol for similarity is ~ and is read as ‘is similar to’. 

e The image of the original object is the enlarged or reduced shape. 

e To create a similar shape, use a scale factor to enlarge or reduce the original 
shape called the object. 
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Calculating scale factor 


e The scale factor can be found using the formula below and the lengths of a pair of corresponding sides. 


i ide length 
Scale factor = cies ie ely s enn 
object side length 


e If the scale factor is less than 1, the image is a reduced version of the original shape. If the scale factor is 
greater than 1, the image is an enlarged version of the original shape. 


Similar triangles 


e Two triangles are similar if: 

e the angles are equal, or 

e the corresponding sides are proportional. 
e Consider the pair of similar triangles below. 


U 
A 
. aN . NS 
Bq cy 8 W 
e The following statements are true for these triangles. 


e Triangle UVW is similar to triangle ABC or, using symbols, AUVW ~ AABC. 
e The corresponding angles of the two triangles are equal in size: 


ZCAB = ZWUV, ZABC = ZUVW and ZACB = ZUWV 


e The corresponding sides of the two triangles are in the same ratio. ua = eee = 2; that is, 


AB BC. AC 
AUVW has each of its sides twice as long as the corresponding sides in AABC. 
e The scale factor is 2. 


® 10.3.2 Testing triangles for similarity 


les-4900 
aa e Triangles can be checked for similarity using one of the tests described in the table below. 


Similarity test Example Description 


Angle-angle-angle The three corresponding angles 
(AAA) | | | are equal. 


Side-side-side The three sides of one triangle are 
(SSS) a proportional to the three sides of 
< ee fees the other triangle. 
Cc 
kb 
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Similarity test Example Description 


Side-angle-side Two sides of one triangle are 
(SAS) r proportional to two sides of the 
dis a other triangle, and the included 


angle is equal. 


e Note: When using the equiangular test, only two corresponding angles have to be checked. Since the sum 
of the interior angles in any triangle is a constant number (180°), the third pair of corresponding angles will 
automatically be equal, provided that the first two pairs match exactly. 


WORKED EXAMPLE 4 Determining pairs of similar triangles 


Determine a pair of similar triangles among those shown. Give a reason for your answer. 


a. b. Cc. 
3cm 6cm 
3em~JS 5cm 
f) Sy 
2cm 4cm 
THINK WRITE 
4 
1. In each triangle the lengths of two sides and the included For triangles a and b: 2 =-=2 
angle are known, so the SAS test can be applied. Since all a 
included angles are equal (140°), we need to the calculate For triangles a and ¢: 5 = 1.6, 3 in 
ratios of corresponding sides, taking two triangles at a time. 3 2 
For triangles b and ce: ; =\()'835 - =i()5) 


2. Only triangles a and b have corresponding sides inthe same _ Triangle a ~ triangle b (SAS) 
ratio (and the included angle is equal). State your conclusion, 
specifying the similarity test you used. 


WORKED EXAMPLE 5 Proving two triangles are similar 


Prove that AABC is similar to AEDC. 


A D 
C 
B 
E 
THINK WRITE 
1. Write the information given. AB is parallel to Given: 
DE. Transversal BD forms two alternate angles: AABC and ADCE 
ZABC and ZEDC. AB||DE 


C is common. 


2. Write what is to be proved. To prove: AABC ~ AEDC 
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3. Write the proof. Proof: 
ZABC = ZEDC (alternate angles) 
ZBAC = ZDEC (alternate angles) 
ZBCA = ZDCE (vertically opposite angles) 
.. AABC ~ AEDC (equiangular, AAA) 


ion) Resources 


a8) 
[4 eWorkbook Topic 10 Workbook (worksheets, code puzzle and project) (ewbk-2036) 


Ag Digital documents SkillISHEET Writing similarity statements (doc-5278) 
SKilISHEET Calculating unknown side lengths in a pair of similar triangles (doc-5281) 


(C) Video eLesson Similar triangles (eles-1925) 


&y Interactivities Individual pathway interactivity: Similar triangles (int-4613) 
Scale factors (int-6041) 
Angle-angle-angle condition of similarity (AAA) (int-6042) 
Side-angle-side condition of similarity (SAS) (int-6447) 
Side-side-side condition of similarity (SSS) (int-6448) 


Exercise 10.3 Similar triangles learn@j) 
Individual pathways 

m@ PRACTISE m@ CONSOLIDATE @ MASTER 

1,3, 6,11, 14 2,4, 7,9, 12, 15, 16 5, 8, 10, 13, 17, 18 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 


1. HET select a pair of similar triangles among those shown in each part. Give a reason for your answer. 


a. i. ii. iii. 
} \ \ 
3 4 6 
b. i. ii. iii. 
4 2 8 
L 5 2 2.5 L 12 
c. i. 2 ii > iii. 
6 
al \/ 4.5 
3 
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d. i. ii. 
[40° 60° A50° 60°” 
e. i. ii. 
4 8 
3 6 
2 4 


2. Name two similar triangles in each of the following figures. 


iii. 
iii. 
7 
5 
4 
a. Q b. A c. P Q 
B D Cc R 
S T 
d. a B e. B 
LON 
A Cc E 
‘ AB 
3. a. Complete this statement: —- = — = —. 
AD 


b. Determine the value of the pronumerals. 


4. Determine the value of the pronumeral in the diagram shown. 
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5. The triangles shown are similar. 


Determine the value of the pronumerals x and y. 


Understanding 


6. a. State why the two triangles shown are similar. 


b. Determine the values of the pronumerals x and y in the diagram. 


7. Calculate the values of the pronumerals in the following diagrams. 


a Cc b. B 
12cm 
A 
18 16cm x 
S 
Ny 
B x A R4Q0 Cc 3cm 
c 15 5 d 


x 15cm 


E 


E 


8. Calculate the values of the pronumerals in the following diagrams. 
a. A 10 B b. 
; 8 
wes CI 
kK 8 >< = >| 
D 16 C 
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9. Determine the value of x in the diagram. 


10. Calculate the values of the pronumerals. 


a. b. 
fe oe oe (4x + 1) cm si 


yom 


Reasoning 
11. EXE Prove that AABC is similar to AEDC in each of the following. 


a. Cc b. D c. E d. D 
A A 
B 
E D é 
B B 
D 
A B E 
A C E 


12. AABC is a right-angled triangle. A line is drawn from A to D as shown so that C 
ADLBC. 
Prove that: 
a. AABD~ AACB R 
b. AACD ~ AACB. 
A B 


13. Explain why the AAA test cannot be used to prove congruence but can be used to prove similarity. 


Problem solving 


14. A student casts a shadow of 2.8m. Another student, who is taller, stands in the same spot at the same time of 
day. If the diagrams are to the same scale, determine the length of the shadow cast by the taller student. 
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15. A waterslide is 4.2 m high and has a support 2.4 m tall. If a student reaches this support when she is 3.1 m 
down the slide, evaluate the length of the slide. 


16. Prove that AEFO ~ AGHO. 


E F 
as 


H G 


17. A storage tank as shown in the diagram is made of a 4-m-tall cylinder joined by a 
3-m-tall cone. If the diameter of the cylinder is 5 m, evaluate the radius of the end of eS n 


the cone if 0.75 m has been cut off the tip. 


3m 


x ‘f 0.75 m 
Vv Yv 


18. Determine the value of x in the diagram shown. 
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10.4 Quadrilaterals 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e identify the different types of quadrilaterals 
° construct simple geometric proofs for angles, sides and diagonals in quadrilaterals. 


@® 10.4.1 Quadrilaterals 


les-4901 . : ee 
= © Quadrilaterals are four-sided plane shapes whose interior angles sum to 360°. 


Theorem 5 


e The sum of the interior angles in a quadrilateral is 360°. 


A B 
D 
C 
Given: A quadrilateral ABCD 
To prove: ZABC + ZBCD + ZADC + ZBAD = 360° 


Construction: Draw a line joining vertex A to vertex C. Label the interior angles of the triangles formed. 


A B 
[SJ YY 
c\ 
D 
N 
C 
Proof: at+b+c=180° (sum of interior angles in a triangle is 180°) 
d+e+f=180° (sum of interior angles in a triangle is 180°) 


>atb+c+dt+et+f=360° 
.. ZABC + ZBCD + ZADC + ZBAD = 360° 


® 10.4.2 Parallelograms 


les-5354 
— e A parallelogram is a quadrilateral with two pairs of parallel sides. 
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Theorem 6 
e Opposite angles of a parallelogram are equal. 


Given: AB || DC and AD || BC 
To prove: ZABC= ZADC 
Construction: Draw a diagonal from B to D. 


Proof: ZABD = ZBDC (alternate angles) 
ZADB = ZCBD (alternate angles) 
ZABC = ZABD + ZCBD (by construction) 
ZADC = ZBDC + ZADB (by construction) 
“. ZABC = ZADC 


e Conversely, if each pair of opposite angles of a quadrilateral is equal, then it is a parallelogram. 


Theorem 7 


e Opposite sides of a parallelogram are equal. 


A 


Given: AB || DC and AD || BC 
To prove: AB=DC 
Construction: Draw a diagonal from B to D. 
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Proof: ZABD = ZBDC (alternate angles) 
ZADB = ZCBD (alternate angles) 
BD is common to AABD and ABCD. 
=> AABD & ABCD (ASA) 
.. AB=DC 


e Conversely, if each pair of opposite sides of a quadrilateral is equal, then it is a parallelogram. 


Theorem 8 


e The diagonals of a parallelogram bisect each other. 


Given: AB || DC and AD || BC with diagonals AC and BD 
To prove: AO=OC and BO=OD 
Proof: In AAOB and ACOD, 
ZOAB = ZOCD (alternate angles) 
ZOBA = ZODC (alternate angles) 
AB = CD (opposite sides of a parallelogram) 
=> AAOB = ACOD (ASA) 
=> AO=OC (corresponding sides in congruent triangles) 
and BO = OD (corresponding sides in congruent triangles) 


(®) Rectangles 


eles-5355 eA rectangle is a parallelogram with four right angles. 


Theorem 9 


e A parallelogram with a right angle is a rectangle. 


A B 
D C 
Given: Parallelogram ABCD with ZBAD = 90° 
To prove: ZBAD=ZABC=ZBCD=ZADC=90° 
Proof: AB || CD (properties of a parallelogram) 
=> ZBAD + ZADC = 180° (co-interior angles) 
But ZBAD = 90° (given) 


=> ZADC = 90° 
Similarly, ZBCD = ZADC = 90° 
.. ZBAD = ZABC = ZBCD = ZADC = 90° 


TOPIC 10 Deductive geometry 643 


Theorem 10 


e The diagonals of a rectangle are equal. 


A B 
D C 
Given: Rectangle ABCD with diagonals AC and BD 
To prove: AC=BD 
Proof: In AADC and ABCD, 
AD =BC (opposite sides equal in a rectangle) 
DC =CD (common) 
ZADC = ZBCD = 90° (right angles in a rectangle) 
=> AADC = ABCD (SAS) 
“. AC = BD 


® Rhombuses 


eles-5356 =e ~A rhombus is a parallelogram with four equal sides. 


Theorem 11 


e The diagonals of a rhombus are perpendicular. 


A 


Given: Rhombus ABCD with diagonals AC and BD 
To prove: AC1BD 
Proof: In AAOB and ABOC, 
AO = OC (property of parallelogram) 
AB =BC (property of rhombus) 
BO = OB (common) 
=> AAOB = ABOC (SSS) 
=> ZAOB = ZBOC 
But ZAOB + ZBOC = 180° (supplementary angles) 


=> ZAOB = ZBOC = 90° 
Similarly, ZAOD = ZDOC = 90°. 
Hence, AC | BD 


644 Jacaranda Maths Quest 10 + 10A 


WORKED EXAMPLE 6 Determining the values of the pronumerals of the quadrilaterals 


a. b. 
THINK WRITE 
a. 1. Identify the shape. a. The shape is a parallelogram as the shape has 
two pairs of parallel sides. 
2. To determine the values of x°, apply theorem 6, i = 120° 
which states that opposite angles of a 
parallelogram are equal. 
b. 1. Identify the shape. b. The shape is a trapezium, as one pair of opposite 
sides is parallel but not equal in length. 
2. To determine the values of y°, apply theorem 5, The sum of all the angles = 360° 
which states the sum of interior angles in a y> + 110° -£ 80°-+ 62> = 360° 
quadrilateral is 360°. 
3. Simplify and solve for y°. Vet Oe 80622 — 3602 


y? +252? = 360° 
y° = 360° — 252° 
OSs 


e Asummary of the definitions and properties of quadrilaterals is shown in the following table. 


Shape Definition Properties 
Trapezium A trapezium is a quadrilateral | e One pair of opposite sides is parallel but not 
with one pair of opposite sides equal in length. 
parallel. 
Parallelogram A parallelogram is a e Opposite angles are equal. 
quadrilateral with both pairs ° Opposite sides are equal. 
of opposite sides parallel. e Diagonals bisect each other. 
Rhombus A rhombus is a parallelogram | e Diagonals bisect each other at right angles. 
with four equal sides. e Diagonals bisect the angles at the vertex 
through which they pass. 
(continued) 
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(continued) 


Shape Definition Properties 
Rectangle A rectangle is a parallelogram | e Diagonals are equal. 
whose interior angles are right | e Diagonals bisect each other. 
angles. 
Square A square is a parallelogram e All angles are right angles. 


whose interior angles are right 
angles with four equal sides. 


All side lengths are equal. 

Diagonals are equal in length and bisect each 
other at right angles. 

Diagonals bisect the vertex through which 
they pass (45°). 


® 10.4.3 The midpoint theorem 


eles-4905 
e Now that the properties of quadrilaterals have been explored, the midpoint theorem can be tackled. 


Theorem 12 


e The interval joining the midpoints of two sides of a triangle is parallel to the third side and half its length. 


A 
E 
D 
Cc 
B 

Given: AABC in which AD = DB and AE = EC 

1 
To prove: DE || BC and DE = Fie 


Construction: — Draw a line through C parallel to AB. Extend DE to F on the parallel line. 
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Proof: In AADE and ACEF, 


AE = EC (E is the midpoint of AC, given) 
ZAED = ZCEF (vertically opposite angles) 
ZEAD = ZECF (alternate angles) 

=> AADE = ACEF (ASA) 

.. AD=CF and DE = EF (corresponding sides in congruent triangles) 
So, AD = DB =CF. 

We have AB || CF (by construction) 

So BDFC is a parallelogram. 

=> DE]||BC (opposite sides in parallelogram) 
Also, BC = DF 

But DE = DF (sides in congruent triangles) 

=> DE= =BC 


Therefore, DE || BC and DE= “BC, 


e Conversely, if a line interval is drawn parallel to a side of a triangle and half the length of that side, then the 
line interval bisects each of the other two sides of the triangle. 


WORKED EXAMPLE 7 Applying midpoint theorem to determine the unknown length 


In triangle ABC, the midpoints of AC and AB are D and E respectively. A 
Determine the value of DE, if BC = 18 cm. 
D E 
B Cc 
THINK WRITE 
1. Determine the midpoints on the line AB and AC. _D is midpoint of AB and E is midpoint of AC. 
1 
2. Apply the midpoint theorem to determine the DE=-— BC 
length of DE. 2 
3. Substitute the value of BC = 18 cm into the DE= x 18 
formula. : 
4. Simplify and determine the length of DE. DE=9 cm 
ion) Resources 


a) 
[4 eWorkbook Topic 10 Workbook (worksheets, code puzzle and project) (ewbk-2036) 
| Digital document SkilISHEET Identifying quadrilaterals (doc-5279) 


& Interactivities Individual pathway interactivity: Quadrilaterals (int-461 4) 
Quadrilateral definitions (int-2786) 
Angles in a quadrilateral (int-3967) 
Opposite angles of a parallelogram (int-6160) 


Opposite sides of a parallelogram (int-6161) 
Diagonals of a parallelogram (int-6162) 
Diagonals of a rectangle (int-6163) 
Diagonals of a rhombus (int-6164) 

The midpoint theorem (int-6165) 
Quadrilaterals (int-3756) 
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Exercise 10.4 Quadrilaterals learn) 


Individual pathways 


@ PRACTISE @ CONSOLIDATE m@ MASTER 
1,3, 7,9, 12, 13, 18 2, 4, 8, 10, 14, 15, 19, 20 &, @, Wi, We, I, Zi, 22 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 
1. Use the definitions of the five special quadrilaterals to decide if the following statements are true or false. 


a. A square is a rectangle. b. A rhombus is a parallelogram. 
c. A square is a rhombus. d. A rhombus is a square. 


2. Use the definitions of the five special quadrilaterals to decide if the following statements are true or false. 
a. A square is a trapezium. b. A parallelogram is a rectangle. 
c. A trapezium is a rhombus. d. A rectangle is a square. 

3. MEY Determine the value of the pronumeral in each of the following quadrilaterals. 

b. 
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6. Determine the values of x and y in each of the following figures. 


Understanding 


7. Draw three different trapeziums. Using your ruler, compass and protractor, decide which of the following 
properties are true in a trapezium. 


a. Opposite sides are equal. b. All sides are equal. 

c. Opposite angles are equal. d. All angles are equal. 

e. Diagonals are equal in length. f. Diagonals bisect each other. 

g. Diagonals are perpendicular. h. Diagonals bisect the angles they pass through. 


8. Draw three different parallelograms. Using your ruler and protractor to measure, decide which of the 
following properties are true in a parallelogram. 


a. Opposite sides are equal. b. All sides are equal. 

c. Opposite angles are equal. d. All angles are equal. 

e. Diagonals are equal in length. f. Diagonals bisect each other. 

g. Diagonals are perpendicular. h. Diagonals bisect the angles they pass through. 


9. Choose which of the following properties are true in a rectangle. 


a. Opposite sides are equal. b. All sides are equal. 

c. Opposite angles are equal. d. All angles are equal. 

e. Diagonals are equal in length. f. Diagonals bisect each other. 

g. Diagonals are perpendicular. h. Diagonals bisect the angles they pass through. 


10. Name four quadrilaterals that have at least one pair of opposite sides that are parallel and equal. 


11. Name a quadrilateral that has equal diagonals that bisect each other and bisect the angles they pass through. 


Reasoning 


12. Prove that the diagonals of a rhombus bisect each other. 
13. Give reasons why a square is a rhombus, but a rhombus is not necessarily a square. 


14. ABCD is a parallelogram. X is the midpoint of AB and Y is the midpoint 
of DC. Prove that AXYD is also a parallelogram. 


A 


15. The diagonals of a parallelogram meet at right angles. Prove that the 
parallelogram is a rhombus. 


Y C 
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16. ABCD is a parallelogram. P, Q, R and S are all midpoints of their respective 
sides of ABCD. 


a. Prove APAS = ARCQ. 
b. Prove ASDR = APBQ. 
c. Hence, prove that PQRS is also a parallelogram. 


17. Two congruent right-angled triangles are arranged as shown. Show that P Q 
PQRS is a parallelogram. 


Problem solving 
18. ABCD is a trapezium. 


a. Describe a fact about a trapezium. 
b. Determine the values of x and y. 


19. ABCD is akite where AC = 8cm, BE=5cm and ED =9cm. 


A 
1 
1 
| 
| 
| 
1 
1 
1 
| 
H 
1 

ae 


i} 
| 
| 
| 
1 
1 
1 
] 
| 
| 
C 
a. Determine the exact values of: 

i. x 

ii, y. 
b. Evaluate angle BAD and hence angle BCD. Write your answer in degrees and minutes, correct to the 

nearest minute. 
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sides of the table until they land in one of the holes or pockets. 


a. Draw a rectangular pool table measuring 5 cm by 3 cm on graph paper. 


Mark the four holes, one in each corner. 


20. Pool is played on a rectangular table. Balls are hit with a cue and bounce off the | 


21. 


b. A ball starts at A. It is hit so that it travels at a 45° diagonal across 
the grid. When it hits the side of the table, it bounces off at a 45° 
diagonal as well. Determine how many sides the ball bounces off 
before it goes in a hole. 

c. A different size table is 7cm by 2cm. Determine how many sides a 
ball bounces off before it goes in a hole when hit from A in the 
same way. 

d. Complete the following table. 


Table size Number of sides hit 
5cm X 3cm 


7Tcom X 2cm 
4cm X 3cm 


4cm X 2cm 


6cm X 3cm 


9cm X 3cm 
12cm X 4cm 


e. Can you see a pattern? Determine how many sides a ball would 
bounce off before going in a hole when hit from A on an m X n table. 

f. The ball is now hit from B on a 55cm X 3 cm pool table. Determine 
how many different paths a ball can take when hit along 45° 
diagonals. Do these paths all hit the same number of sides before 
going in a hole? Does the ball end up in the same hole each time? 
Justify your answer. 


g. The ball is now hit from C along the path shown. Determine what 
type of triangles and quadrilaterals are formed by the path of the ball 
with itself and the sides of the table. Determine if any of the triangles 
are congruent. 


ABCD is called a cyclic quadrilateral because it is inscribed 
inside a circle. 

A characteristic of a cyclic quadrilateral is that the opposite 
angles are supplementary. 

Determine the value of x. 


A 


a 


ae 
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22. The perimeter of this kite is 80cm. Determine the exact value of x. 


aaa 
oo l/ 


10.5 Polygons 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e identify regular and irregular polygons 
e calculate the sum of the interior angles of a polygon 
e determine the exterior angles of a regular polygon. 


® 10.5.1 Polygons 


les-4906 : : 
iil e Polygons are closed shapes that have three or more straight sides. 


Irregular Nota Nota 

polygon polygon polygon 
All sides are straight, Shape is Some sides 
shape is closed not closed are curved, 


not straight 


e Regular polygons are polygons with sides of the same length and interior angles of the same size, like the 
hexagon shown below. 

e Convex polygons are polygons with no interior reflex angles. 

e Concave polygons are polygons with at least one reflex interior angle. 


Regular polygon Convex polygon Concave polygon 


DOS 
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Interior angles of a polygon 


e The sum of the interior angles of a polygon is given by the formula shown below. 


Sum of interior angles of a polygon 


Sum of interior angles = 180° x (n — 2) 


where n = the number of sides of the polygon. 


WORKED EXAMPLE 8 Calculating the values of angles in a given diagram 


Calculate the value of the pronumerals in the figure shown. 


THINK WRITE 
1. Angles a and 110° form a straight line and so a+ V107= 180° 
are supplementary (add to 180°). a+110°— 110° = 180° — 110° 
q= he 

2. The interior angles of a triangle sum to 180°. b+a+80° = 180 
3. Substitute 70° for a and solve for b. b- 7102-802 — 1805 

b+150° = 180° 

p= sr 

4. Write the value of the pronumerals. O= 10, OS 30Y 


Exterior angles of a polygon 


e The exterior angles of a polygon are formed by the side of the polygon and an extension of its adjacent 
side. For example, x, y and z are exterior angles for the polygon (triangle) below and gq, r, s and t are the 
exterior angles of the quadrilateral. 


%) 
“ D 
[x 
Ean > 
(» 


e The exterior angle and interior angle at that vertex are supplementary (add to 180°). For example, in the 
triangle above, x + a= 180°. 

e Exterior angles of polygons can be measured in a clockwise or anticlockwise direction. 

e Ina regular polygon, the size of the exterior angle can be found by dividing 360° by the number of sides. 


TOPIC 10 Deductive geometry 653 


Exterior angles of a regular polygon 


° 


Exterior angles of a regular polygon = 


where n = the number of sides of the regular polygon. 


e The sum of the exterior angles of a polygon equals 360°. 
e The exterior angle of a triangle is equal to the sum of the opposite interior angles. 


ion) Resources 


5) 
[4 eWorkbook Topic 10 Workbook (worksheets, code puzzle and project) (ewbk-2036) 


} Interactivities Individual pathway interactivity: Polygons (int-4615) 


Interior angles of a polygon (int-6166) 
Exterior angles of a polygon (int-6167) 


Exercise 10.5 Polygons learn@) 
Individual pathways 

@ PRACTISE lm CONSOLIDATE @ MASTER 

1,3, 6,7, 11, 14 2,4, 8, 12, 15, 17 5, 9, 10, 13, 16, 18 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 
1. EEN calculate the values of the pronumerals in the diagrams shown. 


a. b. J 


120° a 


160° 


7109 
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2. Determine the value of the pronumeral in each of the following polygons. 
b. 


& 


a 4 b c. VW Vy, 
Z\ [| 
V 
d. S e 
ee NS 
4. For the five quadrilaterals shown: 

i. label the quadrilaterals as regular or irregular 
ii. determine the value of the pronumeral for each shape. 

b. Cc L\ 


.)) () 
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5. For the four polygons: 


i. calculate the sum of the interior angles of the polygon 
ii. determine the value of the pronumeral for each shape. 


6. Explain how the interior and exterior angles of a polygon are related to the number of sides in a polygon. 


Understanding 


7. The photograph shows a house built on the side of a hill. Use your knowledge of angles to determine the 
values of the pronumerals. Show full working. 
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8. Determine the values of the four interior angles of the front face of the building in the photograph shown. 
Show full working. 


9. Determine the values of the pronumerals for the irregular polygons shown. Show full working. 
b. 


350° 


10. Calculate the size of the exterior angle of a regular hexagon (6 sides). 


Reasoning 


11. State whether the following polygons are regular or irregular. Give a reason for your answer. 
. a . . C ) 
d. | e. | f. 7 
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12. A diagonal of a polygon joins two vertices. 
a. Calculate the number of diagonals in a regular polygon with: 
i. 4 sides ii. 5 sides iii. 6 sides iv. 7 sides. 


b. Using your results from part a, show that the number of diagonals for an n-sided polygon is ” (n—3). 


13. The exterior angle of a polygon can be calculated using the formula: 


Exterior angle = sii 


n 
Use the relationship between interior and exterior angles of a polygon to write a formula for the internal 
angle of a regular polygon. 


Problem solving 
14. a. Name the polygon that best describes the road sign shown. 


b. Determine the value of the pronumeral m. 


15. The diagram shows a regular octagon with centre O. 


a. Calculate the size of ZCBD. 
b. Calculate the size of ZCBO. 


c. Calculate the size of the exterior angle of the octagon, ZABD 


d. Calculate the size of ZBOC. & 
16. ABCDEFGH is an eight-sided polygon. 


H ()3x° (3x +5)°QD 


(3x — 10)° 


a. Evaluate the sum of the interior angles of an eight-sided polygon. 
b. Determine the value of the pronumeral x. 


658 Jacaranda Maths Quest 10 + 10A 


17. Answer the following questions for the given shape. 


5x 3x4+11 


a. Evaluate the sum of the interior angles of this shape. 
b. Determine the value of the pronumeral x. 


18. Answer the following questions for the given shape. 


a. Evaluate the sum of the interior angles of this shape. 
b. Determine the value of the pronumeral x. 
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10.6 Review 
10.6.1 Topic summary 


¢ Polygons are closed shapes with straight sides. 
¢ The number of sides a polygon has is denoted n. 
¢ The sum of the interior angles is given by the formula: 
Interior angle sum = 180°(n — 2) 
¢ Regular polygons have all sides the same 
length and all interior angles equal. 
¢ Convex polygons have no Regular 
internal reflex angles. polygon 
¢ Concave polygons have at least 
one internal reflex angle. Convex i 
¢ The exterior angles of a regular polygon 


polygon are given by = aa Gene 
Exterior angles = polygon 
n 


DEDUCTIVE GEOMETRY 


Quadrilaterals 


Parallel lines 


¢ If parallel lines are cut by a transversal, then: 


Alternate angles 


are equal: \a\ 


a 
Ul 
> 


\e) 


Corresponding angles 


are equal: [a) 
[b) 


8 
Il 
J 


Co-interior angles are 


supplementary: \7 
at+b=180° (B\ 


Supplementary and complementary angles 


¢ Supplementary angles are angles that add up to 180°. 
¢ Complementary angles are angles that add up to 90°. 


CX 


Supplementary angles 


De. 


Complementary angles 


Congruent figures 


« Congruent figures have the same size and shape. 
¢ The symbol for congruence is ©. 
¢ The following tests can be used to determine whether 


two triangles are congruent: 


SSS 


ASA 


rs. 2s 
ee 
ee 


RHS 


Similar figures 


« Similar figures have the same shape but different size. 
¢ The symbol for similarity is ~. 


¢ Scale factor = 


image side length 
object side length 


¢ The following tests can be used to determine whether 


two triangles are similar: 


S 
B 
6cm Tom 9cm 10.5cm) Sss 
A 10cm C R 15cm T 
S 
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B 
6cm / i‘ 9cm SAS 


10.6.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic | Success criteria =) | =) 


10.3 


10.4 


10.5 


| can apply properties of straight lines and triangles to determine the value 
of an unknown angle. 


| can construct simple geometric proofs for angles in triangles or around 
intersecting lines. 


| can prove that triangles are congruent by applying the appropriate 
congruency test. 


| can identify similar figures. 


| can calculate the scale factor in similar figures. 


| can show that two triangles are similar using the appropriate similarity 
test. 


| can identify the different types of quadrilaterals. 


| can construct simple geometric proofs for angles, sides and diagonals in 
quadrilaterals. 


| can identify regular and irregular polygons. 
| can calculate the sum of the interior angles of a polygon. 


| can determine the exterior angles of a regular polygon. 


10.6.3 Project 


Enlargement activity 


Enlargement is the construction of a bigger picture from a small 
one. The picture is identical to the other except that it is bigger. 
The new picture is often called the image. This can also be called 
creating a similar figure. 


The geometrical properties shared by a shape and its image under 
enlargement can be listed as: 
e lines are enlarged as lines 
e sides are enlarged to corresponding sides by the 
same factor 
e matching angles on the two shapes are equal. 


‘ck 


4e) 


() 
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In this activity, we will start with a small cartoon character, and then 
“blow it up’ to almost life-size. 


Equipment: ruler, pencil, cartoon print, butcher’s paper or some other 
large piece of paper. 
1. 


. Draw a grid of 2-cm squares over the small cartoon character. 


. Label the grids with letters across the top row and numbers down the 


. Get a large piece of paper and draw the same number of squares. You will 


Do some research on the internet and select a cartoon character or any 
character of your choice. 


Example: The cat is 9 squares wide and 7 squares tall. 


first column. 


have to work out the ratio of similitude (e.g. 2cm: 8 cm). 


. If your small cartoon character stretches from one side of the ‘small’ paper 


(the paper the image is printed on) to the other, your ‘large’ cat must stretch from one side of the “big’ 
paper to the other. Your large grid squares may have to be 8cm by 8 cm or larger, depending on the 
paper size. 


. Draw this enlarged grid on your large paper. Use a metre ruler or some other long straight-edged tool. Be 


sure to keep all of your squares the same size. 

e At this point, you are ready to draw. Remember, you do NOT have to be an artist to produce an 
impressive enlargement. 

e All you do is draw EXACTLY what you see in each small cell into its corresponding large cell. 

For example, in cell B3 of the cat enlargement, you see the tip of his ear, so draw this in the 

big grid. 

e If you take your time and are very careful, you will produce an extremely impressive enlargement. 

e What you have used is called a ‘ratio of similitude’. This ratio controls how large the new picture 
will be. 


A 2:5 ratio will give you a smaller enlargement than a 2 : 7 ratio, because for every 2 units on the original 
you are generating only 5 units of enlargement instead of 7. 


If the cat ratio is 1 : 4, it produces a figure that has a linear measure that is four times bigger. 


The big cat’s overall area, however, will be 16 times larger than the small cat’s. This is because area is 
found by taking length times width. 


The length is 4 times longer and the width is 4 times longer. Thus the area is 4 x 4 = 16 times larger than 
the original cat. 


The overall volume will be 4 x 4 x 4 or 64 times larger! This means that the big cat will weigh 64 times 
more than the small cat. 


ion) Resources 


aE) 
[4 eWorkbook Topic 10 Workbook (worksheets, code puzzle and project) (ewbk-2036) 
ay Interactivities Crossword (int-2854) 
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Sudoku puzzle (int-3597) 
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Exercise 10.6 Review questions learn@y) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. Select a pair of congruent triangles in each of the following sets of triangles, giving a reason for your 
answer. All angles are in degrees and side lengths in cm. (The figures are not drawn to scale.) 


2. Determine the value of the pronumeral in each pair of congruent triangles. All angles are given in 
degrees and side lengths in cm. 
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3. a. Prove that the two triangles shown in the diagram are congruent. 


A B Cc 
D 
b. Prove that APQR is congruent to AQPS. 
S R 
P Q 


4. Test whether the following pairs of triangles are similar. For similar triangles, determine the scale 
factor. All angles are in degrees and side lengths in cm. 


a. 
a? 47° 
3 
oe 11074 
2 8 
b. 
3 5 
LZ Z\ 
1 2 
c. 
4 
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5. Determine the value of the pronumeral in each pair of similar triangles. All angles are given in degrees 
and side lengths in cm. 


A 
5) 
3 
oO 
4 B 
. Prove that AABC ~ AEDC. 
A D 
Cc 
B 
E 
. Prove that APST ~ APRQ. 
Q 
S 
P R 
T 


. State the definition of a rhombus. 
. £9 Two corresponding sides in a pair of similar octagons have lengths of 4cm and 60 mm. The 


respective scale factor in length is: 
Ae 15 Basie) C1233 Disa E. 20:3 
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1 
10. A regular nonagon has side length xcm. Use a scale factor of ia 


to calculate the side length of a 
x 
similar nonagon. 


Problem solving 


11. ABC is a triangle. D is the midpoint of AB, E is the midpoint of AC and F is the midpoint of BC 
DG 1 AB,EG 1 AC and FG 1 BC. 
a. Prove that AGDA = AGDB. 

. Prove that AGDE = AGCE. 

. Prove that AGBF = AGCF. 

. State what this means about AG, BG and CG. 

. A circle centred at G is drawn through A. 

Determine what other points it must pass through. 


oao & 


12. PR is the perpendicular bisector of QS. Prove that APQS is isosceles. 


IP 


13. Name any quadrilaterals that have diagonals that bisect the angles they pass through. 


14. State three tests that can be used to show that a quadrilateral is a rhombus. 


W Xx 
Z HYG 


16. Prove that the diagonals in a rhombus bisect the angles they pass through. 


15. Prove that WXYZ is a parallelogram. 
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17. Explain why the triangles shown are not congruent. 


5cm 


VAC 80°/\ NUS is 


S5cm 


18. Prove that the angles opposite the equal sides in an isosceles triangle are equal. 
19. Name any quadrilaterals that have equal diagonals. 


20. This 8cm by 12cm rectangle is cut into two sections as shown. 


6cm 6cm 


12cm 


a. Draw labelled diagrams to show how the two sections can be rearranged to form: 
i. a parallelogram 
ii. a right-angled triangle 
iii. a trapezium. 
b. Comment on the perimeters of the figures. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources 


ion) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


iw 


Download the workbook for this topic, which includes 


worksheets, a code puzzle and a project (ewbk-2036) LJ 
ca) 
[4 

Download a copy of the fully worked solutions to every 

question in this topic (sol-0744) C 


| 


10.2 SkilISHEET Naming angles, lines and figures 
(doc-5276) 

SkilISHEET Corresponding sides and angles of 
congruent triangles (doc-5277) 

SKilISHEET Angles and parallel lines (doc-5280) 
SKilISHEET Writing similarity statements (doc-5278) 
SkilISHEET Calculating unknown side lengths in a 
pair of similar triangles (doc-5281) 

10.4 SkilISHEET Identifying quadrilaterals (doc-5279) 


10.3 


Ef 


10.2 Proofs and theorems of angles (eles-4892) 
Angle properties of triangles (eles-5353) 
Congruent triangles (eles-4897) 
lIsosceles triangles (eles-4898) 

Similar figures (eles-4899) 

Testing triangles for similarity (eles-4900) 
Similar triangles (eles- 1925) 
Quadrilaterals (eles-4901) 
Parallelograms (eles-5354) 

Rectangles (eles-5355) 

Rhombuses (eles-5356) 

The midpoint theorem (eles-4905) 

10.5 Polygons (eles-4906) 


10.3 


10.4 


ONOOOOOUOUOOOUOOO 


10.2 Individual pathway interactivity: Angles, triangles and 
congruence (int-461 2) 

Angles at a point (int-6157) 

Supplementary angles (int-6158) 

Angles in a triangle (int-3965) 

Interior and exterior angles of a triangle (int-3966) 
Vertically opposite and adjacent angles (int-3968) 
Corresponding angles (int-3969) 

Co-interior angles (int-3970) 

Alternate angles (int-397 1) 

Congruency tests (int-3755) 

Congruent triangles (int-3754) 

Angles in an isosceles triangle (int-6159) 
Individual pathway interactivity: Similar triangles 
(int-4613) 

Scale factors (int-6041) 


10.3 


OO OOOUOUOOOUOOOOO 


Angle-angle-angle condition of similarity (AAA) 


(int-6042) a 
Side-angle-side condition of similarity (SAS) (int-6447) [] 
Side-side-side condition of similarity (SSS) (int-6448) [] 
10.4 Individual pathway interactivity: Quadrilaterals 
(int-461 4) | 
Quadrilateral definitions (int-2786) [ 
Angles in a quadrilateral (int-3967) CJ 
Opposite angles of a parallelogram (int-6160) a 
Opposite sides of a parallelogram (int-6161) CL 
Diagonals of a parallelogram (int-6162) Gl 
Diagonals of a rectangle (int-6163) L 
Diagonals of a rhombus (int-6164) i 
The midpoint theorem (int-6165) [ 
Quadrilaterals (int-3756) [ 
10.5 Individual pathway interactivity: Polygons (int-4615) [sy 
Interior angles of a polygon (int-6166) L 
Exterior angles of a polygon (int-6167) | 
10.6 Crossword (int-2854) L 
Sudoku puzzle (int-3597) L] 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 


Topic 10 Deductive geometry 
Exercise 10.1 Pre-test 


ee oY 
2 SPS 2 


15. 


Exercise 10.2 Angles, triangles and congruence 
1. 


OP MNOAP YD > 


17.5° 
69° 


. Congruent triangles 
~x=12,y=11 
.x= 58, y=-76, z= 308 


A 


. Whether they are similar or not 


95° 


a. a=56° b. b=30° c. c= 60° 

d. d= 120° e. e= 68° 

a. x=115° 

b. y= 80° 

c. a= 120°, b= 60°, c= 120°, d= 60° 

d. x= 30° 

a. Iand IH, SAS b. ITand II, AAS 

c. IL and HI, RHS d. Iand II, SSS 

a. x=6, y= 60° b. x= 80°, y= 50° 

G. X= 32%, y= 67° d. x= 45°, y= 45° 
. b=65°, c= 10°, d= 50°, e = 130° 


a 
b. f= 60°, g = 60°, h = 20°, i = 36° 

a. x=3cm 

b. x= 85° 

c. x= 80°, y= 30°, z= 70° 

d. x=30°,y=7cm 

e. x= 40°, y=50°, z= 50°, m= 90°, n= 90° 


.C,D 


8. x= 110°, y=110°, z=4cm, w=7cm 


9. Sample responses can be found in the worked solutions in 


10. 


11. 
12. 
13. 
14. 
15. 


16. 


the online resources. 


Sample responses can be found in the worked solutions in 
the online resources. 


a. Use SAS. b. Use SAS. c. Use ASA. 
d. Use ASA. e. Use SSS. 
x= 70° 


The third sides are not necessarily the same. 

x= 30°, y= 65° 

Corresponding sides are not the same. 

Sample responses can be found in the worked solutions in 
the online resources. 

Use SSS. Sample responses can be found in the worked 
solutions in the online resources. 


17. x= 20°, y= 10° andz = 40° 


18. Sample responses can be found in the worked solutions in 


the online resources. 


Exercise 10.3 Similar triangles 

1. a. iand iii, RHS b. iand ii, SAS 
c. iand ili, SSS d. iand iii, AAA 
e. iand ii, SSS 

2. a. Triangles PQR and ABC 
b. Triangles ADB and ADC. 
c. Triangles PQR and TSR. 
d. Triangles ABC and DEC. 


e. Triangles ABC and DEC. 
AB BC AC 

' 3p DE Ae 

4.x=4 

5. x = 20° =p- 
x= 20°, y= A 

6. a. AAA 


7. a. x= 12 


b. x=3,y=4 


b. x=4cm 

c. x= 16 

d. x=8cm, n= 60°, m= 70° 
8. a. x= 7.5, y= 6.4 b. x=8 
9.x=27 


40.a. x=1, y=7y2 b. x= 2.5, y=3.91 


11. Sample responses can be found in the worked solutions in 


the online resources. 
12. a. ZABD = ZABC (common angle) 
ZADB = ZBAC = 90° 
AABD ~ AACB (AAA) 
b. ZACD = ZBCA (common angle) 
ZADC = ZCAB = 90° 
AACD ~ AACB (AAA) 

13. Congruent triangles must be identical; that is, the angles 
must be equal and the side lengths must be equal. 
Therefore, it is not enough just to prove that the angles 
are equal. 

14. The taller student’s shadow is 3.12 metres long. 

15. The slide is 7.23 m long. 

16. ZFEO = ZOGH (alternate angles equal as EF || HG) 
ZEFO = ZOHG (alternate angles equal as EF || HG) 
ZEOF = 4HOG (vertically opposite angles equal) 

., AEFO ~AGHO (equiangular) 

17. Radius = 0.625 m 

18. x=6o0rx=11 


Exercise 10.4 Quadrilaterals 


1. a. True b. True 
c. True d. False 
2. a. False b. False 
c. False d. False 
3. a. x= 145° b. t= 174° 
c. m= 66° d. q= 88° 


4. a. a= 35°, b= 65° 
b. c= 62°, d= 28°,e=90° 
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c. f= 40°, g = 140° 
d. h=75°,i=75° 


5. a. x= 69° b. x= 26°, y= 128° 
6. a. x= 36°, y= 62° b. x=5cm, y= 90° 
c. x= 10°, y= 70° d. x = 40°, y= 60° 
7. None are true, unless the trapezium is a regular trapezium, 
then e is true. 
8. a,c, f 
9. a, c, d, e, f 
10. Parallelogram, rhombus, rectangle, square 
11. Square 
12. Use AAS. Sample responses can be found in the worked 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


solutions in the online resources. 


. All the sides of a square are equal, so a square is a special 


rhombus. But the angles of a rhombus are not equal, so 
can’t be a square. 


AX || DY because ABCD is a parallelogram 

AX = DY (given) 

.. AXYD is a parallelogram since opposite sides are equal 

and parallel. 

Use SAS. Sample responses can be found in the worked 

solutions in the online resources. 

a. Use SAS. Sample responses can be found in the worked 
solutions in the online resources. 


b. Use SAS. Sample responses can be found in the worked 
solutions in the online resources. 


c. Opposite sides are equal. Sample responses can be found 
in the worked solutions in the online resources. 

PS = QR (corresponding sides in congruent triangles 

are equal) 

PS || QR (alternate angles are equal) 

.. PQRS is a parallelogram since one pair of opposite sides 

are parallel and equal. 


a. One pair of opposite sides are parallel. 
b. x= 90°, y= 75° 


a i, x= V4l1 ii, y= 97 
b. ZBAD = ZBCD = 117°23' 
a. T T | 
| 
| 
| | | 
| | | 
i | 
EEE 
EEE 
b. 6 
c. 7 
e Table size Number of sides hit 
S5cemx3cm 6 
7omxX2cm 7 
4cmx3cm 5 
4cmxX2cm 1 
6cmX3cm 1 
9cmxX3cm 2 
12cmx4cm 2 
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21. 
22. 


e. If the ratio of the sides is written in simplest form, then 
the pattern is m+n — 2. 

f. There are two routes for the ball when hit from B. Either 
2 or 3 sides are hit. The ball does not end up in the same 
hole each time. 

A suitable justification would be a diagram — student 
to draw. 


g. Isosceles triangles and parallelograms. The triangles 
are congruent. 
70° 


x= V10cm 


Exercise 10.5 Polygons 


1. 


2 oN 


10. 
11. 


12. 


13. 


14. 


15. 


a. m= 60° b. a= 45°, b= 45° 
Gs 1=35" d. x= 10° 

a. a= 85°,b=50°,c = 45° 

b. d= 140°,e= 110°, f= 110° 

c. g=90°,h=110°,i=70° 

d. j= 100°, k= 100°, / = 130°, m= 130° 

ay y= 35° Byt= 5" c. n=81° 
dad. x= 15° e. t= 30° 

a. i. Irregular iis X= 95° 

b. i. Irregular ii, p = 135° 

c. i. Irregular ii, t= 36° 

d. i. Irregular ii, y= 70° 

e. i. Irregular ii, p = 36° 

a. i. 540° ii, b= 110° 

b. i. 720° ii. c = 134° 

c. i. 900° ii. d= 24° 

d: i 720° ii. h = 85° 


The sum of the interior angles is based on the number of 
sides of the polygon. The size of the exterior angle can be 
found by dividing 360° by the number of sides. 


w= 75°, x= 105°, y= 94°, z = 133° 

82:5°,82:5°;97.5°; 97.5" 

a. a= 120°, b= 120°, c= 60°, d= 60°, e = 120°, f= 240° 
b. m= 10°, n= 270°, 0=50° 

60° 

Regular: all sides and interior angles are equal. 
Irregular: all sides and interior angles are not equal. 
Regular: all sides and interior angles are equal. 


Regular: all sides and interior angles are equal. 


ooo 5 


Irregular: the sides are all equal, but the interior angles 
are not equal. 


tae 


Regular: all sides and interior angles are equal. 

a. i. 2 ii, 5 iii. 9 iv. 14 

b. Sample responses can be found in the worked solutions 
in the online resources. 


360° 
Internal angle = 180° — 
n 
a. Equilateral triangle 
b. m= 150° 
a. 135° b. 67.5° c. 45° d. 45° 


16. a. 1080° b. 43° 
17. a. 720° bi «= 25" 
18. a. 1080° b. x=17° 
Project 


Students will apply the knowledge of deductive geometry 

to enlarge a cartoon character to almost life-size. Sample 
responses can be found in the worked solutions in the online 
resources. 


Exercise 10.6 Review questions 


a 


12. 


13. 
14. 


15. 


a. Iand III, ASA or SAS 
b. Iand I, RHS 


.a. x=8cm 


b. x= 70° 
c. x= 30°, y= 60°, z= 90° 


. Sample responses can be found in the worked solutions in 


the online resources. 


a. Use SAS. b. Use ASA. 


a. Similar, scale factor = 1.5 

b. Not similar 

c. Similar, scale factor = 2 

a. x= 48°, y=4.5cm 

b. x= 86°, y=50°, z= 12cm 
c. x= 60°, y= 15cm, z=12cm 


. Use the equiangular test. Sample responses can be found in 


the worked solutions in the online resources. 


. Use the equiangular test. Sample responses can be found in 


the worked solutions in the online resources. 


. A rhombus is a parallelogram with two adjacent sides equal 


in length. 


EC 
10. 
11. 


x+1 
a. Use SAS. Sample responses can be found in the worked 
solutions in the online resources. 


b. Use SAS. Sample responses can be found in the worked 
solutions in the online resources. 


c. Use SAS. Sample responses can be found in the worked 
solutions in the online resources. 


d. They are all the same length. 

e. BandC 

Use SAS. Sample responses can be found in the worked 
solutions in the online resources. 

PQ = PS (corresponding sides in congruent triangles 
are equal) 

Rhombus, square. 

A quadrilateral is a rhombus if: 

1 all sides are equal 

2 the diagonals bisect each other at right angles 

3 the diagonals bisect the angles they pass through. 
WZ || XY (co-interior angles are supplementary) and 
WZ=XY (given) 

.. WXYZ is a parallelogram since one pair of sides is 
parallel and equal. 


16. Sample responses can be found in the worked solutions in 


the online resources. 


17. Corresponding sides are not the same. 
a | 
D Cc 
Bisect ZBAC 
AB = AC (given) 
ZBAD = ZDAC 
AD is common. 
.. AABD = AACD (SAS) 
.. ZABD = ZACD (corresponding sides in 


congruent triangles are equal) 
19. Rectangle, square. 


20. a. i. Gon 
12cm 
ii. 
10 cm 8cm 
10cm 8cm 
12cm 
iii. 6 cin 
12cm 6cm 


b. Perimeter of rectangle = 40 cm 
Perimeter of parallelogram = 44cm 
Perimeter of triangle = 48 cm 
Perimeter of trapezium = 44cm 
The triangle has the largest perimeter, while the 
rectangle has the smallest. 
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11.1 Overview 
Why learn this? 


Probability is a broad and interesting area of mathematics that affects 
our day-to-day lives far more than we can imagine. Here is a fun fact: 
did you know there are so many possible arrangements of the 52 cards 
in a deck (52! = 8.0658 x 10°”) that the probability of ever getting the 
same arrangement after shuffling is virtually zero? This means every 
time you shuffle a deck of cards, you are almost certainly producing 
an arrangement that has never been seen before. Probability is also a 
big part of computer and board games; letters X and Q in Scrabble are 
worth more points because you are less likely to be able to form a word 
using those letters. It goes without saying that probability is a big part 
of any casino game and of the odds and payouts when gambling on the 
outcome of racing or sports. 


While it is handy to know probability factoids and understand 
gambling, this isn’t the reason we spend time learning probability. 
Probability helps us build critical thinking skills, which are required for 
success in almost any career and even just for navigating our own lives. 
For example, if you were told your chance of catching a rare disease 
had doubled you probably wouldn’t need to worry, as a 1-in-a-million- 
chance becoming a 2-in-a-million chance isn’t a significant increase in 
the probability of you developing the disease. On the other hand, if a disease has a 1% mortality rate that may 
seem fairly low, but it means that if a billion people developed that disease, then 10 million would die. Using 
probability to understand risk helps us steer clear of manipulation by advertising, politicians and the media. 
Building on this understanding helps us as individuals make wise decisions in our day-to-day life, whether it 
be investing in the stock market, avoiding habits that increase our risk of sickness, or building our career. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 
concepts covered in this topic. 


Fully worked 
solutions 
to every 
question 


Video Interactivities 
eLessons 


Digital 
documents 


eWorkbook 
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Exercise 11.1 Pre-test learn(@y) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. 


. The Venn diagram shows the number of university students in a 


Calculate Pr(A NB) if Pr(A = 0.4), Pr(B = 0.3) and Pr(A U B) = 0.5. 


. If events A and B are mutually exclusive, and Pr(B) = 0.38 and Pr(A U B) = 0.89, calculate Pr(A). 


. State whether the events A = {drawing a red marble from a bag} and B= {rolling a 1 ona die} are 


independent or dependent. 


group of 25 who own a computer and/or tablet. anblet computer 


In simplest form, calculate the probability that a university student 
selected at random will own only a tablet. 


. £2 Two unbiased four-sided dice are rolled. Determine the probability that the total sum of two 


face-down numbers obtained is 6. 


A re ee Dy = =e 
8 16 16 4 8 
. 9 Identify which Venn diagram best illustrates Pr(A UB)’. 
A. a B B. 
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7. £9 From a group of 25 people, 12 use Facebook (F), 14 use Facebook Snapchat 
Snapchat (S), and 6 use both Facebook and Snapchat applications. 
Determine the probability that a person selected will use neither 
application. 
A. Z B. ao Cc. — 
5) 25 DS 
12 14 
D. — Ea 5 
Ds Ds 


8. The probability that a student will catch a bus to school is 0.7 and the independent probability that a 
student will be late to school is 0.2. 
Determine the probability, in simplest form, that a student catches a bus and is not late to school. 


9. [19 From events A and B in the Venn diagram, calculate Pr(A|B). A B 
4+ 4 
= Ba CS 
7 9 5 
1 7] 
PLS [Es = 
3 g 
1 
10. In the Venn diagram, events A and B are independent. A B 


State whether this statement is true or false. 


10 


11. If Pr(A) = 0.5, Pr(B) = 0.4 and Pr(A U B) = 0.8, calculate Pr(B|A), correct to 1 decimal place. 


12. 115 From 20 students, 10 play soccer, while 15 play Aussie Rules and 8 play both soccer and 
Aussie Rules. Calculate the probability that a student randomly selected plays soccer given that he or 


she plays Aussie Rules. 
eee B. = c. 2 ee ae 
15 S) 3 23 5 


13. £19 Two cards are drawn successively without replacement from a pack of playing cards. Calculate the 
probability of drawing 2 spades. 
1 > 2 1 7 1 = 2 


ig * 2652 "2652 2704 ” 2704 


14. A survey of a school of 800 students found that 100 used a bus (B) to get to school, 75 used a train (T) 
and 650 used neither. 
In simplest form, determine the probability that a student uses both a bus and a train to get to school. 
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15. EZ On the first day at school, students are asked to tell the class about their holidays. There are 
30 students in the class and all have spent part or all of their holidays at one of the following: a coastal 
resort, interstate, or overseas. 
The teacher finds that: 
e 5 students went to a coastal resort only 
e 2 students went interstate only 
e 2 students holidayed in all three ways 
e 8 students went to a coastal resort and travelled overseas only 
20 students went to a coastal resort 
e no less than 4 students went overseas only 
e no less than 13 students travelled interstate 
Determine the probability that a student travelled overseas and interstate only. 
a ae Gi 
15 6 15 


1 
D. — : 
3 IS 


11.2 Review of probability 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e use key probability terminology such as: trials, frequency, sample space, likely and unlikely events 
e use two-way tables to represent sample spaces 
e calculate experimental and theoretical probabilities 
e determine the probability of complementary events and mutually exclusive events 
e use the addition rule to calculate the probability of event ‘A or B’. 


® 11.2.1 The language of probability 


eles-4922 
e Probability measures the chance of an event taking place and ranges from 0 for an impossible event to 


1 for a certain event. 


Chances decrease 


unlikely chance likely 
Impossible Very Less than Better than Very Certain 
unlikely even chance even chance likely 


0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
0% 50% 100% 


Chances increase 


e The experimental probability of an event is based on the outcomes of experiments, simulations 
or surveys. 
e A trial is a single experiment, for example, a single flip of a coin. 
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Experimental probability 


: ae number of successful trials 
Experimental probability = —O—_——_____ 
total number of trials 


e The experimental probability of an event is also known as the relative frequency. 

e The list of all possible outcomes of an experiment is known as the event space or sample space. For 
example, when flipping a coin there are two possible outcomes: Heads or Tails. The event space can be 
written, using set notation, as {H, T}. 


WORKED EXAMPLE 1 Sample space and calculating relative frequency 


The spinner shown here is made up of 4 equal-sized segments. It is known that the 
probability that the spinner will land on any one of the four segments from one spin 


1 a 
is a To test if the spinner shown here is fair, a student spun the spinner 20 times 
and each time recorded the segment in which the spinner stopped. The spinner 
landed as follows. 
Segment I Il Il IV 
Tally 5 4 8 3 


a. List the sample space. 

b. Given the experimental results, determine the experimental probability of each segment. 

c. Compare the experimental probabilities with the known probabilities and suggest how the 
experiment could be changed to ensure that the results give a better estimate of the true probability. 


THINK WRITE 


a. The sample space lists all possible a. Sample space = {I, I, I, IV} 
outcomes from one spin of the spinner. 
There are four possible outcomes. 


; me ber of ful trial 
b. 1. For segment I there were 5 successful _b. Experimental probability, = pee eee eee 


trials out of the 20. Substitute these total number of trials 
values into the experimental = et 
probability formula. 20 
= 0.25 
: re 4 
2. Repeat for segments: Experimental probability, = 50 
e II (4 successes) a5 


e III (8 successes) 
e IV (3 successes). 8 
Experimental probability, = an 


= 0.4 


Experimental probability,,, = = 


= 05 
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c. Compare the experimental frequency c. The experimental probability of segment I was the 
valaccmahdtic Enountralustok I (0.25). only segment that mirrored the known value. To 
4 ensure that experimental probability gives a better 
estimate of the true probability, the spinner should be 
spun many more times. 


Answer the question. 


Two-way tables 


e The sample space can be displayed using a two-way table. 
e A two-way table represents two of the outcomes of events in a two-dimensional table. A two-way table for 
the experiment of tossing a coin and rolling a die simultaneously is shown below. 


Die outcomes 
1 iD) 3 4 5 6 
Coin H H, 1 H, 2 H, 3 H, 4 H, 5 H, 6 
outcomes T T,1 T,2 5 es T,4 een) 16 


WORKED EXAMPLE 2 Representing sample space with a two-way table 


Two dice are rolled, and the values on the two uppermost faces are multiplied together. Draw a 
diagram to illustrate the sample space. 


THINK WRITE 
The sample space for rolling | die is {1, 2, 3, Ficstdie 
4, 5,6}. When two dice are rolled and the two 


fe x | 1 2)3 )4) 5 6 

uppermost faces are multiplied, the sample 
space is made up of 36 products. This is best 1 ! 2 3 5 6 
represented with the use of a two-way table. Second 2|2 | 4/6 | 8 | 10/ 12 
e Draw a7 X7 grid. die 22 8? | 
e In the first row and column list the outcomes 4/4 8 | 12 | 16 | 20 | 24 
of each die. 5 | 5 | 10 | 15 | 20 | 25 | 30 

6 | 6 


e At the intersection of a column and row, 
write the product of the relevant die 
outcomes. 


Theoretical probability 


e Theoretical probability is the probability of an event occurring, based on the number of possible 
favourable outcomes, n(E), and the total number of possible outcomes, n(é). 


Theoretical probability 
When all outcomes are equally likely, the theoretical probability of an event can be calculated using 
the formula: 

number of favourable outcomes n(E) 


Pr(event) = ————__—_—_————————__ or Pr(event) = —— 
total number of possible outcomes n(é) 


where n(E) is the number of favourable events and n(&) is the total number of possible outcomes. 
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WORKED EXAMPLE 3 Calculating theoretical probability 


A fair die is rolled and the value of the uppermost side is recorded. Calculate the theoretical 
probability that a 4 is uppermost. 


THINK WRITE 
1. Write the number of favourable outcomes and the Ue) = Il 
total number of possible outcomes. The number of ney=o 
4s on a fair die is 1. There are 6 possible outcomes. 
: : n(E) 
2. Substitute the values found in part 1 to calculate the = Pr(a 4) = —— 
probability of the event that a 4 is uppermost when n(5) 
a die is rolled. = : 
6 
3. Write the answer in a sentence. The probability that a 4 is uppermost when a 


fair die is rolled is a 


® 11.2.2 Properties of probability events 


eles-4923 
Complementary events 
e The complement of the set A is the set of all elements that belong to the universal set (é ) but that do not 
belong to A. 
e The complement of A is written as A’ and is read as ‘A dashed’ or ‘A prime’. 


e Ona Venn diagram, complementary events appear as separate regions that together occupy the whole 
universal set. 


Complementary events 


Since complementary events fill the entire sample space: 


Pr(A)+ Pr(A’)=1 


e As an example, the complement of {drawing a diamond} from a deck of cards is {not drawing a diamond}, 
which can also be described as {drawing a heart, spade or club}. This is shown in the Venn diagram. 
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WORKED EXAMPLE 4 Determining complementary events 


A player is chosen from a cricket team. Are the events 


‘selecting a batter’ and ‘selecting a bowler’ 


complementary events if a player can have more than one 


role? Give a reason for your answer. 


THINK 


Explain the composition of a cricket team. Players 
who can bat and bow! are not necessarily the only 
players in a cricket team. There is a wicket-keeper 
as well. Some players (all rounders) can bat and 
bowl. 


WRITE 


No, the events ‘selecting a batter’ and ‘selecting 

a bowler’ are not complementary events. These 
events may have common elements, that is, the all 
rounders in the team who can bat and bowl. The 
cricket team also includes a wicket-keeper. 


The intersection and union of A and B 


e The intersection of two events A and B is written AN B. These are the outcomes that are in A ‘and’ in B and 
so the intersection is often referred to as the event ‘A and B’. 
e The union of two events A and B is written A U B. These are the outcomes that are in A ‘or’ in B and so the 


union of often referred to as the event ‘A or B’. 


fe) = ANB 


[i = Avs 


e When calculating the probability of AU B we cannot simply add the probabilities of A and B, as ANB 


would be counted twice. 


e The formula for the probability of A U B is therefore given by the following equation, which is known as the 


Addition Law of probability. 


The Addition Law of probability 


For intersecting events A and B: 


Pr(A UB) = Pr(A) + Pr(B) — Pr(A NB) 
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Mutually exclusive events 


e Two events are mutually exclusive if one event happening excludes é 
the other from happening. These events may not encompass all 
possible events. For example, when selecting a card from a deck of 
cards, selecting a black card excludes the possibility that the card is 
a heart. 

e Ona Venn diagram, mutually exclusive events appear as disjointed 

sets within the universal set. 

For mutually exclusive events A and B, Pr(AN B)=0. Therefore the 

formula for Pr(A U B) is simplified to the following. 


Mutually exclusive probabilities 


For mutually exclusive events A and B: 


Pr(A UB) = Pr(A) + Pr(B) 


WORKED EXAMPLE 5 Determining the probability of the union of two events 


A card is drawn from a pack of 52 playing cards. Determine the probability that the card is a heart 
or a club. 


THINK WRITE 
1. Determine whether the given events are The two events are mutually exclusive as they have 
mutually exclusive. no common elements. 
2. Determine the probability of drawing a heart Pr(heart) = le: Pr(club) = i 
and of drawing a club. 
al ul 
4 4 
3. Write the Addition Law for two mutually Pr(A or B) = Pr(A) + Pr(B) 
exclusive events. where A = drawing aheart 


and B = drawing aclub 


4. Substitute the known values into the rule. Pr(heart or club) = Pr(heart) + Pr(club) 
il il 
=-4- 
4 4 
22 
4 
eee 1 
5. Evaluate and simplify. = 


6. Write your answer. The probability of drawing a heart or a club is 7 
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n(heart or club) 


Note: Alternatively, we can use the formula for Pr(heart or club) = 
theoretical probability. » n(§) 
5 
any 
2 


WORKED EXAMPLE 6 Determining probabilities 


A die is rolled. Determine: 
a. Pr(an odd number) b. Pr(a number less than 4) 
c. Pr(an odd number or a number less than 4). 


THINK WRITE 
a. 1. Determine the probability of a. Pr(odd) = e 
obtaining an odd number, that is, 6 
(1,3, 5}. Be 
2 
2. Write your answer. The probability of obtaining an odd number is 7 
b. 1. Determine the probability of b. Pr(less than 4) = = 
obtaining a number less than 4, that 6 
is, (1,2,3). =e 
Z 
2. Write your answer. The probability of obtaining a number less than 4 is 7 


c. 1. Determine which numbers are odd or c. Less than 4 = {1, 2,3} 
less than 4. Oddi=fla355i 
The numbers {1, 2,3,5} are odd or less than 4. 


2. Determine the probability of Pr(odd or less than 4) = a 
obtaining a number that is odd or 6 
less than 4. = 2 
3 

3. Write your answer. The probability of obtaining an odd number or a number 


less than 4 is =. 


WORKED EXAMPLE 7 Using the Addition Law to determine the intersection of two events 


Given Pr(A) = 0.6, Pr(B) = 0.4 and Pr(A U B) = 0.9: 

a. use the Addition Law of probability to calculate the value of Pr(4 n B) 
b. draw a Venn diagram to represent the universal set 

c. calculate Pr(A n B’). 


THINK WRITE 
a. 1. Write the Addition Law of probability and a. Pr(A UB) = Pr(A) + Pr(B) — Pr(AN B) 
substitute given values. 0.9 = 0.6+ 0.4 —Pr(An B) 


» 


TOPIC 11 Probability 683 


2. Collect like terms and rearrange to make Pr(A N B) 0.9 = 1.0—Pr(AnB) 
the subject. Solve the equation. Pr(AN B) = 1.0—0.9 


b. 1. Draw intersecting sets A and B within the universal b. 
set and write Pr(A N B) = 0.1 inside the overlapping 
section, as shown. 


2. e As Pr(A) =0.6, 0.1 of this belongs in the overlap, 


the remainder of set A is 0.5 (0.6 — 0.1). : 
e Since Pr(B) = 0.4, 0.1 of this belongs in the 
overlap, the remainder of set B is 0.3 (0.4 —0.1). 
)*) 


3. The total probability for the universal set is 1. That 
means Pr(A U B)’ = 0.1. Write 0.1 outside sets A and 
B to form the remainder of the universal set. 


c. Pr(A NB’) is the overlapping region of Pr(A) C 
and Pr(B’). Shade the region and write down the 
corresponding probability value for this area. 


Pr(AN B’) = 0.5 


WORKED EXAMPLE 8 Using a Venn diagram to represent sets and find probabilities 


a. Draw a Venn diagram representing the relationship between the following sets. Show the position of 
all the elements in the Venn diagram. 
E = {1,2,3,4,5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20} 
A = {3,6,9, 12, 15,18} 
B= {2,4,6,8, 10, 12, 14, 16, 18, 20} 
b. Determine: 


i. Pr(A) ii. Pr(B) iii. Pr(ANB) iv. Pr(A UB) v. Pr(A’nB’) 
THINK WRITE/DRAW 
a. 1. Draw a rectangle with two partly intersecting circles a. n(€) = 20 
labelled A and B. 


2. Analyse sets A and B and place any common 
elements in the central overlap. 


3. Place the remaining elements of set A in circle A. 
4. Place the remaining elements of set B in circle B. 


5. Place the remaining elements of the universal set & 
in the rectangle. 
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. Write the number of elements that belong 


to set A and the total number of elements. 


. Write the rule for probability. 


. Substitute the known values into the rule. 


. Evaluate and simplify. 


. Write the number of elements that belong 


to set B and the total number of elements. 


. Repeat steps 2 to 4 of part bi. 


. Write the number of elements that belong 


to set (AN B) and the total number of 
elements. 


. Repeat steps 2 to 4 of part bi. 


. Write the number of elements that belong 


to set (A UB) and the total number of 
elements. 


. Repeat steps 2 to 4 of part bi. 


. Write the number of elements that belong 


to set A’ NB’ and the total number of 
elements. 


. Repeat steps 2 to 4 of part bi. 


. n(A) =6, n(é) = 20 


n(A) 
Pr(A) = <2 
r(A) n(é) 
6 
Pr(A) = — 
r(A) 50 
2 

~ 10 


i. n(B) = 10, n(€) =20 


n(B) 
Pr(B) = —— 
r(B) © 
10 
) 


n(AN B) = 3, n(E) = 20 


Pr(A nN B) = 


n(A MB) 
n(§) 


3 
Pr(ANB) = — 
( ) 50 


n(AUB) = 


n(A UB) = 


iv. n(AUB) = 13,n(€) = 20 


n(A UB) 
n(§) 

13 

20 


. (A OB’) = 7, n(€) = 20 


n(A' OB’) 
Pr(A’ NB’) = ——_— 
r( ) né) 
Pr(A’ NB’) = ef 

> 30 
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WORKED EXAMPLE 9 Creating a Venn diagram for three intersecting events 


In a class of 35 students, 6 students like all three subjects: PE, Science and Music. Eight of the 
students like PE and Science, 10 students like PE and Music, and 12 students like Science and Music. 
Also, 22 students like PE, 18 students like Science and 17 like Music. Two students don’t like any of 


the subjects. 


a. Display this information on a Venn diagram. 
b. Determine the probability of selecting a student who: 


i. likes PE only 
ii. does not like Music. 
c. Find Pr[(Science U Music) n PE’. 


THINK 


a. 1. Draw a rectangle with three partly 
intersecting circles, labelled PE, Science 
and Music. 


2. Extract the information relating to 
students liking all three subjects. 
Note: The central overlap is the key to 
solving these problems. Six students like 
all three subjects, so place the number 
6 into the section corresponding to the 
intersection of the three circles. 


3. Extract the relevant information from 
the second sentence and place it into the 
appropriate position. 
Note: Eight students like PE and Science; 
however, 6 of these students have already 
been accounted for in step 2. Therefore, 
2 will fill the intersection of only PE and 
Science. Similarly, 4 of the 10 who like 
PE and Music will fill the intersection 
of only PE and Music, and 6 of the 12 
students will fill the intersection of only 
Science and Music. 


686 Jacaranda Maths Quest 10 + 10A 


WRITE/DRAW 
oe n(é) = 35 
PE Science 
Music 


4. Extract the relevant information from 
the third sentence and place it into the 
appropriate position. 

Note: Twenty-two students like PE and 
12 have already been accounted for in the 
set. Therefore, 10 students are needed 

to fill the circle corresponding to PE 
only. Similarly, 4 students are needed to 
fill the circle corresponding to Science 
only to make a total of 18 for Science. 
One student is needed to fill the circle 
corresponding to Music only to make a 
total of 17 for Music. 


5. Extract the relevant information from n(é) = 35 
the final sentence and place it into the PE Science 
appropriate position. 

Note: Two students do not like any of 
the subjects, so they are placed in the 
rectangle outside the three circles. 


2 
6. Check that the total number in all 104+2+44+44+6+6+14+2=35 
positions is equal to the number in the 
universal set. 
i. 1. Write the number of students who b. i. n(students who like PE only) = 10 
like PE only and the total number of ee) = 3S) 
students in the class. 
: a : n(likes PE only) 
2. Write the rule for probability. Pr(likes PE only) = 6 
n 
: : : 10 
3. Substitute the known values into Pr(likes PE only) = — 
the rule. = 
ples 2 
4. Evaluate and simplify. = 7 
5. Write your answer. The probability of selecting a student who likes PE 
only is -. 
7 I 
ii. 1. Write the number of students who do ii. (students who do not like Music) = 18 
not like Music and the total number (2) = 35 


of students in the class. 

Note: Add all the values that do not 
appear in the Music circle as well 
as the two that sit in the rectangle 
outside the circles. 
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n(does not like Music) 


2. Write the rule for probability. Pr(does not like Music) = © 
n 
: : ; : 18 
3. Substitute the known values into the Pr(does not like Music) = — 
tule. 35 
4. Write your answer. The probability of selecting a student who does not 


like Music is —. 
35) 


c. 1. Write the number of students who like c. n[(Science U Music) N PE’] = 11 
Science and Music but not PE. AS) = 35 
Note: Add the values that appear in the 
Science and Music circles but do not 


overlap with the PE circle. 
2. Repeat steps 2 to 4 of part b ii. Pr[(Science U Music) N PE’] 
__ n{(Science U Music) N PE’] 
n(&) 
11 


Pr[(Science U Music) N PE’] = ze 


The probability of selecting a student who likes 


11 
Science or Music but not PE is ae 
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® Video eLesson Venn diagrams (eles-1934) 


i Interactivities Individual pathway interactivity: Review of probability (int-4616) 
Experimental probability (int-3825) 
Two-way tables (int-6082) 
Theoretical probability (int-6081) 
Venn diagrams (int-3828) 
Addition Law of probability (int-6168) 


688 Jacaranda Maths Quest 10 + 10A 


Exercise 11.2 Review of probability learn@y) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
1, 2 4 % Wp 12, 1G, WS 3, 5, 8, 13, 14, 17, 20 G6, ©), 10, WS, We, 24 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. Explain the difference between experimental and theoretical probability. 


2, HI The spinner shown was spun 50 times and the outcome each time was recorded in 


the table. int/ 
Segment | 1 II I Iv Vv VI 

Tally | 10 6 8 7 12 7 Vay 

a. List the event space. 

b. Given the experimental results, determine the relative frequency for each segment. 


c. The theoretical probability of the spinner landing on any particular segment with one spin is =. State how 


the experiment could be changed to give a better estimate of the true probabilities. 


3. A laptop company conducted a survey to see what were the most appealing colours for laptop computers 
among 15—18-year-old students. The results were as follows: 


Colour Black | Sizzling | Power | Blazing | Gooey | Glamour 
Black Silver Pink Blue Green Gold 
Number 102 80 a2 140 56 70 
a. Calculate the number of students who were surveyed. 
b. Calculate the relative frequency of students who found silver the most appealing laptop colour. 


c. Calculate the relative frequency of students who found black and green to be their most 
appealing colours. 
d. State which colour was found to be most appealing. 
4, MEA Two dice are rolled and the values on the two uppermost faces are added together. 
a. Construct a table to illustrate the sample space. 
b. Calculate the most likely outcome. 
c. Calculate the least likely outcome. 
5. Given Pr(A) = 0.5, Pr(B) = 0.4 and Pr(A UB) = 0.8: 


a. use the Addition Law of probability to calculate the value of Pr(A N B) 
b. draw a Venn diagram to represent the universal set 
c. calculate Pr(A N B’). 


6. Let Pr(A) = 0.25, Pr(B) = 0.65 and Pr(A n B) = 0.05. 
a. Calculate: 
i. Pr(AUB) ii, Pr(ANBY. 
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b. [1 Choose which Venn diagram below best illustrates Pr(A NB)’. 


A. B. ; 
| @ > | 


E. 


Pan 


¢ 


7. EET A die is rolled. Calculate the probability that the outcome is an even number ora 5. 


8. MEY A card is drawn from a well-shuffled pack of 52 playing cards. Calculate: 


a. Pr(a king is drawn) b. Pr(a heart is drawn) 
c. Pr(a king or a heart is drawn). 


9, E23 For each of the following pairs of events: 


i. state, giving justification, if the pair are complementary events 
ii. alter the statements, where applicable, so that the events 
become complementary events. 


. Having Weet Bix or having Strawberry Pops for breakfast 

. Walking to a friend’s place or driving there 

. Watching TV or reading as a leisure activity 

. Rolling a number less than 5 or rolling a number greater 
than 5 with a ten-sided die with faces numbered | to 10 

e. Passing a maths test or failing a maths test 


aao°0c f& 


10. a. ME Draw a Venn diagram representing the relationship between the following sets. Show the position 
of all the elements in the Venn diagram. 


E = {1,2,3,4,5,6,7,8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20} 
A= {1,3,5,7,9, 11, 13, 15,17, 19} 
B= {1,4,9, 16} 
b. Calculate: 
i. Pr(A) ii. Pr(B) iii. Pr(ANB) 
iv. Pr(AUB) v. Pr(A’ NB’). 


Understanding 


11. You and a friend are playing a dice game. You have an eight-sided die (with faces numbered 1 to 8 inclusive) 
and your friend has a six-sided die (with faces numbered | to 6 inclusive). You each roll your own die. 


a. The person who rolls the number 4 wins. Determine if this game is fair. 
b. The person who rolls an odd number wins. Determine if this game is fair. 


12. A six-sided die has three faces numbered 5; the other faces are numbered 6. Determine if the events ‘rolling 
a5’ and ‘rolling a 6’ are equally likely. 
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13. EGY A card is drawn from a shuffled pack of 52 cards. Calculate the probability that the card drawn is: 


a. an ace b. aclub c. ared card 
d. not a jack e. a green card f. not a red card. 


14. A bag contains 4 blue marbles, 7 red marbles and 9 yellow marbles. All marbles are the same size. A marble 
is selected at random. Calculate the probability that the marble is: 


a. blue b. red c. not yellow d. black. 
15. HE Thirty students were asked which lunchtime sports they enjoyed — volleyball, soccer or tennis. Five 
students chose all three sports. Six students chose volleyball and soccer, 7 students chose volleyball and 


tennis, and 9 chose soccer and tennis. Fifteen students chose volleyball, 14 students chose soccer and 18 
students chose tennis. 


a. Copy the Venn diagram shown and enter the given information. 


n() = 30 
Volleyball Soccer 


Tennis 


b. If a student is selected at random, determine the probability of 
selecting a student who: 


i. chose volleyball 
ii. chose all three sports 
iii. chose both volleyball and soccer but not tennis 
iv. did not choose tennis 
v. chose soccer. 


c. Determine: 
i. Pr[(soccer U tennis) N volleyball’ ] ii. Pr[(volleyball U tennis) N soccer’). 


Reasoning 


16. A six-sided die has three faces numbered | and the other three faces numbered 2. Determine if the events 
‘rolling a 1’ and ‘rolling a 2’ are equally likely. 


17. With the use of diagrams, show that Pr(A’ NB’) = Pr(A UB)’. 


18. A drawer contains purple socks and red socks. The chance of obtaining a 
red sock is 2 in 9. There are 10 red socks in the drawer. 
Determine the smallest number of socks that need to be added to the 
drawer so that the probability of drawing a red sock increases to 3 in 7. 
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Problem solving 


19. Ninety students were asked which lunchtime sports on offer, basketball, netball and soccer, they had 
participated in on at least one occasion in the last week. The results are shown in the following table. 


ee Basketball | Netball | Soccer | Basketball | Basketball | Netball and | All three 
and netball | and soccer soccer 
Number of 35 25 39 5 18 8 ; 
students 


a. Copy and complete the Venn diagram shown below to illustrate the sample space. 


wn 


(SEN 


. Determine how many students did not play basketball, netball or soccer at lunchtime. 

. Determine how many students played basketball and/or netball but not soccer. 

. Determine how many students are represented by the region (basketball not netball N soccer). 
. Calculate the relative frequency of the region described in part d above. 

. Estimate the probability that a student will play three of the sports offered. 


PO Q0 0 


20. The Venn diagram shows the results of a survey completed by a Chinese 
restaurateur to find out the food preferences of his regular customers. 


a. Determine the number of customers: 
i. surveyed 
ii. showing a preference for fried rice only 
iii. showing a preference for fried rice 
iv. showing a preference for chicken wings and dim sims. 


b. A customer from this group won the draw for a lucky door prize. 
Determine the probability that this customer: 


i. likes fried rice 
ii. likes all three — fried rice, chicken wings and dim sims 
iii. prefers chicken wings only. 


c. A similar survey was conducted a month later with another group of 50 customers. This survey yielded 
the following results: 2 customers liked all three foods; 6 preferred fried rice and chicken wings only; 
7 preferred chicken wings and dim sims only; 8 preferred fried rice and dim sims only; 22 preferred fried 
rice; 23 preferred chicken wings; and 24 preferred dim sims. 


i. Display this information on a Venn diagram. 


ii. Determine the probability of selecting a customer who prefers all three foods, if a random selection 
is made. 
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21. A pair of dice is rolled and the sum of the numbers shown is noted. 


a. Show the sample space in a two-way table. 

b. Determine how many different ways the sum of 7 can be obtained. 
c. Determine if all outcomes are equally likely. 

d. Complete the given table. 


Sum 


2 


3 


12 


Frequency 


e. Determine the relative frequencies of the following sums. 


i, 2 


ii. 7 iii, 11 


f. Determine the probability of obtaining the following sums. 


i. 2 


ii. 7 iti. 11 


g. Ifa pair of dice is rolled 300 times, calculate how many times you would expect the sum of 7. 


11.3 Tree diagrams 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
° create tree diagrams to represent two- and three-step chance experiments 
e use tree diagrams to solve probability problems involving two or more trials or events. 


® 11.3.1 Two-step chance experiments 


eles-4924 


e In two-step chance experiments the result is obtained after performing two trials. Two-step chance 
experiments are often represented using tree diagrams. 


equally likely. 


Tree diagrams are used to list all possible outcomes of two or more events that are not necessarily 


The probability of obtaining the result for a particular event is listed on the branches. 
The probability for each outcome in the sample space is the product of the probabilities associated with the 


respective branches. For example, the tree diagram shown here represents the sample space for flipping a 
coin, then choosing a marble from a bag containing three red marbles and one black marble. 


Nl 


Nl 


Marble Outcomes Probability 


pick 
HR Pr(HR)=4x3= 
3 2 4 
a4 
i 
4 1 pe | 
HB Pr(HB) = 2X4 
TR Pr(TR)= 2x3 
3 2° 4 
4 
i 
. TB Pr(TB)=1x1- 
2° 4 
4 possible 
outcomes 


3 
8 


1 
8 


3 
8 


1 


8 
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e When added together, all the probabilities for the outcomes should sum to 1. They are complementary 


events. For example, 


Pr(HR) + Pr(HB) + Pr(TR) + Pr(TB) = 


e Other probabilities can also be calculated from the tree diagram. For example, the probability of getting an 
outcome that contains a red marble can be calculated by summing the probabilities of each of the possible 


outcomes that include a red marble. 
Outcomes that contain a red marble are HR and TR, therefore: 


Pr(red marble) = Pr(HR) + Pr(TR) 


+ 
[oom mee) 


BIlW CO1D C|wWw 


WORKED EXAMPLE 10 Using a tree diagrams for a two-step chance experiment 


A three-sided die is rolled and a name is picked out of a hat that contains 3 girls’ names and 


7 boys’ names. 
a. Construct a tree diagram to display the sample space. 
b. Calculate the probability of: 

i. rolling a 3, then choosing a boy’s name 

ii. choosing a boy’s name after rolling an odd number. 


THINK WRITE 
a. 1. Draw 3 branches from the starting a. 
point to show the 3 possible Die ae 
outcomes of rolling a three-sided 
die (shown in blue), and then draw 3 
2 branches off each of these to show 10 
the 2 possible outcomes of choosing 7 
a name out of a hat (shown in red). L 10 
2. Write probabilities on the branches to 3 
show the individual probabilities of B 
rolling a 1, 2 or 3 on a three-sided die. 1 10 
As these are equally likely outcomes, 3 i 
Pr(1) = Pr(2) = Pr(3) = 7 ae 
1 
3. Write probabilities on the branches to 3 3 
show the individual probabilities of 10 
choosing a name. Since there are 3 girls’ ah 
names and 7 boys’ names in the hat, 10 


3 1 
Pr(G) = — and Pr(B) = —. 
S) 10 Cy 10 
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Outcomes 


1G 


1B 


AG: 


2B 


3G 


3B 


b. i. 1. Follow the pathway of rolling a3 b. i. Pr(3B) = Pr(3) x Pr(B) 


1 
prs) = ;| and choosing a boy’s lie, 
=-xK— 
aT 3 10 
name fo = | , and multiply ai 
the probabilities. ~ 30 
2. Write the answer. The probability of rolling a 3, 


then choosing a boy’s name is ae 


Pr(odd B) = Pr(1B) + Pr(3B) 


ii. 1. To roll an odd number (1 or 3) then ii. 
choose a boy’s name: 
e roll a 1, then choose a boy’s name or = Pr(1) x Pr(B) + Pr(3) x Pr(B) 


e roll a3, then choose a boy’s name. 


Calculate the probability of each of = : x - ar ; x - 
these and add them together to calculate 7 7 
the total probability. Simplify the result = Sor SS 
if possible. 30 30 
_ 14 
~ 30 
ed 
nG 
2. Write the answer. The probability of choosing a boy’s name after 


rolling an odd number is =. 


® 11.3.2 Three-step chance experiments 


eles-4925 
e Outcomes are often made up of combinations of events. For 


example, when a coin is flipped three times, three of the 
possible outcomes are HHT, HTH and THH. These outcomes 
all contain 2 Heads and 1 Tail. 

The probability of an outcome with a particular order is written 
such that the order required is shown. For example, Pr(HHT) is 
the probability of H on the first coin, H on the second coin and 
T on the third coin. 

The probability of an outcome with a particular combination of 
events in which the order is not important is written describing 
the particular combination required. For example, Pr(2 Heads 
and | Tail). 
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WORKED EXAMPLE 11 Using a tree diagram for a three-step chance experiment 


A coin is biased so that the chance of it falling as a Head when flipped is 0.75. 
a. Construct a tree diagram to represent the coin being flipped three times. 
b. Calculate the following probabilities, correct to 3 decimal places: 


i. Pr(HTT) 
ii. PradH and 2T) 
iii. Pr(at least 2 Tails). 


THINK 


a. 1. Tossing a coin has 

two outcomes. Draw 

2 branches from the 

starting point to show 

the first toss, 2 branches 

off each of these to show 

the second toss and then 

2 branches off each of 

these to show the third 

toss. 

2. Write probabilities on 
the branches to show the 
individual probabilities of 
tossing a Head (0.75) and 
a Tail. Because tossing a 
Head and tossing a Tail 
are mutually exclusive, 
Pr@) ere — Os. 


. Pr(HTT) implies the 
order: H(0.75), 
T (0.25), T (0.25). 
2. Multiply the 
probabilities and 
round. 


. Pr(1H and 2T) 
implies: Pr(HTT), 
Pr(THT), Pr(TTH). 

2. Multiply the 
probabilities and 
round. 

iii. 1. Pr(at least 2 Tails) 

implies: Pr(HTT), 

Pr(THT), Pr(TTH) 

and Pr(TTT). 

2. Add these 

probabilities and 

round. 


WRITE 
a: Ist 2nd 3rd 
toss toss toss 
4 
5 
0.7 
25 = 
0.75 
o 
Tes 
0.25 . 
0.75 
0.25 5 
o 
b. i. Pr(HTT) = Pr(H) x Pr(T) x Pr(T) 
= (0.75) x (0.25) 
= 0.046875 
= 0.047 


Outcomes 


lalallal 


HHT 


HTH 


Ea 


THH 


THT 


I abial 


ileal 


ii, | Pr(1H and 2T) = Pr(HTT) + Pr(THT) + Pr(TTH) 


= 3(0.75 x 0.257) 
= 0.140625 
~ 0.141 


ii. Pr(at least 2T) = Pr(HTT) + Pr(THT) + Pr(TTH) + Pr(TTT) 


= 3(0.75 X 0.257) + 0.25° 


—Onoo25) 
FB), SIO 
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TI | THINK 

a. i. 

In a new document, on 
a Calculator page, to 
calculate the probability 
of an exact number of 
successes from a set 
number of trials press: 
e MENU 

e 5: Probability 

e 5: Distributions 

e A: BinomialPdf 
Enter the values: 

e Num Trials, n: 3 

© Prob Success, p: 0.75 
e X Value: | 

Then tap OK. 


ii. 

In a new document, on 

a Calculator page, to 
calculate the probability 

of at least x successes from 


a set number of trials press: 


e MENU 

e 5: Probability 

e 5: Distributions 

e B: BinomialCdf 

Enter the values: 

e Num Trials, n: 3 

© Prob Success, p: 0.25 
© Lower Bound: 2 

© Upper Bound: 3 

Then tap OK. 

Note: In situations 

with repeated trials of 
independent events, 

such as flipping a coin, 

it becomes unfeasible to 
draw a tree diagram when 
the number of trials is 4 
or more. BinomicalPdf 
and BinomialCdf are very 
helpful in these cases. 


DISPLAY/WRITE 
a. i. 


Binomial Pdf 


binomPadf(2,0.75,1) 0.140625 


Pr(1H and 2T) = 0.141 (correct to 
3 decimal places) 


Binomial Cdf 
prot Success, : [025 [>] 
ueper oun [y |] 


binomCaf(3,0.25,2,3) 0.15625 


Pr(at least 2T) = 0.156 (correct to 
3 decimal places) 


CASIO | THINK 

a. i. 

On the Main screen, to 
calculate the probability 
of an exact number of 
successes from a set 
number of trials tap: 

e Interactive 

e Distribution/Inv. Dist 
© Discrete 

© binomialPDF 

Enter the values: 
ex:1 

© Numtrial: 3 

® pos: 0.75 

Then tap OK. 


ii. 

On the Main screen, to 
calculate the probability 
of at least x successes 
from a set number of 
trials tap: 

e Interactive 

© Distribution/Inv. Dist 
e Discrete 

© binomialCDF 

Enter the values: 

© Lower: 2 

© Upper: 3 

e Numtrial: 3 

® pos: 0.25 

Then tap OK. 

Note: In situations 

with repeated trials of 
independent events, 
such as flipping a coin, 
it becomes unfeasible to 
draw a tree diagram when 
the number of trials is 4 
or more. BinomicalPDF 
and BinomialCDF are 
very helpful in these 
cases. 


DISPLAY/WRITE 
a. i. 


© Edit Action interective 


at 
Nuretrial 3 
pos 0.75 
specified trial Clenteger from 0 ton) 


— 


Car) 


i?) 
Ag Standard eal fad @ 
SES GCSIGEso & Edit Action Interactive 
eS) Gets (5) 
binomialPDI(1, 3, 0.75) 


’ 
Q 
0, 140625 
o 
a 
a 


Aig Decimal Colx Deg 


Pr(1H and 2T) = 0.141 
(correct to 3 decimal places) 


© Edit Action Interactive 


lower 2 
Ueper 3 
Motil 3 
pos 0.25 
probability of success (0 Sp <1) 


—- 


—e 


Aig Standard = Peal fied a 


© Edit Action Interactive 
3) fe es) Ces 2 Se 


binomialCDf (2, 3, 3, 0.25) 


Q 
0. 15625 
0 
a 
a 


Peal Deg 


Alg Decimal 


Pr(at least 2T) = 0.156 
(correct to 3 decimal places) 
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ion) Resources 


om) 
(4 eWorkbook Topic 11 Workbook (worksheets, code puzzle and project) (ewbk-2037) 


| Digital document SkilISHEET Multiplying fractions for calculating probabilities (doc-5290) 
® Video eLesson Tree diagrams (eles-1894) 


ay Interactivities Individual pathway interactivity: Tree diagrams (int-461 7) 
Tree diagrams (int-6171) 


Exercise 11.3 Tree diagrams learn@) 
Individual pathways 

m@ PRACTISE Mm CONSOLIDATE @ MASTER 

i, 2, 8, &, WZ 8, By, 7, Wl, WG AL} Wil, V4! 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
1. Explain how a tree diagram can be used to calculate 1 Fish 
probabilities of events that are not equally likely. 
: . . P Blue Donkey 
2. Use this tree diagram to answer the following questions. 
a. Identify how many different outcomes there are. IN Elephant 
b. Explain whether all outcomes are equally likely. ; woe 
c. State whether getting a red fish is more, less or equally 
likely than getting a green elephant. ad Red Donkey 
d. Determine the most likely outcome. 
e. Calculate the following probabilities. ” Elephant 
Fish 
1 1 
i. Pr(blue elephant) ID 
ii. Pr(indigo elephant) Green Donkey 
iii. Pr(donkey) 1 7 ee 
: 2 10 
3. a. Copy the tree diagram shown here and complete the ? eee 
labelling for tossing a biased coin three times when the i _ 
chance of tossing one Head in one toss is 0.7. = i 
Indigo Donkey 
1st 2nd 3rd Outcome P(outcome) eo 
toss toss toss 10 Elephant 


p= 

i =| | 
we 
~_ 
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b. Calculate the probability of tossing three Heads. 
c. Determine the probability of getting at least one Tail. 
d. Calculate the probability of getting exactly two Tails. 


4. The questions below relate to rolling a fair die. 
a. Calculate the probability of each of the following outcomes from one roll of a die. 
i. Pr(rolling number < 4) 


ii. Pr(rolling a 4) 
iii. Pr(rolling a number other than a 6) Ist roll 2nd roll 


b. The tree diagram shown has been condensed to depict rolling a die twice, 
noting the number relative to 4 on the first roll and 6 on the second. Complete a 
labelled tree diagram, showing probabilities on the branches and all outcomes, 
similar to that shown. 

c. Determine the probability of rolling the following with 2 rolls of the die. 


i. Pr(a 4 then a 6) 
ii. Pr(a number less than 4 then a 6) 


6 
< —<— 
6’ 
6 
4 i 
6’ 
6 
iii, Pr(a 4 then 6’) a 
iv. Pr(a number > 4 and then a number < 6) 6’ 
5, EGY The spinner shown at right is divided into 3 equal-sized wedges labelled 1, 2 and 3. It 
is spun three times, and it is noted whether the spinner lands on a prime number, 
Pr = {2, 3}= ‘prime’, or not a prime number, Pr’ = {1} = ‘not prime’. 


a. Construct a labelled tree diagram for 3 spins of the spinner, showing probabilities on the 
branches and all possible outcomes. 
b. Calculate the following probabilities. 


i. Pr(3 prime numbers) ii. Pr(PPP’ in this order) 
iii. Pr(PPP’ in any order) 
Understanding 
6. EXE A coin is biased so that the chance of it falling as a Tail when tossed is 0.2. 
a. Construct a tree diagram to represent the coin being tossed 3 times. 


b. Determine the probability of getting the same outcome on each toss. 


7. A die is tossed twice and each time it is recorded whether or not the number is a multiple of 3. 
If M = the event of getting a multiple of 3 on any one toss and M’ = the event of not getting a multiple of 3 
on any one toss: 


a. construct a tree diagram to represent the 2 tosses 
b. calculate the probability of getting two multiples of 3. 
8. The biased spinner illustrated is spun three times. 


a. Construct a completely labelled tree diagram for 3 spins of the spinner, showing 
probabilities on the branches and all possible outcomes and associated probabilities. 


b. Calculate the probability of getting exactly two Is. 
c. Calculate the probability of getting at most two Is. 
Reasoning 


9. Each morning when Ahmed gets dressed for work he has the following choices: 
e three suits that are grey, blue and white 
e four shirts that are white, blue, pink and grey 
° two ties that are grey and blue. 
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. Construct a fully labelled tree diagram showing all possible clothing choices. 

. Calculate the probability of picking a grey suit, a pink shirt and a blue tie. 

. Calculate the probability of picking the same colour for all three options. 

. Ahmed works five days a week for 48 weeks of the year. Determine how many times each 
combination would get repeated over the course of one year at work. 

e. Determine how many more combinations of clothing he would have if he bought another tie and 

another shirt. 


Qoa5aT ® 


10. A restaurant offers its customers a three-course dinner, where 
they choose between two entrées, three main meals and two 
desserts. The managers find that 30% choose soup and 70% 
choose prawn cocktail for the entrée; 20% choose vegetarian, 
50% chicken, and the rest have beef for their main meal; 
and 75% have sticky date pudding while the rest have apple 
crumble for dessert. 


a. Construct a fully labelled tree diagram showing all 
possible choices. 

b. Determine the probability that a customer will choose the 
soup, chicken and sticky date pudding. 

c. If there are 210 people booked for the following week at the 
restaurant, determine how many you would expect to have 
the meal combination referred to in part b. 


11. A bag contains 7 red and 3 white balls. A ball is taken at random, its colour noted and it is then placed back 
in the bag before a second ball is chosen at random and its colour noted. 


a. i. Show the possible outcomes with a fully labelled tree diagram. 
ii. As the first ball was chosen, determine how many balls were in the bag. 
iii. As the second ball was chosen, determine how many balls were in the bag. 
iv. Explain whether the probability of choosing a red or white ball changes from the first selection to 
the second. 
v. Calculate the probability of choosing a red ball twice. 
b. Suppose that after the first ball had been chosen it was not placed back in the bag. 


i. As the second ball is chosen, determine how many balls are in the bag. 
ii. Explain if the probability of choosing a red or white ball changes from the first selection to 
the second. 
iii. Construct a fully labelled tree diagram to show all possible outcomes. 
iv. Evaluate the probability of choosing two red balls. 


Problem solving 
12. An eight-sided die is rolled three times to see whether 5 occurs. 


a. Construct a tree diagram to show the sample space. 
b. Calculate: 


i. Pr(three 5s) ii. Pr(no 5s) 
iii. Pr(two 5s) iv. Pr(at least two 5s). 
13. A tetrahedral die (four faces labelled 1, 2, 3 and 4) is rolled and a coin is tossed simultaneously. 


a. Show all the outcomes on a two-way table. 
b. Construct a tree diagram and list all outcomes and their respective probabilities. 
c. Determine the probability of getting a Head on the coin and an even number on the die. 
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14. A biased coin that has an 80% chance of getting a Head is flipped four times. Use a tree diagram to answer to 
the following. 


. Calculate the probability of getting 4 Heads. 

. Determine the probability of getting 2 Heads then 2 Tails in that order. 
. Calculate the probability of getting 2 Heads and 2 Tails in any order. 

. Determine the probability of getting more Tails than Heads. 


aaoor » 


11.4 Independent and dependent events 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine whether two events are independent or dependent 
e calculate the probability of outcomes from two-step chance experiments involving independent and 
dependent events. 


® 11.4.1 Independent events 
les-4926 
= e Independent events are events that have no effect on each other. The outcome of the first event does not 


influence the outcome of the second. 
An example of independent events are successive coin tosses. The outcome of the first toss has no effect on 
the second coin toss. Similarly, the outcome of the roll on a die will not affect the outcome of the next roll. 
If events A and B are independent, then the Multiplication Law of probability states that: 
Pr(A and B) = Pr(A) x Pr(B) or Pr(A MN B) = Pr(A) x Pr(B) 
e The reverse is also true. If: 

Pr(A and B) = Pr(A) x Pr(B) or Pr(A MN B) = Pr(A) x Pr(B) 

then event A and event B are independent events. 


Independent events 


For independent events A and B: 
Pr(4 NB) = Pr(A) x Pr(B) 


WORKED EXAMPLE 12 Determining whether events are independent or dependent 


Adam is one of the 10 young golfers to represent his state. Paz is one of the 12 netball players to 
represent her state. All the players in their respective teams have an equal chance of being nominated 
as captains. 
a. Explain whether the events ‘Adam is nominated as captain’ and ‘Paz is nominated as captain’ 

are independent. 
b. Calculate: 

i. Pr(Adam is nominated as captain) 

ii. Pr(Paz is nominated as captain). 
c. Determine the probability that both Adam and Paz are nominated as captains of their 

respective teams. 
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THINK WRITE 


a. Determine whether the given a. Adam’s nomination has nothing to do with Paz’s nomination 
events are independent and write and vice versa. Therefore, the events are independent. 
your answer. 


b. i. 1. Determine the probability of b. i. Pr(Adam is nominated) = Pr(A) 


Adam being nominated as ORCA is aDERTRIEG 
captain. He is one of 10 players. = aC a 
Pr(Adam is nominated) = Te 
1 
2. Write your answer. The probability that Adam is nominated as captain is —. 
y P y p 7 
ii. 1. Determine the probability of Paz ii. Pr(Pazis nominated) = Pr(P) 
being nominated as captain. She n(Paz is nominated) 
is one of 12 players. = 7 ky 


Pr(Paz is nominated) = a 


2. Write your answer. The probability that Paz is nominated as captain is = 
c. 1. Write the Multiplication Law of c. Pr(A and P) 
probability for independent events. = Pr(An P) 
= Pr(A) x Pr(P) 


Pr(Adam and Paz are nominated) 
= Pr(Adam is nominated) x Pr(Paz is nominated) 


2. Substitute the known values into = = x aa 
the rule. Wye 
3. Evaluate. = = 
120 
4. Write your answer. The probability that both Adam and Paz are nominated 


as captains is Ei 


® 11.4.2 Dependent events 


eles-4927 
e Dependent events are events where the outcome of one event affects the outcome of the other event. 


e An example of dependent events is drawing a card from a deck of playing cards. The probability that the 
first card drawn is a heart, Pr(hearts), is = (or ~). If this card is a heart and is not replaced, then this will 


affect the probability of subsequent draws. The probability that the second card drawn is a heart will be = 


while the probability that the second card is not a heart will be =. 


e If two events are dependent, then the probability of occurrence of one event affects that of the 
subsequent event. 
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WORKED EXAMPLE 13 Calculating the probability of outcomes of dependent events 


A bag contains 5 blue, 6 green and 4 yellow marbles. The marbles are identical in all respects except 
their colours. Two marbles are picked in succession without replacement. Calculate the probability of 
picking 2 blue marbles. 


THINK WRITE 
: ee pees a n(B) 
1. Determine the probability of picking the first | Pr(picking a blue marble) = —— 
blue marble. n(5) 


Pr(picking a blue marble) = -. 
ee 
3 
: we ee pee n(B) 
2. Determine the probability of picking the Pr(picking second blue marble) = —— 
second blue marble. 
Note: The two events are dependent since Pr(picking second blue marble) = — 
marbles are not being replaced. Since we have 14 
picked a blue marble this leaves 4 blue marbles = 2 
remaining out of a total of 14 marbles. 7 
3. Calculate the probability of obtaining Pr(2 blue marbles) = Pr(1st blue) x Pr(2nd blue) 
2 blue marbles. 
i 2 
=-xX- 
8) il 
a2 
21 
: os nee pe! 
4. Write your answer. The probability of obtaining 2 blue marbles is a 
Note: Alternatively, a tree diagram could be 4 
: 9 = Blue 
used to solve this question. 14 
The probability of selecting 2 blue marbles Si Blue 
successively can be read directly from the first 15 10 
branch of the tree diagram. 14 Norblue 
14» Blue 
10 
15 Not blue 
9 “Not blue 
14 
Pr(2 blue marbles) = = x on 
15 14 
| 2 
ae 
3 Ff 
— 2 
Pi 
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ion) Resources 


ny 
[4 eWorkbook —Toipc 11 Workbook (code puzzle and project) (ewbk-2037) 


ey Interactivities Individual pathway interactivity: Independent and dependent events (int-4618) 


Independent and dependent events (int-2787) 
Multiplication Law of probability (int-6172) 
Dependent events (int-61 73) 


Exercise 11.4 Independent and dependent events learn@) 
Individual pathways 

M@ PRACTISE H@ CONSOLIDATE B® MASTER 

i, 4, Wil, 144, WS, ZO 2. SS), WZ, WS, UA, Zl 8S, 77, 1), 1h), Wek, WG), 22 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
1. If A and B are independent events and Pr(A) = 0.7 and Pr(B) = 0.4, calculate: 
a. Pr(A and B) b. Pr(A’ and B) where A’ is the complement of A 


c. Pr(A and B’) where B’ is the complement of B d. Pr(A’ and B’). 
2. Determine whether two events A and B with Pr(A) = 0.6, Pr(B’) = 0.84 and Pr(A nN B) = 0.96 are independent 


or dependent. 


3. Determine whether two events A and B with Pr(A) = 0.25, Pr(B) = 0.72 and Pr(A U B) = 0.79 are independent 
or dependent. 


Understanding 


4. | WE12 | A die is rolled and a coin is tossed. 


a. Explain whether the outcomes are independent. 
b. Calculate: 


i. Pr(Head) on the coin ii. Pr(6) on the die. 


c. Calculate Pr(6 on the die and Head on the coin). 


5. A tetrahedron (4-faced) die and a 10-sided die are rolled simultaneously. Calculate the probability of getting 
a 3 on the tetrahedral die and an 8 on the 10-sided die. 


6. A blue die and a green die are rolled. Calculate the probability of getting a 5 on the blue die and not a5 on 
the green die. 


7. Dean is an archer. The experimental probability that Dean will hit 


the target is 3 


a. Calculate the probability that Dean will hit the target on two 
successive attempts. 

b. Calculate the probability that Dean will hit the target on three 
successive attempts. 

c. Calculate the probability that Dean will not hit the target on two 
successive attempts. 

d. Calculate the probability that Dean will hit the target on the first 
attempt but miss on the second attempt. 
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8. ES A bag contains 20 apples, of which 5 are bruised. Peter picks an apple 


10. 


11. 


12. 


and realises that it is bruised. He puts the apple back in the bag and picks 
another one. 


a. The probability that Peter picks 2 bruised apples is: 


1 1 
A. — B. = C. ea D. a E. = 
4 2 16 4 16 
b. The probability that Peter picks a bruised apple first but a good one on his 
second attempt is: 
1 


A. — p. 1 
4 2 


3 
4 " 16 "16 


. The probability that John will be late for a meeting is ; and the probability that Phil will be late for a 


meeting is ~ Calculate the probability that: 


a. John and Phil are both late 

b. neither of them is late 

c. John is late but Phil is not late 
d. Phil is late but John is not late. 


On the roulette wheel at the casino there are 37 numbers, 
0 to 36 inclusive. Bidesi puts his chip on number 8 in 
game 20 and on number 13 in game 21. 


a. Calculate the probability that he will win in game 20. 

b. Calculate the probability that he will win in both 
games. 

c. Calculate the probability that he wins at least one of 
the games. 


Based on her progress through the year, Karen was given 
a probability of 0.8 of passing the Physics exam. If the 
probability of passing both Maths and Physics is 0.72, 
determine her probability of passing the Maths exam. 


Suresh found that, on average, he is delayed 2 times out of 
7 at Melbourne airport. Rakesh made similar observations 
at Brisbane airport, but found he was delayed 1 out of 
every 4 times. Determine the probability that both Suresh 
and Rakesh will be delayed if they are flying out of their 
respective airports. 
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13. Bronwyn has 3 pairs of Reebok and 2 pairs of Adidas 
running shoes. She has 2 pairs of Reebok, 3 pairs of Rio 
and a pair of Red Robin socks. Preparing for an early 
morning run, she grabs at random for a pair of socks and a 
pair of shoes. Calculate the probability that she chooses: 


a. Reebok shoes and Reebok socks 

b. Rio socks and Adidas shoes 

c. Reebok shoes and Red Robin socks 

d. Adidas shoes and socks that are not Red Robin. 


14. ESE) Two cards are drawn successively and without replacement from a pack of playing cards. Calculate 
the probability of drawing: 


a. 2 hearts 
b. 2 kings 
c. 2 red cards. 


15. Ina class of 30 students there are 17 students who study Music. Two students are picked randomly to 
represent the class in the Student Representative Council. Calculate the probability that: 


a. both students don’t study Music 
b. both students do study Music 
c. one of the students doesn’t study Music. 


Reasoning 


16. Greg has tossed a Tail on each of 9 successive coin tosses. He believes that his chances of tossing a Head on 
his next toss must be very high. Explain whether Greg is correct. 


17. The Multiplication Law of probability relates to independent events. Tree diagrams can illustrate the sample 
space of successive dependent events and the probability of any one combination of events can be calculated 
by multiplying the stated probabilities along the branches. Explain whether this a contradiction to the 
Multiplication Law of probability. 


18. Explain whether it is possible for two events, A and B, to be mutually exclusive and independent. 
19. Consider the following sets: 
f= 1, 2, 3,4, 5, 6 7, 8, 9, 10; 11, 12, 13,14, 15, 16,17, 18, 19; 20} 
A = fevens in &} 


B= {multiples of 3 in &} 


a. Explain whether the events A and B are independent. 
b. If € is changed to the integers from 1 to 10 only, explain whether the result from part a changes. 


Problem solving 


20. There are three coins in a box. One coin is a fair coin, one coin is biased with an 80% chance of landing 
Heads, and the third is a biased coin with a 40% chance of landing Heads. A coin is selected at random 
and flipped. 

If the result is a Head, determine the probability that the fair coin was selected. 
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21. A game at a carnival requires blindfolded contestants to throw 
balls at numbered ducks sitting on 3 shelves. The game ends 
when 3 ducks have been knocked off the shelves. Assume that 


the probability of hitting each duck is equal. & 


a. Explain whether the events described in the game are 
dependent or independent. 

b. Determine the initial probabilities of hitting each number. 

c. Draw a labelled tree diagram to show the possible outcomes 
for a contestant. 

d. Calculate the probabilities of hitting the following: 


i. Pr(1,1,1) ii. Pr(2,2,2) iii. Pr(3,3,3) iv. Pr(at least one 3). 


22. Question 21 described a game at a carnival. A contestant pays $3 to play and must make 3 direct hits to be 
eligible for a prize. The numbers on the ducks hit are then summed and the contestant wins a prize according 
to the winners’ table. 


Winners’ table 
Total score Prize 
9 Major prize ($30 value) 
7-8 Minor prize ($10 value) 
5-6 $2 prize 
3-4 No prize 


a. Determine the probability of winning each prize listed. 
b. Suppose 1000 games are played on an average show day. Evaluate the profit that could be expected to be 
made by the sideshow owner on any average show day. 


11.5 Conditional probability 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine from the language in a question whether it involves conditional probability 
e use the rule for conditional probability to calculate other probabilities. 


® 11.5.1 Recognising conditional probability 
re i Conditional probability is when the probability of an event is conditional (depends) on another event 


occurring first. 

e The effect of conditional probability is to reduce the sample space and thus increase the probability of the 
desired outcome. 

e For two events, A and B, the conditional probability of event B, given that event A occurs, is denoted by 
Pr(B|A) and can be calculated using the following formula. 


Probability of B given A 


- _ Pr(AnB) 
1(B|A) = rea Pr(A) #0 
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e Conditional probability can be expressed using a variety of language. Some examples of conditional 
probability statements follow. The key words to look for in a conditional probability statement have been 
highlighted in each instance. 

e If a student receives a B+ or better in their first Maths test, then the chance of them receiving a B+ or 
better in their second Maths test is 75%. 

e Given that a red marble was picked out of the bag with the first pick, the probability of a blue marble 
being picked out with the second pick is 0.35. 

e Knowing that the favourite food of a student is hot chips, the probability of their favourite condiment 
being tomato sauce is 68%. 


WORKED EXAMPLE 14 Using a Venn diagram to find conditional probabilities 


A group of students was asked whether they like spaghetti (S) or lasagne 
(L). The results are illustrated in the Venn diagram shown. Use the Venn 
diagram to calculate the following probabilities relating to a student’s 
preferred food. 
a. Calculate the probability that a randomly selected student 

likes spaghetti. 5 


b. Determine the probability that a randomly selected student likes 
lasagne given that they also like spaghetti. 


THINK WRITE/DRAW 


a. 1. Determine how many students were surveyed a. Total number of students = 11+9+15+5=40 
to identify the total number of possible 


outcomes. Add each of the numbers shown : 
on the Venn diagram. 
2. There are 20 students that like ‘spaghetti’ or 
“spaghetti and lasagne’, as shown in pink. 5 
3. The probability that a randomly selected 
student likes spaghetti is found by Pr(event) = pb Les Obie au rane guleg mess 
substituting these values into the probability total number of possible outcomes 
formula. Pr(spaghetti) = zu 
40 
ae 
2 


b. 1. The condition imposed ‘given they also like _ b. 
spaghetti’ alters the sample space to the 
20 students described in part a, as shaded in 
blue. Of these 20 students, 9 stated that they 
liked lasagne and spaghetti, as shown in pink. 


2. The probability that a randomly selected 
student likes lasagne, given that they like 


spaghetti, is found by substituting these Pr(L|S) = Fa 

values into the probability formula for 7 : 

conditional probability. 9 
~ 20 
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WORKED EXAMPLE 15 Using the rule for conditional probability 


If Pr(A) = 0.3, Pr(B) = 0.5 and Pr(A U B) = 0.6, calculate: 


a. Pr(ANB) b. Pr(B| A) 
THINK WRITE 
a. 1. State the Addition Law for probability to a. Pr(A UB) = Pr(A) + Pr(B) — Pr(An B) 
determine Pr(A UB). 
2. Substitute the values given in the question 0.6 = 0.3 + 0.5 — Pr(AN B) 
into this formula and simplify. Pr(ANB) = 0.3 + 0.5 — 0.6 
= (2 
Pr(ANB 
b. 1. State the formula for conditional probability. b. Pr( BIA) = ae Pr(A) 40 
r 
: F : : 0.2 
2. Substitute the values given in the question Pr(BlA) = — 
into this formula and simplify. a 
ae 


e It is possible to transpose the formula for conditional probability to calculate Pr(A nN B): 


Pr(BJA) = a PA) #0 


Pr(AN B) = Pr(A) x Pr(BIA) 


ion) Resources 


oo) 
[4 eWorkbook Topic 11 Workbook (worksheets, code puzzle and project) (ewbk-2037) 
® Video eLesson Conditional probability (eles-1928) 


&} Interactivities Individual pathway interactivity: Conditional probability (int-4619) 
Conditional probability (int-6085) 


Exercise 11.5 Conditional probability learn@) 
Individual pathways 

@ PRACTISE H@ CONSOLIDATE @ MASTER 

i, B © IZ, 15 72, (sy, INO), eh, 16) AN Te By Wily WEY Ue 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


Te WE14 BN group of students was asked whether they liked the following forms 
of dance: hip hop (#) or jazz (J). The results are illustrated in the Venn 
diagram. Use the Venn diagram to calculate the following probabilities relating 
to a student’s favourite form of dance. 


a. Calculate the probability that a randomly selected student likes jazz. 
b. Determine the probability that a randomly selected student likes hip hop, 
given that they like jazz. 
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2. A group of students was asked which seats they liked: the seats in the computer 
lab or the science lab. The results are illustrated in the Venn diagram. Use 
the Venn diagram to calculate the following probabilities relating to the most 
comfortable seats. 


¢ 


a. Calculate the probability that a randomly selected student likes the seats in 
the science lab. 


b. Determine the probability that a randomly selected student likes the seats 
in the science lab, given that they like the seats in the computer lab or the 
science lab. 


3. If Pr(A) = 0.7, Pr(B) = 0.5 and Pr(A UB) = 0.9, calculate: 


a. Pr(ANB) b. Pr(BIA). 
4. If Pr(A) = 0.65, Pr(B) = 0.75 and Pr(A Nn B) = 0.45, calculate: 
a. Pr(B\A) b. Pr(A|B). 


Understanding 


5. A medical degree requires applicants to participate in two tests: an aptitude test and an emotional maturity 
test. This year 52% passed the aptitude test and 30% passed both tests. Use the conditional probability 
formula to calculate the probability that a student who passed the aptitude test also passed the emotional 
maturity test. 


6. Ata school classified as a “Music school for 
excellence’, the probability that a student 
elects to study Music and Physics is 0.2. The 
probability that a student takes Music is 0.92. 
Determine the probability that a student takes 
Physics, given that the student is taking Music. 


7. The probability that a student is well and misses 


Sddatiert’ | 


a work shift the night before an exam is 0.045, 7 . ~)., Die 


we 


and the probability that a student misses a work 
shift is 0.05. Determine the probability that a 
student is well, given they miss a work shift the 
night before an exam. 


8. Two marbles are chosen, without replacement, from 
a jar containing only red and green marbles. The 
probability of selecting a green marble and then a red 
marble is 0.67. The probability of selecting a green 
marble on the first draw is 0.8. 
Determine the probability of selecting ared marble on, 
the second draw, given the first marble drawn 
was green. 
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9. Consider rolling a red and a black die and the probabilities of the following events: 


EventA the red die lands on 5 
Event B the black die lands on 2 
EventC the sum of the dice is 10 


a. 1 The initial probability of each event described is: 


1 5 5 1 1 

A. Pr(A) = — B. Pr(A) = = C. Pr(A) = = D. Pr(A) = = E. Pr(A) = — 
ae =e a ae a a2 eS 

1 2 2 1 2 

Pr(B) = — Pr(B) = = Pr(B) = = Pr(B) = - Pr(B) = = 
ne sc eae gs alr gs ae aay 

1 7 5 1 1 
r(C) e r(C) 36 r(C) a r(C) re; r(C) a 

b. Calculate the following probabilities. 
i. Pr(A|B) ii. Pr(B|A) iii. Pr(C\A) iv. Pr(C|B) 


10. A group of 80 schoolgirls consists of 54 dancers and 35 singers. Each member of the group is either 
a dancer, a singer, or both. The probability that a randomly selected student is a singer given that she is a 
dancer is: 

A. 0.17 B. 0.44 C. 0.68 D. 0.11 E. 0.78 


11. The following is the blood pressure data from 232 adult patients admitted to a hospital over a week. The 
results are displayed in a two-way frequency table. 


iM Blood Ry Total 
Low Medium High 
Under 60 years 92 44 10 146 
60 years or above 17 46 23 86 
Total 109 90 33 232 


ie) 


. Calculate the probability that a randomly chosen patient has low blood pressure. 

b. Determine the probability that a randomly chosen patient is under 60 years of age. 

c. Calculate the probability that a randomly chosen patient has high blood pressure, given they are aged 60 
years or above. 

d. Determine the probability that a randomly chosen patient is under the age of 60, given they have medium 

blood pressure. 


Reasoning 


12. Explain how imposing a condition alters probability calculations. 


138. Ata school, 65% of the students are male and 35% are female. Of 
the male students, 10% report that dancing is their favourite activity; 
of the female students, 25% report that dancing is their favourite 
activity. 

Determine the probability that: 

a. a student selected at random prefers dancing and is female 

b. a student selected at random prefers dancing and is male. 

c. Construct a tree diagram to present the information given, and 
use it to calculate: 


i. the probability that a student is male and does not prefer 
dancing 
ii. the overall percentage of students who prefer dancing. 
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14. Consider the following sets of numbers. 
E={1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20} 
A={l, 2, 3, 4, 5, 6, 7, 8, 9, 10} 
B={2, 3,5, 7, 11, 13, 17, 19} 


a. Calculate the following: 


i. Pr(A) 

ii. Pr(B) 

ii, Pr(ANB) 
iv. Pr(A|B) 
v. Pr(BJA) 


b. Explain whether the events A and B are independent. 
c. Write a statement that connects Pr(A), Pr(A n B), Pr(A|B) and independent events. 


Problem solving 


15. The rapid test used to determine whether a person is infected with COVID-19 is not perfect. For one type of 
rapid test, the probability of a person with the disease returning a positive result is 0.98, while the probability 
of a person without the disease returning a positive result is 0.04. 
At its peak in a certain country, the probability that a randomly selected person has COVID-19 is 0.05. 
Determine the probability that a randomly selected person will return a positive result. 


16. Two marbles are chosen, without replacement, from a jar containing only red and 
green marbles. The probability of selecting a green marble and then a red marble is 
0.72. The probability of selecting a green marble on the first draw is 0.85. 
Determine the probability of selecting a red marble on the second draw if the first 
marble drawn was green. 


17. When walking home from school during the summer months, Harold buys either 
an ice-cream or a drink from the corner shop. If Harold bought an ice-cream the 
previous day, there is a 30% chance that he will buy a drink the next day. 

If he bought a drink the previous day, there is a 40% chance that he will buy an ice- 
cream the next day. On Monday, Harold bought an ice-cream. 
Determine the probability that he buys an ice-cream on Wednesday. 
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11.6 Review 


11.6.1 Topic summary 


Review of probability 


The sample space is the set of all possible outcomes. It is 
denoted &. For example, the sample space of rolling a die is: 
€= (i, 3.44, 5, ol 

An event is a set of favourable outcomes. For example, if A is 
the event {rolling an even number on a die}, A = {2, 4, 6}. 


The probability of an outcome or event is always between 0 and 1. 


The sum of all probabilities in a sample space is 1. 
An event that is certain has a probability of 1. 
An event that is impossible has a probability of 0. 
When all outcomes are equally likely the theoretical probability 
of an event is given by the following formula: 
number of favourable outcomes _ n(E) 
total number of outcomes n(é) 


The experimental probability is given by the following formula: 
n(Successful trials) 

n(trials) 
The complement of an event A is denoted A' and is the set of 
outcomes that are not in A. 
° n(A) + n(A‘) =n) 
¢ Pr(A) + Pr(A') = 1 


Pr(event) = 


Experimental Pr = 


PROBABILITY 


Intersection and union 


A 


Independent, dependent events and 
conditional probability 


Two events are independent if the outcome of one 
event does not affect the outcome of the other event. 
If A and B are independent then: 
Pr(ANB) = Pr(A) x Pr(B) 
Two events are dependent if the outcome of one 
event affects the outcome of the other event. 
Conditional probability applies to dependent events. 
The probability of A given that B has already 
occurred is given by: 
Pr(A1B) = Pr(AnB) 
Pr(B) 

This can be rearranged into: 

Pr(ANMB) = Pr(A | B) x Pr(B) 


Mutually exclusive events 


Mutually exclusive events have no elements 

in common. 

Venn diagrams show mutually exclusive events 
having no intersection. In the Venn diagram below 
A and B are mutually exclusive. 


COC) 


For mutually exclusive events A and B: 
* Pr(ANB) =0 
* Pr(AUB) = Pr(A) + Pr(B) 


Multiple-step chance experiments 


Some chance experiments involve multiple trials 
performed separately. 
Two-way tables can be used to 
show the sample space of 
two-step experiments. H | T 


Coin 1 


Tree diagrams can be used a 
to show the sample space | H | HH | TH 
and probabilities of 5 
multi-step experiments. oe HT | TT 


First selection Second selection Sample space 
BR 
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11.6.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic 


Success criteria ) oO @ 


11.2 | can use key probability terminology such as: trials, frequency, sample 
space, likely and unlikely events. 


| can use two-way tables to represent sample spaces. 


| can calculate experimental and theoretical probabilities. 


| can determine the probability of complimentary events and mutually 
exclusive events. 


| can use the addition rule to calculate the probability of event ‘A or B’. 


11.3 | can create a tree diagrams to represent two- and three-step chance 
experiments. 


| can use a tree diagram to solve probability problems involving two or 
more trials or events. 


11.4 | can determine whether two events are dependent or independent. 


| can calculate the probability of outcomes from two-step chance 
experiments involving independent or dependent events. 


11.5 | can determine from the language in a question whether it involves 
conditional probability. 


| can use the rule for conditional probability to calculate other probabilities. 


11.6.3 Project 


Tricky dice 


Dice games have been played throughout the world for many years. 
Professional gamblers resort to all types of devious measures in order to win. 
Often the other players are unaware of the tricks employed. 


Imagine you are playing a game that involves rolling two dice. Instead of 
having each die marked with the numbers | to 6, let the first die have only 
the numbers 1, 2 and 3 (two of each) and the second die the numbers 4, 5 
and 6 (two of each). If you were an observer to this game, you would see the 
numbers | to 6 occurring and probably not realise that the dice were not the 
regular type. 
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1. Complete the grid below to show the sample space on rolling these two dice. 


2. Identify how many different outcomes there are. Compare this with the number of different outcomes 
using two regular dice. 


Die 1 


Die 2 


3. Calculate the chance of rolling a double using these dice. 


4. The numbers on the two dice are added after rolling. Complete the table below to show the 
totals possible. 


Die 1 


Die 2 


5. Identify how many different totals are possible and list them. 


6. State which total you have the greatest chance of rolling. State which total you have the least chance 
of rolling. 


7. If you played a game in which you had to bet on rolling a total of less than 7, equal to 7 or greater than 
7, explain which option would you be best to take. 


8. If you had to bet on an even-number outcome or an odd-number outcome, explain which would be the 
better option. 


9. The rules are changed to subtracting the numbers on the two dice instead of adding them. Complete the 
following table to show the outcomes possible. 


Die 1 


Die 2 


10. Identify how many different outcomes are possible in this case and list them. 
11. State the most frequently occurring outcome and how many times it occurs. 


12. Devise a game of your own using these dice. On a separate sheet of paper, write out rules for your game 
and provide a solution, indicating the best options for winning. 
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ion) Resources 


oa) 
(4 eWorkbook Topic 11 Workbook (worksheets, code puzzle and project) (ewok-2037) 
y Interactivities Crossword (int-2857) 


Sudoku puzzle (int-3598) 


Exercise 11.6 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
1. LS Choose which of the following is always true for an event, M, and its complementary event, M’. 
A. Pr(M) + Pr(M’) = 1 B. Pr(M) — Pr(M’) = 1 Cc. Pr(M) + Pr(M’) = 0 
D. Pr(M) — Pr(M’) = 0 E. Pr(M) x Pr(M’) = 1 


2. [SA number is chosen from the set {0, 1,2, 3, 4,5, 6, 7, 8, 9, 10}. Select which of the following pairs 
of events is mutually exclusive. 
A. {2, 4, 6} and {4, 6, 7, 8} B. {1, 2, 3, 5} and {4, 6, 7, 8} 
Cc. {0, 1, 2, 3} and {3, 4, 5, 6} D. {multiples of 2} and {factors of 8} 
E. {evennumbers} and {multiples of 3} 


3. [19 Choose which of the following states the Multiplication Law of probability correctly. 
A. Pr(AM B) = Pr(A) + Pr(B) B. Pr(AN B) = Pr(A) x Pr(B) GC. Pr(A UB) = Pr(A) x Pr(B) 
D. Pr(A UB) = Pr(A) + Pr(B) E. Pr(A) = Pr(A U B) + Pr(B) 


4. HG Given € = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and A = {2, 3, 4} and B={3, 4, 5, 8}, ANBis: 


A. {2,3,3,4, 4,5, 8} B. {3,4} C. {2,3,4} 
D. {2, 3,4, 5, 8} E. {2,5, 8} 
5. Hid Given é = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and A = {2, 3, 4} and B= 3, 4, 5, 83, ANB’ is: 
A. {3,4} B. {2} C. {2,3,4,5, 8} D. {2, 3, 4} E. {1,2,6,7, 9, 10} 
6. Shade the region stated for each of the following Venn diagrams. 
a. A'UB BA AB: c. ANB’ NC 
A BS A Bé A na 


Problem solving 


7. {19 From past experience, it is concluded that there is a 99% probability that July will be a wet month 
in Launceston (it has an average rainfall of approximately 80 mm). The probability that July will not be 
a wet month next year in Launceston is: 


A. 99% B. 0.99 Cc. — D. 1 E. 0 
100 


716 Jacaranda Maths Quest 10+ 10A 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


le 


18. 


. GA card is drawn from a well-shuffled deck of 52 cards. Select the theoretical probability of not 


selecting a red card. 


1 
(= D. 
13 


A. 2 B. 
4 


Bir 
Nile 


. £9 Choose which of the following events is not equally likely. 


A. Obtaining a 5 or obtaining a | when a die is rolled 

B. Obtaining a club or obtaining a diamond when a card is drawn from a pack of cards 
C. Obtaining 2 Heads or obtaining 2 Tails when a coin is tossed twice 

D. Obtaining 2 Heads or obtaining 1 Head when a coin is tossed twice 

E. Obtaining a 3 or obtaining a 6 when a die is rolled 


(1 The Australian cricket team has won 12 of the last 15 Test matches. Select the experimental 
probability of Australia not winning its next Test match. 

4 1 1 3 
A. = Eb = (c= D. — Et 

5) 5 4 4 
A card is drawn from a well-shuffled pack of 52 cards. Calculate the theoretical probability of drawing: 
a. an ace b. a spade c. a queen or a king d. not a heart. 
A die is rolled five times. 


a. Calculate the probability of rolling five 6s. b. Calculate the probability of not rolling five 6s. 


Alan and Mary own 3 of the 8 dogs in a race. Evaluate the probability that: 
a. one of Alan’s or Mary’s dogs will win b. none of Alan’s or Mary’s dogs will win. 


A die is rolled. Event A is obtaining an even number. Event B is obtaining a 3. 
a. Explain if events A and B are mutually exclusive. 

b. Calculate Pr(A) and Pr(B). 

c. Calculate Pr(A UB). 


A card is drawn from a shuffled pack of 52 playing cards. Event A is drawing a club and event B is 
drawing an ace. 

a. Explain if events A and B are mutually exclusive. 

b. Calculate Pr(A), Pr(B) and Pr(A n B). 

c. Calculate Pr(A U B). 


A tetrahedral die is numbered 0, 1, 2 and 3. Two of these dice are rolled and the sum of the numbers 
(the number on the face that the die sits on) is taken. 

a. Show the possible outcomes in a two-way table. 

b. Determine if all the outcomes are equally likely. 

c. Determine which total has the least chance of being rolled. 

d. Determine which total has the best chance of being rolled. 

e. Determine which sums have the same chance of being rolled. 


A bag contains 20 pears, of which 5 are bad. Cathy picks 2 pears (without replacement) from the bag. 
Evaluate the probability that: 
a. both pears are bad b. both pears are good c. one of the two pears is good. 


Determine the probability of drawing 2 aces from a pack of cards if: 
a. the first card is replaced before the second one is drawn 
b. the first card drawn is not replaced. 
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19. On grandparents day at a school, a group of grandparents was asked where 
they most like to take their grandchildren — the beach (B) or shopping 
(S). The results are illustrated in the Venn diagram. Use the Venn diagram 
to calculate the following probabilities relating to the place grandparents 
most like to take their grandchildren. 


a. Determine the probability that a randomly selected grandparent preferred 10 
to take their grandchildren to the beach or shopping. 

b. Determine the probability that a randomly selected grandparent liked to take their grandchildren to 
the beach, given that they liked to take their grandchildren shopping. 


20. When all of Saphron’s team players turn up for their twice weekly netball training the chance that they 
then win their Saturday game is 0.65. If not all players are at the training session, then the chance of 
winning their Saturday game is 0.40. Over a four-week period, Saphron’s players all turn up for training 
three times. 

a. Using a tree diagram, with T to represent all players training and W to represent a win, represent the 
winning chance of Saphron’s netball team. 

b. Using the tree diagram constructed in part a, determine the probability of Saphron’s team winning 
their Saturday game. Write your answer correct to 4 decimal places. 

c. Determine the exact probability that Saphron’s team did not train given that they won their 
Saturday game. 


21. Andrew does not know the answer to two questions on a multiple-choice exam. The first question has 
four choices and the second question he does not know has five choices. 
a. Determine the probability that he will get both questions wrong. 
b. If he is certain that one of the choices cannot be the answer in the first question, determine how this 
will change the probability that he will get both questions wrong. 


22. Mariah the Mathematics teacher wanted to give her students a chance to win a reward at the end of the 
term. She placed 20 cards into a box, and wrote the word ON on 16 cards, and OFF on 4 cards. After a 
student chooses a card, that card is replaced into the box for the next student to draw. If a student 
chooses an OFF card, then they do not have to attend school on a specified day. If they choose an ON 
card, then they do not receive a day off. 

a. Mick, a student, chose a random card from the box. Calculate the probability he received a day off. 

b. Juanita, a student, chose a random card from the box after Mick. Calculate the probability that she 
did not receive a day off. 

c. Determine the probability that Mick and Juanita both received a day off. 


23. In the game of draw poker, a player is dealt 5 cards from a deck of 52. To obtain a flush, all 5 cards 
must be of the same suit. 
a. Determine the probability of getting a diamond flush. 
b. Determine the probability of getting any flush. 


24. a. A Year 10 boy is talking with a Year 10 girl and asks her if she has any brothers or sisters. She says, 
“Yes, I have one’. Determine the probability that she has at least one sister. 
b. A Year 10 boy is talking with a Year 10 girl and asks her if she has any brothers or sisters. She says, 
“Yes, I have three’. Determine the probability that she has at least one sister. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources (35) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


[wv 11.5 Individual pathway interactivity: Conditional probability 
a (int-4619) Hl 
Download the workbook for this topic, which includes Conditional probability (int-6085) C 
worksheets, a code puzzle and a project (ewbk-2037) [ 41.6 Crossword (int-2857) Cl 
Sudoku puzzle (int-3598) [J 


rfisy 

[4 
Download a copy of the fully worked solutions to every Teacher resources 
question in this topic (sol-0745) 


There are many resources available exclusively for teachers 
online. 


| 
O 


11.2 SkilISHEET Set notation (doc-5286) 
SkilISHEET Simplifying fractions (doc-5287) 
SkilISHEET Determining complementary events 
(doc-5288) 
SkilISHEET Addition and subtraction of fractions 
(doc-5289) 
SKilISHEET Working with Venn diagrams (doc-5291) 
SkilISHEET Distinguishing between complementary 
and mutually exclusive events (doc-5294) 

11.3 SKiIISHEET Multiplying fractions for calculating 
probabilities (doc-5290) 


a pa Fe P 


11.2 The language of probability (eles-4922) 
Properties of probability events (eles-4923) 
Venn diagrams (eles- 1934) 

11.3 Two-step chance experiments (eles-4924) 
Three-step chance experiments (eles-4925) 
Tree diagrams (eles- 1894) 

11.4 Independent events (eles-4926) 
Dependent events (eles-4927) 

11.5 Recognising conditional probability (eles-4928) 
Conditional probability (eles- 1928) 


OOOOOOUOUOOU 


11.2 Individual pathway interactivity: Review of probability 
(int-4616) 
Experimental probability (int-3825) 
Two-way tables (int-6082) 
Theoretical probability (int-6081) 
Venn diagrams (int-3828) 
Addition Law of probability (int-6168) 

11.3 Individual pathway interactivity: Tree diagrams 
(int-4617) 
Tree diagrams (int-6171) 

11.4 Individual pathway interactivity: Independent and 
dependent events (int-4618) 
Independent and dependent events (int-2787) 
Multiplication Law of probability (int-6172) 
Dependent events (int-61 73) 


OOOO OO OOOO 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 
Topic 11 Probability 


Exercise 11.1 Pre-test 
1. Pr(ANB) =0.2 
2. Pr(A) = 0.51 
3. Independent 


56 


roOoP ma ule 


10. False 

11. Pr(B|A) = 0.2 
12.A 

13. A 

14. 0.03125 

15. A 


Exercise 11.2 Review of probability 


1. Experimental probability is based on the outcomes of 
experiments, simulations or surveys. Theoretical probability 
is based on the number of possible favourable outcomes and 
the total possible outcomes. 

2. a. {I, II, TI, IV, V, Vi 
b. Relative frequency for I= 0.2 

Relative frequency for II = 0.12 
Relative frequency for III = 0.16 
Relative frequency for IV = 0.14 
Relative frequency for V = 0.24 
Relative frequency for VI = 0.14 


c. The spinner should be spun a larger number of times. 
3. a. 500 students 
b. Frequency for silver = 0.16 
c. Frequency for black and green = 0.316 
d. Blazing Blue 
Ma | | ee SG 
1 2; 3 4 5 6 7 
2 3 4 5 6 d 8 
3 4 5 6 7 8 9 
4 5 6 a 8 9 10 
5 6 7 8 9 10 11 
6 7 8 9 10 11 12 


b. The sum of 7 
c. The sum of 2 or 12 
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sal 
» 


id 
» 


wIn FT ® 9 


. Pr(ANB)=0.1 
é 
0.2 
Pr(A NB’) = 0.4 
i. Pr(AUB)=0.85 ii. Pr(ANB)' =0.95 
Cc 
1 1 
be bi Cc. 
13 4 13 


9. Sample responses are given for part ii. 


a. 


10. a. 


11. a. 


i. No. There are many others foods one could have. 
ii. Having Weet Bix and not having Weet Bix 


i. No. There are other means of transport, for example, 
catching a bus. 


ii. Walking to a friend’s place and not walking to a 
friend’s place 


i. No. There are other possible leisure activities. 
ii. Watching TV and not watching TV 
i. No. The number 5 can be rolled too. 


ii. Rolling a number less than 5 and rolling a number 5 
or greater 


i. Yes. There are only two possible outcomes: passing 
or failing. 

ii. No change is required to make these events 
complementary. 


A B& 
6 , 
ee 
i 
7 ¢ & 10 18 
10 1 4 1 ye 
I ee — ae a SS || | ieee igen 
20° 2 20-5 20° 10 
12 3 8 2 
iS SS .—-=- 
a Ss 20.5 


1 
No. For a 6-sided die, Pr(4) = 6 for an 8-sided die, 


Pr(4) = = 
T = igs 


1 
Yes; Pr(odd) = 5 for both 6-sided and 8-sided dice 


1 1 
12. Yes; Pr(5) = —, Pr(6) = -. 
es; Pr(5) 5 1(6) 5 


13. a. 


12 
d. 
13 


Nie 


1 
= b. 
13 


NI Ble 


7 Wl 21. a. Die 2 outcomes 


1 
14.a. = Bb: icegrd d. 0 | | Se eee | | ee | 
a 0 al tele 2 esalleae leselee 
15. a. a 
: poy Mm 2/3)/4/5/6/7 
Volleyball Soccer 
4 fem 3 | 4 5 6 7 8 
(1) = 
7, S Mm 4/5/6;/7)]8/9 
ay 3 
= = Ms} 6|7)/8]9/] 10 
o 
Tennis Sf 6/7) 8 |] 9] 10} 11 
1 1 iT 2 q 6/7) 8 Oe 100) 11 | 12 
bid = | Eid ti. iv. = \ ee 
2 6 30 5 15 b. 6 
poll _ 8 c. No. The frequency of the numbers is different. 
Coie ax MS ore 
2 15 


1 d. 
16. Yes. Both have a probability of =. | oan cra fifo Se 
2 Frequency | 1/2/3/4/5|6/5/4/3|2)]1 


17. Sample responses can be found in the worked solutions in 


the online resources. ee| 1 eel 
ei. — ii, - iii. — 
18. 17 red and 1 purple, i.e. 18 socks more 36 6 18 
1 1 il 
ig feclevee= ii, - ii, 
36 6 6 
g. 50 


Exercise 11.3 Tree diagrams 


1. If the probabilities of two events are different, the first 
column of branches indicates the probabilities for the 
first event and the second column of branches indicates 
the probabilities for the second event. The product of each 
branch gives the probability. All probabilities add to 1. 


b. 19 students 2. a. 12 different outcomes 
c. 32 students b. No. Each branch is a product of different probabilities. 
d. 15 students c. Less likely 
e. Frequency = — or 1 d. Indigo elephant 
90 «6 7 
3 1 e. i. Pr(Blue elephant) = 0 
f. Probability = — = — 
90 30 = : 7 
, e = : ii. Pr(Indigo elephant) = — 
20. a. i. 50 ii. 7 iti, 25 iv. 8 20 
1 3 6 1 
b. i 5 ii. 50 iii. 35 iii. Pr(Donkey) = 5 
c. i. n(é) = 50 3. a. Ist 2nd 3rd Outcome Pr(outcome) 
toss toss toss 
Fried Chicken 
rice wings 0.7_-H 0.343 
(s yt 
0.3 7T 0.147 


H 
(2) 01H 0.147 
07 03NtT a 


wy 03-7! 0.063 
Dim sims 
0.7_-H 0.147 
1 0.7 n<— 
oe 0.3 0.063 


0.74 0.063 
0.3 1 
At 0.027 


0.3 


b. Pr(HHH) = 0.343 
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c. Pr(at least 1 Tail) = 0.657 
d. Pr(exactly 2 Tails) = 0.189 
1 1 


wn 


p 
» 
I 
I 
I 


wis 
Vv 
KR 
aoe 
roy a 


° 
|- 
|- 
Ju 


w 
n 
= 
i) 
Ww 
ion 


ac) 


ol 
yg 
Wl 
0 ‘Y 
l— WI Wl 
WN, WIN, 
wy Oy 


we 
wel 
gel 


as) 


WIN 
~~ 
WIN 
ad 
WI 
WIN, BIN, 
mov 


[o>] 
o 
S 
G0 
cal 


o 
oo 
4 
S ° 
o/\e 
4 4 
: S 
oN 
00 
| 


Oo 
oN 
OO 

HA 


o 
Oo 
Go 
| 
2 
NY, 
4 


o 
CO 
el 


0.2 


4 
2 
iS) 
4 


on 
i 
Wie 21h 
< < 
(oo Wl 
oT) WIN 
cee ae 
OlR OIN OIN OI 


Oolre 


722 Jacaranda Maths Quest 10 + 10A 


0.512 


0.128 
0.128 


0.032 
0.128 


0.032 
0.032 


0.008 


col] col Ww 


1 
1 4-2 
1 

3 i™~3 

1 
a. 
2 co) 

i) 
4 3 
pI 
3 4-2 
3 


Ale 


car 
NIE 
Ale, NIE AIS, 
ale 
I 
WN Re 


iS) 
l 
WN Re 


| 
we 
=~ 
NI 


Ale 


ee 
Nie 
AI NI BI 
ale 
I 
WN 


I 
N 
NI- 


Ale 


ale 


Ile 


ale 


Ale 


I 
WN Re 


l 
WN eR 


I 
WN Re 


1 
12 & Outcomes Probability 


12 1 1 
d. Each combination would be worn 10 times in a year. — f fff ale 
aes 1 , , ale 
e. 21 new combinations. g : Ley : ss 512 
8 3 fEE 7 
10. a. 0.75__— Pudding 1 f , Sf 512 
= 7 f 
Vegetarian il 8 g rine f! fet’ 29, 
0.25 ~ Apple 8 f fff silts 
e y a aaa 512 
0.75 Pudding g Se 7 1 f fff’ 49 
0.5 F 8 5 512 
Soup Chicken a T 8 Ff ree 49 
0.25 ~ Apple : = a $12 
ae 0.3 0.75__ Pudding 8 5p 
: Beef — f = outcome of 5 
a 
512 $12 “S12 ” 256 
0.75_- Pudding 13. a. Die outcomes 
Vegetarian a 
0.7 1 2 3 4 
02 0.25 ~ Apple 
- Une 2) HW | (H,1)] (H,2)/ (4,3)| 4) 
i) F es 
Prawn Chicken a 25 
0.25 ~ Apple © 5 ee | 2/03/04 
0.75 Pudding 
i b. Outcomes _ Probability 
Beef 1 1 1 
0.25 ~ Apple es 22 > 8 
b. 0.1125 H 5 x i =% 
c. 24 people 1 1 1 
We eee 
He ; ee ee 
<a m dxdt 
0.7 White 
n fxded 
1 Li olieec yl 
0.3 White ia 2 T2 Dee tAn 8 
White 73 5 Se 4 ae 7 
ii. 10 balls i ; : 
iii. 10 balls 14 Wage ara a 
iv. No; the events are independent. a 
v. Pr(RR) = 0.49 1 
b. i. 9 balls “a 
ii. Yes. One ball has been removed from the bag. ia 256 . 16 96 i 17 
as. —— —— — i 
iii. 0.67__ Red 625 625 256 256 
07 os < ” Exercise 11.4 Independent and dependent 
ee events 


1. a. 0.28 b. 0.12 c. 0.42 d. 0.18 


0.78 _- Red 
0.3 White | 2. Dependent 
0.23 —~ White 3. Independent 
7 4. a. Yes, the outcome is independent. 
iv. Pr(RR) = D or 0.469 using the rounded values bod ul ff 1 
from iii. seo) 7" 6 
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5 
6. — 
36 
16 64 
7.a — : 
25 125 
1 4 
Cr da. — 
25 25 
8a. C b. D 
3 48 
9.a. — b. — 
77 77 
8 18 
e. == ad. — 
77 77 
1 1 1D 
10.a. — b. — c —— 
37 1369 1369 
11. 0.9 
1 
12. — 
14 
1 1 
13. a. — bb. = 
5 5 
1 1 
= do = 
10 3 
1 1 25 
14. a. — b oo 
17 221 102 
26 136 221 
15. a. — b. — Co 
145 435 435 


16. No. Coin tosses are independent events. No one toss affects 
the outcome of the next. The probability of a Head or Tail 
on a fair coin is always 0.5. Greg has a 50% chance of 
tossing a Head on the next coin toss as was the chance in 
each of the previous 9 tosses. 

17. No. As events are illustrated on a tree diagram, the 
individual probability of each outcome is recorded. The 
probability of a dependent event is calculated (altered 
according to the previous event) and can be considered as if 
it was an independent event. As such, the multiplication law 
of probability can be applied along the branches to calculate 
the probability of successive events. 


18. Only if Pr(A) = 0 or Pr(B) = 0 can two events be 
independent and mutually exclusive. For an event to have 
a probability of 0 means that it is impossible, so it is a 
trivial scenario. 

19. a. A and B are independent. 


b. A and B are not independent in this situation. 


5 
20.. 
17 
21. a. Dependent 
b. Pr(1) i 
. Pr(l)= — 
15 
Pr(2) 5 1 
rl oa 
157 3 
Pr(3) 3 1 
rl == 
153025 
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ale 
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13 1 
1 <i- 2 
23 
1 13 ; 
13 a 
2; B72 
2 3 
13 ba 
13 1 
5 
3 372 
ie 
13 
d Pr, 1,1)=— ii. Pr(2,2,2) = — 
Eades He EE) 
iii. Pr(3, 3,3) = — iv. Pr(at least one 3) = — 
455 91 
Pr(9) : 
a. r(9) = — 
455 
Pr(7 — 8) ae 
1(7 — 8) = — 
455 
248 
Pr(5 — 6) = —— 
455 
Pr(3 — 4) 4 
1(3 —4) = — 
13 
b. $393.40 


Exercise 11.5 Conditional probability 


le 


no 


. a. Pr(S)= 3 


12 
. Pr(z|J) = — 


41 
a. Pr(J) = — rm 


fom 


0 
= b. Pr(S(CUS)) a 
= . Pr =e 
0 28 


\o 
MW} w ni] vo 


15 
. 0.58 or — 
26 


=) 
. 0.22 or — 
23 


7. 0.9 
8. 0.8375 


10. 


1i.a 


12. 


13. 


14. 


15. 
16. 
nrg 


. a. D 


b. i. Pr(A|B) = ii. Pr(B|A) = 


Ale 


iti. Pr(C|A) = iv. Pr(C|B) =0 


DAL Ale 


A 
109 73 23; 22 

Conditional probability is when the probability of one event 

depends on the outcome of another event. 

a. 0.0875 

b. 0.065 

0.585 

1 


ii. 0.1525 or 15.25%. 
; ae Ail. Perl 2 

ai = ii = iii, = iv. = v. = 

2 5 5 2 ) 
b. Yes, A and B are independent. 
Pr(A NB) 
Pr(B) 

independent events. This is because the probability 
of A given B occurs is the same as the probability of 
A, meaning the probability of A is independent of B 
occurring. 

0.087 or 8.7% chance. 

0.847 


0.61 


Gi 


c. If Pr(A|B) = = Pr(A) then A and B will be 


Project 


‘Ae 


Die 1 
1 4 | 3 1 4 || 3 


d, D2, H/3, YI, HI, 4/3, 4 


(1, 5)}(2, 5)|(, 5))C1, 5)}(2, 5)|(3, 5) 


(1, 6)|(2, 6)|(3, 6)|(1, 6)}(2, 6)|(3, 6) 


(1, 4/2, 4/3, 4), 4} (2, HG, 4) 


(1, 5)}(2, 5)|(, 5))C, 5)}(2, 5)|(3, 5) 


Die 2 
nN uo > nN un oS 


(1, 6)|(2, 6)|(3, 6)|(1, 6)|(2, 6)|(3, 6) 


2.9 
3.0 


on oO Ho 


10. 
11. 
12. 


Die 1 
1 A || 8 il || A |) 3 
4/5] 6 7 5 6 7 
5 Rie 8 6 a 8 
a|6)7 | 8 9 7 8 9 
2 
Sie 5\/6/7/5/6]7 
S ie 8 6 7 8 
Om 7 | 8 9 7 8 9 
. 5; 5, 6, 7, 8,9 
. 7;5,9 
. Equal to 7; probability is the highest. 
. Odd-number outcome; probability is higher. 


Die 
i 2 7 || 
5 |Head|(H, 1)(H, 2)|(H, 3)|(H, 4)|(H, 5)|(H, 6)|(H, 7)|(H, 8) 
s) Tail |(T, 1)|(T, 2)| CT, 3)) CT, 4)) (7, 5)| CT, 6) | (CT, 7), 8) 
Die 1 
Ae Sc ate ees 
am) 3 ee | See 
m4/3|/2/4{]3 42 
a M5} 4] 3] 5 | 4] 8 
2 
Sie 3/2/1;/3)/2/1 
m4/3/2/4+4]3 | 2 
m5|/4/31/5/4)]3 
soa) eee ee 
3; 12 


Students need to apply the knowledge of probability and 
create a new game using dice given. They also need to 
provide rules for the game and solution, indicating the best 
options for winning. 


Exercise 11.6 Review questions 


Ch OU ae ee 
SP mWwWwW bw 


A 
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13. 


14. 


15. 


16. 


17. 


18. 


DOoOUOa 


- a. 


oon208 


a. 


726 


1 1 2 
= bs = C.i> d 
13 4 13 

1 77715 

7776 77716 
3 5 
_ b. _ 
8 8 


number to be a 3. 


1 1 
- Pr(A) = 5 and Pr(B) = = 


2 


3 


4 
13 
Die 2 outcomes 
0 1 2 3 

2| 0) 0 1 2 3 

=| 

3 Me i;2)3)4 

3 

— mea 2 3 4 5 

2 

RA | 3 3 4 5 6 
No 

. Oand6 
3 
. Oand 6, 1 and 5, 2 and 4 

1 21 15 
— b. — ce — 
19 38 38 
1 1 

——— b. ——er 

169 221 


Jacaranda Maths Quest 10 + 10A 


lw 


. Yes. It is not possible to roll an even number and for that 


. No. It is possible to draw a card that is a club and an ace. 


1 1 1 
. Pr(A) = — and Pr(B) = —, Pr(ANB) = — 
BS ENB) eae ee 


19. 


20. 


21. 


22. 


23. 


24. 


» 


0.65 — W 
T < 
0.75 0.35 ~ W’ 
0.40-— W 
Oe oss — 
0.60 —~ W’ 


. 0.5875 
8 
47 
3 8 
= b. — 
5 15 
1 4 1 
= b. = [tres 
5 5 25 
. 0.000 495 b. 0.001 981 
1 He 
— b. = 
2 8 
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a= 
= 
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12.1 Overview 
Why learn this? 


According to the novelist Mark Twain, “There are three kinds of lies: lies, 
damned lies and statistics.’ Statistics can easily be used to manipulate 
people unless they have an understanding of the basic concepts involved. 


Statistics, when used properly, can be an invaluable aid to good 
decision-making. However, deliberate distortion of the data or 
meaningless pictures can be used to support almost any claim or point 
of view. Whenever you read an advertisement, hear a news report or 
are given some data by a friend, you need to have a healthy degree of 
scepticism about the reliability of the source and nature of the data 
presented. A solid understanding of statistics is crucially important, as 
it is very easy to fall prey to statistics that are designed to confuse and 
mislead. 


In 2020 when the COVID19 pandemic hit, news and all forms of 
media were flooded with statistics. These statistics were used to inform 
governments worldwide about infection rates, recovery rates and 

all sorts of other important information. These statistics guided the 
decision-making process in determining the restrictions that were 
imposed or relaxed to maintain a safe community. 


Statistics are also used to provide more information about a population in order to inform government policies. 
For example, the results of a census might indicate that the people in a particular city are fed up with traffic 
congestion. With this information now known, the government might prioritise works on public roads, or 


increase funding of public transport to try to create a more viable alternative to driving. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 
eLessons 


Digital 
documents 


eWorkbook 


Fully worked 
solutions 
to every 
question 
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Exercise 12.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. The following data show the number of cars in each of the 12 houses along a street. 
Dy 8), By hy Oy Sy yh 3, Il, ILO 
Calculate the median number of cars. 
2. Calculate the range of the following data set: 5, 15, 23, 6, 31, 24, 26, 14, 12, 34, 18,9, 17, 32. 


3. The frequency table shows the scores obtained by 100 professional golfers in the final round of 
a tournament. 


Score Frequency 


67 2 
68 6 
69 7 
70 11 
71 16 
72 23 
73 17 
74 11 
75 9 


Identify the modal score. 


4. A sample of 15 people was selected at random from those attending a local swimming pool. Their ages 
(in years) were recorded as follows: 


19, 7, 83, 41, 17, 23, 62, 55, 15, 25, 32, 29, 11, 18, 10 
Calculate the mean age of people attending the swimming pool, correct to one decimal place. 


5. Complete the following sentence. 
A sample is a of a population. 


6. At Einstein Secondary School a Year 10 mathematics class has 22 students. The following were the test 
scores for the class. 


34, 47, 54, 59, 60, 63, 66, 69, 73, 77, 78, 78, 79, 80, 82, 83, 85, 86, 88, 89, 90, 91 
Calculate the interquartile range IQR). 


7. The mean of a set of five scores is 11.8. If four of the scores are 17,9, 14 and 6, calculate the fifth score. 
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8. The box plot below shows the price of a meal for one person from ten fast-food shops. 


ro or 
1 12 13 14 


T T 
© 7 &§ YO 1@ il 
State whether the data is negatively skewed, positively skewed or symmetrical. 


9. A frequency table for the time taken by 20 people to put together an item of flat-pack furniture 
is shown. 


Time taken (min) | Frequency 
0-40 1 
5-95 3 
10-14 5 
15-19 2 
20 — 24 4 
25 —29 2 
30 — 34 2 
35 — 39 1 


Calculate the cumulative frequency to put together an item of flat-pack furniture in less than 
20 minutes. 


10. [09 The frequency table below shows the scores obtained by 100 professional golfers in the final round 
of a tournament. 


Score Frequency 


67 2 
68 5 
69 8 
70 11 
71 16 
72 22 
73 14 
74 13 
75 9 

Select the median score. 

A. 71 B. 71.75 GC. 72 D. 72.5 E. 73 


11. The heights of six basketball players (in cm) are: 
178.1 185.6 173.3 193.4 183.1 193.0 


Calculate the mean and standard deviation. 
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12. £1) A group of 22 people recorded how many cans of soft drink they drank in a day. The table shows 
the number of cans drunk by each person. 


0 2 2 


2 


2 4 


6 


Select the statement that is not true. 
A. The maximum number of soft drinks cans drank is 6. 
. The minimum number of soft drink cans drank is 0. 


B 
C. The interquartile range is 3. 
D 


. The median number of soft drink cans is 2.5. 
E. The mean number of soft drink cans drank is 2.64. 


13. O19 Select the approximate median in the cumulative frequency percentage graph shown. 


A. 30 B. 32 


Cumulative frequency 


> 


al 
10 20 30 40 50 60 70 
Mass (g) 


c. 40 D. 50 =, OB 


14. £1 The following back-to-back stem-and-leaf plot shows the typing speed in words per minute (wpm) 
of 30 Year 8 and Year 10 students. 


Key: 2|6=26 wpm 


Leaf: 

Year 8 

92 

986542 
888642100 
9776410 
76520 


Stem 


DANN WN KY CO 


Leaf: 
Year 10 


49 

23689 
03455788 
1258899 
03578 
001 


Calculate the mean typing speed and interquartile range for Year 8 and Year 10. Comment on 


your answers. 
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15. MIA survey was conducted on the favourite take-away foods for university students and the results 
were graphed using two bar charts. 


Graph 1 
Favourite take-away foods 


Number of votes 


|_| 

950 > 

Hamburgers Pizza Chicken 
wings 


Favourite food 


Graph 2 


Favourite take-away foods 


Number of votes 


Hamburgers Pizza Chicken 
wings 


Favourite food 


Select the statement that best describes these graphs. 
A. Graph 1 is misleading as it suggests that students like hamburgers 7 times more than 
chicken wings. 
B. Graph 1 is misleading as it suggests that students like pizza 3 times more than hamburgers. 
C. Graph | is misleading as it suggests that students like pizza four times more than chicken wings. 
D. Graph 2 is misleading as it suggests that students like all take-away foods evenly. 
E. Graph 1 is misleading as the vertical axis does not start at zero. 
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12.2 Measures of central tendency 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e calculate the mean, median and mode of data presented as ungrouped data (in a single list), frequency 
distribution tables and grouped data. 


® 12.2.1 Mean, median and mode of univariate data 
eles-4949 
e Univariate data are data with one variable; for example, the heights of Year 10 students. 


e Measures of central tendency are summary statistics that measure the middle (or centre) of the data. 
These are known as the mean, median and mode. 
e The mean is the average of all observations in a set of data. 
e The median is the middle observation in an ordered set of data. 
e The mode is the most frequent observation in a data set. 


The mean 


e The mean of a set of data is what is referred to in everyday language as the average. 
e The mean of a set of values is the sum of all the values divided by the number of values. 
e The symbol we use to represent the mean is x; that is, a lower-case x with a bar on top. 


Calculating the mean 
The formal definition of the mean is: 


sum of data values 
Mean = — 
total number of data values 


Using mathematical notation, this is written as: 


__ 2 
x= 
n 


The median 


e The median represents the middle score when the data values are in ascending or descending order such 
that an equal number of data values will lie below the median and above it. 


Calculating the median 


When calculating the median: 
1. Arrange the data values in order (usually in ascending order). 


Bes ae +1 : 
2. The position of the median is the (+) th data value, where n is the total number of data values. 


Note: If there are an even number of data values then there will be two middle values. In this case the 
median is the average of those data values. 
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e When there are an odd number of data values, the median is the middle value. 


1 1 3 (4) 6 7 8 


median = 4 


e When there are an even number of data values, the median is the average of the two middle values. 


re, _ 
median = 5) =5.5 


The mode 


e The mode is the score that occurs most often. 
e The data set can have no modes, one mode, two modes (bimodal) or more than two modes (multi modal). 


Calculating the mode 


When determining the mode: 
1. Arrange the data values in ascending order (smallest to largest). This step is optional but does help. 
2. Look for the number that occurs most often (has the highest frequency). 


e If no value in a data set appears more than once then there is no mode. 
e If adata set has multiple values that appear the most then it has multiple modes. All values that appear the 
most are modes. 


For example, the set 1, 2, 2,4, 5, 5, 7 has two modes, 2 and 5. 


WORKED EXAMPLE 1 Calculating mean, median and mode 


For the data 6, 2, 4, 3, 4, 5, 4, 5, calculate the: 


a. mean b. median c. mode. 
THINK WRITE 
a. 1. Calculate the sum of the scores; that is, De a. dy x=642 +44+34+44+54+4+4+5 
= 333) 
2. Count the number of scores; that is, 7. n=8 
mae 
3. Write the rule for the mean. x= — 
n 
: ; 33) 
4. Substitute the known values into the rule. = = 
5. Evaluate. Sal 125) 
6. Write the answer. The mean is 4.125. 


734 Jacaranda Maths Quest 10+ 10A 


b. 1. Write the scores in ascending numerical order. b. 23444556 


we : : : ap ll 
2. Locate the position of the median using Median = a score 


the rule fal 


, where n = 8. This places the 


8+1 
median as the 4.5th score; that is, between the 7 Mi seOre 


4th and 5th score. EVAsahcore 
23444556 
: : : 4+4 
3. Obtain the average of the two middle scores. Median = a 
mee 
2 
=4 
4. Write the answer The median is 4. 
c. 1. Systematically work through the set and make Cc: dl 
note of any repeated values (scores). 23, 4 4-4 5 5) 6 
el 
2. Write the answer. The mode is 4. 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
1. In anew document, on 


1. On the Statistics screen, © Edit Cale SetGrah © 
label list] as ‘x’ and enter i |S 
the values as shown in the 


a Lists & Spreadsheet 
page, label column A as 


‘xvalues’, and enter the table. 
values in the data set. Press EXE after entering 
Press ENTER after each value. 


entering each value. 


2. Although you can find 2. To calculate the mean, 


many summary statistics, median and mode, tap: 
to find the median (valves) 4 ° Cale . 
mean only, open a ; © One-Variable 
Calculat d : 

alculator page and press Sepdulcewus 
e MENU . ‘ 
© 6: Statistics ° XList: main\x 
e 3: List Math j eilered Cex] [cel] 
e 3: Mean Tap OK. in| 

The mean is at the top (x) — co 
Press VAR and select The mean is 4.125 and the P\*) = 
‘xvalues’, then press medianisd. Scroll down to find the a = a 
ENTER. To calculate the — The mode is 4. Biola ed, 
median only, press: The mean is 4.125 and the 
median is 4. 

por sora The mode is 4. 


© 6: Statistics 

© 3: List Math 

e@ 4: Median 

Press VAR and select 
“xvalues’, then press 
ENTER. 


TOPIC 12 Univariate data 735 


12.2.2 Calculating mean, median and mode from a frequency 
les-4950 istribution table 


e If data is provided in the form of a frequency distribution table we can determine the mean, median and 
mode using slightly different methods. 
e The mode is the score with the highest frequency. 
e To calculate the median, add a cumulative frequency column to the table and use it to determine the score 
n+1 


that is the (“) th data value. 


e To calculate the mean, add a column that is the score multiplied by its frequency fx x. The following 
formula can then be used to calculate the mean, where > (fX x) is the sum of the (fx x) column. » is 
the uppercase Greek letter sigma. 


Calculating the mean from a frequency table 


- SG) 
x = ——. 
n 


WORKED EXAMPLE 2 Calculations from a frequency distribution table 


Using the frequency distribution table, calculate the: 


a. Mean b. median c. mode. 
Score (x) | Frequency (/) 
4 1 
5 2 
6 5 
7 4 
8 3 
Total 15 
THINK WRITE 
1. Rule up a table with four columns Peqanclheunulaure 
eee re score | tequen 
Sire frequency (cf). Score (x)/ Frequency (f) (Fxx) (A) 
2. Enter the data and complete both the 4 1 A 1 
fXx and cumulative frequency 5 2 10 142=3 
es 6 5 30 34+5=8 
7 4 28 8+4=12 
8 3 24 12+3=15 
n=15 | )\(fxx)=96 
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1. Write the rule for the mean. y= 
n 
: ; — 96 
2. Substitute the known values into the x= — 
rule and evaluate. 15 
= 6.4 


3. Write the answer. 


n+l 


using the rule 


1. Locate the position of the median b. The median is the ( 


The mean of the data set is 6.4. 
15+1 


a or 8th score. 


mwiherewt—alee 


This places the median as the 8th 


score. 


2. Use the cumulative frequency column The median of the data set is 6. 
to find the 8th score and write the 


answer. 


1. The mode is the score with the 


highest frequency. 
2. Write the answer. 


c. The score with the highest frequency is 6. 


The mode of the data set is 6. 


TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
1. In anew problem, ona 7" 1. On the Statistics screen, © Fait calc Setarch © 
Lists & Spreadsheet page, Ascore Bf b a label listl as ‘score’ us Bed OS SSL) 
‘ : ecore if iss if 
label column A as ‘score’ = and list2 as ‘f’, and enter y] i] i] ie 
and column B as ‘f’. ’ 4 1 the values as shown in the i | a 
Enter the values as shown | * 5 2 table. | — 
in the table and press : 6 > Press EXE after entering # 
ENTER after entering each | * J ad each value. Hy 
value. = ae) : 3 
- a 
La | a 
TaleT T a 
13 3 
{ 6l- 
Fad Auto Decimal a 


To find the summary 
Statistics, press: 


e MENU 

e 4: Statistics 

© 1: Stat Calculations 

@ 1: One-Variable 
Statistics... 

Select 1 as the number 

of lists. Then on the 

One-Variable Statistics 

page select ‘score’ as 

the X1 List and ‘f’ as the 

Frequency List. Leave the 

next fields empty, TAB to 

OK and press ENTER. 


Leu 


Oe wow ne =i 


: 2. To find the summary SSE 
One-Variable Statistics « statistics, tap: || Ore-Varinble | 
ay 


: a = 
pyuist PJ © One-Variable _ sy 
ha § | mun. 
a 
; Med 2 
7) a (2) Set values as: “ : & 
' | el a 
oo ae e XList: main\score 
[eee e Freq: main\f nw ee 
| | 
CaleT T T Te 
4 f- = _] o 
{ 8 [isp y 
[Rad Auto Decimal a 
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3. The results are displayed. a 3. Tap OK. 
The mean x = 6.4 and the SPE : D : The mean is at the top x. | Ore-Voristle 
median is 6. = =OneVar( Scroll down to find the ae a 
The mode is the data set ’ 4 1 Title [="One-v median and mode. oe =t-|gg0eg2 ll 
with the highest frequency | * 5 2% 6.4 o af 
abe ' 3 6 5 Ex 96. a | 
a which in this case ; : oe = a 
s 8 3 sx:= Se. 1.18322), 
="Onel-Variable Statistics” o> Cx) ms 
The mean is x = 6.4 and the al | | a 
median is 6. The mode is the data a a 
set with the highest frequency Red to Decimal 
Va, ia, The mean is x = 6.4 and 
the median is 6. The mode 
is the data set with the 
highest frequency value, 
which is 6. 


Mean, median and mode of grouped data 


e When the data are grouped into class intervals, the actual values (or data) are lost. In such cases we have to 
approximate the real values with the midpoints of the intervals into which these values fall. 
For example, if in a grouped frequency table showing the heights of different students, 4 students had a 
height between 180 and 185 cm, we have to assume that each of those 4 students is 182.5 cm tall. 


Mean 


e The formula for calculating the mean is the same as the formula used when the data is displayed in a 
frequency distribution table: 


 DiAghs) 
zo a” 


n 
Here, x represents the midpoint (or class centre) of each class interval, fis the corresponding frequency and 
nis the total number of observations in a set. 


Median 


e The median is found by drawing a cumulative frequency curve (ogive) of the data and estimating the 
median from the 50th percentile (see section 12.2.3). 


Modal class 


e The modal class is the class interval that has the highest frequency. 


® 12.2.3 Cumulative frequency curves (ogives) 
eles-4951 
Ogives 
e Data from a cumulative frequency table can be plotted to form a cumulative frequency curve (sometimes 
referred to as cumulative frequency polgons), which is also called an ogive (pronounced ‘oh-jive’). 
e To plot an ogive for data that is in class intervals, the maximum value for the class interval is used as the 
value against which the cumulative frequency is plotted. 
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For example, the following table and graph show the mass of cartons of eggs ranging from 55 g to 65 g. 


Percentage cumulative 

Mass (g) Frequency (/f) Cumulative frequency (cf) frequency (%cf) 
55—<57 2 6% 
57— <59 6 2+6=8 22% 
59— <61 12 8+12=20 56% 
61— <63 11 20+ 11=31 86% 
63-—<65 5 314+5=36 100% 

> A 

= 100 

3. 90 

= 80 

2 70 

3 60 

5 50 

8 404———— 4 — 

& 30 r, 

5 20 

i 

2 10 os 

T ne 
0 55 56 57 58 59 60 61 62 63 64 65 66 
Mass (g) 
Quantiles 


e An ogive can be used to divide the data into any given number of equal parts called quantiles. 
¢ Quantiles are named after the number of parts that the data are divided into. 


¢ Percentiles divide the data into 100 equal-sized parts. 
e Quartiles divide the data into 4 equal-sized parts. For example, 25% of the data values lie at or below the 


first quartile. 


Percentile Quartile and symbol Common name 
25th percentile First quartile, Q, Lower quartile 
50th percentile Second quartile, Q, Median 

75th percentile Third quartile, Q, Upper quartile 
100th percentile Fourth quartile, Q, Maximum 


e A percentile is named after the percentage of data that lies at or below that value. For example, 60% of the 


data values lie at or below the 60th percentile. 
e Percentiles can be read off a percentage cumulative frequency curve. 


e A percentage cumulative frequency curve is created by: 


e writing the cumulative frequencies as a percentage of the total number of data values 
e plotting the percentage cumulative frequencies against the maximum value for each interval. 
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WORKED EXAMPLE 3 Estimating mean, median and modal class in grouped data 


For the given data: 


a. estimate the mean b. estimate the median c. determine the modal class. 
Class interval | Frequency 
60 — <70 5 
70 — <80 7 
80 — <90 10 
90— < 100 12 
100 — <110 8 
110 — < 120 3 
Total 45 
THINK WRITE 
1. Draw up a table with 5 
columns headed Class Frequency X | Cumulative 
interval, Class centre (x), Class Class class centre frequency 
Frequency (f), Frequency interval | centre (x) |Freq. (/) (fxx) (cf) 
x class centre (f X x) and 
Cumulative frequency (cf). 60— <70 65 5 325 5 
2. Complete the x, f x x 70— < 80 75 Z 525 12 
and cf columns. 80— < 90 85 10 850 22 
90— < 100 95 12 1140 34 
100— < 110 105 8 840 42 
110— < 120 115 3 345 45 
n=45 |)\(fxx) = 4025 
a. 1. Write the rule for the ae LEX) 
mean. : 
2. Substitute the known r= ol) 
values into the rule and 45 
evaluate. ~ 89.4 
3. Write the answer. The mean for the given data is approximately 89.4. 
b. 1. Draw a combined b. 


cumulative frequency 
histogram and ogive, 
labelling class centres 

on the horizontal axis and 
cumulative frequency on 
the vertical axis. Join the 
end-points of each class 
interval with a straight 
line to form the ogive. 


Cumulative frequency 


65 75 85 95 105115 
Data 
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2. Locate the middle of the 
cumulative frequency 45 
axis, which is 22.5. 40 


3. Draw a horizontal line 
from this point to the 
ogive and a vertical line 
to the horizontal axis. 


Cumulative frequency 
~) 
Nn 


65 75 85 95 105115 
Data 


4. Read off the value of the The median for the given data is approximately 90. 
median from the x-axis 
and write the answer. 


c. 1. The modal class is the c. The class internal 90-100 occurs twelve times, which is the highest 
class interval with the frequency. 
highest frequency. 
2. Write the answer. The modal class is the 90-100 class interval. 
ion) Resources 


wa) 
(4 eWorkbook Topic 12 Workbook (worksheets, code puzzle and project) (ewbk-2038) 


g Digital documents SkilISHEET Finding the mean of a small data set (doc-5299) 
SkilISHEET Finding the median of a small data set (doc-5300) 
SkilISHEET Finding the mode of a small data set (doc-5301) 
SkilISHEET Finding the mean, median and mode from a stem-and-leaf plot (doc-5302) 
SkilISHEET Presenting data in a frequency distribution table (doc-53038) 
SKilISHEET Drawing statistical graphs (doc-5304) 


‘C) Video eLesson Mean and median (eles-1905) 


& Interactivities Individual pathway interactivity: Measures of central tendency (int-4621) 
Mean (int-3818) 
Median (int-381 9) 
Mode (int-3820) 
Ogives (int-6174) 
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Exercise 12.2 Measures of central tendency learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
Ty 2 GH UGh 14s V7, IE), 2S 3, 4, 6, 8, 11, 15, 19, 20, 24 &, 8), 12, 18; 1G, Zi, 22, 2S 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
| WE! | For questions 1 to 5, calculate the: 


a. mean b. median c. mode. 


1. 3,5, 6, 8, 8, 9, 10 

2. 4, 6, 7, 4, 8, 9, 7, 10 

3. 17, 15, 48, 23, 41, 56, 61, 52 
4. 4.5, 4.7, 4.8, 4.8, 4.9, 5.0, 5.3 


5. 7, 102, 12, io 13, 3, 13, 14 
2 4 4 2 2 


6. The back-to-back stem-and-leaf plot below shows the test results of 
25 Year 10 students in Mathematics and Science. Calculate the 
mean, median and mode for each of the two subjects. 


Key: 3|2=32 
Leaf: | Stem | Leaf: 
Science Mathematics 
873 3 29 
96221 4 068 
876110 5 135 
97432 6 2679 
8510 7 3678 
73 8 044689 
9 258 


| WE2 | Using the frequency distribution tables shown in questions 7 and 8, calculate the: 


a. mean b. median c. mode. 
. Score (x) Frequency (/f) 

4 3 

6 

6 9 

7 4 

8 2 

Total 24 
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Score (x) 


Frequency (/) 


12 


13 


14 


15 
16 


Total 


9. The following data show the number of bedrooms in each of 


the 10 houses in a particular neighbourhood: 
2, 1; 3,4, 2;.3,.2,.2,3, 3. 


a. Calculate the mean and median number of bedrooms. 
b. A local motel contains 20 rooms. Add this observation to 
the set of data and recalculate the values of the mean and 


median. 


c. Compare the answers obtained in parts a and b and 


complete the following statement: 


When the set of data contains an unusually large value(s), 


called an outlier, the (mean/median) is the better 
measure of central tendency, as it is less affected by this 


extreme value. 
10. BEI For the given data: 


a. estimate the mean b. estimate the median c. determine the modal class. 
Class interval Frequency 

40-—<50 2 

50 — < 60 4 

60-—<70 6 

70—<80 9 

80— <90 5 

90 — < 100 4 

Total 30 


11. Calculate the mean of the grouped data shown in the table below. 


Class interval 
100-109 


Frequency 
3 


110-119 


120-129 


10 


130-139 


140-149 


Total 


30 


TOPIC 12 Univariate data 743 


12. Determine the modal class of the data shown in the table below. 


Class interval Frequency 
50-<55 1 
55-—<60 3 
60 — < 65 4 
65 —<70 5 
70—<75 3 
75 —<80 2 

Total 18 


13. The number of textbooks sold by various bookshops during the second week of December was recorded. 
The results are summarised in the table below. 


Number of 

books sold Frequency 
220-229 2 
230-239 2 
240-249 3 
250-259 5 
260-269 4 
270-279 4 

Total 20 


a. 19 The modal class of the data is given by the class interval(s): 


A. 220-229 and 230-239 B. 250-259 C. 260-269 and 270-279 
D. of both A and E. none of these 


b. [9 The class centre of the first class interval is: 

A. 224 B. 224.5 GC. 224.75 D. 225 E. 227 
c. [9 The median of the data is in the interval: 

A. 230-239 B. 240-249 GC. 250-259 D. 260-269 E. 270-279 
d. HS The estimated mean of the data is: 

A. 251 B. 252 Cc. 253 D. 254 E,. 255 


Understanding 


14. A random sample was taken, composed of 30 people shopping at a supermarket on a Tuesday night. The 
amount of money (to the nearest dollar) spent by each person was recorded as follows: 


6 32 66 17 45 1 19 52 36 23 28 20 7 47 39 
6 68 28 54 9 10 58 40 12 25 49 74 63 41 13 


a. Calculate the mean and median amount of money spent at the checkout by the people in this sample. 

b. Group the data into class intervals of 10 and complete the frequency distribution table. Use this table to 
estimate the mean amount of money spent. 

c. Add the cumulative frequency column to your table and fill it in. Hence, construct the ogive. Use the 
ogive to estimate the median. 

d. Compare the mean and the median of the original data from part a with the mean and the median 
obtained for grouped data in parts b and c. Explain if the estimates obtained in parts b and c were 
good enough. 
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15. Answer the following question and show your working. 


a. Add one more number to the set of data 3, 4, 4, 6 so that the mean of a new set is equal to its median. 

b. Design a set of five numbers so that mean = median = mode = 5. 

c. In the set of numbers 2, 5, 8, 10, 15, change one number so that the median remains unchanged while the 
mean increases by 1. 


16. Thirty men were asked to reveal the number of hours they spent doing housework each week. The results are 


detailed below. 
1 5 2 12 2 6 8 14 18 
0 1 1 8 20 25 3 0 1 2 
7 10 12 1 5 1 18 0 2 2 
a. Present the data in a frequency distribution table. (Use class intervals of 0-4, 5—9 etc.) 
b. Use your table to estimate the mean number of hours that the men spent doing housework. 
c. Determine the median class for hours spent by the men at housework. 
d. Identify the modal class for hours spent by the men at housework. 


Reasoning 


17. The data shown give the age of 25 patients admitted to the emergency ward of a hospital. 


18. 


18 16 6 75 24 
23 82 75 23 21 
43 19 84 76 31 
78 24 20 63 79 
80 9.20 23 17 19 


. Present the data in a frequency distribution table. (Use class intervals of 0 — < 15, 15 — <30 and so on.) 

. Draw a histogram of the data. 

. Suggest a word to describe the pattern of the data in this distribution. 

. Use your table to estimate the mean age of patients admitted. 

. Determine the median class for age of patients admitted. 

. Identify the modal class for age of patients admitted. 

. Draw an ogive of the data. 

. Use the ogive to determine the median age. 

. Explain if any of your statistics (mean, median or mode) give a clear representation of the typical age of 
an emergency ward patient. 

j. Give some reasons which could explain the pattern of the distribution of data in this question. 


- SQ 5,170 0 


(1 In a set of data there is one score that is extremely small when compared to all the others. This outlying 
value is most likely to: 


A. have greatest effect upon the mean of the data 

. have greatest effect upon the median of the data 

. have greatest effect upon the mode of the data 

. have very little effect on any of the statistics as we are told that the number is extremely small 
. none of these 


mogoo 
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19. The batting scores for two cricket players over 6 innings are as follows: 


Player A 31, 34, 42, 28, 30, 41 
PlayerB 0,0, 1, 0, 250, 0 


. Calculate the mean score for each player. 

. State which player appears to be better, based upon mean result. Justify your answer. 

. Determine the median score for each player. 

. State which player appears to be better when the decision is based on the median result. Justify your 
answer. 

e. State which player do you think would be the most useful to have in a cricket team. Justify your answer. 

Explain how can the mean result sometimes lead to a misleading conclusion. 


Qos57 ® 


20. The following frequency table gives the number of employees in different 


salary brackets for a small manufacturing plant. tee 

Number of 

Position Salary ($) | employees 

Machine operator 18 000 50 

Machine mechanic 20 000 15 

Floor steward 24 000 10 

Manager 62 000 4 

Chief executive officer 80 000 1 


a. Workers are arguing for a pay rise but the management of the factory 
claims that workers are well paid because the mean salary of the 
factory is $22 100. 

Explain whether the management is being honest. 

b. Suppose that you were representing the factory workers and had to 
write a short submission in support of the pay rise. How could you 
explain the management’s claim? Quote some other statistics in favour 
of your case. 


21. The resting pulse rate of 20 female athletes was measured. The results are detailed below. 


50 52 48 52 71 61 30 45 42 48 
43 47 51 62 34 61 44 54 38 40 


. Construct a frequency distribution table. (Use class sizes of 1 -—< 10, 10—<20 and so on.) 
. Use your table to estimate the mean of the data. 

Determine the median class of the data. 

. Identify the modal class of the data. 

. Draw an ogive of the data. (You may like to use a graphics calculator for this.) 

. Use the ogive to determine the median pulse rate. 


oO 2l20 5 9 


22. Design a set of five numbers with: 


a. mean = median = mode 
b. mean > median > mode 
c. mean < median = mode. 
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Problem solving 


23. 


24. 


25. 


The numbers 15, a, 17, b, 22, c, 10 and d have a mean of 14. Calculate the 
mean of a, b, c and d. 


The numbers m, n, p, g, r, and s have a mean of a while x, y and z have a 
mean of b. Calculate the mean of all nine numbers. 


The mean and median of six two-digit prime numbers is 39 and the mode is 
31. The smallest number is 13. Determine the six numbers. 


12.3 Measures of spread 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 


e calculate the range and interquartile range of a data set. 


@® 12.3.1 Measures of spread 


e Measures of spread describe how far data values are spread from the centre or from each other. 
e A shoe store proprietor has stores in Newcastle and Wollongong. The number of pairs of shoes sold each 


day over one week is recorded below. 


Newcastle: 45, 60, 50, 55, 48, 40, 52 
Wollongong: 20, 85,50, 15, 30, 60, 90 


In each of these data sets consider the measures of central tendency. 


Newcastle: Mean=50 Wollongong: Mean=50 
Median = 50 Median = 50 
No mode No mode 


With these measures being the same for both data sets we could come to the conclusion that both data sets 
are very similar; however, if we look at the data sets, they are very different. We can see that the data for 
Newcastle are very clustered around the mean, whereas the Wollongong data are spread out more. 


e The data from Newcastle are between 40 and 60, whereas the Wollongong data are between 15 and 90. 
e Range and interquartile range (IQR) are both measures of spread. 


Range 


e The most basic measure of spread is the range. 
e The range is defined as the difference between the highest and the lowest values in the set of data. 


Calculating the range of a data set 


Range = highest score — lowest score 


= Xinax — Ami 
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WORKED EXAMPLE 4 Calculating the range of a data set 


Calculate the range of the given data set: 2.1, 3.5, 3.9, 4.0, 4.7, 4.8, 5.2. 


THINK WRITE 

1. Identify the lowest score (X,,;,) of the data set. Lowest score = 2.1 
2. Identify the highest score (X,,,,) of the data set. Highest score =5.2 
3. Write the rule for the range. Range Xe ene 
4. Substitute the known values into the rule. = .2—21 

5. Evaluate and write the answer. =, 


Interquartile range 


e The interquartile range (IQR) is the range of the middle 50% of all the scores in an ordered set. When 
calculating the interquartile range, the data are first organised into quartiles, each containing 25% of 
the data. 

e The word ‘quartile’ comes from the word ‘quarter’. 


Minimum Median Maximum 


Lower quartile Upper quartile 


e The lower quartile (Q,) is the median of the lower half of the data set. 
e The upper quartile (Q3) is the median of the upper half of the data set. 


Calculating the IQR 


Interquartile range (IQR) = upper quartile — lower quartile 


= Qupper — Diower 


=Q2;-Q, 


e The IQR is not affected by extremely large or extremely small data values (outliers), so in some 
circumstances the IQR is a better indicator of the spread of data than the range. 


WORKED EXAMPLE 5 Calculating the IQR of a data set 


Calculate the interquartile range (IQR) of the following set of data: 3, 2, 8, 6, 1,5, 3, 7, 6. 


THINK WRITE 
1. Arrange the scores in order. 233s © © 7 ts 
2. Locate the median and use it to divide the [238 5S ©6O 7 & 


data into two halves. Note: The median is 
the 5th score in this data set and should not 
be included in the lower or upper ends of 
the data. 
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. Calculate Q,, the median of the lower half of Q,= al 
the data. 
Ld 
2 
= 2.5 
6+7 
. Calculate Q3, the median of the upper half of Q3= aoa 
the data. 
mls) 
2 
= (6:5 
. Calculate the interquartile range. IQR = Q3—Q, 
— Or 2) 
. Write the answer. = 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
1. In anew problem, on 1. On the Statistics screen, © Edit Cale Setorah © 
a Lists & Spreadsheet label listl as ‘x’ and enter the ZB hit 
page, label column A as values as shown in the table. T 7" 
‘xvalues’. Enter the Press EXE after entering each ‘ H 
values from the data set. value. 5) 3 
Press ENTER after H H 
entering each value. HI 
13) 
xvalues «> a 
a 
oe | ha 
1S o 
{ 10}= | 
Fed Auto = Decimal a 
2. To find the summary 2. To find the summary statistics, 
statistics, open a tap: | 
Calculator page and ® Calc a 
press: © One-Variable i 
° MENU Set values as: 
® 6: Statistics e XList: main\x = 
e 1: Stat Calculations 3SX = E(x-7)" 46.2222 © Freq: 1 
° 1: One-Variable ' ! Tap OK. _— — 
Statistics ae Calculate the IQR = Q; — Q, Hi ] 
A 
Select lasthenumber The IOR= Q,-Q0,=6.5-—2.5=4 i: 47 
of lists. Then on the = 
One-Variable Statistics = - 
page select ‘xvalues’ as 
the X1 List and leave the The IQR = O; — QO, = 
Frequency as 1. Leave 65=25=4 


the remaining fields 
empty, TAB to OK, and 
then press ENTER. 

The summary statistics 
are shown. 
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Determining the lIQR from a graph 


e When data are presented in a frequency distribution table, either ungrouped or grouped, the interquartile 
range is found by drawing an ogive. 


WORKED EXAMPLE 6 Calculating the IQR from a graph 


The following frequency distribution table gives the number of customers who order different 
volumes of concrete from a readymix concrete company during the course of a day. Calculate the 
interquartile range of the data. 


Volume (m°) Frequency Volume (m°) Frequency 

0.0 — <0.5 15 1.5 -— < 2.0 8 

0.5— < 1.0 12 2.0—<2.5 2 

1.0-—<1.5 10 2.5— <3.0 4 

THINK WRITE/DRAW 

Se ne cameo” Vetame | clears [7a 
cumulative frequency column to the frequency 0.0—<0.5 0.25 15 15 
distribution table and fill them in. 0.5-<1.0 0.75 12 27 
1.0—<1.5 1.25 10 37 
1.5-—<2.0 1.75 8 45 
2.0—<2.5 2.25 2 47 
2.5-—<3.0 2.75 4 51 


2. Draw the ogive. A percentage axis will 
be useful. 


T T T T T T 
0 
oF ae LP ae ae ue 


Cumulative frequency (%) 


Volume (m?) 


3. Identify the upper quartile (75th percentile) OC, — Goan 
and lower quartile (25th percentile) from Q, = 0.4m? 
the ogive. 
4. The interquartile range is the difference IQR = Q3—-Q, 
between the upper and lower quartiles. = L601! 
= 
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ion) Resources 


ow) 
[4 eWorkbook Topic 12 Workbook (worksheets, code puzzle and project) (ewbk-2038) 
& Interactivities Individual pathway interactivity: Measures of spread (int-4622) 


Range (int-3822) 
The interquartile range (int-4813) 


Exercise 12.3 Measures of spread learn@) 
Individual pathways 

M@ PRACTISE Hi CONSOLIDATE @ MASTER 

1,44 7 10, 18 2.6, 8, Wil, We Ch Oy Sh 12, 1S 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 

1. EEA calculate the range for each of the following sets of data. 
a. 4, 3,9, 12,8, 17,2, 16 
b. 49.5, 13.7, 12.3, 36.5, 89.4, 27.8, 53.4, 66.8 
ee ee ee 

2 4 4 3 6 4 

2. EEA Calculate the interquartile range (IQR) for the following sets of data. 
a. 3,5, 8,9, 12, 14 
b. 7, 10, 11, 14, 17, 23 
c. 66, 68, 68, 70, 71, 74, 79, 80 
d. 19, 25, 72, 44, 68, 24, 51, 59, 36 


3. The following stem-and-leaf plot shows the mass of newborn babies (rounded to the nearest 100g). 
Calculate the: 


b. IQR of the data. 


a. range of the data 


Key: 1*|9=1.9kg 


Stem 
1* 


Leaf 

o 

24 

6789 
001234 
55678889 
01344 
56689 
0122 
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4. Use the ogive shown to calculate the interquartile range of the data. 


A A 
504 100% 


+50% 
20 


10+ 


Cumulative frequency 
w 
i 
Cumulative frequency (%) 


0 
100 120 140 160 180 


Height (cm) 


5, ME The following frequency distribution table gives the amount of time spent by 50 people shopping for 
Christmas presents. 


|Time(h) | 0—<0.5 |0.5—<1|1—<1.5/1.5—<2| 2-<25 | 25-<3 |3-<3.5| 3.5-<4 


Frequency 1 2 7 15 13 8 2. 2 
Estimate the IQR of the data. 


6. O19 Calculate the interquartile range of the following data: 
17, 18, 18, 19, 20, 21, 21, 23, 25 


A. 8 B. 18 c.4 D. 20 E.. 25 


Understanding 


7. The following frequency distribution table shows the life expectancy in hours of 40 household batteries. 


Life (h) 50—<55 | 55-—<60 | 60—<65 | 65—<70 | 70-—<75 | 75-—<80 
Frequency 4 10 12 8 5 1 


a. Draw an ogive curve that represents the data in the table above. 
b. Use the ogive to answer the following questions. 


i. Calculate the median score. 
ii. Determine the upper and lower quartiles. 
iii. Calculate the interquartile range. 
iv. Identify the number of batteries that lasted less than 60 hours. 
v. Identify the number of batteries that lasted 70 hours or more. 


8. Calculate the IQR for the following data. 


Class interval Frequency 
120 —< 130 y) 
130 — < 140 3 
140-—< 150 9 
150 —< 160 14 
160 —<170 10 
170 — < 180 8 
180 — < 190 6 
190 — < 200 3 
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9. For each of the following sets of data, state: 


i. the range and 
ii. the IQR of each set. 


a. 6,9, 12, 13, 20, 22, 26, 29 b. 7, 15, 2, 26, 47, 19, 9, 33, 38 
c. 120, 99, 101, 136, 119, 87, 123, 115, 107, 100 


Reasoning 


10. Explain what the measures of spread tell us about a set of data. 


11. As newly appointed coach of Terrorolo’s Meteors netball team, Kate decided to record each player’s 
statistics for the previous season. The number of goals scored by the leading goal shooter was: 


1 3 8 18 19 23 25 25 25 26 27 28 
28 28 28 29 29 30 30 33 35 36 37 40 


. Calculate the mean of the data. 

. Calculate the median of the data. 

. Calculate the range of the data. 

. Determine the interquartile range of the data. 

. There are three scores that are much lower than most. Explain the effect these scores have on the 
summary statistics. 


oago o ® 


12. The following back-to-back stem-and-leaf plot shows the ages of 30 pairs of men and women when entering 
their first marriage. 


Key: 1]|6=16 years old 


Leaf: | Stem | Leaf: 
Men Women 
998 1 67789 
99887644320 2 001234567789 
9888655432 3 01223479 
6300 4 1248 
60 5 2 


a. Determine the mean, median, range and interquartile range of each set. 
b. Write a short paragraph comparing the two distributions. 


Problem solving 


13. Calculate the mean, median, mode, range and IQR of the following data 
collected when the temperature of the soil around 25 germinating seedlings 
was recorded: 

28.9, 27.4, 23.6, 25.6, 21.1, 22.9, 29.6, 25.7, 27.4, 23.6, 22.4, 24.6, 21.8, 
26.4, 24.9, 25.0, 23.5, 26.1, 23.6, 25.3, 29.5, 23.5, 22.0, 27.9, 23.6. 


14. Four positive numbers a, b, c and d have a mean of 12, a median and mode 
of 9 and a range of 14. Determine the values of a, b, c and d. 


15. A set of five positive integer scores have the following summary statistics: 
e range =9 
e median=6 
e Q; =3 and QO3=9. 
a. Explain whether the five scores could be 1,4, 6,9 and 10. 


b. A sixth score is added to the set. Determine whether there is a score that will maintain the summary 
statistics given above. Justify your answer. 
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12.4 Box plots 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 

calculate the five-number summary for a set of data 

draw a box plot showing the five-number summary of a data set 
calculate outliers in a data set 

describe skewness of distributions 

compare box plots to dot plots or histograms 

draw parallel box plots and compare sets of data. 


® 12.4.1 Five-number summary 


les-4953 ee —_ . ‘ 
nis e A five-number summary is a list consisting of the lowest score (Xinin), lower quartile (Q,), median (Q>), 


upper quartile (Q3) and greatest score (X,,,,) of a set of data. 


WORKED EXAMPLE 7 Calculations using the five-number summary 


From the following five-number summary, calculate: 


a. the interquartile range b. the range. 
AGatin 1 Median (Q2) Q3 Maen 
29 37 39 44 48 

THINK WRITE 
a. The interquartile range is the difference between a. IQR=Q3;-Q, 

the upper and lower quartiles. = 44-37 

= 7 

b. The range is the difference between the greatest b. Range = 30 — Xa 

score and the lowest score. = 48 — 29 

= 1¢ 


® 12.4.2 Box plots 


eles-4954 


A box plot is a graph of the five-number summary. 

¢ Box plots consist of a central divided box with attached whiskers. 
e The box spans the interquartile range. 

e The median is marked by a vertical line drawn inside the box. 

e The whiskers indicate the range of scores: 


t t t t i 


The lowest score The lower The The upper The greatest score 
Xmin quartile median quartile Xmax 
Q| Med. Q3 


(Lower extreme) (Upper extreme) 
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e Box plots are always drawn to scale. 

e They are presented either with the five-number summary figures 4 15 21 23 28 
attached as labels (diagram at right) or with a scale presented 
alongside the box plot like the diagram below. They can also be 
drawn vertically. 


Identification of extreme values or outliers 


e If an extreme value or outlier occurs in a set of data, it can be denoted by a small cross on the box plot. The 
whisker is then shortened to the next largest (or smallest) figure. 

e The box plot below shows that the lowest score was 5. This was an extreme value as the rest of the scores 
were located within the range 15 to 42. 

e Outliers are still included when calculating the range of the data. 


T T T T T 
0 5 10 15 20 25 30 35 40 45 
Scale 


> 


e Outliers sit 1.5 x IQR or greater away from Q, or Q3. 


Identifying outliers 
Lower limit = Q, —1.5 x IQR 
Upper limit = Q; + 15xIQR 


Any scores that sit outside these limits are considered outliers. 


Symmetry and skewness in distributions 


e Asymmetrical plot has data that are evenly spaced around a central point. Examples of a stem-and-leaf 
plot and a symmetrical box plot are shown below. 


Stem | Leaf 

26* | 6 
27 | 013 

27* | 5689 + |} 
28 |} 011124 ol ! T ! C—— 

ee Pe 20 #22 «224 «226 @«©28 ©6630 
29 | 222 

29* | 5 
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e A negatively skewed plot has larger amounts of data at the higher end. This is illustrated by the 
stem-and-leaf plot below where the leaves increase in length as the data increase in value. It is illustrated on 
the box plot when the median is much closer to the maximum value than the minimum value. 


Stem | Leaf 
S| 
6 | 29 
7/1122 = 
8 | 144566 
9/534456777 


e A positively skewed plot has larger amounts of data at the lower end. This is illustrated on the 
stem-and-leaf plot below where the leaves increase in length as the data decrease in value. It is illustrated 
on the box plot when the median is much closer to the minimum value than the maximum value. 


Stem | Leaf 
5|134456777 
6|244566 
7/1122 > 
8 | 16 
9|5 


WORKED EXAMPLE 8 Drawing a box plot 


The following stem-and-leaf plot gives the speed of 25 cars caught by a roadside speed camera. 


Key: 8 | 2 = 82 km/h, 8* | 6 = 86 km/h 


Stem | Leaf 
8| 224444 
8* | 55667999 
9|01124 
9* | 569 
10 | 02 

10* 
11/4 


a. Prepare a five-number summary of the data and draw a box plot to represent it. 
b. Identify any outliers and redraw the box plot with outliers marked. 


c. Describe the distribution of the data. 
THINK 


1. First identify the positions of the median and 
upper and lower quartiles. There are 25 data 


values. The median is the 


1 
) th score. 


The lower quartile is the median of the lower half 
of the data. The upper quartile is the median of 
the upper half of the data (each half contains 

12 scores). 
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WRITE 


The median is the (= a 
13th score. 
Q, is the ee) 


) th score — that is, the 


) th score in the lower half — that 


is, the 6.5th score. That is, halfway between the 6th 
and 7th scores. 

Q; is halfway between the 6th and 7th scores in the 
upper half of the data. 


2. Mark the positions of the median and upper and 


lower quartiles on the stem-and-leaf plot. 


a. Write the five-number summary: 


The lowest score is 82. 

The lower quartile is between 84 and 85; 
that is, 84.5. 

The median is 89. 

The upper quartile is between 94 and 95; 
that is, 94.5. 

The greatest score is 114. 

Draw the box plot for this summary. 


. 1. Calculate the IQR. 


2. Calculate the lower and upper limits. 


3. Identify the outliers. 


4. Redraw the box plot, including the outlier 
marked as a cross. Draw the whisker to the 
next largest figure, 102. 


c. Describe the distribution. 


P8222) anh 
Key: ge! 6 = 86 km/h 


Stem | Leaf Q} 
8* | 55667909 


9 101124] 
9* | 569 

10 jo2 23 
10* 

itielf 


a. Five-number summary: 


AG QO; Q2 Q3 Xmax 


82 84.5 89 94.5 114 


<2 eee ee eee eer ee ee = 
80 90 100 110 
Speed (km/h) 
. IQR = Q;-Q; 
= 94.5 — 84.5 
= (0) 
Lower limit = 84.5 — 1.5 x 10 
= (69),5 
Upper limit = 94.5 +1.5 x 10 
= 02S 


114 is above the upper limit of 109.5, so it is 
an outlier. 


80 90 100 ~=-:110 
Speed (km/h) 


. The data is positively skewed. 
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TI | THINK DISPLAY/WRITE 


a. a. 
1. Inanew problem, ona 


Lists & Spreadsheet page, Acas 8 c D F 
label column A as ‘cars’ = 
and enter the values from 1 62 
the stem-and-leaf plot. 2 82 
Press ENTER after each 3 84 
value. z a 
A a4 


2. To find a five-point 
summary of the data, on 


pul rsxss ste Mi 


s 


. Filtre 
a Calculator page press: Neem 
e CATALOG FiuPoty F 
e 1 FilRect 
e@rF floor 
Then use the down al = Ch<wenes on 
arrow to scroll down to errr << 
FiveNumSummary and ~ 
press ENTER. 
3. Press VAR and select or 
‘cars’ Complete the entry _| FiveNumSummary cars Done * 
line as: FiveNumSummary _ | stat-resuits 
cars and press ENTER. imag SB eh ai 
Then press VAR and select "Q:X" 
‘stat.results’ and press — 
ENTER. “MaxX" ‘16 
\ 
b b. 


To construct the box-and- 
whisker plot, open a Data 
& Statistics page. Press 
TAB to locate the label 
of the horizontal axis and 
select the variable ‘cars’. 


click to add variable 


Then press: 

e MENU 80 84 88 92 96 100 104 108 112 11€ 
© 1: Plot Type — 

e 2: Box Plot 


The box-and-whisker plot is 
displayed. As you scroll over the 
box-and-whisker plot, the values 
of the five-number summary 


To change the colour, place 
the pointer over one of the 
data points. Then press 


CTRL MENU. statistics are displayed. The data 
Then press: are skewed (positively). 
© 6: Color 


e 2: Fill Color. 

Select whichever colour 
you like from the palette. 
Press ENTER. 
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CASIO | THINK 
‘ab 
1. On the Statistics screen, 


label list! as ‘cars’ and 
enter the values from the 
stem-and-leaf plot. 

Press EXE after entering 
each value. 


To find the summary 
statistics, tap: 

® Calc 

© One-Variable 

Set values as: 


e XList: main\cars 
© Freq: | 


Tap OK. 

Scroll down to find more 
statistics. 

minX = 82 

Ql= 84.5 

Med = 89 

Q3 = 95.5 

maxX = 114 


To construct the box-and- 
whisker plot, tap: 


© SetGraph 

© Setting... 

Set: 

© Type: MedBox 

e XList: main\cars 

© Freq: | 
Then tap the graphing 
icon. 


DISPLAY/WRITE 
a. 


© Edit Cale SetGrash ° 


ars list2 list 3 o 


15 $0 
16 a1 
v7 SI 
8 92 
Cale a 
——=s i> J 
{ 3)= 
Fad Auto Decimal a 


On =7, 3375745 
BS =7. 4888806 a 
= 


© Zoom Anatysis Calc @ x 


Fad = Auto a 
The box-and-whisker plot 
is displayed. 


® 12.4.3 Comparing different graphical representations 


eles-4956 
Box plots and dot plots 

e Box plots are a concise summary of data. A box plot can be directly related to a dot plot. 

e Dot plots display each data value represented by a dot placed on a number line. 

¢ The following data are the amount of money (in $) that a group of 27 five-year-olds had with them on a day 

visiting the zoo with their parents. 

0 0.85 0 1.8 1.65 8.45 3.75 0.55 4.1 2.4 2.15 
1.2 1.35 0.9 3.45 1 0 0 1.45 1.25 1.7 2.65 
1.85 4.75 3.9 1.15 


e The dot plot below and its comparative box plot show the distribution of these data. 


Co e0ee0e 


Amount of money ($) 


Both graphs indicate that the data is positively skewed and both graphs indicate the presence of the outlier. 
However, the box plot provides an excellent summary of the centre and spread of the distribution. 


Box plots and histograms 


e Histograms are graphs that display continuous numerical variables and do not retain all original data. 
e The following data are the number of minutes, rounded to the nearest minute, that forty Year 10 students 
take to travel to their school on a particular day. 


15 22 14 12 21 34 19 11 13 0 16 
4 23 8 12 18 24 17 14 3 10 12 
9 15 20 5 19 13 17 11 16 19 24 

12 7 14 17 10 14 23 


The data are displayed in the histogram and box plot shown. 


= 
an 


— 
A 


N 


PR 
So 


Frequency 


Number of minutes 


Both graphs indicate that the data is slightly positively skewed. The histogram clearly shows the frequencies of 
each class interval. Neither graph displays the original values. The histogram does not give precise information 
about the centre, but the distribution of the data is visible. However, the box plot shows the presence of an outlier 
and provides an excellent summary of the centre and spread of the distribution. 
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Parallel box plots 


e A major reason for developing statistical skills is to be able to make comparisons between sets of data. 


WORKED EXAMPLE 9 Comparing two sets of data 


Each member of a class was given a jelly snake to stretch. They each 
measured the initial length of their snake to the nearest centimetre and 
then slowly stretched the snake to make it as long as possible. They then 
measured the maximum length of the snake by recording how far it had 
stretched at the time it broke. The results were recorded in the 


following table. 


Initial length Stretched Initial length Stretched 

(cm) length (cm) (cm) length (cm) 
13 29 14 2] 
14 28 13 27 
17 36 15 36 
10 24 16 36 
14 35 15 36 
16 36 16 34 
15 37 17 35 
16 37 12 27 
14 30 9 17 
16 33 16 41 
17 36 17 38 
16 38 16 36 
17 38 17 41 
14 31 16 33 
17 40 11 21 


The above data was drawn on parallel box plots as shown below. 


ita —{ J} 


| T 
100 


200 


T T T ir 
300 400 500 


Length of snake (mm) 


Compare the data sets and draw your conclusion for the stretched snake. 


THINK 


1. Determine the median in the case of the 
initial and stretched length of the snake. 


2. Draw your conclusion. 


WRITE 


The change in the length of the snake when stretched 
is evidenced by the increased median and spread 
shown on the box plots. 

The median snake length before being stretched was 
15.5 cm, but the median snake length after being 
stretched was 35 cm. 

The range increased after stretching, as did the IQR. 
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ion) Resources 


oa) 
(4 eWorkbook Topic 12 Workbook (worksheets, code puzzle and project) (ewbk-2038) 


& Interactivities Individual pathway interactivity: Box-and-whisker plots (int-4623) 


Skewness (int-3823) 
Box plots (int-6245) 
Parallel box plots (int-6248) 


Exercise 12.4 Box plots learn@) 
Individual pathways 

M@ PRACTISE Hi CONSOLIDATE @ MASTER 

1, 4, 6, 9, 12, 13, 16, 19 2, Sy, 1 WO), 14, 7, ZO 6), fh, Wil, We, We, Zi, 22 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. From the following five-number summary calculate: 


Xmmin Q1 Median Qs Xmax 
6 i 13 | 16 32 
a. the interquartile range b. the range. 


2. From the following five-number summary calculate: 


Xen QO, Median 03 ae 
101 119 122 125 128 
a. the interquartile range b. the range. 


3. From the following five-number summary calculate: 


Xwmi | 0, | Median | 03 | AGaay 
39.2 | 465 | 490 | 523 | 578 
a. the interquartile range b. the range. 


4. The box plot shows the distribution of final points scored by a football team over a season’s roster. 


> 


50 70 90 110 130 150 


Points 


. Identify the team’s greatest points score. 

. Identify the team’s least points score. 

. Calculate the team’s median points score. 

. Calculate the range of points scored. 

. Calculate the interquartile range of points scored. 


oaoa oO ® 
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5. The box plot shows the distribution of data formed by counting the 


number of gummy bears in each of a large sample of packs. 


oao ao 


Questions 6 to 8 refer to the following box plot: 


6. ES) The median of the data is: 


A. 20 


7. OS The interquartile range of the data is: 


A. 23 


B. 23 


B. 26 


. Identify the largest number of gummy bears in any pack. 

. Identify the smallest number of gummy bears in any pack. 
. Identify the median number of gummy bears in any pack. 

. Calculate the range of numbers of gummy bears per pack. 
. Calculate the interquartile range of gummy bears per pack. 


et 
5 10 15 20 25 30 
Score 
C. 25 D. 31 
G5 D. 20 to 25 


> 


30 35 40 45 50 55 60 


Number of gummy bears 


8. M9 Select which of the following is not true of the data represented by the box plot. 


A. One-quarter of the scores are between 5 and 20. 
. Half of the scores are between 20 and 25. 


. Most of the data are contained between the scores of 5 and 20. 


B 
C. The lowest quarter of the data is spread over a wide range. 
D 
E 


. One-third of the scores are between 5 and 20. 
Understanding 
9. The number of sales made each day by a salesperson is recorded over a 2-week period: 
25, 31, 28, 43, 37, 43, 22, 45, 48, 33 


a. Prepare a five-number summary of the data. (There is no need to draw a stem-and- 


leaf plot of the data. Just arrange them in order of size.) 


b. Draw a box plot of the data. 


10. The data below show monthly rainfall in millimetres. 


J | F M A M J J A S O N D 
10; 12 |} 21 23 | 39 | 22 15 11 22 | 37 | 45 30 
a. Prepare a five-number summary of the data. 
b. Draw a box plot of the data. 
11. EEE) The stem-and-leaf plot shown details the age of 25 offenders who Key: 
were caught during random breath testing. ce 
em 


a. Prepare a five-number summary of the data. 


b. Draw a box plot of the data. 
c. Describe the distribution of the data. 
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1 
2 
3 
4 
5 
6 
7 


E.5 


E31 


1|8 = 18 years 
Leaf 

soo99 
000113469 
O12 7 

25 

368 

6 

4 


12. 


13. 


14. 


15. 


The following stem-and-leaf plot details the price at which 30 blocks of land in a particular suburb sold for. 
Key: 12|4= $124 000 
Stem | Leaf 
12|479 
13 |} 00255 
14} 002355799 
15 |} 0023778 
16 |}02258 
17 | 5 


a. Prepare a five-number summary of the data. 
b. Draw a box plot of the data. 


Prepare comparative box plots for the following dot plots (using the same axis) and describe what each plot 
reveals about the data. 


a. Number of sick days taken by workers last year at factory A 


e ry e 
e e e e e e 
5 


e 
S T T T T T _? 
0 1 2 3 4 6 7 


b. Number of sick days taken by workers last year at factory B 
e 


e 
e 
+e 
A e00e 


e 
e 
6 


co eee 
e 
e 
@0e 
e 


An investigation into the transport needs of an outer suburb community recorded 
the number of passengers boarding a bus during each of its journeys, as follows. 


12 43 76 24 46 24 21 46 54 109 87 23 78 
37 22 139 65 78 89 52 23 30 54 56 32 66 49 


Display the data by constructing a histogram using class intervals of 20 and a 
comparative box plot on the same axis. 


RS Ata weight-loss clinic, the following weights (in kilograms) were recorded before and 
after treatment. 


Before 75 |80 75 140 77 89 97 123 128 95 152 92 
After 69 |66 72 118 74 83 89 117 105 81 134 85 


Before 85 |90 95 132 87 109 87 129 135 85 137 102 
After 79 |84 90 124 83 102 84 115 125 81 123 


a. Prepare a five-number summary for weight before and after treatment. 
b. Draw parallel box plots for weight before and after treatment. 
c. Comment on the comparison of weights before and after treatment. 


Reasoning 


16. 


Explain the advantages and disadvantages of box plots as a visual form of representing data. 
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17. The following data detail the number of hamburgers sold by a fast 
food outlet every day over a 4-week period. 


a. Prepare a stem-and-leaf plot of the data. (Use a class size of 10.) 
b. Draw a box plot of the data. 
c. Comment on what these graphs tell you about hamburger sales. 


18. The following data show the ages of 30 mothers upon the birth of their first baby. 


22 21 18 33 17 23 22 3824 24 = =20 
25 29 32 18 19 22 = =23 24 28 20 
31 22 19 17 23 48 25 18 23 20 


a. Prepare a stem-and-leaf plot of the data. (Use a class size of 5.) 

b. Draw a box plot of the data. Indicate any extreme values appropriately. 

c. Describe the distribution in words. Comment on what the distribution says about the age that mothers 
have their first baby. 


Problem solving 
19. Sketch a histogram for the box plot shown. 


——§ || 


20. Consider the box plot below which shows the number of weekly sales of houses by two real estate agencies. 


to. bh = 


T 
0123 4 5 67 8 9 10 
Number of weekly sales 


~< 


. Determine the median number of weekly sales for each real estate agency. 

State which agency had the greater range of sales. Justify your answer. 

State which agency had the greater interquartile range of sales. Justify your answer. 
State which agency performed better. Explain your answer. 


29059 


21. Fifteen French restaurants were visited by three newspaper restaurant reviewers. The average price of a meal 
for a single person was investigated. The following box plot shows the results. 


4 


ee So 0 Td) 0 13 0 130 160 


Price ($) 
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a. Identify the price of the cheapest meal. 

b. Identify the price of the most expensive meal. 

c. Identify the median cost of a meal. 

d. Calculate the interquartile range for the price of a meal. 

e. Determine the percentage of the prices that were below the median. 


22. The following data give the box plots for three different age groups in a triathlon for under thirities. 


Under 20 
20-24 
o 
50 
- | 
25-29 | 
~ | > 
7000 8000 9000 10000 


Time in seconds 


a. Identify the slowest time for the 20-24 year olds. 
b. Estimate the difference in time between the fastest triathlete in: 


i. the under 20s and the 20-24 group 
ii. the under 20s and the 25-29 group 
iii. the under 20-24 group and the 25-29 group. 
c. Comment on the overall performance of the three groups. 


12.5 The standard deviation (10A) 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e calculate the standard deviation of a small data set by hand 
e calculate the standard deviation using technology 
e interpret the mean and standard deviation of data 
e identify the effect of outliers on the standard deviation. 


® 12.5.1 Standard deviation 


eles-4958 F 2 
e The standard deviation for a set of data is a measure of how far the data values are spread out (deviate) 


from the mean. The value of the standard deviation tells you the average deviation of the data from 
the mean. 

e Deviation is the difference between each data value and the mean (x — x). The standard deviation is 
calculated from the square of the deviations. 
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Standard deviation formula 


e Standard deviation is denoted by the lowercase Greek letter sigma, o, and can be calculated by using 


the following formula. 
[Yi@- Oe 
o = || ———_ 
n 


where X is the mean of the data values and n is the number of data values. 


e A low standard deviation indicates that the data values tend to be close to the mean. 
e A high standard deviation indicates that the data values tend to be spread out over a large range, away from 
the mean. 
e Standard deviation can be calculated using a scientific or graphics calculator, or it can be calculated from a 
frequency table by following the steps below. 
Step 1 Calculate the mean. 
Step 2 Calculate the deviations. 
Step 3 Square each deviation. 
Step 4 Sum the squares. 
Step 5 Divide the sum of the squares by the number of data values. 
Step 6 Take the square root of the result. 


WORKED EXAMPLE 10 Calculating the standard deviation 


The number of lollies in each of 8 packets is 11, 12, 13, 14, 16, 17, 18, 19. 
Calculate the mean and standard deviation correct to 2 decimal places. 


THINK WRITE 
1. Calculate the mean. re AU 
_ 120 
8 
= 115 
2. To calculate the deviations (x — x), set up a N ; 
o. of lollies = 
frequency table as shown and complete. 7 les (x) i" z— r 
12 3 
13 —2 
14 -1 
16 1 
17 2 
18 3 
19 4 
Total 
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3. Add another column to the table to calculate 


the square of the deviations, (x — x). Then No. of lollies (x) 


11 
12 
13 
14 
16 
17 
18 


sum the results: Dv — x). 


4. To calculate the standard deviation, divide the 
sum of the squares by the number of data 
values, then take the square root of the result. 60 
8 
~ 2.74 (correct to 2 decimal places) 

5. Check the result using a calculator. The calculator returns an answer of o,, = 2.73861. 
Answer confirmed. 

6. Interpret the result. The average (mean) number of lollies in each pack 
is 15 with a standard deviation of 2.74, which means 
that the number of lollies in each pack differs from the 
mean by an average of 2.74. 

TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 

1. In anew problem, ona 0 ne! On the Statistics screen, label a 
Calculator page, complete | joiyess=f 11,12,13,14,16,17,18,19} “ list] as ‘x’ and enter the values | "visti } 
the entry lines as shown. {11,12,13,14,16,17,18,19} |_| from the question. Press EXE Ex, S120, il | 
This stores the data values | mean(oites) 15 after entering each value. To find Ins 4. batt002 
to the variable ‘lollies’. stDevPop(loilies) bo the summary statistics, tap: a 12. 5 = | 
lollies: = {11, 12, 13, 2 © Calc “ Ca 
pee 16, 17; ia stDevPop(lollies) 2.73861 if econ | 

ough we can fin et values as: 

many nes statistics, e XList: main\x —_ a 
to calculate the mean The mean number of lollies is ° Freq: | = a 
only, open a Calculator 15 and the population standard Tap OK. = a 
page and press: deviation is o = 2.74. The standard deviation is shown “Sst = 
°¢ MENU as 0, and the mean is shown 
© 6: Statistics as The mean number of 
© 3: List Math lollies is 15 with a standard 
© 3: Mean deviation of 2.74. 
Press VAR and select 
‘lollies’ , then press 
ENTER. 
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2. To calculate the 
population standard 
deviation only, press: 

e MENU 

© 6: Statistics 

e 3: List Math 

e 9: Population standard 
deviation 

Press VAR and select 

‘lollies’, then press 

ENTER. Press CTRL 

ENTER to get a decimal 

approximation. 


e When calculating the standard deviation from a frequency table, the frequencies must be taken into 
account. Therefore, the following formula is used. 


/ 23 
_ Dye: x) 
n 


WORKED EXAMPLE 11 Calculating standard deviation from a frequency table 


Lucy’s scores in her last 12 games of golf were 87, 88, 88, 89, 90, 90, 90, 92, 93, 93, 95 and 97. 
Calculate the mean score and the standard deviation correct to 2 decimal places. 


THINK WRITE 
1. To calculate the mean, Golf score (x) Frequency (f) fx 
first set up a frequency 87 1 87 
table. 
88 2 176 
89 1 89 
90 3 270 
92 1 92 
93 2 186 
95 1 95 
97 1 97 
Total Di fH12 | >) fe= 1092 
eo: 
2. Calculate the mean. r= 
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. To calculate the 


deviations (x — x), add 
another column to the 
frequency table and 
complete. 


. Add another column to 


the table and multiply 
the square of the 
deviations, (x — x)”, by 
the frequency f(x — x). 
Then sum the results: 


Vif). 


. Calculate the standard 


deviation using the 
formula. 


. Check the result using a 
calculator. 
. Interpret the result. 


Golf score (x) | Frequency (f) ix (x —X) 
87 1 87 87-91=-4 
88 8 176 3 
89 1 89 ~2 
90 3 270 a 
92 1 92 1 
93 2 186 > 
95 1 95 4 
97 1 97 6 
Total Dd FH12 |) f= 1092 
Golf score (x) | Frequency (f) fx (x —x) Sx - x) 
87 1 87 87-91 =—4|1x(—4)? = 16 
88 8 176 3 18 
89 1 89 =) 4 
90 3 270 = 3 
92 1 92 1 1 
93 2 186 2 8 
95 1 95 4 16 
97 1 97 6 36 
Total fH 1092 102 


FOL) 


(correct to 2 decimal places) 


The calculator returns an answer of o,, = 2.91548. 
The answer is confirmed. 
The average (mean) score for Lucy is 91 with a standard deviation of 
2.92, which means that her score differs from the mean by an average 


Oi DEM, 
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TI | THINK 


1. In anew problem, ona 
Lists & Spreadsheet page, 
label column A as ‘score’ 
and label column B as ‘f’. 
Enter the values and the 
frequency corresponding to 
each score as shown in the 
table. Press ENTER after 
each value. 


2. To find all the summary 
statistics, open a Calculator 
page and press: 

e MENU 

© 6: Statistics 

e 1: Stat Calculations 

e 1: One Variable 
Statistics... 

Select | as the number 

of lists, then on the 

One-Variable Statistics 

page, select ‘score’ as 

the X1 List and ‘f’ as the 

Frequency List. Leave the 

next two fields empty and 

TAB to OK, then press 

ENTER. 


DISPLAY/WRITE 
Ascore Bf c 0 

’ 87 1 

i) 2 

89 1 

90 3 

1 


fn 
© 
nN 


The mean is x = 91 and the 
population standard deviation 
is Oo = 2.92 correct to 2 decimal 
places. 


Why the deviations are squared 


e When you take an entire data set, the sum of the deviations from the mean is zero, that is, Dye: —x)=0. 
e When the data value is less than the mean (x < x), the deviation is negative. 
e When the data value is greater than the mean (x > x), the deviation is positive. 


CASIO | THINK 


1. 


On the Statistic screen, 
label list] as ‘score’ and 
enter the values from the 
question. Press EXE after 


entering each value. To find | 3'** 
ied 


the summary statistics, tap: 
® Calc 

© One-Variable 

Set values as: 


e XList: main\score 
© Freq: 1 


Tap OK. 

The standard deviation is 
shown as 0, and the mean 
is shown as x. 


DISPLAY/WRITE 


|| Gre-Vorlnble 


x 
} =x 


0, 
Wx 


a —_e 
x: aa 
ci | a 
Red Auto Decimal au 


The mean is x= 91 and 

the population standard 
deviation is o = 2.92 
correct to 2 decimal places. 


The negative and positive deviations cancel each other out; therefore, calculating the sum and average of 
the deviations is not useful. 

By squaring all of the deviations, each deviation becomes positive, so the average of the deviations 
becomes meaningful. This explains why the standard deviation is calculated using the squares of the 
deviations, (x — xy, for all data values. 


Standard deviations of populations and samples 


770 


So far we have calculated the standard deviation for a population of data, that is, for complete sets of data. 
There is another formula for calculating standard deviation for samples of data, that is, data that have been 
randomly selected from a larger population. 

The sample standard deviation is more commonly used in day-to-day life, as it is usually impossible to 
collect data from an entire population. 

For example, if you wanted to know how much time Year 10 students across the country spend on social 
media, you would not be able to collect data from every student in the country. You would have to take a 
sample instead. 

The sample standard deviation is denoted by the letter s, and can be calculated using the following formula. 
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Sample standard deviation formula 


ic =>) 


n-1 


s= 


e Calculators usually display both values for the standard deviation, so it is important to understand the 
difference between them. 


® 12.5.2 Effects on standard deviation 


eles-4959 eo ‘ 
e The standard deviation is affected by extreme values. 


WORKED EXAMPLE 12 Interpreting the effects on standard deviation 


On a particular day Lucy played golf brilliantly and scored 60. 

The scores in her previous 12 games of golf were 87, 88, 88, 89, 90, 90, 
90, 92, 93, 93, 95 and 97 (see Worked example 1). 

Comment on the effect this latest score has on the standard deviation. 


THINK WRITE 

1. Use a calculator to calculate the mean and X= 88.6154 o=8.7225 
the standard deviation. = 88.62 & 8.7225 

2. Interpret the result and compare it to the In the first 12 games Lucy’s mean score was 91 with 
results found in Worked example 11. a standard deviation of 2.92. This implied that Lucy’s 


scores on average were 2.92 either side of her average 
of 91. Lucy’s latest performance resulted in a mean 
score of 88.62 with a standard deviation of 8.72. This 
indicates a slightly lower mean score, but the much 
higher standard deviation indicates that the data are 
now much more spread out and that the extremely 
good score of 60 is an anomaly. 


® 12.5.3 Properties of standard deviation 


eles-4961 = é : 
e If aconstant c is added to all data values in a set, the deviations (x — x) will remain unchanged and 


consequently the standard deviation remains unchanged. 

If all data values in a set are multiplied by a constant k, the deviations (x — x) will be multiplied by k, that is 

k(x — x); consequently the standard deviation is increased by a factor of k. 

The standard deviation can be used to measure consistency. 

e When the standard deviation is low we are able to say that the scores in the data set are more consistent 
with each other. 
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WORKED EXAMPLE 13 Calculating numerical changes to the standard deviation 


For the data 5, 9, 6, 11, 10, 7: 

a. calculate the standard deviation 

b. calculate the standard deviation if 4 is added to each data value. Comment on the effect. 

c. calculate the standard deviation if all data values are multiplied by 2. Comment on the effect. 


THINK WRITE 


a. 1. Calculate the mean. ao Sa ae 


2. Set up a frequency table and enter the squares 2 
of the deviations. (x) | (=x) (x —x) 


3. To calculate the standard deviation, apply the G= 
formula for standard deviation. 


_ [3 
6 
~ 2.16 (correct to 2 decimal places) 
b. 1. Add 4 to each data value in the set. oy Oh Sh, IO, IS, dee 1 
2. Calculate the mean. Fi re 
= (12) 
3. Set up a frequency table and enter the squares = =) 
of the deviations. (x) (x —x) (x —x) 
9 |9-12=-3 9 
10 —2 4 
11 -1 1 
13 1 1 
14 2 4 
15 3 9 
Total > (x-X) = 28 


aD 

LD ee 

4. To calculate the standard deviation, apply the C= Gas 
n 


formula for standard deviation. 


~ 2.16 (correct to 2 decimal places) 
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5. Comment on the effect of adding of 4 to each Adding 4 to each data value increased the 


data value. mean but had no effect on the standard 
deviation, which remained at 2.16. 
c. 1. Multiply each data value in the set by 2 oe MIC), Th, ee, ACL, Tle! 
2. Calculate the mean. i See 
= 16 
3. Set up a frequency table and enter the squares =) 
of the deviations. (x) (x —x) (x —x) 
10 |10-—16=—-6 36 
12 —4 16 
14 —2 4 
18 2 4 
20 4 16 
22 6 36 
Total > @-x) = 112 


- De-» fiz 
4. To calculate the standard deviation, apply the o = \f ——_ = ,/ — 
formula for standard deviation. E : 
& 4.32 (correct to 2 decimal places) 
5. Comment on the effect of multiplying each Multiplying each data value by 2 doubled 


data value by 2. the mean and doubled the standard deviation, 
which changed from 2.16 to 4.32. 


ion) Resources 


ey 
(4 eWorkbook Topic 12 Workbook (worksheets, code puzzle and project) (ewbk-2038) 


& Interactivities Individual pathway interactivity: The standard deviation (int-4624) 


The standard deviation for a sample (int-481 4) 


Exercise 12.5 The standard deviation (10A) learn@) 
Individual pathways 

m@ PRACTISE Hm CONSOLIDATE @ MASTER 

1p 2 4, &, 10, 183 3, 8) fy Vly WA! 6,9, 12,15 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


4. EXSY Calculate the standard deviation of each of the following data sets, correct to 2 decimal places. 


a. 3,5, 8, 2,7, 1, 6,5 b. 11, 8,7, 12, 10, 11, 14 
c. 25, 15, 78, 35, 56, 41, 17, 24 d. 5.2, 4.7, 5.1, 12.6, 4.8 
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2. Calculate the standard deviation of each of the following data sets, correct to 2 decimal places. 


is Score (x) Frequency (f) B: Score (x) Frequency (f) 
1 1 16 15 
2 5 17 24 
3 9 18 26 
4 7 19 28 
5 3 20 27 
= Score (x) Frequency (f) a Score (x) Frequency (f) 
8 15 65 15 
10 19 66 15 
12 18 67 16 
14 7 68 17 
16 6 69 16 
18 2 70 15 
71 15 
72 12 


3. Complete the following frequency distribution table and use it to calculate the standard deviation of the data 


set, correct to 2 deciaml places. 


Class Class centre (x) Frequency (f) 

1-10 6 
11-20 15 
21-30 25 
31-40 8 
41-50 6 


4. CG First-quarter profit increases for 8 leading companies are given below as percentages. 


2.3 0.8 1.6 2.1 1.7 1.3 1.4 1.9 


Calculate the mean score and the standard deviation for this set of data and express your answer correct to 


2 decimal places. 


5. The heights in metres of a group of army recruits are given. 


1.8 1.95 1.87 1.77 1.75 1.79 1.81 1.83 1.76 1.80 1.92 1.87 1.85 1.83 


Calculate the mean score and the standard deviation for this set of data and express your answer correct to 


2 decimal places. 
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6. Times (to the nearest tenth of a second) for the heats in the open 100 m sprint at Key: 11]0=11.0s 
the school sports are given in the stem-and-leaf plot shown. ; , 


Calculate the standard deviation for this set of data and express your answer Stem | Leaf 
correct to 2 decimal places. 11 | 0 
5 : 11 | 23 
11 | 445 
11 | 66 
11 | 889 
12/01 
12 | 223 
12 |} 44 
12 | 6 
12) 9 


7. The number of outgoing phone calls from an office each day over a 4-week 


age ; Key: 1|3=13 calls 
period is shown in the stem-and-leaf plot. 


Calculate the standard deviation for this set of data and express your answer Siete EEG 
correct to 2 decimal places. 0) 89 
1 | 3479 
2|01377 
3 | 34 
4| 15678 
5 | 38 
8. HS A new legal aid service has been operational for only 5 weeks. The number Key: 1/6 = 16 people 
of people who have made use of the service each day during this period is set 
; Stem | Leaf 
out in the stem-and-leaf plot shown. 
The standard deviation (to 2 decimal places) of these data is: 0 | 24 
A. 6.00 0) 779 
B. 6.34 1) 014444 
C. 6.47 1 | 5667889 
D. 15.44 2 | 122333 
E. 9.37 2|7 


Understanding 
9, HGH The speeds, in km/h, of the first 25 cars caught by a roadside speed camera on a particular day were: 
82, 82, 84, 84, 84, 84, 85, 85, 85, 86, 86, 87, 89, 89, 89, 90, 91, 91, 92, 94, 95, 96, 99, 100, 102 


The next car that passed the speed camera was travelling at 140 km/h. 
Comment on the effect of the speed of this last car on the standard deviation for the data. 


10. Explain what the standard deviation tells us about a set of data. 


Reasoning 
11. KOS For the data 1,4, 5, 9, 11: 


a. calculate the standard deviation 
b. calculate the standard deviation if 7 is added to each data value. Comment on the effect. 
c. calculate the standard deviation if all data values are multiplied by 3. Comment on the effect. 


12. Show using an example the effect, if any, on the standard deviation of adding a data value to a set of data 
that is equivalent to the mean. 
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Problem solving 


13. If the mean for a set of data is 45 and the standard deviation is 6, determine how many standard deviations 
above the mean is a data value of 57. 


14. Five numbers a, b, c, d and e have a mean of 12 and a standard deviation of 4. 


a. If each number is increased by 3, calculate the new mean and standard deviation. 
b. If each number is multiplied by 3, calculate the new mean and standard deviation. 


15. Twenty-five students sat a test and the results for 24 of the students are given in Stem | Leaf 
the following stem-and-leaf plot. 0 | 39 
a. If the average mark for the test was 27.84, determine the mark obtained 1/ 123789 
by the 25th student. 2| 23568 
b. Determine how many students scored higher than the median score. 3012468 
c. Calculate the standard deviation of the marks, giving your answer correct to 
2 decimal places. 2 | 02208 


12.6 Comparing data sets 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e choose an appropriate measure of centre and spread to analyse data 
e interpret and make decisions based on measures of centre and spread. 


® 12.6.1 Comparing data sets 


eles-4962 si : : : 
e Besides locating the centre of the data (the mean, median or mode), any analysis of data must measure the 


extent of the spread of the data (range, interquartile range and standard deviation). Two data sets may have 

centres that are very similar but be quite differently distributed. 

Decisions need to be made about which measure of centre and which measure of spread to use when 

analysing and comparing data. 

e The mean is calculated using every data value in the set. The median is the middle score of an ordered set 
of data, so it is a more useful measure of centre when a set of data contains outliers. 

e The range is determined by calculating the difference between the maximum and minimum data values, so 
it includes outliers. It provides only a rough idea about the spread of the data and is inadequate in providing 
sufficient detail for analysis. It is useful, however, when we are interested in extreme values such as high 
and low tides or maximum and minimum temperatures. 

e The interquartile range is the difference between the upper and lower quartiles, so it does not include every 
data value in its calculation, but it will overcome the problem of outliers skewing data. 

e The standard deviation is calculated using every data value in the set. 


WORKED EXAMPLE 14 Interpreting mean and standard deviation 


For the two sets of data 6, 7, 8, 9, 10 and 12, 4, 10, 11, 3: 
a. calculate the mean 

b. calculate the standard deviation 

c. comment on the similarities and differences. 
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THINK WRITE 
Sy ae lear al) 


a. 1. Calculate the mean of ab iy = 
the first set of data. aS 2 
2. Calculate the mean of i paca 
the second set of data. = > 
b. 1. Calculate the standard b. 
deviation of the first set of (Ga Si i= 8) (6 8) 8) ts 
data. oy = Oe 
lea 
(28) 4 a 108) 1 8) 8) 
2. Calculate the standard o> = 4 — 
deviation of the second 5 
set of data. ei: 
c. Comment on the findings. c. For both sets of data the mean was the same, 8. However, 


the standard deviation for the second set (3.74) was much 
higher than the standard deviation of the first set (1.41), 
implying that the second set is more widely distributed 
than the first. This is confirmed by the range, which is 
10—6=4 for the first set and 12 — 3 = 9 for the second. 


e When multiple data displays are used to display similar sets of data, comparisons and conclusions can then 
be drawn about the data. 

e We can use back-to-back stem-and-leaf plots and multiple or parallel box plots to help compare statistics 
such as the median, range and interquartile range. 


Back-to-back stem-and-leaf plots 


Parallel box plots 
Leaf | Stem | Leaf 
6632 1 45689 
— [}- 841] 2 |0457 
<7 T al 98530 3 169 
0 il 2 3 4 5 6 7 8 
71 4 1 3 
5 2 5 


WORKED EXAMPLE 15 Comparing data sets 


Below are the scores achieved by two students in eight Mathematics tests throughout the year. 

John: 45, 62, 64, 55, 58, 51, 59, 62 

Penny: 84, 37, 45, 80, 74, 44, 46, 50 

a. Determine the most appropriate measure of centre and measure of spread to compare the 
performance of the students. 

b. Identify the student who performed better over the eight tests. Justify your answer. 

c. Identify the student who was more consistent over the eight tests. Justify your answer. > 
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THINK WRITE 

a. In order to include all data values in the along — ion 0 
calculation of measures of centre and spread, Renny5—9)/- Or — nln 
calculate the mean and standard deviation. 

b. Compare the mean for each student. The student b. Penny performed slightly better on average as 
with the higher mean performed better overall. her mean mark was higher than John’s. 

c. Compare the standard deviation for each student. c. John was the more consistent student because his 
The student with the lower standard deviation standard deviation was much lower than Penny’s. 
performed more consistently. This means that his test results were closer to his 

mean score than Penny’s were to hers. 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a. 


1. In anew problem, on 
a Lists & Spreadsheet 
page, label column A as 
‘john’ and column B as 
‘penny’. Enter the data 
sets from the question. 
Press ENTER after each 
value. 


A john 5 penny 


1 


2. To calculate only the 
mean and standard 


a mean(john) 57 
deviation of each data wDevecption) Fi 
set, open a Calculator 

mean(penny) $7.5 
page and complete the 
stDevPop(penny) 17.4213 


entry lines as: 
mean(john) 
stDevPop(john) 
mean(penny) 
stDevPop(penny) 

Press CTRL ENTER 
after each entry to get a 
decimal approximation. 


John: #=57; 0=6 
Penny: x= 57.5, 0 = 17.4 
correct to 2 decimal places. 
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a. 
1. On the Statistics screen, 
label list! as ‘John’ 


© Edit Calc SetGrach « 


é 2 ig 
and list2 as ‘Penny’. Enter | a mame Yu 
ae 37 
the data set as shown. ‘ 83 i 
8 4) 
Press EXE after each value. 7 2 4a] 
: 62 50} 
10 
" 
2 
Wy 
“ 
5 
6 
v7 
8 
a |i 
Ss —3 
{ a= | 
Fad = Auto Decimal a 


2. To calculate the mean and 
standard deviation of each 


| Two-Variable t 


data set, tap: be, 5 

® Calc Ox =o. 4142008 I 

© Two-Variable z,, nin 

Set values as: ~ “ER. - a 

e XList: main\John 

e YList: main\Penny x] taal] 

© Freq: 1 a TT 

Tap OK. on 

The x-values relate to John Le 
Red Auto Decimal a 


and the y-values to Penny. 
Scroll down to see all the 
statistics. 


John t= 57; 6=6 
Penny: x = 57.5, 0 = 17.4 
correct to 2 decimal places. 


b-c. 

To draw the two box 
plots on the same Data 
& Statistics page, press 
TAB to locate the label 


of the horizontal axis and 
select the variable ‘john’. 


Then press: 

e¢ MENU 

e 1: Plot Type 

e 2: Box Plot 
Then press: 

e MENU 

e 2: Plot Properties 


e 5: Add X-variable and 


select ‘penny’. 
To change the colour, 
place the pointer over 


one of the data points. 


Then press CTRL 
MENU. Then press: 
® 6: Color 
e 2: Fill Color 
Select whichever colour 
you like from the palette 


for each of the box plots. 


ion) Resources 


lick to add variabl 
penny john 


OR EY SOWA SRS TEED ST EL ARES Uo ep ee 
35 40 45 50 55 60 65 70 75 80 &5 
@john @penny 


Penny performed slightly better 
overall as her mean mark was 
higher than John’s; however, 
John was more consistent as his 
standard deviation was lower than 
Penny’s. 


b-c. 

To draw the two box-and- 
whisker plots on the same 
Statistics screen, tap: 


© SetGraph 

© Setting... 

Set values as: 

© Type: MedBox 

e XList: main\John 

© Freq: 1 

Tap 2 in the row of numbers 
at the top of the screen. 

Set values as: 

© Type: MedBox 

e XList: main\Penny 

e Freq: 1 

Tap Set. 

Tap SetGraph and tick 
StatGraph1 and StatGraph2. 
Tap the graphing icon to 
display the graphs. 


oy) 
(4 eWorkbook Topic 12 Workbook (worksheets, code puzzle and project) (ewbk-2038) 
&} Interactivities Individual pathway interactivity: Comparing data sets (int-4625) 


Back-to-back stem plots (int-6252) 


Exercise 12.6 Comparing data sets 


b-c. 


© oom Analysis Calc @ x 


[Pad Auto a 
Penny performed slightly 
better overall as her mean 
mark was higher than 
John’s; however, John 
was more consistent as his 
standard deviation was 
lower than Penny’s. 


learn@y) 


Individual pathways 


Mm PRACTISE 
Ip SB Gb 1, WI, We 


Hi CONSOLIDATE 
2, 4, 6, 9, 12, 13, 18 


@ MASTER 


Sh fy 4, Ue), WG, WS), Ao) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 


questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. EXS2 For the two sets of data, 65, 67, 61, 63, 62, 60 and 56, 70, 65, 72, 60, 55: 


a. calculate the mean 


b. calculate the standard deviation 
c. comment on the similarities and differences. 
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2. A bank surveys the average morning and afternoon waiting times for customers. The figures were taken each 
Monday to Friday in the morning and afternoon for one month. The stem-and-leaf plot below shows 
the results. 


Key: 1|2 = 1.2 minutes 


Leaf: | Stem | Leaf: 
Morning Afternoon 
7 0 788 
86311 it 1124456667 
9666554331 2 2558 
952 3 16 
5 4 
5 7 


a. Identify the median morning waiting time and the median afternoon waiting time. 

. Calculate the range for morning waiting times and the range for afternoon waiting times. 

c. Use the information given in the display to comment about the average waiting time at the bank in the 
morning compared with the afternoon. 


lox 


3. In aclass of 30 students there are 15 boys and 15 girls. Their heights are measured in metres and are 
listed below. 


Boys: 1.65, 1.71, 1.59, 1.74, 1.66, 1.69 1.72, 1.66, 1.65, 1.64, 1.68, 1.74, 1.57, 1.59, 1.60 
Girls: 1.66, 1.69, 1.58, 1.55, 1.51, 1.56, 1.64, 1.69, 1.70, 1.57, 1.52, 1.58, 1.64, 1.68, 1.67 


Display this information in a back-to-back stem-and-leaf plot and comment on their height distribution. 


4. The stem-and-leaf plot at right is used to display the number 


: : ae Key: 1|5 = 15 vehicles 
of vehicles sold by the Ford and Hyundai dealerships in a 


Sydney suburb each week for a three-month period. ae ate Ta: ; 
Ford Hyundai 

a. State the median of both distributions. 74 0 39 

b. Calculate the range of both distributions. a 952210 1 111668 

c. Calculate the interquartile range of both distributions. 8544 > 9279 

d. Show both distributions on a box plot. 0 , 5 


5. The box plot drawn below displays statistical data of 
two AFL teams over a season. 


“i= +. Fo ot, — fw ao 
50 60 70 80 90 100110120 130 140150 
Points 


a. State the team that had the higher median score. 
b. Determine the range of scores for each team. 
c. For each team calculate the interquartile range. 
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Understanding 


6. Tanya measures the heights (in m) of a group of Year 
10 boys and girls and produces the following five-point 
summaries for each data set. 


Boys: 1.45, 1.56, 1.62, 1.70, 1.81 
Girls: 1.50, 1.55, 1.62, 1.66, 1.73 


a. Draw a box plot for both sets of data and display them 
on the same scale. 

. Calculate the median of each distribution. 

. Calculate the range of each distribution. 

. Calculate the interquartile range for each distribution. 

. Comment on the spread of the heights among the boys 
and the girls. 


‘ 


oao Sf 


7. The box plots show the average daily sales of cold drinks at the 


school canteen in summer and winter. + [ -- Summer 
a. Calculate the range of sales in both summer and winter. 
b. Calculate the interquartile range of the sales in both summer —f{[} Winter 


and winter. <—__ 
c. Comment on the relationship between the two data sets, both 0 5 10 15 20 25 30 35 40 
in terms of measures of centre and measures of spread. Daily sales of cold drinks 


8. [9 Andrea surveys the age of people at two movies being shown 


at a local cinema. The box plot shows the results. { [| of- Movie A 


Select which of the following conclusions could be drawn based on 

the information shown in the box plot. +| }— Movie B 

A. Movie A attracts an older audience than Movie B eee eS 
B. Movie B attracts an older audience than Movie A. 0 10 20 30 40 50 60 70 80 
C. Movie A appeals to a wider age group than Movie B. Age 

D. Movie B appeals to a wider age group than Movie A. 

E. Both movies appeal equally to the same age groups. 


9. HS Note: There may be more than one correct answer. 
The figures below show the age of the first 10 men and women to finish a marathon. 


Men: 28, 34, 25, 36, 25, 35, 22, 23, 40, 24 
Women: 19, 27, 20, 26, 30, 18, 28, 25, 28, 22 


Choose which of the following statements are correct. 


A. The mean age of the men is greater than the mean age of the women. 

B. The range is greater among the men than among the women. 

C. The interquartile range is greater among the men than among the women. 
D. The standard deviation is greater among the men than among the women. 
E. The standard deviation is less among the men than among the women. 
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Reasoning 
10. KH Cory recorded his marks for each test that he did in English and Science throughout the year. 


English: 55, 64, 59, 56, 62, 54, 65, 50 
Science: 35, 75, 81 32, 37, 62, 77, 75 


a. Determine the most appropriate measure of centre and measure of spread to compare Cory’s performance 
in the two subjects. 

b. Identify the subject in which Cory received a better average. Justify your answer. 

c. Identify the subject in which Cory performed more consistently. Justify your answer. 


11. Draw an example of a graph that is: 
a. symmetrical 


b. positively skewed with one mode 
c. negatively skewed with two modes. 


12. The police set up two radar speed checks on a back street of Sydney and on a main road. In both places the 
speed limit is 60 km/h. The results of the first 10 cars that have their speed checked are given below. 


Back street: 60, 62, 58, 55, 59, 56, 65, 70, 61, 64 
Main road: 55, 58, 59, 50, 40, 90, 54, 62, 60, 60 


a. Calculate the mean and standard deviation of the readings taken at each point. 
b. Identify the road where drivers are generally driving faster. Justify your answer. 
c. Identify the road where the spread of readings is greater. Justify your answer. 


13. In boxes of Smarties it is advertised that there are 50 Smarties in each box. Two machines are used to 
distribute the Smarties into the boxes. The results from a sample taken from each machine are shown in the 
stem-and-leaf plot below. 


Key: 5|1=51 5«|6=56 
Leaf: Stem Leaf: 
Machine A Machine B 
4+ 4 
99877665 4* 57899999999 
43222111000000 5 0000011111223 
55 5* 9 


a. Display the data from both machines on parallel box plots. 
b. Calculate the mean and standard deviation of the number of Smarties distributed from both machines. 
c. State which machine is the more dependable. Justify your answer. 


14. Nathan and Timana are wingers in their local rugby league team. The 
number of tries they have scored in each season are listed below. 


Nathan: 25, 23, 13, 36, 1, 8, 0, 9, 16, 20 
Timana: 5, 10, 12, 14, 18, 11, 8, 14, 12, 19 


a. Calculate the mean number of tries scored by each player. 

b. Calculate the range of tries scored by each player. Justify your answer. 

c. Calculate the interquartile range of tries scored by each player. Justify 
your answer. 

d. State which player would you consider to be the more consistent. Justify 
your answer. 
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15. Year 10 students at Merrigong High School sit exams in 
Science and Maths. The results are shown in the table below. 


Mark Number of students in Science Number of students in Maths 
51-60 7 6 
61—70 10 7 
71-80 8 12 
81-91 8 9 
91-100 2 6 


©2009 


16. A new drug for the relief of cold symptoms has been developed. 
To test the drug, 40 people were exposed to a cold virus. Twenty 
patients were then given a dose of the drug while another 20 
patients were given a placebo. (In medical tests a control group 
is often given a placebo drug. The subjects in this group believe 
that they have been given the real drug but in fact their dose 


contains no drug at all.) 


All participants were then asked to indicate the time when they 
first felt relief of symptoms. The number of hours from the time 
the dose was administered to the time when the patients first felt 


relief of symptoms are detailed below. 


Group A (drug) 
25 29 32 
42 38 44 
Group B (placebo) 
25 17 35 
34 32 25 


oago F ® 


an experiment of this type. 


Problem solving 


45 
42 


42 
18 


18 
35 


35 
22 


Determine if either distribution is symmetrical. 
. If either distribution is not symmetrical, state whether it is positively or negatively skewed. 
. Discuss the possible reasons for any skewness. 
. State the modal class of each distribution. 
. Determine which subject has the greater standard deviation greater. Explain your answer. 


pal 
47 


28 
28 


. Display the data on a back-to-back stem-and-leaf plot. 
. Display the data for both groups on a parallel box plot. 
. Make comparisons of the data. Use statistics in your answer. 
. Explain if the drug works. Justify your answer. 
. Determine other considerations that should be taken into account when trying to draw conclusions from 


37 
62 


20 
21 


42 
17 


32 
24 


62 
34 


38 
32 


13 
32 


35 
36 


17. The heights of Year 10 and Year 12 students (to the nearest centimetre) are being investigated. The results of 


some sample data are shown below. 


Year 10) 160 | 154 | 157 


170 


167 


164 


172 


158 


177 


180) 175 


168 


159 


155 


163 


163 


169 


173 


172 


170 


Year 12) 160 | 172/185 


163 


177 


190 


183 


181 


176 


188 | 168 


167 


166 


177 


173 


172 


179 


175 


174 


108 


a. Draw a back-to-back stem-and-leaf plot. 
b. Draw a parallel box plot. 


c. Comment on what the plots tell you about the heights of Year 10 and Year 12 students. 
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18. Kloe compares her English and Maths marks. The results of eight tests in each subject are shown below. 
English: 76, 64, 90, 67, 83, 60, 85, 37 
Maths: 80, 56, 92, 84, 65, 58, 55, 62 
a. Calculate Kloe’s mean mark in each subject. 
b. Calculate the range of marks in each subject. 
c 


. Calculate the standard deviation of marks in each subject. 
d. Based on the above data, determine the subject that Kloe has performed more consistently in. 


19. A sample of 50 students was surveyed on whether they owned an iPad or a mobile phone. The results 
showed that 38 per cent of the students owned both. Sixty per cent of the students owned a mobile phone 
and there were four students who had an iPad only. Evaluate the percentage of students that did not own a 
mobile phone or an iPad. 


20. The life expectancy of non-Aboriginal and non-Torres Strait Islander people in Australian states and 
territories is shown on the boxplot below. 


Life expectancy of non-Aboriginal and non-Torres Strait 
Islander people in Australian states and territories 


The life expectancies of Aboriginal and Torres Strait Islander people in each of the Australian states and 
territories are 56, 58.4, 51.3, 57.8, 53.9, 55.4 and 61.0. 


a. Draw parallel box plots on the same axes. Compare and comment on your results. 
b. Comment on the advantage and disadvantage of using a box plot. 


12.7 Populations and samples 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e describe the difference between populations and samples 
e recognise the difference between a census and a survey and identify a preferred method in different 
circumstances. 


® 12.7.1 Populations 


les-4946 F aes Gets 
— e The term population refers to a complete set of individuals, 


objects or events belonging to some category. 
e When data are collected from a whole population, the 
process is known as a census. 
- Itis often not possible, nor cost-effective, to conduct 
a census. 
- or this reason, samples have to be selected carefully from 
the population. A sample is a subset of a population. 


Sample 
(size n) 
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® 12. 


eles-4947 


WORKED EXAMPLE 16 Identifying problems with collecting data on populations 


List some of the problems you might encounter in trying to collect a7” 


data on the following populations. 

a. The life of a mobile phone battery. 

b. The number of possums in a local area. 
c. The number of males in Australia. 

d. The average cost of a loaf of white bread. 


THINK WRITE 
For each of these scenarios, consider how the 

data might be collected, and the problems in 

obtaining these data. 


a. 


The life of a mobile phone battery. a. The life of a mobile phone battery cannot be 
measured until it is dead. The battery life also 
depends on how the phone is used, and how many 
times it has been recharged. 


. The number of possums in a local area. b. It would be almost impossible to find all the 


possums in a local area in order to count them. The 
possums also may stray into other areas. 


. The number of males in Australia. c. The number of males in Australia is constantly 


changing. There are births and deaths every second. 


. The average cost of a loaf of white bread. d. The price of one particular loaf of white bread 


varies widely from one location to another. 
Sometimes the bread is on ‘Special’ and this would 
affect the calculations. 


7.2 Samples 


e Surveys are conducted using samples. Ideally the sample should reveal generalisations about 


the population. 

The sample selected to be surveyed should be chosen without bias, as this may result in a sample that is 
not representative of the whole population. For example, the students conducting the investigation decide 
to choose a sample of 12 fellow students. While it would be simplest to choose 12 of their friends as the 
sample, this would introduce bias since they would not be representative of the population as a whole. 

A random sample is generally accepted as being an ideal representation of the population from which it 
was drawn. However, it must be remembered that different random samples from the same population 
can produce different results. This means that we must be cautious about making predictions about a 
population, as results of surveys conducted using random samples may vary. 

A sample size must be sufficiently large. As a general rule, the sample size should be about VN, where N 
is the size of the population. If the sample size is too small, the conclusions that are drawn from the sample 
data may not reflect the population as a whole. 
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WORKED EXAMPLE 17 Determining statistics from samples 


A die was rolled 50 times and the following results were obtained. 


Ose 2 ilo As 64s 8 oi es we G6 as S& 4! 
wow es Gils &@ 8 4A ei awa nwA ©} 2G 


3 12 1 6 
212 4 2 


a. Determine the mean of the population (to 1 decimal place). 

b. A suitable sample size for this population would be 7 ( V50 ~) 7.1). 

Select a random sample of 7 scores, and determine the mean of these scores. 

Select a second random sample of 7 scores, and determine the mean of these. 
iii. Select a third random sample of 20 scores, and determine the mean of these. 

c. Comment on your answers to parts a and b. 


THINK 


WRITE 


Bes 


a. Calculate the mean by first finding the a. Population mean = — 
sum of all the scores, then dividing by 
the number of scores (50). 


b. 


Use a calculator to randomly 
generate 7 scores from 1 to 50. 
Relate these numbers back to the 
scores, then calculate the mean. 


. Repeat b i to obtain a second set of 


7 randomly selected scores. 

This second set of random 
numbers produced the number 1 
twice. Try again. Another attempt 
produced the number 14 twice. 
Try again. 

A third attempt produced 7 
different numbers. This set of 7 
random numbers will then be used 
to, again, calculate the mean of 
the scores. 


. Repeat for a randomly selected 


20 scores. 


c. Comment on the results. 


n 
mice 
~ 50 
= 3.4 
b. i. The 7 scores randomly selected are numbers 17, 50, 
40, 34, 48, 12, 19 in the set of 50 scores. 


These correspond to the scores: 
42533) 254: 


The mean of these scores = = A 3.3) 


ii. Ignore the second and third attempts to select 7 
random numbers because of repeated numbers. The 
second set of 7 scores randomly selected is numbers 
16, 49, 2, 42, 31, 11, 50 of the set of 50. These 
correspond to the scores: 

(4h Sh), I, 3), 2 


The mean of these scores = = 3.9. 


iii. The set of 20 randomly selected numbers produced a 


total of 68. 68 
Mean of 20 random scores = 50 = 34) 


c. The population mean is 3.4. 
The means of the two samples of 7 are 3.3 and 3.9. 
This shows that, even though the samples are randomly 
selected, their calculated means may be different. 
The mean of the sample of 20 scores is 3.4. This 
indicates that by using a bigger sample the result is more 
accurate than those obtained with the smaller samples. 
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TI | THINK 


a. 

1. In a new document, 
ona Lists & 
Spreadsheet page, 
label column A as 
‘die’. Enter the data 
from the question. 


2. Although you can 
find many summary 
statistics, to find the 
mean only, open a 
Calculator page and 
press: 
e¢ MENU 
© 6: Statistics 
e 3: List Math 
e 3: Mean 
Press VAR and select 
‘die’, then press 
CTRL ENTER 
to get a decimal 
approximation. 

i-ii. To generate a 
random sample of 

7 scores, on the 
Calculator page, 
press: 

e MENU 

e 5: Probability 

e 4: Random 

© 2: Integer 

Type the entry line 
as: randInt (1,6,7) 
Then press ENTER. 
This randomly 
generates 7 numbers 
between | and 6. 
Press: 

e MENU 

© 6: Statistics 

e 3: List Math 

e 3: Mean 
Complete the entry 
line as: mean(ans) 
Then press 

CTRL ENTER 

to get a decimal 
approximation of the 
mean. 

Repeat this with 
another set of 
random numbers. 


DISPLAY/WRITE 


mean(die) 


mean(die) 3.38 


The mean of the 50 die rolls 
is 3.38. 


randint(1,6,7) {5,6,4,2,1,6,2} 
mean({ 5,6,4,2,1,6,2 }) 7142 

randInt(1,6,7) {3,1,2,6,3,4.4} 
mean({ 3,1,2,6,3,4,4}) 3.28571 


The mean of the first sample of 7 
rolls is 3.71, and the mean of the 
second sample of 7 rolls is 3.29, 
correct to 2 decimal places. 


CASIO | THINK 


a. 

1. On the Statistics 
screen, label list1 as 
‘die’. Enter the data 
from the question. 
Press EXE after each 
value. 


2. To find the statistics 
summary, tap: 
® Calc 
® One-Variable 
Set: 
e XList: main\die 
© Freq: 1 
Tap OK. 


i-ii. To generate a random 
sample of 7 dice rolls, 
on the Main screen, 
type the entry line as: 
randList (7,1,6) 

Then press EXE. 

The randList can be 
found in the Catalog on 
the Keyboard. 

This randomly 
generates 7 numbers 
between | and 6. 


Tap: 

e Action 

© List 

© Statistics 

e Mean 

Highlight the random 
list, including the 
brackets, and drag it 
to the ‘mean( ’. Close 
the bracket and press 
EXE. 

Repeat this with 
another set of random 
numbers. 


DISPLAY/WRITE 
a. 


© Edit Calc SetGrach « 
Lion | Yim | ee | cit. | | BA | MB > 


a 1G 
B 


est? tise 


ASONG— aOANOWNE-eae! 


| 
| 


hO82h--326 


z — 


|Fud Auto Standard a 


The mean of the 50 die 
rolls is 3.38. 


b. 
i-ii. 


|o GCC CIOeS0 ee Action Interactive 


MiP Soo a 


randList(7, 1,6) a 
(6,5,2,4,6,6,4) 7 
mean({6, 5,2, 4,8,6,4)) 
4, 714285714 
randList(7, 1,6) 
(5,6, 4,4,3,6,5) 
| mean({5,6, 4, 4,3,6,5)) 
4, 714285714 
0 
a 
a 


|Ala Decimal eal ad 


The mean of the first 
sample of 7 rolls is 4.71; 
the mean of the second 
sample of 7 rolls is also 
4.71, correct to 2 decimal 
places. 
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iii. To repeat the 
procedure with 20 
randomly generated 
values, change the 
first entry line to: 
randList(1,6,20) 
Follow the remaining 
steps to calculate the 
mean. 


randint(1,6,20) 
{6,2,5,3,3,2,1,3,4,1,4,1,4,2,1,6,6,2,5,2 } 
mean({ 6,2,5,3,3,2,1,3,4,1,4,1,4,2,1,6,6,2,5,2 
3.15 


The mean of the third sample of 
20 rolls is 3.15. 


This indicates that the results 
obtained from a bigger sample 
are more accurate than those 
from smaller samples. 


iii. To repeat the procedure 
with 20 randomly 
generated values, 
change the first entry 
line to: 
randList(20,1,6) 
Follow the remaining 
steps to calculate the 
mean. 


® 12.7.3 To sample or to conduct a census? 


eles-4948 


788 


MIGSCCS Coco em Edit Action Interactive 
3) Gots =) 
randList (20, 1, 6) 


o 
(1,2, 2, 2,4, 4,6, 1,3, 4,2, 2 
mean({1,2,2,2,4, 4,6, 1,3, | > 
2.65 
Dp 
a 
PT 


Ag Oec zal Peal Fad 


The mean of the third 
sample of 20 rolls is 2.65. 


This indicates that the 
results obtained from a 
bigger sample are more 
accurate than those from 
smaller samples. 


e The particular circumstances determine whether data are collected from a population, or from a sample 
of the population. For example, suppose you collected data on the height of every Year 10 student in 
your class. If your class was the only Year 10 class in the school, your class would be the population. If, 
however, there were several Year 10 classes in your school, your class would be a sample of the 


Year 10 population. 


e Worked example 17 showed that different random samples can produce different results. For this reason, 
it is important to acknowledge that there could be some uncertainty when using sample results to make 
predictions about the population. 


WORKED EXAMPLE 18 Stating if the information was obtained by census or survey 


For each of the following situations, state whether the information was obtained by census or survey. 
Justify why that particular method was used. 
a. A roll call is conducted each morning at school to determine which students are absent. 

b. TV ratings are collected from a selection of viewers to discover the popular TV shows. 

c. Every hundredth light bulb off an assembly production line is tested to determine the life of 


that type of light bulb. 


d. A teacher records the examination results of her class. 


THINK 


a. Every student is recorded as being present 
or absent at the roll call. 


b. Only a selection of the TV audience b. 
contributed to these data. 


WRITE 


a. This is a census. If the roll call only applied to 
a sample of the students, there would not be an 


accurate record of attendance at school. 


A census is essential in this case. 
This is a survey. To collect data from the whole 
viewer population would be time-consuming and 


expensive. For this reason, it is appropriate to select 
a sample to conduct the survey. 
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c. Only 1 bulb in every 100 is tested. c. This is a survey. Light bulbs are tested to 
destruction (burn-out) to determine their life. If 
every bulb was tested in this way, there would be 
none left to sell! A survey on a sample is essential. 


d. Every student’s result is recorded. d. This is a census. It is essential to record the result 
of every student. 


ion) Resources 


ws) 
(4 eWorkbook Topic 12 Workbook (worksheets, code puzzle and project) (ewbk-2038) 


g Digital documents SkilISHEET Determining suitability of questions for a survey (doc-5337) 
SkilISHEET Finding proportions (doc-5338) 
SkilISHEET Distinguishing between types of data (doc-5339) 


y Interactivities Individual pathway interactivity: Populations and samples (int-4629) 
Sample sizes (int-6183) 


Exercise 12.7 Populations and samples learn@) 
Individual pathways 

@ PRACTISE m@ CONSOLIDATE @ MASTER 

1,4 & GW 26S) WZ SeelOnd 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 


4. EX List some of the problems you might encounter in trying to collect 
data from the following populations. 


. The life of a laptop computer battery. 

. The number of dogs in your neighbourhood. 

. The number of fish for sale at the fish markets. 

. The average number of pieces of popcorn in a bag of popcorn. 


aQoan ® 


2. The data below show the results of the rolled die from Worked example 17. 


6531623625341326455431216 
4523615332414232634621242 


The mean of the population is 3.4. Select your own samples for the following questions. 


. Select a random sample of 7 scores, and determine the mean of these scores. 
. Select a second random sample of 7 scores, and determine the mean of these. 
. Select a third random sample of 20 scores, and determine the mean of these. 
. Comment on your answers to parts a, b and c. 


Qo a ® 


3, GH in each of the following scenarios, state whether the information was obtained by census or survey. 
Justify why that particular method was used. 


a. Seating for all passengers is recorded for each aeroplane flight. 
b. Movie ratings are collected from a selection of viewers to discover the best movies for the week. 
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4. 


c. Every hundredth soft drink bottle off an assembly production line is measured to determine the volume of 
its contents. 
d. A car driving instructor records the number of hours each learner driver has spent driving. 


For each of the following, state whether a census or a survey has been used. 


a. Two hundred people in a shopping centre are asked to nominate the supermarket where they do most of 
their grocery shopping. 

b. To find the most popular new car on the road, new car buyers are asked what make and model 
they purchased. 

c. To find the most popular new car on the road, data are obtained from the transport department. 

d. Your Year 10 Maths class completed a series of questions on the amount of maths homework for 
Year 10 students. 


Understanding 


5. 


6. 


. A poll was conducted at a school a few days before the 


To conduct a statistical investigation, Gloria needs to obtain information from 630 students. 


a. Determine the appropriate sample size. 
b. Describe a method of generating a set of random numbers for this sample. 


A local council wants the opinions of its residents regarding 
its endeavours to establish a new sporting facility for the 
community. It has specifically requested all residents over 10 
years of age to respond to a set of on-line questions. 


a. State if this is a census or a survey. 
b. Determine what problems could be encountered when 
collecting data this way. 


election for Head Boy and Head Girl. After the election, it was 
discovered that the polls were completely misleading. Explain 
how this could have happened. 


Reasoning 


8. 


10. 


A sampling error is said to occur when results of a sample are different from those of the population from 
which the sample was drawn. Discuss some factors which could introduce sampling errors. 


. Since 1961, a census has been conducted in Australia every 5 years. Some people object to the census on the 


basis that their privacy is being invaded. Others say that the expense involved could be directed to a better 
cause. Others say that a sample could obtain statistics which are just as accurate. State are your views on 
this. Justify your statements. 


Australia has a very small population compared with other countries like China and India. These are the 
world’s most populous nations, so the problems we encounter in conducting a census in Australia would 
be insignificant compared with those encountered in those countries. Suggest what different problems 
authorities would come across when conducting a census in countries with large populations. 


Problem solving 


11. 


The game of Lotto involves picking the same 6 numbers in the range 1 to 45 as have been randomly selected 
by a machine containing 45 numbered balls. The balls are mixed thoroughly, then 8 balls are selected 
representing the 6 main numbers, plus 2 extra numbers, called supplementary numbers. 

Here is a list of the number of times each number had been drawn over a period of time, and also the number 
of weeks since each particular number has been drawn. 
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Number of weeks since Number of times each number 
each number drawn drawn since draw 413 


If these numbers are randomly chosen, explain the differences shown in the tables. 


12. A sample of 30 people was selected at random from those attending a i | 
local swimming pool. Their ages (in years) were recorded as follows: 


19, 7, 58, 41, 17, 23, 62, 55, 40, 37, 32, 29, 21, 18, 16, 
10, 40, 36, 33, 59, 65, 68, 15, 9, 20, 29, 38, 24, 10, 30 


v | 


i 


13. The typing speed (words per minute) was recorded for a group of Year 8 and Year 10 students. The results 
are displayed in this back-to-back stem plot. 


a. Calculate the mean and the median age of the people in this sample. 

b. Group the data into class intervals of (O—9 etc.) and complete the 
frequency distribution table. 

. Use the frequency distribution table to estimate the mean age. 

. Calculate the cumulative frequency and, hence, plot the ogive. 

. Estimate the median age from the ogive. 

. Compare the mean and median of the original data in part a with the 
estimates of the mean and the median obtained for the grouped data 
in parts c and e. 

g. Were the estimates good enough? Explain your answer. 


+ Oo adQq 


Key: 2/6 = 26 wpm 


Leaf: Stem Leaf: 
Year 8 Year 10 
99 0 
9865420 1 719 
988642100 2 23689 
9776410 3 02455788 
86520 4 1258899 
5 03578 
6 003 


Write a report comparing the typing speeds of the two groups. 
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12.8 Evaluating inquiry methods and statistical reports 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e describe the difference between primary and secondary data collection 
e identify misleading errors or graphical techniques in data 
e evaluate the accuracy of a statistical report. 


® 12.8.1 Data collection methods 


les-4963 : : a : oa: 
7 e Data can be collected in different ways. The manner in which you collect data can affect the validity of the 


results you determine. 

e Primary data is collected firsthand by observation, measurement, survey, experiment or simulation. and is 
owned by the data collector until it is published. 

e Secondary data is obtained from external sources such as journals, newspapers, or any other previously 
collected data. 


When collecting primary data through experiments, or using secondary data, considerations need to be given to: 

e Validity. Results of valid investigations are supported by other investigations. 

e Reliability. Data is reliable if the same data can be collected when the investigation is repeated. If the data 
cannot be repeated by other investigators, the data may not be valid or true. 

e Accuracy and precision. When collecting primary data through experiments, the accuracy of the data is 
how close it is to a known value. Precise data is when multiple measurements of the same investigation are 
close to each other. 

e Bias. When collecting primary data in surveys it is important to ensure your sample is representative of the 
population you are studying. When using secondary data you should consider who collected the data, and 
whether those researchers had any intentional or unintentional influence on the data. 


WORKED EXAMPLE 19 Choosing appropriate collection methods 


You have been given an assignment to investigate which 
year level uses the school library, after school, the most. 


a. Explain whether it is more appropriate to use primary 
or secondary data in this case. Justify your choice. 

b. Describe how the data could be collected. Discuss any 
problems which might be encountered. 

c. Explain whether an alternative method would be just 
as appropriate. 


THINK WRITE 

a. No records have been kept on library use. a. Since records are not kept on the library use, 
secondary data is not an option. 
Primary data collection could be either sampling 
or census. A sufficiently large sample size could be 
chosen; this would take less time than conducting 
a census, although it would not be as accurate. 
Sampling would be considered appropriate in 
this case. 
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b. The data can be collected via a questionnaire b. A questionnaire could be designed and distributed 
or in person. to arandomly-chosen sample. The problem here 

would be the non-return of the forms. 
Observation could be used to personally interview 
students as they entered the library. This would take 
more time, but random interview times could 
be selected. 

c. A census is the other option. c. A census could be conducted, either by 
questionnaire or observation. This should yield a 
more accurate outcome. 


WORKED EXAMPLE 20 Choosing appropriate collection methods 


State which method would be the most appropriate to collect the following data. Suggest an 
alternative method in each case. 

a. The number of cars parked in the staff car park each day. 

b. The mass of books students carry to school each day. 

c. The length a spring stretches when weights are added to it. 

d. The cost of mobile phone plans with various network providers. 


THINK WRITE 


a. Observation a. The best way would probably be observation by visiting the staff car 
park to count the number of cars there. 
An alternative method would be to conduct a census of all workers to ask 
if they parked in the staff car park. This method may be prone to errors 
as it relies on accurate reporting by many people. 

b. Measurement b. The mass of the books could be measured by weighing each student’s 
pack on scales. 
A random sample would probably yield a reasonably accurate result. 


c. Experiment c. Conduct an experiment and measure the extension of the spring with 
various weights. 
There are probably no alternatives to this method as results will depend 
upon the type of spring used. 


d. Internet search d. An internet search would enable data to be collected. 
Alternatively, a visit to mobile phone outlets would yield similar results. 


® 12.8.2 Analysing the data 


eles-4964 7 
e Once the data have been collected and collated, a decision must be made with regard to the best methods 


for analysing the data. 

e a measure of central tendency — mean, median or mode 

e a measure of spread — range, interquartile range or standard deviation 
e an appropriate graph. 


Statistical graphs 


e Data can be graphed in a variety of ways — line graphs, bar graphs, histograms, stem plots, box plots, and 
so on. 

e Because graphs give a quick visual impression, the temptation is to not look at them in great detail. Often 
graphs can be quite misleading. 
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e It is easy to manipulate a graph to give an impression which is supported by the creator of the graph. This is 
achieved by careful choice of scale on the horizontal and vertical axes. 
e Shortening the horizontal axis tends to highlight the increasing/decreasing nature of the trend of the 
graph. Lengthening the vertical axis tends to have the same effect. 
e Lengthening the horizontal and shortening the vertical axes tends to level out the trends. 


WORKED EXAMPLE 21 Observing the effect of changing scales on bar graphs 


The report shows the annual 
change in median house prices 
in the local government areas 


(LGA) of Queensland from $700,000 $627,000 11.6% 
Anan oa cg ne $323,000 $310,000 | 4.2% 
a. Draw a bar graph which would 
give the impression that the me) oe) 18? 
percentage annual change was $360,000 $340,000 5.9% 
much the same throughout the $399,000 $372,000 73% 
Mla oleae $505,000 $465,000 8.6% 
b. Construct a bar graph to give the : : Bids 
impression that the percentage $360,000 $334,500 7.6% 
annual change in Brisbane was $470,000 $445,000 5.6% 
far greater than that in the other $322,500 $312,500 3.2% 
local government areas. 
$282,000 $275,000 2.5% 
$286,000 $286,000 0.0% 
$267,000 $254,000 5.1% 
$398,000 $383,000 3.9% 
$375,000 $359,000 4.5% 
$400,000 $389,000 2.8% 


THINK WRITE/DRAW 
a. To flatten out trends, a. % house price changes in QLD 2019-20 to 2020-21 
lengthen the horizontal A 
axis and shorten the 
vertical axis. 
& 10 
=| 
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=| 
< 
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b. To accentuate trends, _b. % house price changes in QLD 2019-20 to 2020-21 
shorten the horizontal wA 
axis and lengthen the 
vertical axis. 


Annual % change 
S N (oe) Js Nn lon ~ oo 
lL i i i i i lL 
Ipswich [I 
Redland | 
Moreton Bay [TD 
Gold Coast |] 


oO is} > o o a 
¢ | a) 46 8 § SE 
Ss iy) € o & 8 #8 & = . 
2 le) 2 ¢ 2&2 6 F 3 
a =) Ss OQ ce eS 2 6 
‘c le) a ae en 
a z 25 6 # é 
& & Q ls 
~ 


® Sunshine Coast | 7 nd 
oO 
tC} 


WORKED EXAMPLE 22 Comparing and choosing statistical measures 


Consider the data displayed in the table of Worked example 21. Use the data collected for the median 
house prices in 2020-21. 

a. Explain whether the data would be classed as primary or secondary data. 

b. Explain why the data shows median house prices rather than the mean or modal house price. 

c. Calculate a measure of central tendency for the data. Explain the reason for this choice. 
d. Give a measure of spread of the data, giving a reason for the particular choice. 
e. Display the data in a graphical form, explaining why this particular form was chosen. 


THINK WRITE 

a. These are data which have been a. These are secondary data because they have been 
collected by someone else. collected by someone else. 

b. Median is the middle price, meanis b. The median price is the middle value. It is not affected 
the average price, and mode is the by outliers as the mean is. The modal house price may 
most frequently-occurring price. only occur for two house sales with the same value. 


On the other hand, there may not be any mode. 
The median price is the most appropriate in this case. 
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c. Determine the measure of central c. The measures of central tendency are the mean, 
tendency that is the most appropriate median and mode. The mean is affected by high 
one. values (i.e. $700 000) and low values (i.e. $282 000). 

These are not typical values, so the mean would not 
be appropriate. 

There is no modal value, as all the house prices 

are different. 

The median house price is the most suitable measure 
of central tendency to represent the house prices in 
the Queensland local government areas. The median 


value is $370 000. 
d. Consider the range and the d. The five-number summary values are: 
interquartile range as measures of Lowest score = $267 000 
spread. Lowest quartile = $322 500 


Median = $375 000 
Upper quartile = $467 500 
Highest score = $700 000 
Range = $700 000 — $267 000 
= $433 000 
Interquartile range = $467 500 — $322 500 
= $145 000 
The interquartile range is a better measure for the 
range as the house prices form a cluster in this region. 


e. Consider the graphing options. e. Of all the graphing options, the box plot seems the 
most appropriate as it shows the spread of the prices 
as well as how they are grouped around the median 
price. 


<<] T T T T T = 
200000 300000 400000 500000 600000 700000 
Median house price 2020-21 ($) 


WORKED EXAMPLE 23 Analysing data and use of statistics to interpret results 


The following data is the heights of the members of the Australian women’s national basketball team 
(in metres): 
1.73, 1.65, 1.8, 1.83, 1.96, 1.88, 1.63, 1.88, 1.83, 1.88, 1.8, 1.96 
Provide calculations and explanations as evidence to verify or refute the following statements. 
a. The mean height of the team is greater than their median height. 
b. The range of the heights of the 12 players is almost 3 times their interquartile range. 
c. Only 5 players are on the court at any one time. A team of 5 players can be chosen such that their 
mean, median and modal heights are all the same. 


THINK WRITE 


a. 1. Calculate the mean height of the 12 players. a. Mean= ——- =——=1.82 m 
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2. Order the heights to determine the median. 


3. Comment on the statement. 


. 1. Determine the range and the interquartile 
range of the 12 heights. 


2. Compare the two values. 


3. Comment on the statement. 


. 1. Choose 5 players whose mean, median and 
modal heights are all equal. Trial and error is 
appropriate here. There may be more than 
one answer. 


2. Comment on the statement. 


The heights of the players, in order, are: 

I {O)3},, JMO), Wei, Toth, A, 88h, WAS), iS, aS, 
1.88, 1.96, 1.96. There are 12 scores, so the 
median is the average of the 6th and 7th scores. 


1.83 + 1.83 


Median = =1.83m 


The mean is 1.82 m, while the median is 
1.83 m. This means that the mean is less than 
the median, so the statement is not true. 


pe Range —196 — 1°63i—0)33am 


Lower quartile is the average of 3rd and 


Ath scores. 


oA lets 


Lower quartile = = 1.765 m 


Upper quartile is average of 3rd and 4th scores 
from the end. 


=1.88m 


iF tle 
Upper quartile = eo 


Interquartile range = 1.88 — 1.765 =0.115m 


Range = 0.33 m 
Interquartile range =0.115m 


m7 0:335 
Interquartile range 0.115 


R 
ange 29 


Range = 2.9 x interquartile range 
This is almost 3 times, so the statement is true. 


. Three players have a height of 1.88 m. Ifa 


player shorter and one taller are chosen, both 
the same measurement from 1.88 m, this would 
make the mean, median and mode all the same. 
Choose players with heights: 


1.8, 1.88, 1.88, 1.88, 1.96 
Mean = “= = jleetston 
Median = 3rd score = 1.88 m 


Mode = Most frequent score = 1.88 m 


The 5 players with heights, 1.8 m, 1.88 m, 
1.88 m, 1.88 m and 1.96 m have a mean, 
median and modal height of 1.88 m. 

It is true that a team of 5 such players can 
be chosen. 
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 


a. a. a. a. 
1. On the Statistics screen, 


1. Ina new problem, on [© Edit Cale SetGrach 


: jheizhts fist? fiist3 | 
page, label column A as Enter the data in Ty aa a T 
‘heights’. Enter the data the table as shown. i] 1333 
. 5 1.96 
from the question. Press EXE after each 8) 1-88 
value. Hie 
a) 1.88 
" 1.8 
R 1.96 
oh] 
“ 
it 
v7 
J 
_—_— , ge 
(13i= | 
Fad = Auto Decimal a 
2. Open a Calculator page > oes . To find the statistics =e) 
and complete the entry sveas(betgha) Nest? summary, tap: coos R - | 
. “ e | x =1. 81916) 
lines as: . median (heights) 1.83 Cale xt 339; 8385 (| | 
mean(heights) © One-Variable Joe =8. 10 189g 
. , | =12 
median(heights) Set values as: minX 51.63, 
: + . Med =1.83 
Press ENTER after each e XList: main\heights = a 
entry. © Freq: 1 
Tap OK. 
Cx ‘—s| 
The mean and median can = - 
. . = 8 
The mean heights are less than be found in the list. st} a 
the median heights, so the [13 | 
statement is false. a a 
The mean heights are less 
than the median heights, so 
the statement is false. 
b. b. b. 
To find all the summary More statistics can be oo 
Statistics, open the found from the statistics } Oxe-Veriete 
Calculator page and "a" 12. > summary. ae 5) 
: “Minx” 1.63 ges Be 
press: ERE Saux S198 
QX 1.765 lode =1.88 if 
¢ MENU "MedianX” 1.83 Modeh 23 ns 
e 6: isti "Qx" 1.88 a 
6: Statistics eae aed | 
e 1: Stat Calculations "SSX := E(x-KP" 0.124092 
e - 7 i 
1 One Variable | ! on Coa 
Statistics... 7 ] 
; : ® 
Select 1 as the number The range is max — min = 3 a 
of lists. Then on the 1.96 — 1.63 = 0.33. [139 
Fad Auto Decimal a 


a Lists & Spreadsheet 


One-Variable Statistics 
page, select ‘heights’ as 
the X1 List and leave the 
frequency as 1. Leave 
the next two fields empty 
and TAB to OK and then 
press ENTER. 


Q, = 1.765 and Q, = 1.88. 
IQR = Q; — Q, 

= 1.88 — 1.765 = 0.115. 
Now 2.9 x IQR * range so the 
statement is true. 
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label list1 as ‘heights’. 


isa 33=] ve Ja. [oe Toe] an f+ 


The range is max — min = 
1.96 — 1.63 = 0.33. 

Q, = 1.765 and Q, = 1.88. 
IQR = Q; —Q, 

= 1.88 = 1.765: =0:115. 
Now 2.9 x IQR & range so 
the statement is true. 


® 12.8.3 Statistical reports 


eles-4955 
e Reported data must not be simply taken at face value; all reports should be examined with a critical eye. 


WORKED EXAMPLE 24 Analysing a statistical report 


This is an excerpt from an article that appeared in a newspaper on Father’s Day. It was reported to be 
a national survey findings of a Gallup Poll of data from 1255 fathers of children aged 17 and under. 


THE GREAT AUSSIE DADS SURVEY 


Thinking about all aspects of your life, how 
happy would you say you are? 


% 
FaMmivery Nappi savccsenvneiassts near eenrsnrerres 26 
Fannitainly NAD DY vccccscecctescesesceneecceestsceceusreeesecerses 49 
Motally NAPPY secreeccccccscecaseeceeesteceserceessceesvsceeseceesessees 75 
Some days I’m happy and some days 
Vit Ob ears <cccesscessencecssurcexecccssccceessncecesscseersecrsereceeses 21 
Fannitainlyauimhiap pyiecnsscstenesescessertrertarens tenes neces 3 
FamrvenyUMNADDYsemscacceseeceresetesreceeeassceceureaececeeers 1 
TotallyumMapPyiree.ccesesesceeterecracaceeteers aiet cease esac 4 
How often, if ever, do you regret having children? 
EVenyiday Anchen nner cin i anvemrstaeeerrncnerg 1 
Most dayseirrstcsccvrteteepenerss eee ern eee rner eer eeenaen 2 
SOME:CAYS s szeaeseseeseecsse re retinrre st taeaeenenreveccav sie 18 
INGV Gre reaeetceneas cccentets suctean vaeceate terse res svat eesranses 79 


Which one of these best describes the impact 
of having children on your relationship with your 


partner? 

We're closer than CVEl........::ccccccccccccccesesessssesssssenees 29 
We don’t spend as much time together as we 
\a(ol0] (0 barrier ere ienrrenennisrrat accra rare 40 
We’re more like friends now than lovers..............+ 21 
We have drifted apart..............:cccescceceseceseeeceeeereeeeeees 6 
Nomerofithetabovenercresscsceccrerceceecsreeseseeseseereesesenrers 4 


Which one of these best describes the 
allocation of cooking and cleaning duties in your 
household? 


My partner does nothing/I do everything................ 1 
[Keo MOStiOR Ite a eccesererarcssescesestecessicereuseanrcetses 11 
We share the cooking and cleaning..............:200+ 42 
My partner does most Of it......... ee eeeeeeeeeeeeeeneeeeeees 41 
| do nothing/my partner does everything..............-++ 4 
Nome:ofthe abovesceiciccctenviccistievesicetiaretscrcvnerets 1 


Source: The Sunday Mail, 5 Sept. 2010, pp. 14-15. 


a. Comment on the sample chosen. 
b. Discuss the percentages displayed. 


Which of these aspects of your children’s future 
do you have concerns about? 


% 
MING SATStysveesree nce ecruse evans cereeica eeever nese ay 70 
Being exposed to CruQS.........:ccescceesseeesseeeeeeneereenes 67 
MVS itaM@althssccescscesecetecseceracsecesssececstcesseseeessesersseeeess 54 
Bullying or cyber-Dullying.........-::scceeseseeesreeeeneeeeeee 50 
Te@NAGE VIOICNCE...........:cceseccesseeeeeeseeeeseesersceeseneenens 50 
Their ability to afford a NOME..........:ecceeeeeeteteeees 50 
Alcohol consumption and binge drinking............... 47 
Achieving academic SUCCESS. ..........::cceseeeeereeeeees 47 
Achieving academic SUCCESS. ..........:::cceeeeeerereeees 47 
Feeling pressured intO S€X..........::cceesceeeeseeeeeneeeeeee 41 
Being able to afford the lifestyle they expect to 
NAVC Swe siann. craic anieernes scenic taieany forename renee 38 
ClimateichanQe@ev ec. scncstetructeciteccssctareccressccest=? 23 
Having them living with you in their mid 20s.......... 14 
Noneiof the above sic. iii ccicciccccsccrecscseaserceteccaesstivessecs 3 
What is the best thing about being a dad? 
The simple pleasures of family life.............. ee 61 
Enjoying the successes of your kidS...............-0+ 24 
The unpredictability it DringS............eseeeeeeeeeeees 9 
The comfort of Knowing that you will be looked after 
IMMAtCITO a teccateesvestrse ssn ceesecs ateveseeveecnett savecavieeeeetss 3 
None of the ADOVE...........cecccceeeeeeseceneseeeesseeesesseeeesees 3 
Key findings 
75% _ of Aussie dads are totally happy 
79% have never regretted having children 
67% _ are worried about their children being 


exposed to drugs 
57% _ would like more intimacy with their partner 
“Work-life balance is definitely an issue for dads 
in 2010.” 
David Briggs 
Galaxy principal 


c. Comment on the claim that 57% of dads would like more intimacy with their partner. 
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THINK WRITE 


a. How is the sample chosen’? Is it truly a. The results of a national survey such as this should 
representative of the population of reveal the outlook of the whole nation’s dads. There 
Australian dads? is no indication of how the sample was chosen, so 


without further knowledge we tend to accept that 
it is representative of the population. A sample of 
1255 is probably large enough. 


b. Look at the percentages in each of the b. For the first question regarding happiness, the 
categories. percentages total more than 100%. It seems logical 

that, in a question such as this, the respondents 
would tick only one box, but obviously this has not 
been the case. 
In the question regarding aspects of concern of 
“your children’s future’, these percentages also 
total more than 100%. It seems appropriate here that 
dads would have more than one concerning area, so 
it is possible for the percentages to total more 
than 100%. 
In each of the other three questions, the percentages 
total 100%, which is appropriate. 


c. Look at the tables to try to find the source c. Examining the reported percentages in the question 
of this figure. regarding ‘relationship with your partner’, there is 
no indication how a figure of 57% was determined. 


Note: Frequently media reports make claims where the reader has no hope of confirming their truth. 


WORKED EXAMPLE 25 Analysing a statistical report 


This article appeared in a newspaper. Read the article, then answer the following questions. 


SPONGES ARE TOXIC 
Washing dishes can pose a serious health risk, with more than half of all kitchen sponges containing 


high levels of dangerous bacteria, research shows. 


A new survey dishing the dirt on washing up shows more than 50 per cent of kitchen sponges have 
high levels of E.coli, which can cause severe cramps and diarrhoea, and staphylococcus aureus, which 
releases toxins that can lead to food poisoning or toxic shock syndrome. 


Microbiologist Craig Andrew-Kabilafkas of Australian Food Microbiology said the Westinghouse study of 
more than 1000 households revealed germs can spread easily to freshly washed dishes. 


The only way to safeguard homes from sickness was to wash utensils at very high temperatures in a 
dishwasher. 
Source: The Sunday Mail, 5 Sept. 2010, p. 36. 

a. Comment on the sample used in this survey. 


b. Comment on the claims of the survey and identify any potential bias. 
c. Is the heading of the article appropriate? 


800 Jacaranda Maths Quest 10 + 10A 


THINK 


b. 1. 


2. Identify any potential bias. 


c. Examine the heading in the light of the Cc 


contents of the article. 


Determine the results of the survey. b. 


WRITE 
a. Look at sample size and selection of sample. a. 


The report claims that the sample size was 
more than 1000. There is no indication how 
the sample was selected. 

The point to keep in mind is whether this 
sample is truly representative of the population 
consisting of all households. We have no way 
of knowing. 


The survey claims that 50% of kitchen sponges 
have high levels of E. coli which can cause 
severe medical problems. 


The study was conducted by Westinghouse, 
So it is not surprising they recommend using 
a dishwasher. There is no detail of how the 
sample was selected. 


The heading is quite shocking, designed to 
catch the attention of readers. 


ion) Resources 


a) 
(4 eWorkbook 


Topic 12 Workbook (worksheets, code puzzle and project) (ewbk-2038) 


S| Digital documents SkilISHEET Reading bar graphs (doc-5340) 
SKilISHEET Determining independent and dependent variables (doc-5341) 


} Interactivities 


Compare statistical reports (int-2790) 


Individual pathway interactivity: Evaluating inquiry methods and statistical reports (int-4631) 


Exercise 12.8 Evaluating inquiry methods and statistical 


learn(y) 


reports 

Individual pathways 
@ PRACTISE i CONSOLIDATE 
1,4, 6,9, 12 2,7, 10, 13 


@ MASTER 
3,5, 8, 11, 14 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 


your learnON title at www.jacplus.com.au. 


Fluency 


1. | WE19,20 | You have been given an assignment to investigate which Year level has the greatest number of 


students who are driven to school each day by car. 


a. Explain whether it is more appropriate to use primary or secondary data in this case. Justify your choice. 
b. Describe how the data could be collected. Discuss any problems which might be encountered. 
c. Explain whether an alternative method would be just as appropriate. 
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2, EES You run a small company that is listed on the Australian Stock Exchange (ASX). During the past year 
you have given substantial rises in salary to all your staff. However, profits have not been as spectacular as in 
the year before. This table gives the figures for the salary and profits for each quarter. 


1st quarter 2nd quarter 3rd quarter 4th quarter 
Profits ($’000 000) 6 mie 6 65 
Salaries ($’000 000) 4 5 6 7 


Draw two graphs, one showing profits, the other showing salaries, which will show you in the best possible 
light to your shareholders. 


3. EXE’ The data below were collected from a real 
estate agent and show the sale prices of ten blocks of 
land in a new estate. 
$150 000, $190 000, $175 000, $150 000, $650 000, 
$150 000, $165 000, $180 000, $160 000, $180 000 
a. Calculate a measure of central tendency for the 

data. Explain the reason for this choice. 
b. Give a measure of spread of the data, giving a 
reason for the particular choice. 
c. Display the data in a graphical form, explaining why this particular form was chosen. 
d. The real estate agent advertises the new estate land as: 
Own one of these amazing blocks of land for only $150 000 (average)! 
Comment on the agent’s claims. 


4, REI The following data is the heights of the members of the Australian women’s national basketball team 
(in metres): 


1.73, 1.65, 1.8, 1.83, 1.96, 1.88, 1.63, 1.88, 1.83, 1.88, 1.8, 1.96 
Provide calculations and explanations as evidence to verify or refute the following statements. 


a. The mean height of the team is closer to the lower quartile than it is to the median. 
b. Half the players have a height within the interquartile range. 
c. Suggest which 5 players could be chosen to have the minimum range in heights. 


5. The resting pulse of 20 female athletes was measured and is shown below. 
50 62 48 52 71 61 30 45 42 48 43 47 51 52 34 61 44 54 38 40 


a. Represent the data in a distribution table using appropriate groupings. 
b. Calculate the mean, median and mode of the data. 
c. Comment on the similarities and differences between the three values. 


6. The batting scores for two cricket players over six innings were recorded as follows. 
Player A: 31, 34, 42, 28, 30, 41 
Player B: 0, 0, 1, 0, 250, 0 
Player B was hailed as a hero for his score of 250. 
Comment on the performance of the two players. 
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Understanding 


7. The table below shows the number of shoes of each size 


that were sold over a week at a shoe store. 


d 


Number 
Size sold 
4 5 
5 7 
6 19 
7 24 
8 16 
9 8 
10 7 


. Calculate the mean shoe size sold. 

b. Determine the median shoe size sold. 
c. Identify the modal shoe size sold. 

. Explain which measure of central tendency has the most meaning to the store proprietor. 


8. | WE24,25 This report from Woolworths appeared in a newspaper. 


IT’S A RECORD 


Shares rebound 
$ 
28.40 
28.10 
27.70 
27.40 
27.10 as 
20.80 
26.50 15 
26.20 
25.90 
25.60 


2.4% $bA 
Yesterday 


Woolworths posted 10.1% gain in annual profit to $2.02b 
11th consecutive year of double-digit growth 
Flags 8% to 11% growth in the current financial year 
Sales rose 4.8% to $51.2b 
Wants to increase its share of the fresh food market 
Announced $700m off-market share buyback 
Final fully franked dividend 62% a share 


Net profit 


+$2.02b 


A May 26 A Aug 26 


Source: TRESS 


Source: The Courier Mail, 27 Aug. 2010, pp. 40-1. 


424.3% | 


2006 2007 2008 2009 2010 


Comment on the report. 
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Reasoning 


9. Explain the point of drawing a misleading graph in a report. 


10. The graph shows the fluctuation in the Australian dollar in terms of the AUSSIE 
US dollar during the period 13 July to 13 September 2010. The higher the US¢ US 93.29 
Australian dollar, the cheaper it is for Australian companies to import goods oe uss529¢ | 
from overseas, and the cheaper they should be able to sell their goods to the 90.9 
Australian public. ae 
The manager of Company XYZ produced a graph to support his claim that, ‘ 
because there hasn’t been much change in the Aussie dollar over that period, 86.8 
there hasn’t been any change in the price he sells his imported goods to the 84.8 
Australian public. 82.8 
Draw a graph that would support his claim. Explain how you were able to 


achieve this effect. ae Jul13. Sep13 A 


Source: TRESS 


Source: The Courier Mail, 14 
Sept. 2010, p. 25. 


11. Two brands of light globes were tested by a consumer organisation. They 
obtained the following results. 


Brand A (Hours lasted) Brand B (Hours lasted) 
385 390 425 426 570 500 555 560 630 720 
640 645 730 735 760 735 742 770 820 860 


. Complete a back-to-back stem plot for the data. 

. State the brand that had the shortest lifetime. Justify your answer. 

. State the brand that had the longest lifetime. Justify your answer. 

. If you wanted to be certain that a globe you bought would last at least 500 hours, determine which brand 
would you buy. Show your working. 


aQane » 


Problem solving 


12. A small manufacturing plant employs 80 workers. The table below shows the structure of the plant. 


Position Salary ($) Number of employees 
Machine operator 18 000 50 
Machine mechanic 20 000 15 
Floor steward 24 000 10 
Manager 62 000 4 
Chief Executive Officer 80 000 1 


a. Workers are arguing for a pay rise, but the management of the factory claims that workers are well paid 
because the mean salary of the factory is $22 100. Explain whether this is a sound argument. 

b. Suppose that you were representing the factory workers and had to write a short submission in support of 
the pay rise. Explain the management’s claim by providing some other statistics to support your case. 
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13. Look at the following bar charts and discuss why the one on the left is misleading and what characteristics 
the one on the right possesses that makes it acceptable. 


Average house price 


in pounds 


Massive increase in house 
prices this year 


90 000- 


A 
100000 


80000 
70000 
60 000 
50 000 


in pounds 


40000 
30000 
20000 
10000 


Average house price 


1999 


14. a. Determine what is wrong with this pie graph. 


2020 presidential run 


Candidate A 
10% 


Candidate B 
63% 


Candidate C 
60% 


b. Explain why the following information is misleading. 
Did scientists falsify research to support their own theories on global warming? 


59% somewhat likely 
35% very likely 
26% not very likely 


c. Discuss the implications of this falsification by statistics. 


Small increase in house 
prices this year 


1998 1999 
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12.9 Review 


12.9.1 Topic summary 


Populations and samples 


¢ A population is the full set of people/things that you 
are collecting data on. 

¢ A sample is a subset of a population. 

¢ Samples must be randomly selected from a 
population in order for the results of the sample to 
accurately reflect the population. 

¢ It is important to acknowledge that the results taken 
from a sample may not reflect the population as a 
whole. This is particularly true if the sample size is 
too small. 

¢ The minimum sample size that should be used is 
approximately VN, where N is the size of the 
population. 


UNIVARIATE DATA 


Measures of central tendency 


Comparing data sets 


¢ Measures of centre and measures of spread are used 
to compare data sets. 

¢ It is important to consider which measure of centre or 
spread is the most relevant when comparing data sets. 

¢ For example, if there are outliers in a data set, the 
median will likely be a better measure of centre than 
the mean, and the IQR would be a better measure of 
spread than the range. 

¢ Back-to-back stem-and-leaf plots can be used to 
compare two data sets. 

¢ Parallel boxplots can also be used to compare the 
spread of two or more data sets. 


806 Jacaranda Maths Quest 10 + 10A 


Measures of spread 


Measures of spread describe how far the data values 
are spread from the centre or from each other. 
The range is the difference between the maximum and 
minimum data values. 

Range = maxiumum value — minimum value 


The interquartile range (IQR) is the range of the 

middle 50% of the scores in an ordered set: 
IQR =Q;3 -Q: 

where Q, and Q3 are the first and third quartiles 

respectively. 


Standard deviation 


The standard deviation is a more sophisticated measure 
of spread. 

The standard deviation measures how far, on average, 
each data value is away from the mean. 

The deviation of a data value is the difference between it 
and the mean (x — x). 

The formula for the standard deviation is: 


De-xY 
NY 
n 


The standard deviation is always a positive number. 


Boxplots 


The five-number summary of a data set is a list 
containing: 

e the minimum value 

e the lower quartile, Q, 

e the median 

e the upper quartile, OQ, 

e the maximum value. 

Boxplots are graphs of the five-number summary. 


— i, 
ee 


The lowest The The The The greatest 
score lower median upper score 
Xmi quartile Med. quartile Xray 

(Lower Q, Q; (Upper 
extreme) extreme) 


Outliers are calculated and marked on the boxplot. 
A score is considered an outlier if it falls outside the 
upper or lower boundary. 

Lower boundary = Q,-1.5 x IQR 

Upper boundary = Q,+1.5 x IQR 


12.9.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand.) 


Subtopic | Success criteria ?) | QO @ 


12.3 


12.4 


12.5 


12.6 


12.7 


12.8 


| can calculate the mean, median and mode of data presented as 
ungrouped data (in a single list), frequency distribution tables and 
grouped data. 


| can calculate the range and interquartile range of a data set. 


| can calculate the five-number summary for a set of data. 


| can draw a box plot showing the five-number summary of a data set. 


| can calculate outliers in a data set. 


| can describe skewness of distributions. 


| can compare box plots to dot plots or histograms. 


| can draw parallel box plots and compare sets of data. 


| can calculate the standard deviation of a small data set by hand. 


| can calculate the standard deviation using technology. 


| can interpret the mean and standard deviation of data. 


| can identify the effect of outliers on the standard deviation. 


| can choose an appropriate measure of centre and spread to 
analyse data. 

| can interpret and make decisions based on measures of centre 
and spread. 

| can describe the difference between populations and samples. 

| can recognise the difference between a census and a survey and 
identify a preferred method in different circumstances. 

| can describe the difference between primary and secondary 
data collection. 


| can identify misleading errors or graphical techniques in data. 


| can evaluate the accuracy of a statistical report. 
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12.9.3 Project 


Cricket scores 


Data are used to predict, analyse, compare and measure many 
aspects of the game of cricket. Attendance is tallied at every 
match. Players’ scores are analysed to see if they should be kept 
on the team. Comparisons of bowling and batting averages are 
used to select winners for awards. Runs made, wickets taken, : 
no-balls bowled, the number of ducks scored in a game as well 

as the number of 4s and 6s are all counted and analysed after the 
game. Data of all sorts are gathered and recorded, and measures of 
central tendency and spread are then calculated and interpreted. 


Sets of data have been made available for you to analyse, and 
decisions based on the resultant measures can be made. 
Batting averages 


The following table shows the runs scored by four cricketers who 
are vying for selection to the state team. 


Runs in the last 25 matches Mean Median 


13, 18, 23, 21, 9, 12, 31, 21, 20, 18, 14, 16, 28, 
17, 10, 14, 9, 23, 12, 24, 0, 18, 14, 14, 20 


Range 


Rohit 2,0, 112, 11, 0, 0, 8, 0, 10, 0, 56, 4, 8, 164, 6, 
12, 2, 0, 5, 0, 0, 0, 8, 18, 0 
Marnus | 12, 0, 45, 23, 0, 8, 21, 32, 6, 0, 8, 14, 1, 27, 23, 


43, 7, 45, 2, 32, 0, 6, 11, 21, 32 
Ben 2, 0, 3, 12, 0, 2, 5, 8, 42, 0, 12, 8, 9, 17, 31, 28, 
21, 42, 31, 24, 30, 22, 18, 20, 31 


1. Calculate the mean, median, range and IQR scored for each cricketer. 

2. You need to recommend the selection of two of the four cricketers. For each player, write two points as 
to why you would or would not select them. Use statistics in your comments. 

Bowling averages 

The bowling average is the number of runs per wicket taken 

no. of runs scored 


Bowling average = 
no. of wicket taken 
The smaller the average, the better the bowler has performed. 


Josh and Ravi were competing for three bowling awards: 
e Best in semifinal 


e Best in final 
e Best overall 


The following table gives their scores. 


Semifinal Final 


Josh 


Runs scored 
12 


Wickets taken 
5 


Runs scored 
28 


Wickets taken 
6 


Ravi 


10 


4 


15 


3 
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2. Calculate the bowling averages for the following and fill in the table below. 
e Semifinal 
e Final 
e Overall 


Semifinal average Final average Overall average 
Josh 
Ravi 


3. Explain how Ravi can have the better overall average when Josh has the better average in both the 
semifinal and final. 


ion) Resources 


oa) 
(4 eWorkbook Topic 12 Workbook (worksheets, code puzzle and project) (ewbk-2038) 
} Interactivities Crossword (int-2860) 


Sudoku puzzle (int-3599) 


Exercise 12.9 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. List some problems you might encounter in trying to collect data from the following populations. 
a. The average number of mL in a can of soft drink. 
b. The number of fish in a dam. 
c. The number of workers who catch public transport to work each weekday morning. 


2. For each of the following investigations, state whether a census or a survey has been used. 
a. The average price of petrol in Canberra was estimated by averaging the price at 30 petrol stations in 
the area. 
b. The performance of a cricketer is measured by looking at his performance in every match he 
has played. 
c. Public opinion on an issue is sought by a telephone poll of 2000 homes. 


3. Calculate the mean, median and mode for each of the following sets of data: 
a. 7, 15, 8, 8, 20, 14, 8, 10, 12, 6, 19 


b. Key: 1/2 = 12 
Stem | Leaf 
1 | 26 
2/178 
3 | 033468 
4|01159 
5 | 136 
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c Score (x) Frequency (f) 
70 2 
71 6 
72, 9 
73 7 
74 4 


4. For each of the following data sets, calculate the range. 
BbGh, 8), Oh Wp Ay a ey Gh 8} 


“2 x 13 14 15 16 7 18 19 


if 3 6 7 12 6 7 8 


c. Key: 1/8 = 18 
Stem | Leaf 
1/7889 
2 | 12445777899 
3 | 0001347 


5. For each of the following data sets, calculate the interquartile range. 
a. 18, 14, 15, 19, 20, 11 16, 19, 18, 19 


b. Key: 9|8=9.8 
Stem | Leaf 
8 | 7889 


9 | 02445777899 
10 | 01113 


6. Consider the box plot shown. 
a. Calculate the median. | | | 
b. Calculate the range. SSI ences 


T T T T T T 
c. Determine the interquartile range. eee. he See) 
core 


7. The following back-to-back stem-and-leaf plot shows the typing speed in words per minute (wpm) of 
30 Year 8 and Year 10 students. 


Key: 2|6=26wpm 
Leaf | Stem | Leaf 
Year 8 Year 10 
99 0 
9865420 1 719 
98864 2 23689 


2100 
9776410 3 0255788 
86520 4 1258899 
5 03578 
6 003 
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10. 


11. 


a. Using a calculator or otherwise, construct a pair of parallel box-and-whisker plots to represent the 
two sets of data. 

b. Calculate the mean, median, range, interquartile range and standard deviation of each set. 

c. Compare the two distributions, using your answers to parts a and b. 


. The following data give the amount of cut meat (in kg) obtained from each of 20 lambs. 


4.5 6.2 5.8 4.7 4.0 3.9 6.2 6.8 5.5 6.1 
5.9 5.8 5.0 4.3 4.0 4.6 4.8 5.3 4.2 4.8 


a. Detail the data on a stem-and-leaf plot. (Use a class size of 0.5 kg.) 
b. Prepare a five-point summary of the data. 
c. Draw a box plot of the data. 


. Calculate the standard deviation of each of the following data sets correct to one decimal place. 


a. 58, 12, 98, 45, 60, 34, 42, 71, 90, 66 


/ RP 
f 2 6 12 8 5 
c. Key: 1|4= 14 
Stem | Leaf 
0|1344578 
1|00012245789 
2| OZA33) 7) 


(1 The Millers obtained a number of quotes on the price of having their home painted. The quotes, to 
the nearest hundred dollars, were: 
4200 5100 4700 4600 4800 5000 4700 4900 
The standard deviation for this set of data, to the nearest whole dollar, is: 
A. 260 B. 278 C. 324 Da325 E. 900 


(1 The number of Year 12 students who, during semester 2, spent all their spare periods studying in 
the resource centre is shown on the stem-and-leaf plot below. 


Key: 2|5 = 25 students 
Stem | Leaf 


nA WN 
So 
i) 
ios) 
n 
\o 


6 | 1 


The standard deviation for this set of data, to the nearest whole number is: 
A. 12 B. 14 Cc. 17 D. 35 E. 53 
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12. Each week, varying amounts of a chemical are added to a filtering system. The amounts required 
(in mL) over the past 20 weeks are shown in the stem-and-leaf plot. 


Key: 3|8 represents 0.38 ml 
Stem | Leaf 

1 

DD 

4445 

66 

8 8 99 

0 

DD 

4 

6 

8 


WWWWNNY NN WY 


io) 


Calculate to 2 decimal places the standard deviation of the amounts used. 


13. Calculate the mean, median and mode of this data set: 2, 5, 6, 2,5, 7, 8. Comment on the shape of 
the distribution. 


14. The box plot shows the heights (in cm) of Year 12 students in a Maths class. 


T T T T T T 
150 155 160 165 170 175 
Height (cm) 


~< 


— 


a. State the median class height. 
b. Calculate the range of heights. 
c. Calculate the interquartile range of the heights. 
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Problem solving 


15. 


16. 


Wo 


(5 A data set has a mean of 75 and a standard deviation of 5. Another score of 50 is added to the data 
set. Choose which of the following will occur. 

A. The mean will increase and the standard deviation will increase. 

B. The mean will increase and the standard deviation will decrease. 

C. The mean will decrease and the standard deviation will increase. 

D. The mean will decrease and the standard deviation will decrease. 

E. The mean and the standard deviation will both remain unchanged. 


(1 A data set has a mean of 60 and a standard deviation of 10. A score of 100 is added to the data set. 
This score becomes the highest score in the data set. Choose which of the following will increase. 
Note: There may be more than one correct answer. 

A. Mean 

B. Standard deviation 

C. Range 

D. Interquartile range 

E. Median 


A sample of 30 people was selected at random from those attending a local swimming pool. Their ages 
(in years) were recorded as follows: 

OS Sa ee 23062 eS ONS e229 2 Selo 

10 40 36 33 59 65 68 15 9 20 29 38 24 10 30 


a. Calculate the mean and the median age of the people in this sample. 

b. Group the data into class intervals of 10 (0-9 etc.) and complete the frequency distribution table. 

c. Use the frequency distribution table to estimate the mean age. 

d. Calculate the cumulative frequency and, hence, plot the ogive. 

e. Estimate the median age from the ogive. 

f. Compare the mean and median of the original data in part a with the estimates of the mean and the 
median obtained for the grouped data in parts c and e. 

g. Determine if the estimates were good enough. Explain your answer. 
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18. The table below shows the number of cars that are garaged at each house in a certain street each night. 


Number of cars Frequency 
1 9 
2 6 
3 2 
4 1 
5 1 


a. Show these data in a frequency histogram. 
b. State if the data is positively or negatively skewed. Justify your answer. 


19. Consider the data set represented by the frequency histogram shown. 
a. Explain if the data is symmetrical. 
b. State if the mean and median of the data can be seen. If so, determine their 


values. 
c. Evaluate the mode of the data. 


Frequency 


: : = m 
20. There are 3 m values in a data set for which x =m anda = —. 
a. Comment on the changes to the mean and standard deviation if each value of the data set is 


multiplied by m. 
b. An additional value is added to the original data set, giving a new mean of m+ 2. Evaluate the 


additional value. 


21. The following data show the number of pets in each of the 12 houses in Coral Avenue, Rosebud. 
2. 3), 3, 2, 2. 3, 2, 4, 3, Al, i, © 


a. Calculate the mean and median number of pets. 
b. The empty block of land at the end of the street was bought by a Cattery and now houses 20 cats. 


Recalculate the mean and median. 
c. Explain why the answers are so different, and which measure of central tendency is best used for 


certain data. 
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22. 


23. 


24. 


The number of Year 10 students in all the 40 schools in the Northern District of the Education 
Department was recorded as follows: 


56, 134, 93, 67, 123, 107, 167, 124, 108, 78, 89, 99, 103, 107, 110, 45, 112, 127, 106, 111, 127, 145, 
S/, Ha, DO, W223), OO), 37/, Wile, ia, WSL, OG, 12%, 37/, OS), 1, 14's), iis}, 126, Ow 


a. Using an interval of 10, produce a table showing the frequency for each interval. 
b. Use the table to estimate the mean. 

c. Calculate the mean of the ungrouped data. 

d. Compare the results from parts b and ¢ and explain any differences. 


The following back-to-back stem-and-leaf plot shows the ages of a group of 30 males and 30 females as 
they enter hospital for the first time. 


Key: 117=17 
Leaf: | Stem | Leaf: 
Male Female 
98 0 5 
998886321 1 77899 
87764320 2 0012455679 
86310 3 013358 
752 4 2368 
53 5) 134 
6 2 
8 V 


a. Construct a pair of parallel box plots to represent the two sets of data, showing working out for the 
median and 1st and 3rd quartiles. 

b. Calculate the mean, range and IQR for both sets of data. 

c. Determine any outliers if they exist. 

d. Write a short paragraph comparing the data. 


The times, in seconds, of the duration of 20 TV advertisements shown in the 6-8 pm time slot are 
recorded below. 


16 60 35 23 45 15 25 55 33 20 22 30 28 38 40 18 29 19 35 75 


a. From the data, determine the: 
i. mode 
ii. median 
iii. mean, write your answer correct to 2 decimal places 
iv. range 
v. lower quartile 
vi. upper quartile 
i. interquartile range. 
b. Using your results from part a, construct a box plot for the time, in seconds, for the 20 TV 
advertisements in the 6-8 pm time slot. 
c. From your box plot, determine: 
i. the percentage of advertisements that are more than 39 seconds in length 
ii. the percentage of advertisements that last between 21 and 39 seconds 
iii. the percentage of advertisements that are more than 21 seconds in length 


Vv 
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The types of TV advertisements during the 6-8 pm time slot were categorised as Fast food, 
Supermarkets, Program information and Retail (clothing, sporting goods, furniture). 
A frequency table for the frequency of these advertisements is shown below. 


Type Frequency 
Fast food 7 
Supermarkets 5 
Program information 3 
Retail 5 


d. State the type of data that has been collected in the table. 
e. Determine the percentage of advertisements that are advertisements for fast food outlets. 
f. Suggest a good option for a graphical representation of this type of data. 


25. The test scores, out of a total score of 50, for two classes A and B are shown in the back-to-back 
stem-and-leaf plot. 


Key: 114=14 
Leaf Leaf 
Class A Class B 
5 0) 124 
Q7ID3 1 145 
97754 2 005 
886551 3 [E55 
320 4 157789 
0 5 00 


a. Ms Vinculum teaches both classes and made the statement that ‘Class A’s performance on the test 
showed that the students’ ability was more closely matched than the students’ ability in Class B’. 
By calculating the measure of centre, first and third quartiles, and the measure of spread for the test 
scores for each class, explain if Ms Vinculum’s statement was correct. 

b. Would it be correct to say that Class A performed better on the test than Class B? Justify your answer 
by comparing the quartiles and median for each class. 
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26. The speeds, in km/h, of 55 cars travelling along a major road are recorded below. 


Speed Frequency 
60-64 1 
65-69 1 
70-74 10 
75-719 13 
80-84 9 
85-89 8 
90-94 6 
95-99 3 
100-104 2 
105-109 1 
110-114 1 
Total 55 


a. By calculating the midpoint for each class interval, determine the mean speed, in km/h, of the cars 
travelling along the road. 

Write your answer correct to two decimal places. 

b. The speed limit along the road is 75 km/h. A speed camera is set to photograph the license plates of 
cars travelling 7% more than the speed limit. A speeding fine is automatically sent to the owners of 
the cars photographed. 

Based on the 55 cars recorded, determine the number of speeding fines that were issued. 

c. Drivers of cars travelling 5 km/h up to 15 km/h over the speed limit are fined $135. Drivers of cars 

travelling more than 15 km/h and up to 25 km/h over the speed limit are fined $165 and drivers of 


cars recorded travelling more than 25 km/h and up to 35 km/h are fined $250. Drivers travelling more 


than 35 km/h pay a $250 fine in addition to having their driver’s license suspended. 

If it is assumed that this data is representative of the speeding habits of drivers along a major road 

and there are 30 000 cars travelling along this road on any given month. 

i. Determine the amount, in dollars, collected in fines throughout the month. Write your answer 
correct to the nearest cent. 

ii. Evaluate the number of drivers that would expect to have their licenses suspended throughout 
the month. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources (35) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


fo) 

a — Mteractivies 
Download the workbook for this topic, which includes 12.2 Individual pathway interactivity: Measures of central 
worksheets, a code puzzle and a project (ewbk-2038) [=i) tendency (int-4621) 

ze Mean (int-3818) 

[4 Median (int-3819) 


Mode (int-3820) 
Ogives (int-61 74) 
12.3 Individual pathway interactivity: Measures of spread 


Download a copy of the fully worked solutions to every 
question in this topic (sol-0746) 


LO 


Farge fr 
Range (int-3822) 
12.2 SkilISHEET Finding the mean of a small data set The interquartile range (int-4813) 

(doc-5299) 12.4 Individual pathway interactivity: Box-and-whisker plots 
SkilISHEET Finding the median of a small data set (int-4623) 
(doc-5300) Skewness (int-3823) 
SkilISHEET Finding the mode of a small data set Box plots (int-6245) 
(doc-5301) Parallel box plots (int-6248) 


12.5 Individual pathway interactivity: The standard deviation 
(int-4624) 
The standard deviation for a sample (int-481 4) 

12.6 Individual pathway interactivity: Comparing data sets 
(int-4625) 
Back-to-back stem plots (int-6252) 

12.7 Individual pathway interactivity: Populations and 
samples (int-4629) 
Sample sizes (int-6183) 

12.8 Individual pathway interactivity: Evaluating inquiry 
methods and statistical reports (int-4631) 
Compare statistical reports (int-2790) 

12.9 Crossword (int-2860) 
Sudoku puzzle (int-3599) 


SkilISHEET Finding the mean, median and mode from 
a stem-and-leaf plot (doc-5302) 
SKilISHEET Presenting data in a frequency distribution 
table (doc-5303) 
SKilISHEET Drawing statistical graphs (doc-5304) 
12.7 SkilIISHEET Determining suitability of questions for a 
survey (doc-5337) 
SKilISHEET Finding proportions (doc-5338) 
SKilISHEET Distinguishing between types of data 
(doc-5339) 
12.8 SKkilIISHEET Reading bar graphs (doc-5340) 
SKilISHEET Determining independent and dependent 
variables (doc-5341) 


ET ea Ee | 


HIEIEIE! Vell Ele sale EE Ae) Se Eye EVE Sele) 


12.2 Mean, median and mode of univariate data (eles-4949) 
Calculating mean, median and mode from a frequency 
distribution table (eles-4950) 
Cumulative frequency curves (ogives) (eles-4951) 
Mean and median (eles- 1905) 

12.3 Measures of spread (eles-4952) 

12.4 Five-number summary (eles-4953) 
Box plots (eles-4954) 
Comparing different graphical representations 
(eles-4956) 

12.5 Standard deviation (eles-4958) 

Effects on standard deviation (eles-4959) 
Properties of standard deviation (eles-4961) 
12.6 Comparing data sets (else-4962) 
12.7 Populations (eles-4946) 
Samples (cles-4947) 
To sample or to conduct a census? (eles-4948) 

12.8 Data collections methods (eles-4963) 

Analysing the data (eles-4964) 
Statistical reports (eles-4955) 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


OOOOOOOUOOOO OOOOOO ou 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 


Topic 12 Univariate data 
Exercise 12.1 Pre-test 


ee en en 
Roop = 9 


15. 


£0 9 SE OT ee ee 


2 

29 
12 
29.8 


. subset 


22 
13 


. Positively skewed 


11 


ae: 

. X= 184.42 ando =7.31 

.D 
B 

. The mean typing speed is 26.53 and IQR is 19 for Year 8. 
The mean typing speed is 40.53 and IQR is 20 for Year 10. 


This suggests, that the mean typing speed for Year 10 is 
greater than the Year 8 students. The interquartile range is 
not the same for both Year 8 and Year 10. 


E 


Exercise 12.2 Measures of central tendency 


qias 7 b. 8 c: 8 
2. a. 6.875 b: 7 c. 4,7 
3. a. 39.125 b. 44.5 c. No mode 
4. a. 4.857 b. 4.8 c. 4.8 
5. a. 12 b. 12.625 c. 13.5 
6. Science: mean = 57.6, median = 57, mode = 42, 51 
Maths: mean = 69.12, median = 73, mode = 84 
7. a. 5.83 b. 6 c. 6 
8. a. 14.425 b. 15 c: 15 
9. a. Mean = 2.5, median = 2.5 
b. Mean = 4.09, median = 3 
c. Median 
10. a 72 b. 73 c. 70— <80 
11. 124.83 
12. 655— <70 
13. a. B b. B 
c. C d. D 
14. a. Mean = $32.93, median = $30 


15. 


16. 


17. 


Cumulative 
Class interval Frequency frequency 
0-9 5 5 
10—19 5 10 
20 — 29 5 15 
30 — 39 3 18 
40 — 49 5 23 
50 — 59 3 26 
60 — 69 3 29 
70 —79 1 30 
Total 30 
Mean = $32.50, median = $30 
Cre. ear aa) aie 

= 30-4 — 

= 25- a= 

c-F) 

= 20 | 

eo 

& 15 = 

2104-5 aie 

Bs 

1S) | >! 
9" 10 20 30 40 50 60 70 80 

Amount spent ($) 

d. The mean is slightly underestimated; the median is 
exact. The estimate is good enough as it provides a 
guide only to the amount that may be spent by future 
customers. 

a. 3 

b. 4,5, 5,5, 6 (one possible solution) 

c. One possible solution is to exchange 15 with 20. 

a. Frequency column: 16, 6, 4, 2, 1, 1 

b. 6.8 

c. 0—4hours 

d. 0—4hours 

a. Frequency column: 1, 13, 2, 0, 1, 8 

b. Age of emergency 

ward patients 

157 
z 

2 10- 
= 
& 

5 =| 

0 

7.5 22.5 37.5 52.5 67.5 82.5 
Age 

c. Asymmetrical or bimodal (as if the data come from two 
separate graphs). 

d. 44.1 

e. 15—<30 

f. 15—<30 
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g. g 72a 
3 28 ~ p 40 
2 24 100% 2 3 35 
2 20 3 & 30 
& z 2 
2 16 £ & 25 
@ 12 450% 2 2 20 
3 3 315 
z 8 a E 
5 
a E ) z 
iS) 5 
0 30 60 90 
Age 9° 50 55 60 65 70 75 80 
h. 28 Battery life (h) 
i. N 
Wt b. i. 62.5 
j. Sample responses can be found in the worked solutions 7 — 58 67 
in the online resources. ed Me oe 
18. A iii. 9 
19. a. Player A median = 34.33, Player B median = 41.83 fe 
b. Player B v. 6 
c. Player A median = 32.5, Player B median = 0 ae te ie 
d. Player A | 
e. Player A is more consistent. One large score can distort 
the mean. 5 | 
20. Sample responses can be found in the worked solutions in 3. | 
the online resources. & | 
i) 
21. a. Frequency column: 3, 8, 5, 3, | & fot 
b. 50.5 F 
c. 40- <50 5 
d. 40—<50 
e. Ogive of pulse rate > 
> of female athletes S 0 ! > 
= > 120130140150160170180190200 
o i”) * 
3 S Class interval 
= . eee 2 9. a. i. Range = 23 
£ 10 L 50% « ii, IQR = 13.5 
a5 & b. i. Range =45 
5 3 ii, IQR = 27.5 
BO a6 50. 70 5 im 
Beats per minute Oo c. i, Range=49 
: ii, IQR = 20 
f. Approximately 48 beats/ min 10. Measures of spread tell us how far apart the values (scores) 
22. Answers will vary. Sample responses include: are from one:anothet. 
B38 14. a. 25.5 
b. 4,4, 5, 10, 16 b. 28 
c. 2,3, 6,6, 12 . 39 
23. 12 
2a+b a8 
24. 3 e. The three lower scores affect the mean but not the 
25. 13, 31, 31, 47, 53, 59 median or mode, 
12. a. Men: mean = 32.3; median = 32.5; range = 38; 
Exercise 12.3 Measures of spread IQR= 14 
1.a. 15 b. 77.1 c. 9 Women: mean = 29.13; median = 27.5; range = 36; 
2a. 7 b. 7 6. 85 9d. 39 . cama 
b. Typically, women marry younger than men, although the 
3a. 3.3kg b. L5kg spread of ages is similar. 
= 13. Mean = 25.036, Median = 24.9, Mode = 23.6 
5. 0.8 Range = 8.5, IQR = 3.4 
6.C 14.a=22,b=9,c=9 andd=8 
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15. a. Yes b. 
Range = 10-—1=9 : | | | ; 


Median (middle score) = 6 - 8 s 
b. 6 ee 8 8 3 se 8 3 e 
ee : eal (om Fame eed ac aa om) Gace ele] bc a ne a 
To maintain range, min = 1 and max = 10. 0 2 4 6 8 10 12 14 
If median = 6, then 3rd and 4th scores must be 6. De ee : 
Therefore 6th score must be 6. This will maintain the Both graphs indicate that the data is slightly negatively 
range, Q1, Q3 and median. skewed. However, the box plot provides an excellent 


summary of the centre and spread of the distribution. 
Exercise 12.4 Box plots 


Aivayo b. 26 bs t 

2... 6 | i 

3. a. 5.8 b. 18.6 8 

4.a.140 b 56 690 4.84 e@. 26 A 

Sa 58 b3i «4 427 67 a 

6. B = 4- 

7.C 

8.D,E ai 

9. a. 22, 28, 35, 43, 48 | 


b. 0 20 40 60 80 100 120 140 
Number of passengers on bus journeys 
Selle alee 
20 30 40 50 aa 
Sales 


Seal T T T T T T ae 
10. a. (10, 13.5, 22, 33.5, 45) 0 20 40 60 80 £100 120 = 140 
b. tT Number of passengers 
15. ‘ ‘ 
SSI ae | | Xmn | Q: |Median| Q3 | Xmax 
0 10 20 30 40 50 | Before | 75 | 86 | 95 | 128.5 | 152 
i | After = 66 | 81 87 | 116 | 134 
11. a. (18, 20, 26, 43.5, 74) Be ee 
ae {i = 
FO EM Before —|[ + — 
10 30 50 70 
al er ea 


T T T T T T T | 
nae 60 70 80 90 100 110 120 130 140 150 160 


. The distribution i itively sk ith t of th : : 
as ds aula IS DOSY ely sewed Wy mos cs Whe c. Asa whole, the program was effective. The median 


OHeadet Caine yOune Guyer weight dropped from 95 kg to 87 kg, a loss of 8kg. A 
12. a. (124000, 135000, 148000, 157000, 175 000) noticeable shift in the graph shows that after the program 
b. 50% of participants weighed between 66 and 87 kg, 
+] compared to 25% of participants weighing between 75 
and 86 kg before they started. Before the program the 
20 Tae heeled range of weights was 77 kg (from 75 kg to 152 kg); after 


($ x 1000) the program the range had decreased to 68 kg. The IQR 
also diminished from 42.5 kg to 35 kg. 


13. a. — [| = — 16. The advantages of box plots is that they are clear visual 
representations of 5-number summary, display outliers and 


e 3 e can handle a large volume of data. The disadvantage is that 
e e ® e e e ° ire 
TI T T pee individual scores are lost. 
0 1 2 3 4 5 6 7 


Both graphs indicate that the data is slightly positively 
skewed. However, the box plot provides an excellent 
summary of the centre and spread of the distribution. 
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17. 


18. 


19. 


20. 


21. 
22. 


a. Key: 12|1= 121. 
Stem | Leaf 
12 | 1569 
13 | 124 
14 | 3488 
15 | 022257 
16 | 35 
17 | 29 
18 | 1112378 
* tO} 
<i ak 


120 140 160 180 
Number sold 


c. On most days the hamburger sales are less than 160. 
Over the weekend the sales figures spike beyond this. 


a. Key: 1*|7=17 years 
Stem | Leaf 
lx | 7788899 
2 | 000122223333444 
2* | 5589 
S123 
3x 
4 
4x | 8 
b. 
lle x 
“lly elena 
IS 25 335 45 
Age 


c. The distribution is positively skewed, with first-time 
mothers being under the age of 30. There is one outlier 
(48) in this group. 


f, 
Size 
a. HJ Looker:median = 5; Hane and Roarne: median = 6 
b. HJ Looker 
c. HJ Looker 
d. Hane and Roarne had a higher median and a lower 
spread and so they appear to have performed better. 
a. $50 _b. $135 ~c. $100 d. $45 e. 50% 
a. 9625 seconds 


b. i. Under 20 — (20-24): 750 seconds difference 
ii. Under 20 — (25-29): 500 seconds difference 
iii. (20-24) — (25-29): 250 seconds difference 


c. The under-20s performed best of the three groups, with 
the fastest time for each metric (minimum time, first 
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quartile, median, third quartile and maximum time). 
The next best performing group was the 25—29-year- 
olds. They had the same median as the 20—24-year-olds, 
but outperformed them in all of the other metrics. 

The 24—29-year-olds were the most consistent group, 
with a range of 1750 seconds compared to the range of 
2000 seconds of the other groups. 


Exercise 12.5 The standard deviation (10A) 


1 


10. 


11. 


12. 


13. 


14 


15. 


2. 
3 
4 
5. 
6. 
7 
8 
9. 


a. 2.29 b. 2.19 c. 20.17 d. 3.07 
a: 1,03 bi 1.33 @. 2:67 -d.,.2:22 

. 10.82 

. Mean= 1.64% Std dev. = 0.45% 
Mean= 1.76 Std dev. =0.06m 

. 0.495 

. 15.10 calls 


.B 
. The mean of the first 25 cars is 89.24 km/h with a standard 


deviation of 5.60. The mean of the first 26 cars is 91.19 

with a standard deviation of 11.20, indicating that the 

extreme speed of 140 km/h is an anomaly. 

The standard deviation tells us how spread out the data is 

from the mean 

a. 03.58 

b. The mean is increased by 7 but the standard deviation 
remains at 0 © 3.58. 

c. The mean is tripled and the standard deviation is tripled 
too x 10.74. 

The standard deviation will decrease because the average 

distance to the mean has decreased. 

57 is two standard deviations above the mean. 

a. New mean is the old mean increased by 3 (15) but no 
change to the standard deviation. 

b. New mean is 3 times the old mean (36) and new 
standard deviation is 3 times the old standard deviation 
(12). 


a. 43 b. 12 c. 12.19 


Exercise 12.6 Comparing data sets 


1. 


a. The mean of the first set is 63. The mean of the second 
set is 63. 

b. The standard deviation of the first set is. 2.38 The 
standard deviation of the second set is 6.53. 


c. For both sets of data the mean is the same, 63. However, 
the standard deviation for the second set (6.53) is much 
higher than the standard deviation of the first set (2.38), 
implying that the second set is more widely distributed 
than the first. This is confirmed by the range, which is 
67 — 60 = 7 for the first set and 72 — 55 = 17 for the 
second. 


a. Morning: median = 2.45; afternoon: median = 1.6 
b. Morning: range = 3.8; afternoon: range = 5 
c. The waiting time is generally shorter in the afternoon. 


One outlier in the afternoon data causes the range to 
be larger. Otherwise the afternoon data are far less 
spread out. 


3. Key: 16/1 = 1.61m 


10. 


11. 


Leaf: Stem Leaf: 
Boys Girls 
997 15 1256788 
16 4467899 
98665540 
4421 17 0 


. Ford: median = 15; Hyundai: median = 16 


b. Ford: range = 26; Hyundai: range = 32 


. Ford: IQR = 14; Hyundai: IQR = 13.5 


Ford 


—| + Hyundai 


Fa ee Ma 
15 20 25 30 35 40 


~< 


Is -Unt 
0 5 10 


. Brisbane Lions 


b. Brisbane Lions: range = 63; 


oao & 


Sydney Swans: range = 55 


. Brisbane Lions: IQR = 40; 


Sydney Swans: IQR = 35 


+k Girls 
[bh Boys 


1.41.5 1.6 1.7 1.8 1.9 
Height 


. Boys: median = 1.62; girls: median = 1.62 

. Boys: range = 0.36; girls: range = 0.23 

. Boys: IQR = 0.25; girls: IQR = 0.17 

. Although boys and girls have the same median height, 


the spread of heights is greater among boys as shown by 
the greater range and interquartile range. 


a. Summer: range = 23; winter: range = 31 
b. Summer: IQR = 14; winter: IQR = 11 
c. There are generally more cold drinks sold in summer 


as shown by the higher median. The spread of data is 
similar as shown by the IQR although the range in winter 
is greater. 


B,C,D 


. In order to include all data values in the calculation of 


measures of centre and spread, calculate the mean and 
standard deviation. 


. Cory achieved a better average mark in Science (59.25) 


than he did in English (58.125). 


. Cory was more consistent in English (o = 4.9) than he 


was in Science (o = 19.7) 


Sample responses can be found in the worked solutions in 
the online resources. 


12. a. Back street: x = 61, 0 = 4.3; 


main road: x = 58.8, 0 = 12.1 


13. a. 


. The drivers are generally driving faster on the 


back street. 


. The spread of speeds is greater on the main road as 


indicated by the higher standard deviation. 


TT] Machine A 
| | | Machine B 


nF POR a PT a PN a a 
40 42 44 46 48 50 52 54 56 58 60 
Number of Smarties in a box 


. Machine A: mean = 49.88, 


standared deviation = 2.87; 
Machine B: mean = 50.12, 
standared deviation = 2.44 


. Machine B is more reliable, as shown by the lower 


standard deviation and IQR. The range is greater on 
machine B only because of a single outlier. 


. Nathan: mean = 15.1; Timana: mean = 12.3 
. Nathan: range = 36; Timana: range = 14 
. Nathan: IQR = 15; Timana: IQR = 4 


. Timana’s lower range and IQR shows that he is the more 


consistent player. 


. Yes — Maths 


. Science: positively skewed 


The Science test may have been more difficult. 


. Science: 61 — 70, Maths: 71 — 80 


. Maths has a greater standard deviation (12.6) compared 


to Science (11.9). 


. Key: 2|3 = 2.3 hours 


Leaf: | Stem | Leaf: 
Group A Group B 
873 1 78 
951 2 01245588 
875422 3 222455568 
754222 4 2 
5 
22 6 


. Five-point summary 


Group A: 13 27 36 43 62 
Group B: 17 23 30 35 42 


4k Group B 


“— T T T T T atl 
10 20 30 40 50 60 70 Hours 
Nouns 


. Sample responses can be found in the worked solutions 


in the online resources. 


. Sample responses can be found in the worked solutions 


in the online resources. 


. Sample responses can be found in the worked solutions 


in the online resources. 
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17. 


18. 


19. 
20. 


a Leaf: Year 10 
98754 15 


Leaf: Year 11 


9874330 16 03678 
7532200 17 223456779 
0 18 01358 
19 0 


b. 
— [b- Year 12 
<4 


150 


Year 10 


T Bee 
160 170 180 190 


c. On average, the Year 12 students are about 6 — 10cm 
taller than the Year 10 students. The heights of the 
majority of Year 12 students are between 170cm and 
180 cm, whereas the majority of the Year 10 students are 
between 160 and 172 cm in height. 


. English: mean = 70.25; Maths: mean = 69 

. English: range = 53; Maths: range = 37 

. English: o = 16.1; Maths: o = 13.4 

. Kloe has performed more consistently in Maths as the 
range and standard deviation are both lower. 


32% 


a. aia 

“al T T T T T T 
50 55 60 65 70 75 80 85 

The parallel box plots show a significant gap between 
the life expectancy of Aboriginal and Torres Strait 
Islander people and that of non-Aboriginal and non— 
Torres Strait Islander people. Even the maximum median 
age of Aboriginal and Torres Strait Islander people is 
much lower than the minimum of non-Aboriginal and 
non—Torres Strait Islander people. 


aoe 9 


b. The advantage of box plots is that it gives a clear 
graphical representation of the results and in this case 
shows a significant difference between the median life 
expectancy of Aboriginal and Torres Strait Islander 
people and non-Aboriginal and non—Torres Strait 
Islander people. The disadvantage is that we lose the 
data for individual states and territories. 


Exercise 12.7Populations and samples 


a 


a. When was it first put into the machine? How old was the 
battery before being purchased? How frequently has the 
computer been used on battery? 

b. Can’t always see if a residence has a dog; a census is 
very time-consuming; perhaps could approach council 
for dog registrations. 

c. This number is never constant with ongoing purchases, 
and continuously replenishing stock. 

d. Would have to sample in this case as a census would 
involve opening every packet. 


2. Sample responses can be found in the worked solutions in 


the online resources. 


3. a. Census. The airline must have a record of every 


passenger on every flight. 


b. Survey. It would be impossible to interview everyone. 
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» oT po 


c. Survey. A census would involve opening every bottle. 


d. Census. The instructor must have an accurate record of 
each learner driver’s progress. 


Survey c. Census d. Survey 


. About 25 


. Drawing numbers from a hat, using a calculator. 


b. Survey 


. The council is probably hoping it is a census, but it will 
probably be a survey because not all those over 10 will 
respond. 

b. Residents may not all have internet access. Only those 

who are highly motivated are likely to respond. 


. The sample could have been biased. The questionnaire may 


have been unclear. 


8. Sample size, randomness of sample 


10. 


11. 


12. 


. Sample responses can be found in the worked solutions in 


the online resources. 


Sample response: A census of very large populations 
requires huge amounts of infrastructure and staff to 

collect the information for large numbers of people. These 
challenges could also be made harder because many people 
live in remote areas with poor transport access for census 
staff; forms may need to be created in multiple languages; 
and migrants who do not have residency permits may be 
unwilling to complete a census. 


There is quite a variation in the frequency of particular 
numbers drawn. For example, the number 45 has not been 
drawn for 31 weeks, while most have been drawn within 
the last 10 weeks. In the long term, one should find the 
frequency of drawing each number is roughly the same. It 
may take a long time for this to happen, as only 8 numbers 
are drawn each week. 


a. Mean = 32.03; median = 29.5 
>. | Class interval Frequency 
0-9 2 
10-19 wi 
20 — 29 6 
30 — 39 6 
40 — 49 3 
50 — 59 3 
60 — 69 3 
Total 30 
c. Mean = 31.83 
sy 
g 30 
= 25 — 
-) 
& 20 
vo 
& 15 
2 10 
5 5 
0 a es nee Ea 
10 20 30 40 50 60 70 | 
Age 
e. Median = 30 


f. Estimates from parts c and e were fairly accurate. 


g. Yes, they were fairly close to the mean and median of 
the raw data. 


13. Year 8: mean = 26.83, median = 27, range = 39, IQR=19 
Year 10: mean = 40.7, median = 39.5 range = 46 IQR = 20 
The typing speed of Year 10 students is about 13 to 14 wpm 
faster than that of Year students. The spread of data in Year 
8 is slightly less than the spread in Year 10. 


Exercise 12.8 Evaluating inquiry methods and 
statistical reports 
1. a. Primary. There is probably no secondary data available. 


b. Sample responses can be found in the worked solutions 
in the online resources. 


c. Sample responses can be found in the worked solutions 
in the online resources. 


2. Company profits 
Company profits 


faale he emilee 
O12 3 4 
Quarter 


Mean salaries 


Company salaries 


Mean Salaries 
($7000 000) 


0 T T eal a 
1 2 3 
Quarter 


. Mean = $21 5000, median = $170 000, 
mode = $150 000. The median best represents these land 
prices. The mean is inflated by one large score, and the 
mode is the lowest price. 

b. Range = $500 000, interquartile range = $30 000. The 

interquartile range is the better measure of spread. 


<1. 1-1. 1, or 
150000 300000 450000 600000 
Price 


c. This dot plot shows how 9 of the scores are grouped 
close together, while the score of $650 000 is an outlier. 

d. The agent is quoting the modal price, which is the lowest 
price. This is not a true reflection of the average price of 
these blocks of land. 

. False. Mean = 1.82 m, lower quartile = 1.765 m, 
median = 1.83 m 

b. True. This is the definition of interquartile range. 

c. Players with heights 1.83 m, 1.83 m, 1.88 m, 1.88 m 


5. a. 
Resting Middle |x x Cumulative 
pulse Frequency |value,x (frequency |frequency 
30-39 3 34.5 103.5 3 
40-49 8 44.5 356.0 11 
50-59 5 54.5 2125 16 
60-69 3 64.5 193.5 19 
70-79 1 74.5 74.5 20 
b. Mean = 48.65 
Median = 48 
Mode = 48 


c. From the table it can be clearly seen that the highest 
concentration of resting pulse readings was in the 40- 
49 and 50-59 groups. All three measures of central 
tendency fell within these two groupings. 
Because of the higher frequency in the 40-49 group, 
it was not surprising that the mode and median were 
contained there also. The mean was slightly higher, and 
this would have been influenced by the one reading in 
the 70-79 group. 
6. Player B appears to be the better player if the mean result is 
used. However, Player A is the more consistent player. 
y Pa Pe b. 7 c. 7 
d. The mode has the most meaning as this size sells 
the most. 


8. Points which could be mentioned include: 
10.1% is only just ‘double digit’ growth. 
2006-08 showed mid to low 20% growth. Growth has been 
declining since 2008. 
The share price has rebounded, but not to its previous high. 
The share price scale is not consistent. Most increments are 
30c, except for $27.70 to $28.10?(40c increment). Note also 
the figure of 20.80 — probably a typo instead of 26.80. 


9. A misleading graph steers/convinces the reader towards a 
particular opinion. It can be biased and not accurate. 
10. Shorten the y-axis and expand the x-axis. 
Aussie dollar 


US cg 
90 cH oe 
80c4 
i = 
13 July 13 September 
Time 
11. a. Key: 3|85 = 385 hours 
Leaf: Stem Leaf: 
Brand B Brand A 
3 85 90 
4 25 26 
60 55 00 5 70 
30 6 40 45 
70 42 35 20 7 30 35 60 
60 20 8 


Brand A: mean = 570.6, median = 605 
Brand B: mean = 644.2, median = 727.5 


b. Brand A had the shortest mean lifetime. 
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c. Brand B had the longest mean lifetime. 
d. Brand B 


12. a. 


The statement is true, but misleading as most of the 
employees earn $18000. 

The median and modal salary is $18000 and only 15 out 
of 80 (less than 20%) earn more than the mean. 


13. Left bar chart suggests prices have tripled in one year due to 
fact vertical axis does not start at zero. Bar chart on right is 
truly indicative of situation. 


14. a. Percentages do not add to 100%. 
b. Percentages do not add to 100%. 


c. Such representation allows multiple choices to have 


closer percentages than really exist. 


Players to be selected: 

Would recommend Will if the team needs someone 
with very consistent batting scores every game but no 
outstanding runs. 


Would recommend Rohit if the team needs someone 
who might score very high occasionally but in general 
fails to score many runs. 


Would recommend Marnus if the team needs someone 
who is fairly consistent but can score quite well at times 
and the rest of the time does OK. 


Would recommend Ben if the team needs someone who 
is fairly consistent but can score quite well at times and 
the rest of the time has a better median than Glenn. 


Project . Semifinal | Final | Overall 
average average | average 
Runs in the last Josh 2.4 4.67 3.64 

Player |25 matches Mean | Median | Range | IQR Ravi 2.5 5 3.57 

Will 13,18, 23,21, 16.76 17 31 8.5 
9, 12, 31, 21, 20, 4. In the final, wickets were more costly than in the semifinal. 
18, 14, 16, 28, Josh therefore conceded many runs in getting his six 
17, 10, 14, 9, 23, wickets. 
12, 24, 0, 18, 14, This affected the overall mean. In reality Josh was the most 
14, 20 valuable player overall, but this method of combining the 

Rohit |2,0, 112, 11,0, | 17.04 4 164 10.5 data of the two matches led to this unexpected result. 
4 eee Exercise 12.10 Review questions 
2, 0, 5, 0, 0, 0, 8, 1. a. You would need to open every can to determine this. 
18, 0 b. Fish are continuously dying, being born, being caught. 

Marnus |12, 0, 45, 23,0, | 16.76| 12 45 | 25.5 c. Approaching work places and public transport offices. 
8, 21, 32, 6, 0, 8, 2. a. Survey 
14, 1, 27, 23, 43, 
7, 45, 2, 32, 0, b. Census 
6,11, 21, 32 c. Survey 

Ben 2, 0, 3, 12, 0, 2, 16.72 17 42 25 3. a. Mean = 11.55; median = 10; mode = 8 
5, 8, 42, 0, 12, 8, b. Mean = 36; median = 36; mode = 33, 41 
9, 17, 31, 28, 21, c. Mean = 72.18; median = 72; mode = 72 
42, 31, 24, 30, 4. a. 6 b. 6 c. 20 
eevee 5. a. 4 b. 0.85 

2. a. Will: has a similar mean and median, which shows he 6. a. 20 b. 24 c. 8 
was fairly consistent. The range and IQR values are Th 
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lowindicating that his scores remain at the lower end 
with not much deviation for the middle 50% . 


. Rohit: has the best average but a very low median 


indicating his scores are not consistent. The range is 
extremely high and the IQR very low in comparison 
showing he can score very well at times but is not a 
consistent scorer. 


. Marnus: has a similar mean to Will and Ben but a lower 


median, indicating his scores are sometimes high but 
generally are lower than the average. The range and IQR 
show a consistent batting average and spread with only a 
few higher scores and some lower ones. 


. Ben: has a similar mean and median which shows he was 


a consistent player. The range and IQR show a consistent 
batting average and spread. 
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pa 


T T T T T T T 
0 10 20 30 40 50 60 70 


> 


b. Year 8: mean = 26.83, median = 27, range = 39, 
IQR = 19, sd = 11.45 
Year 10: mean = 40.7, median = 39.5, range = 46, 
IQR = 20, sd = 12.98 

c. The typing speed of Year 10 students is about 13 to 14 
wpm faster than that of Year 8 students. The spread of 
data in Year 8 is slightly less than in Year 10. 


8. a. Key: 3*|9 = 3.9kg 


Stem | Leaf 
BF 9 
4 | 00023 
4* | 5678 
5 | 03 
5* | 5889 
6 | 122 
6* | 8 


b. (3.9, 4.4, 4.9, 5.85, 6.8) 
c. TT | 


3.5 45 55 65 kg 


.A 
-B 


. a. 24.4 b. 1.1 2. 7.3 
. 0.05 ml 
. Mean = 5, median = 5, mode = 2 and 5. 


The distribution is positively skewed and bimodal. 


. a. Median height = 167 cm 


b. Range = 25 cm 


ne 
16. 
17. 


c. IQR=5cm 
A, B and C 
a. Mean = 32.03; median = 29.5 
™ Class interval Frequency 
0-9 2 
10-19 7 
20 — 29 6 
30 — 39 6 
40 — 49 3 
50 — 59 3 
60 — 69 3 
Total 30 
c. Mean = 31.83 


—_{—__} + 


Aeapalie pe hanya alee 


So 
| 


Nw W 
on 


a 
non 
| 
| 


Cumulative frequency 


9 10 20 30 40 50 60 70 80 
Amount spent ($) 


e. Median = 30 
f. Estimates from parts c and e were fairly accurate. 


g. Yes, they were fairly close to the mean and median of 
the raw data. 


19. 


20. 


21. 


22. 


oo 


Frequency 
UA 


we 


23455 
Number of cars 


. Positively skewed — a greater number of scores is 


distributed at the lower end of the distribution. 


es) 


. Yes b. Yes. Both are 3 
= 4 m 
_x=m o= cs b. 7m+2 


. Mean = 2.17, median = 2 
b. Mean = 3.54, median = 2 
c. The median relies on the middle value of the data and 


won’t change much if an extra value is added. The mean 
however has increased because this large value will 
change the average of the numbers. The mean is used 

as a measure of central tendency if there are no outliers 
or if the data are symmetrical. The median is used as a 
measure of central tendency if there are outliers or the 
data are skewed. 


Frequency 
Interval (f) Midpoint x (f) 
40 — 49 1 44.5x1= 44.5 
50 —59 1 54.5 x 1=54.5 
60 — 69 1 64.5 x 1 = 64.5 
70 —79 2 74.5x2= 149 
80 — 89 4 84.5 x 4 = 338 
90 — 99 4 94.5 x 4 = 378 
100 — 109 8 104.5 x 8 = 836 
110-119 6 114.5 x 6 = 687 
120 — 129 8 124.5x 8 = 996 
130 — 139 2 134.5 x 2 = 269 
140 — 149 2 144.5 x 2 = 289 
150 — 159 0 154.5x0=0 
160 — 169 1 164.5 x 1 = 164.5 
Total 40 4270 
b. 106.75 
c. 107.15 


. The differences in this case were minimal; however, the 


grouped data mean is not based on the actual data but on 
the frequency in each interval and the interval midpoint. 
It is unlikely to yield an identical value to the actual 
mean. The spread of the scores within the class interval 
has a great effect on the grouped data mean. 
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23. 


24. 


25. 


26. 


—_ ;-——— Females 


i] - © GMales 


St a 
0 10 20 30 40 50 60 70 80 
Age 
Males Females 
Mean 28.2 31.1 
Range 70 57 
IQR 18 22. 


c. There is one outlier — a male aged 78. 


d. Typically males seem to enter hospital for the first time 


at a younger age than females. 
i. 358 
ii, 29.55 
iii. 33.05 
iv. 60s 
v. 21s 
vi. 39s 
vii. 18s 
21 29.5 39 


Ee 


Salli als alten) colle sleet 
15 20 25 30 35 40 45 50 55 60 65 70 75 
i. 25% 
ii, 50% 
iii. 75% 


> 
t 


. Categorical 

e. 35% 

f. Pictogram, pie chart or bar chart. 

. Class A: Q,- 21.5, Median 30, Q3 — 38, IQR — 16.5 


Class B: Q, — 14.5, Median — 33, Q3 — 47, IQR — 32.5 

Based on the comparison between Class A’s IQR (16.5) 
and Class B’s IQR (32.5), Ms Vinculum was correct in 
her statement. 


. No, Class B has a higher median and upper quartile 


score than Class A, while Class A has a higher lower 
quartile. You can’t confidently say that either class did 
better in the test than the other. 


. 82.73 km/h 


. 30 cars 


i. $2607 272.73 
ii. About 545 
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13.2 Bivariate data 


13.3 Lines of best fit by eye 
13.4 Linear regression using technology (10A) 
13.5 Time series .... 
13.6 Review ............. 


LEARNING SEQUENCE 


13.1 Overview ......... 


13.1 Overview 
Why learn this? 


Bivariate data can be collected from all kinds of place. This includes 
data about the weather, data about athletic performance and data 
about the profitability of a business. By learning the tools you need 
to analyse bivariate data, you will be gaining skills that help you turn 
numbers (data) into powerful information that can be used to make 
predictions (plots). 


The use for bivariate data is not limited to the classroom; in fact, many 
professionals rely on bivariate data to help make decisions. Some 
examples of bivariate data in the real world are: 

e when a new drug is created, scientists will run drug trials in 
which they collect bivariate data about how the drug works. 
When the drug is approved for use, the results of the scientific 
analysis help guide doctors, nurses, pharmacists and patients as 
to how much of the drug to use and how often. 
manufacturers of products can use bivariate data about sales to 
help make decisions about when to make products and how many 
to make. For example, a beach towel manufacturer would know 
that they need to produce more towels for summer, and analysis 
of the data would help them decide how many to make. 


By studying bivariate data you can learn how to use data to make predictions. By studying and understanding 
how these predictions work, you will be able to understand the strengths and limitations of these types of 
predictions. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 
concepts covered in this topic. 


Fully worked 
solutions 
to every 
question 


Video Interactivities 
eLessons 


Digital 
documents 


eWorkbook 
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Exercise 13.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. [1 Choose the following graphs that shows whether there is a relationship between two variables and 
each data value is shown as a point on a Cartesian plane. 
A. Box plot B. Scatterplot C. Dot plot D. Ogive E. Histogram 


2. HG Select which of the following statements is incorrect. 
A. Bivariate data are data with two variables. 
B. Correlation describes the strength, the direction and the form of the relationship between 
two variables. 
C. The explanatory variable is placed on the y-axis and the response variable on the x-axis. 
D. The value of the response variable changes in response to the other variable. 
E. The explanatory variable takes on values that do not depend on the value of the other variable. 


3. Data is compared from twenty students on the number of hours spent studying for an examination and 
the result of the examination. State if the number of hours spent studying is the explanatory or response 


variable. 


4. Match the type of correlation with the data shown on the scatter plots. 


Scatter plot Type of correlation 


a. Ys A. Strong negative linear correlation 
e 
¢ lle 
oe @ 
e 
e 
@ 
e e.| 
x 
b. y B. No correlation 
: 8 
cee a" 
® 
> 
x 
c. C. Weak positive linear correlation 
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5. [09 The table below shows the number of hours spent doing a problem-solving task for a subject and 
the corresponding total score for task. 


Number of hours spent on task HU ey, 1 2 | 15 | 2.5 | 3 2 | 2.5 
EUCRVM 20/50 | 60) 45 | 80 | 70 | 75 | 97 | 85 | 20 


Choose which data point is a possible outlier. 


A. (0, 20) B. (1.5, 50) c. (1.5, 70) D. (2.5, 20) E. (2.5, 70) 
6. M1 Each point on the scatterplot shows the Exercising and fitness levels 

number of hours per week spent exercising by a yi 

person and their fitness level. 3.5 

Choose the statement that best describes the 3 Ht 

scatterplot. 

A. The more time exercising the worse the 25 ee 
fitness level. 3 

B. The number of hours per week spent exercising & 4 ° ° 
is the explanatory variable. Z 

C. The correlation between the number of hours ne) eS e 


per week exercising and the fitness levels is a 

weak positive non-linear correlation. 1 Caan 
D. There are six people’s information collected. 
E. There is an outlier. 


OES te ee ee a 
Number of hours per week exercising 


7. Select a term that describes a line of best fit being used yA 
to predict a value of a variable from within a given range 20 Cp, 20) 
from the following options: extrapolation, interpolation or - | 
: e 
regression. a 
: ; ‘ : 12 “ee 
8. Determine the gradient of the line of best fit shown in the 0 
scatter plot. 8 ya eA 
6 a 
9. In time series data, explain whether time is the explanatory A ae | | | 
or response variable. pe nee 
> 
10. Select another term for an explanatory variable from the UN as 2) I ee 
following options: a dependent variable or an independent 
variable. 


11. O09 Select the correct difference between a seasonal pattern and a cyclical pattern in a time series plot. 
A. A cyclical pattern shows upward trends, where as a seasonal pattern shows only downward trends. 
B. A cyclical pattern displays fluctuations with no regular periods between peaks, where as a seasonal 
pattern displays fluctuations that repeat at the same time each week, month, quarter or year. 
C. A cyclical pattern does not show any regular fluctuations, where as a seasonal pattern does. 
D. A seasonal pattern displays fluctuations with no regular periods between peaks, where as a cyclical 
pattern displays fluctuations that repeat at the same time each week, month, quarter or year. 
E. A seasonal pattern shows upward trends, where as a cyclical pattern shows only downward trends. 
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12. G9 The time series plot shown can be classified as: 
. upward trend 

. downward trend 

. seasonal pattern 

. cyclical pattern 

. random pattern 


mogogw p> 


YA 
10 


Data 
Nn 


Vv 


0 10 20 30 40 50 
Time 


13. Use the given scatterplot and the line of best fit to determine the value of x when y= 2. 


YA 


V 
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14. The table below shows the number of new COVID-19 cases per month reported in Australia in 2020. 


April May June July 
New COVID-19 cases 11 304 14 86 


August September October November | December 
New COVID-19 cases 377 73 18 5 8 


a. Plot the time series. 
b. Interpret the trend in the data from March to December. 


15. Use the given scatterplot and line of best fit YA 
to predict: us 
a. the value of y when x= 4 7 e 
b. the value of x when y= 1. 6 . 
10 
8 . 
6 : e x e 
if e 
2 eo 
> 
OG 263455 1G 7a:8 SOO Mito 1201415 


13.2 Bivariate data 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e recognise the explanatory and response variables in bivariate data 
e represent bivariate data using a scatter plot 
e describe the correlation between two variables in a bivariate data set 
e draw conclusions about the correlation between two variables in a bivariate data set. 


® 13.2.1 Bivariate data 


eles-5361 
e Bivariate data are data with two variables (the prefix ‘bi’ means ‘two’). 


e For example, bivariate data could be used to investigate the question: ‘How are student marks affected by 
phone use?’ 

e In bivariate data, one variable will be the explanatory variable (also known as the experimental variable or 
independent variable). This variable is not impacted by the other variable. 
e Inthe example the explanatory variable is phone use per day. 

e In bivariate data one variable will be the response variable (also known as the dependent variable). This 
variable is impacted by the other variable. 
e Inthe example the response variable is average student marks. 


Scatter plots 


e Ascatter plot is a way of displaying bivariate data. 

e A scatter plot will have: 
e the explanatory variable placed on the x-axis with a label and scale 
e the response variable placed on the y-axis with a label and scale 
e the data points shown on the plot. 
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Features of a scatter plot 


YR 
£1004 
g ee? peaks | ba 4 
=I e Data points plotte 
en i 29 
el eee 
Response data —> 3 e . 
on y-axis 8 50- | mal 
2, e 
B 25- 
< 
T T T a 


T 
ek nC ie ae 
Time spent on phone per day (hours) <—— Explanatory data 
on x-axis 


WORKED EXAMPLE 1 Representing bivariate data on a scatter plot 


The table shows the total revenue from selling tickets for a number of different chamber music 
concerts. Represent the given data on a scatterplot. 


Number of | 490 | 200 | 450 | 350 | 250 | 300 | 500 | 400 | 350 | 250 
tickets sold 
Total 

8000 | 3600 | 8500 | 7700 | 5800 | 6000 | 11000 | 7500 | 6600 | 5600 
revenue ($) 
THINK WRITE/DRAW 


1. Determine which is the response variable 
and which is the explanatory variable. 


2. Draw a set of axes. Label the title of the graph. 
Label the horizontal axis ‘Number of tickets 
sold’ and the vertical axis “Total revenue ($)’. 

3. Use an appropriate scale on the horizontal and 
vertical axes. 

4. Plot the points on the scatterplot. 


The total revenue changes in response to (or is 
explained by) the number of tickets being sold, so the 
total revenue is the response variable and the number 
of tickets in the explanatory variable. 


Total revenue from selling tickets 


lee} 
Ss 
S 
i=) 
! 
ee 


Total revenue ($) 


0 a T T T T T ia 
200 250 300 350 400 450 500 
Number of tickets sold 
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® 13.2.2 Correlation 


eles-5362 3 , eas . ‘: 2 ‘ j 
e Correlation is a way of describing a connection between variables in a bivariate data set. 


Describing correlation 


Correlation between two variables will have: 
e a type (linear or non-linear) 


Linear Non-linear 
e 
ee e 
e e e 
e e 
e e e 
e® e 
e 
e e 
7 eoee” 
> > 


e a direction (positive or negative) 


Positive Negative 


> > aa 


e Data will have no correlation if the data are spread out across the plot with no clear pattern, as shown 
in this example. 


No correlation 
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WORKED EXAMPLE 2 Describing the correlation 


State the type of correlation between the variables x and y, shown on the scatterplot. 


e@® 
Pe 
ee 
fe 
e® 
e e 
> 

THINK WRITE 
Carefully analyse the scatterplot and comment The points on the scatterplot are close together 
on its form, direction and strength. and constantly increasing therefore the relationship 

is linear. 


The path is directed from the bottom left corner to 
the top right corner and the value of y increases as x 
increases. Therefore the correlation is positive. 

The points are close together so the correlation can 
be classified as strong. 

There is a linear, positive and strong relationship 
between x and y. 


@® 13.2.3 Drawing conclusions from correlation 


eles-5363 
e When drawing a conclusion from a scatter plot, state how the explanatory variable appears to affect the 


response variable and explain what that means. 
e For the example of comparing time spent on phone to average marks, a good conclusion for the graph 
shown in section 13.2.1 would be: 


Explanatory variable Response variable 


The |jnumber of hours spent on a phone per day|appears to affect|the average marks. 


This means that/|the more time spent on a phone per day, the worse a student’s marks are likely to be. 


Explanation 
e Based on scatter plots, it is possible to draw conclusions yh 
about correlation but not causation. 
For example, for this graph: i] 1S- e 
e 
e it is correct to say that the amount of water drunk E 10-4 | 
. o 

appears to affect the distance run z ‘ 
e it is incorrect to say that drinking more water causes a Z 54 Ps hay | 

person to run further, because someone might only be cat Tl 

able to run | km and even if they drink 3 litres of water, as Lo 


T T T T 
Oo 05 10 15 20 25 3.0 
Amount of water drunk (L) 


they will still only be able to run 1 km. 
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WORKED EXAMPLE 8 Stating conclusions from bivariate data 


Mary sells business shirts in a department store. She always records the number of different styles of 
shirt sold during the day. The table below shows her sales over one week. 


Price ($) 14 | 18 | 20 | 21 | 24 | 25 | 28 | 30 | 32 | 35 
Number of shirts sold | 21 | 22 | 18 | 19 | 17 | 17 | 15 | 16 | 14 | 11 


a. Construct a scatterplot of the data. 
b. State the type of correlation between the two variables and, hence, draw a corresponding conclusion. 


THINK WRITE/DRAW 
a. Draw the scatterplot showing ‘Price ($)’ a. ry] dds ne ne 
(explanatory variable) on the horizontal 2 = | 
axis and ‘Number of shirts sold’ (response 3 267 
ee ete ee para es ea aa 
variable) on the vertical axis. 2 | 
d=| 22 hea 
a ° 
a 20=;— 
Se | 
Cu Seam e aAe 
Sees ee 
12 | 2 
10 ] 
> 


Oo 5 0 15 2 2 30 35 
Price ($) 

The points on the plot form a path that resembles 
a straight, narrow band, directed from the top 
left corner to the bottom right corner. The points 
are close to forming a straight line. There is a 
linear, negative and strong correlation between the 
two variables. 
The price of the shirt appears to affect the number 
sold; that is, the more expensive the shirt the 


b. 1. Carefully analyse the scatterplot and b. 
comment on its form, direction and strength. 


2. Draw a conclusion corresponding to the 
analysis of the scatterplot. 


fewer sold. 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-b. a-b. a-b. a-b. 
1. In anew document, 1. On the Statistic © Edit Cale Setoreh © 
on a Lists & screen, label list] 
Spreadsheet page, as ‘Price’ and list 2 
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label column A as 
‘price’ and label 
column B as ‘sold’. 
Enter the values 
from the question. 


as ‘Shirts’, then 
enter 

the values from the 
question. 

Press EXE after 


entering each value. 


Open a Data & Tap: 

Statistics page. | ° SetGraph ae rmaeraal 
Press TAB to locate 8 [easel © Setting... > aT | 
the label of the : Set values as shown oe ar | 
horizontal axis and 3 in the screenshot, | Fre 1 . 

* x | Marke saare , 
select the variable 3 then tap Set. | 
‘price’. Press TAB 7] ° | 
again to locate th 12 14 16 18 20 22 24 26 28 30 32 34 36 } 

gi O lO ; e price [Set Cancel |} 
label of the vertical v 
axis and select the — — ae 


variable ‘sold’. 


To change the colour 
of the scatterplot, 
place the pointer over 


one of the data points. 


Tap the graphing 
icon and the 
scatterplot will 
appear. 


{ SJ | 


Then press CTRL 
MENU. Press: 

© Colour 

e Fill Colour 
Select a colour from 
the palette for the 
scatterplot. Press 


12 14 16 18 20 22 24 26 28 30 32 3436 
price 


The scatterplot is shown, using 
a suitable scale for both axes. 


ENTER. 

The points are close to forming a 

straight line. There is a strong The scatterplot is shown, 

negative, linear correlation using a suitable scale for 

between the two variables. The both axes. The points 

trend indicates that the price are close to forming a 

of a shirt appears to affect the straight line. There is a 

number sold; that is, the more strong negative linear 

expensive the shirt, the fewer are Aonnelaiian betecess the 

sold. two variables. The trend 
indicates that the price of 
a shirt appears to affect 
the number sold; that is, 
the more expensive the 
shirt, the fewer are sold. 

DISCUSSION 


How could you determine whether the change in one variable causes the change in another variable? 


ion) Resources 


a5) 
[4 eWorkbook 


g Digital documents SkilISHEET Substitution into a linear rule (doc-5405) 
SkilISHEET Solving linear equations that arise when finding x- and y-intercepts (doc-5406) 
SKilISHEET Transposing linear equations to standard form (doc-5407) 
SkillISHEET Measuring the rise and the run (doc-5408) 
SkilISHEET Determining the gradient given two points (doc-5409) 
SKilISHEET Graphing linear equations using the x- and y-intercept method (doc-5410) 
SkillISHEET Determining independent and dependent variables (doc-541 1) 
SkilISHEET Determining the type of correlation (doc-5413) 


Topic 13 Workbook (worksheets, code puzzle and project) (ewbk-2039) 


¥ Interactivity 


Individual pathway interactivity: Bivariate data (int-4626) 
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Exercise 13.2 Bivariate data learn) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
1, 4, 5, 8, 11, 14 2,6, 9, 12, 15 3, 7, 10, 13, 16 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


For questions 1 and 2, decide which is the explanatory variable 
and which is the response variable. 
1. a. Number of hours spent studying for a Mathematics test and A 
the score on that test. 
b. Daily amount of rainfall (in mm) and daily attendance at the 
Botanical Gardens. 
c. Number of hours per week spent in a gym and the annual 
number of visits to the doctor. 
d. The amount of computer memory taken by an essay and the 
length of the essay (in words). oe 


. The cost of care in a childcare centre and attendance at the childcare centre. 

. The cost of the property (real estate) and the age of the property. 

. The entry requirements for a certain tertiary course and the number of applications for that course. 
. The heart rate of a runner and the running speed. 


aQoQqa%ao ® 


3. EG The following table shows the cost of a wedding reception at 10 different venues. Represent the data 
on a scatterplot. 


No of guests 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100 | 110 | 120 
Total cost (x$1000) § 15 | 18 | 24 | 23 | 29 | 4 | 43 | 45 | 46 | 4.6 


4, EA state the type of relationship between x and y for each of the following scatterplots. 


a. yy b. y 


——— 
x 
d e 

YA “a y 
e° e 7 
e ee 
Py ee? 

ee *. 

e° .. « 

ee e * e 
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5. State the type of relationship between x and y for each of the following scatterplots. 


a. yy 2 b. 
e 
e 
e 
e 
oa ° 
< 
d. yy e. 
e 
ee 
ee 
r) e@e 
@ e, 
x 


a. b. 
YA .° 
8 e 
e = °° 
e 
Py 
eee 
x 
d. e. 
YA 2 - 
e 
e eed 
e 
e e 
ee 
|___» 


Understanding 


7. Ce Eugene is selling leather bags at the local market. During the day he keeps records of his sales. The 
table below shows the number of bags sold over one weekend and their corresponding prices (to the 


nearest dollar). 


YA 


c. 


Price ($) of a bag 


| 30 


35 


40 


55 


60 


65 


70 


75 


80 


12 


Number of bags sold | 10 


8 


4 3 


4 


2 


2 


1 


1 


a. Construct a scatterplot of the data. 


b. State the type of correlation between the two variables and, hence, draw a corresponding conclusion. 


8. The table below shows the number of bedrooms and the price of each of 30 houses. 


Number of Price Number of Price Number of Price 

bedrooms ($’000) bedrooms ($’000) bedrooms ($'000) 
2 180 3 279 3 243 
2, 160 2 195 3 198 
3 240 6 408 3 237 
2, 200 4 362 2 226 
2, 155 2 205 4 359 
4 306 7 420 4 316 
3 297 5 369 2 200 
5 383 1 195 2 158 
2 212 3 265 1 149 
4 349 2 174 3 286 
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a. Construct a scatterplot of the data. 


b. State the type of correlation between the number of bedrooms and the price of the house and, hence, draw 
a corresponding conclusion. 


c. Suggest other factors that could contribute to the price of the house. 


9. The table below shows the number of questions solved by each student on a test, and the corresponding total 
score on that test. 


Number of questions 2 0 7 10 5 2 6 3 9 4 8 3 6 
Total score (%) 22 | 39 | 69 | 100 | 56 | 18 | 60 | 36 | 87 | 45 | 84 | 32 | 63 


a. Construct a scatterplot of the data. 
b. Suggest the type of correlation shown in the scatterplot. 
c. Give a possible explanation as to why the scatterplot is not perfectly linear. 


10. A sample of 25 drivers who had obtained a full licence within the last month 
was asked to recall the approximate number of driving lessons they had taken 
(to the nearest 5), and the number of accidents they had while being on P plates. 
The results are summarised in the table that follows. 


a. Represent these data on a scatterplot. 
b. Specify the relationship suggested by the scatterplot. 
c. Suggest some reasons why this scatterplot is not perfectly linear. 


Number of lessons 20|15)25|10|}35| 5 |15| 10} 20) 40} 25 | 10 


5 
Number of accidents | 6 |2)}3|/3/4/;0;}5/;1/3}]1/)2/)2)/5 
Number of lessons 5 | 20| 40} 25 | 30/15/35) 5 |30}15/|20| 10 
Number of accidents | 5 |3;0/)/4/1;/)4/;)1/4/0/;2|)3)4 


Reasoning 


11. EUS The scatterplot that best represents the relationship between the amount of water consumed daily by a 
certain household for a number of days in summer and the daily temperature is: 


A. a) B. =} Cc . a 
QQ o ro) 
z Fi ee 
wn wn 
3 5 . 
: E E 
= & 3 
E = = 
Temperature (°C) 
D. E. 


Water usage (L) 


Temperature (°C) 


Temperature (°C) Water usage (L) 
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12. [9 The scatterplot shows the number of sides and the sum of interior 
angles for a number of polygons. 
Select the statement that is NOT true of the following statements. 


A. 


C. 


D. 
E. 


13. 


The correlation between the number of sides and the angle sum of 
the polygon is perfectly linear. 

The increase in the number of sides causes the increase in the size of 
the angle sum. 

The number of sides depends on the sum of the angles. 

The correlation between the two variables is positive. 

There is a strong correlation between the two variables. 


(9 After studying a scatterplot, it was concluded that there was 


evidence that the greater the level of one variable, the smaller the level 
of the other variable. The scatterplot must have shown a: 


A. 
. strong, negative correlation 

. moderate, positive correlation 
. moderate, negative correlation 
. weak, negative correlation 


mogowo 


strong, positive correlation 


Problem solving 


Sum of angles (°) 


sS 

ov x 
34567 8 9 10 
Number of sides 


14. The table below gives the number of kicks and handballs obtained by the top 8 players in an AFL game. 


| Player | A B C D E F G H 
| Number of kicks | 20 | 27 | 21 19 | 17 | 18 | -2a- |) 22 
| Number of handballs | 11 3 11 6 5 1 9 7 
a. Represent this information on a scatterplot by using the 


15. 


. State whether the scatterplot supports the claim that the 


x-axis as the number of kicks and the y-axis as the number 
of handballs. 


more kicks a player obtains, the more handballs they give. 


corresponding mass lost (in kg). 
Study the scatterplot and state whether each of the following statements is true or false. 


a. 


b. 


The number of weeks that the person stays on a diet is the explanatory 
variable. 

The y-coordinates of the points represent the time spent by a person on 
a diet. 


. There is evidence to suggest that the longer the person stays on a diet, 


the greater the loss in mass. 


. The time spent on a diet is the only factor that contributes to the loss 


in mass. 


. The correlation between the number of weeks on a diet and the number 


of kilograms lost is positive. 


Loss in mass (kg) 


A 


Each point on the scatterplot shows the time (in weeks) spent by a person on a healthy diet and the 


Number of weeks 
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® 13.3.1 Lines of best fit by eye 


eles-5364 


16. The scatterplot shown gives the marks obtained by 
students in two mathematics tests. Mardi’s score in 
the tests is represented by M. Determine which point 
represents each of the following students. 


a. 
b. 


Mandy, who got the highest mark in both tests. 
William, who got the top mark in test 1 but not in 


test 2. 


. Charlotte, who did better on test 1 than Mardi but not 
as well in test 2. 
. Dario, who did not do as well as Charlotte in 


both tests. 


Test 2 


(viii) 


Ce 


. Edward, who got the same mark as Mardi in test 2 = 
but did not do so well in test 1. 


Test 1 


f. Cindy, who got the same mark as Mardi for test 1 but did better than her for test 2. 


. Georgina, who was the lowest in test 1. 
. Harrison, who had the greatest discrepancy between his two marks. 


13.3 Lines of best fit by eye 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e draw a line of best fit by eye 
e determine the equation of the line of best fit 
e use the line of best fit to make interpolation or extrapolation predictions. 


e A line of best fit is a line that follows the trend of the data in a 


scatter plot. 


e A line of best fit is most appropriate for data with strong or 
moderate linear correlation. 

e Drawing lines of best fit by eye is done by placing a line that: 
e represents the data trend 
e has an equal number of points above and below the line. 


— 
i=) 
i=) 


—l 
Nn 


nN 
oO 


N 
WN 


Average student marks (%) 


> 


0 1 2 3 4 
Time spent on phone per day (hours) 


Determine the equation of a line of best fit by eye 


To determine the equation of the line of best fit, follow these steps: 


1. 


Choose two points on the line. 
Note: It is best to use two data points on the line if possible. 


. Write the points in the coordinate form (x, y,) and (x, y). 


YQ = VAl 


. Calculate the gradient using m= ———. 


X2 — X] 


. Write the equation in the form y= mx +c using the m found in step 3. 
. Substitute one coordinate into the equation and rearrange to find c. 
. Write the final equation, replacing x and y if needed. 
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WORKED EXAMPLE 4 Determining the equation for a line of best fit 


The data in the table shows the cost of using the internet at a number of different internet cafes based 
on hours used per month. 


20 | 18 | 10 | 13 | 15 | 17 | 14} 11 
30 | 32 | 18 | 20 | 22 | 23 | 22 | 18 


Hours used per month 10 | 12 
Total monthly cost ($) 15 | 18 


a. Construct a scatterplot of the data. 

b. Draw the line of best fit by eye. 

c. Determine the equation of the line of best fit in terms of the variables 7 (number of hours) and 
C (monthly cost). 


THINK WRITE/DRAW 
a. Draw the scatterplot placing the explanatory a. yA 
variable (hours used per month) on the 32-5 ° 
horizontal axis and the response variable ~ 305 e 
(total monthly cost) on the vertical axis. = 287 
Label the axes. 3 265 
= 24- | 
| e 
El 2e5 ee 
i) 
& 20-4 e 
@ 18-0 0 
i) 
F 16- 
e 
14 25 


0 | [|e || — 
10 11 12 13 14 15 16 17 18 19 20 
Hours used per month 


b. 1. Carefully analyse the scatterplot. b. 


2. Position the line of best fit so there is 
approximately an equal number of data points 
on either side of the line and so that all points 
are close to the line. 

Note: With the line of best fit, there is no 
single definite solution. 


0 ee cr at st | sal a ap al = 
10 11 12 13 14 15 16 17 18 19 20 21 
Hours used per month 


c. 1. Select two points on the line that are not too c. Let (%, y;) = (13, 20) and (%, y2) = (20, 30). 
close to each other. 
2. Calculate the gradient of the line. oe 
Xo — x) 
30 — 20 
m= 
20-13 
_ 10 
7] 
3. Write the rule for the equation of a straight line. y= mx 1c 
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4. Substitute the known values into the equation. y= ao are 
: 5 F 10 
5. Substitute one pair of coordinates, 20 = — (13)+c¢ 
say (13, 20) into the equation to evaluate c. 7 
130 
c = 20-— — 
q 
_ 140-130 
a 
210 
7 
1 1 
6. Write the equation. y= a AF uw 
Note: The values of c and m are the same in i 7 
this example. This is not always the case. 
; 10 10 
7. Replace x with n (number of hours used) and C= =" of = 


y with C (the total monthly cost) as required. 


® 13.3.2 Predictions using lines of best fit 


eles-5365 rae . . 
e Predictions can be made by using the line of best fit. 


e To make a prediction, use one coordinate then determine the other coordinate by using: 
e the line of best fit 
e the equation of the line of best fit. 
e Predictions will be made using: 
e interpolation if the prediction sits within the given data 
e extrapolation if the prediction sits outside the given data. 


Interpolation vs extrapolation 


Predictions made within 
the data use interpolation. 


YA 


__ Predictions made outside 
_ the data use extrapolation. 


Average student marks (%) 


C i. 3s 
Time spent on phone per day (hours) 


e Predictions will be reliable if they are made: 
e using interpolation 
e from data with a strong correlation 
¢ from a large number of data. 
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WORKED EXAMPLE 5 Making predictions using the line of best fit 


Use the given scatterplot and line of best fit to predict: 
a. the value of y when x = 10 
b. the value of x when y = 10. 

YA 

45-5 

40- 

355 

30-5 

25 

20-5 

15 

10- 

5 = 


0 


THINK WRITE/DRAW 
a. 1. Locate 10 on the x-axis and draw a vertical a Yh 
line until it meets with the line of best fit. 457) 
From that point, draw a horizontal line to the aval 
y-axis. Read the value of y indicated by the 
horizontal line. 


2. Write the answer. 


b. 1. Locate 10 on the y-axis and draw a horizontal b. 
line until it meets with the line of best fit. 
From that point draw a vertical line to the 
x-axis. Read the value of x indicated by the 
vertical line. 


2. Write the answer. When y= 10, x is predicted to be 27. 
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WORKED EXAMPLE 6 Interpreting meaning and making predictions 


The table below shows the number of boxes of tissues purchased by hay fever sufferers and the 
number of days affected by hay fever during the blooming season in spring. 


Number of days affected by hay fever (d) | 3 12 | 14 7 9 5 6 4 10 8 


Total number of boxes of tissues 1 4 5 2 3 2 2 2 3 3 


purchased (7) 
a. Construct a scatterplot of the data and draw a line of best fit. 
b. Determine the equation of the line of best fit. 
c. Interpret the meaning of the gradient. 
d. Use the equation of the line of best fit to predict the number of boxes of tissues purchased by people 
suffering from hay fever over a period of: 
i. 11 days ii. 15 days. 
THINK WRITE/DRAW 
a. 1. Draw the scatterplot showing the a. tek 
explanatory variable (number of days 2 
affected by hay fever) on the horizontal axis . a if 
and the response variable (total number of ES rl 4 
boxes of tissues purchased) on the 3 
vertical axis. s 3. Ve eel 
° 
rf 
6 os e@- © ee 
= 
= 
a 
= 
v1 T ae 


T T T T T T T T T 

O34 56 7 8 9 101i i2is 14 
No. days affected by hay fever 

2. Position the line of best fit on the scatterplot 


so there is approximately an equal number 
of data points on either side of the line. 


3,1) 


Total no. boxes of tissues purchased 


© a i ng Gear ren ea eae 
0345 6 7 8 9 1011213 14 
No. days affected by hay fever 
b. 1. Select two points on the line that are not too b. Let (4, y,;)=(@, 1) and (%, yo) = (14, 5). 
close to each other. 


2. Calculate the gradient of the line. pe 
x2 — X] 

5-1 4 

SS = 

4-3 11 
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3. Write the rule for the equation of a y= mx-+€ 
straight line. 


4 
4. Substitute the known values into the YS Seope 
equation, say (3, 1), into the equation to i 
calculate c. ic a (3)+c 
c=1- Bz 
11 
| 
11 
: ; 4 1 
5. Write the equation. y= —x- — 
iil 11 
: : 4 1 
6. Replace x with d (number of days with hay r= qa a oe 


fever) and y with T (total number of boxes of 
tissues used) as required. 


c. Interpret the meaning of the gradient ofthe c. ‘The gradient indicates an increase in sales 
line of best fit. of tissues as the number of days affected 
by hay fever increases. A hay fever 


pee 4 
sufferer is using on average mT (or 


about 0.36) of a box of tissues per day. 


d. i. 1. Substitute the value d= 11 into the d. i. When d=11, 
ti d evaluate. 
equation and evaluate Fee ee 
iti} 11 
ee 
11 
Ee 
11 
2. Interpret and write the answer. In 11 days the hay fever sufferer will need 


4 boxes of tissues. 


ii. 1. Substitute the value d= 15 into the ii. When d=15, 
i luate. 
equation and evaluate T= Ge ise ie 
11 11 
ele 
ti = 
eect 
2. Interpret and write the answer. In 15 days the hay fever sufferer will need 


about 6 boxes of tissues. 


DISCUSSION 


Why is extrapolation not considered to be reliable? 
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ion) Resources 


a) 
[4 eWorkbook Topic 13 Workbook (worksheets, code puzzle and project) (ewbk-2039) 


¥ Interactivities Individual pathway interactivity: Lines of best fit (int-4627) 


Lines of best fit (int-6180) 
Interpolation and extrapolation (int-6181) 


Exercise 13.3 Lines of best fit by eye learn@) 
Individual pathways 

m@ PRACTISE m@ CONSOLIDATE B® MASTER 

1,2, 5, 8, 11 3, 6, 9, 12 4, 7, 10, 13 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


4. E23 The data in the table shows the distances travelled by 10 cars 
and the amount of petrol used for their journeys (to the nearest 
litre). 


Distance travelled 
(km), d 


|Petrol used (L),P | 7/5 |9|2|7|9{12/3] 8/14 


52 | 36 | 83 | 12 | 44 | 67 | 74 | 23 | 56 | 95 


a. Construct a scatterplot of the data and draw the line of best fit. 
b. Determine the equation of the line of best fit in terms of the 
variables d (distance travelled) and P (petrol used). 


2. BE use the given scatterplot and line of best fit to predict: 


V 


10 20 30 40 50 60 70 80 90 


a. the value of y when x= 45 
b. the value of x when y= 15. 
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3. Analyse the following graph. 


a. 


d. 


Use the line of best fit to estimate the 
value of y when the value of x is: 


i. 7 ii, 22 iii. 36. 


. Use the line of best fit to estimate the 


value of x when the value of y is: 
i. 120 ii. 260 iii. 480. 


and (40, 75). 


5 


10 


15 


20 


25 


30 


35 


Use the equation of the line to verify the values obtained from the graph in parts a and b. 


40 45 


HV 


. Determine the equation of the line of best fit, if it is known that it passes through the points (5, 530) 


4. A sample of ten Year 10 students who have part-time jobs was randomly selected. Each student was asked 
to state the average number of hours they work per week and their average weekly earnings (to the nearest 
dollar). The results are summarised in the table below. 


Hours worked, h | 4 8 


15 


18 


10 


12 


16 


Weekly earnings ($), E | 23 47 


93 


122 


56 


33 


74 


110 


a. Construct a scatterplot of the data and draw the line of best fit. 
b. Write the equation of the line of best fit, in terms of variables h (hours worked) and E (weekly earnings). 


c. 


Interpret the meaning of the gradient. 


Understanding 


5. HEA The following table shows the average weekly expenditure on food for households of various sizes. 


Number of people in a household 1 2. 4 7 5 4 3 5 
Cost of food ($ per week) 70 | 100 | 150 | 165 | 150 | 140 | 120 | 155 
Number of people in a household 2 4 6 5 3 1 4 
Cost of food ($ per week) 90 | 160 | 160 | 160 | 125 | 75 135 

a. Construct a scatterplot of the data and draw in the line of best fit. 

b. Determine the equation of the line of best fit. Write it in terms of 


variables n (for the number of people in a household) and C (weekly 


cost of food). 


. Interpret the meaning of the gradient. 
. Use the equation of the line of best fit to predict the weekly food 


expenditure for a family of: 
i. 8 ii, 9 


iii. 10. 


6. The number of hours spent studying, and the percentage marks obtained by a group of students on a test are 
shown in this table. 


Hours spent studying 45 


30 


90 


60 


105 


65 


90 


80 


55 


75 


Marks obtained 40 


35 


75 


65 


90 


50 


90 


80 


45 


65 


a. State the values for marks obtained that can be used for interpolation. 
b. State the values for hours spent studying that can be used for interpolation. 
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7. The following table shows the gestation time and the birth mass of 10 babies. 


Gestation time (weeks) 31 32 33 34 35 36 37 38 39 40 
Birth mass (Kg) 1.080 | 1.470 | 1.820 | 2.060 | 2.230 | 2.540 | 2.750 | 3.110 | 3.080 | 3.370 


a. Construct a scatterplot of the data. Suggest the type of correlation shown by the scatterplot. 

b. Draw in the line of best fit and determine its equation. Write it in terms of the variables t (gestation time) 
and M (birth mass). 

c. Determine what the value of the gradient represents. 

d. Although full term of gestation is considered to be 40 weeks, some pregnancies last longer. Use the 
equation obtained in part b to predict the birth mass of babies born after 41 and 42 weeks of gestation. 

e. Many babies are born prematurely. Using the equation obtained in part b, predict the birth mass of a baby 
whose gestation time was 30 weeks. 

f. Calculate their gestation time (to the nearest week), if the birth mass of the baby was 2.390 kg. 


Reasoning 
8. O05 Consider the scatterplot shown. 


YA 


> 
0 10 20 30 40 SO 60 70 ~* 


The line of best fit on the scatterplot is used to predict the values of y when x = 15, x =40 and x= 60. 


a. Interpolation would be used to predict the value of y when the value of x is: 


A. 15 and 40 B. 15 and 60 c. 15 only D. 40 only E. 60 only 
b. The prediction of the y-value(s) can be considered reliable when: 

A. x= 15 and x=40 B. x= 15, x=40 and x= 60 Cc. x=40 

D. x=40 and x =60 E. x=60 


9. £9 The scatterplot below is used to predict the value of y when x = 300. This prediction is: 


Y 


0 100 200 300 400 500 600 700 ~* 
. reliable, because it is obtained using interpolation 

. not reliable, because it is obtained using extrapolation 

. not reliable, because only x-values can be predicted with confidence 

. reliable because the scatterplot contains a large number of points 

. not reliable, because there is no correlation between x and y 


mogow p> 
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10. As a part of her project, Rachel is growing a crystal. Every day she measures the crystal’s mass using special 
laboratory scales and records it. The table below shows the results of her experiment. 


Day number | 1 2 3 4 3 8 9 10 11 12 15 16 
Mass (g) | 2.5 3.7 | 42 | 5.0 | 61 | 84 | 9.9 | 11.2 | 11.6 | 12.8 | 16.1 | 17.3 


Measurements on days 6,7, 13 and 14 are missing, since these were 2 consecutive weekends and, hence, 
Rachel did not have a chance to measure her crystal, which is kept in the school laboratory. 


a. Construct the scatterplot of the data and draw in the line of best fit. 

b. Determine the equation of the line of best fit. Write the equation, 
using variables d (day of the experiment) and M (mass of the crystal). 

c. Interpret the meaning of the gradient. 

d. For her report, Rachel would like to fill in the missing measurements 
(that is, the mass of the crystal on days 6, 7, 13 and 14). Use the 
equation of the line of best fit to help Rachel determine these 
measurements. Explain whether this is an example of interpolation 
or extrapolation. 

e. Rachel needed to continue her experiment for 2 more days, but she 
fell ill and had to miss school. Help Rachel to predict the mass of the 
crystal on those two days (that is, days 17 and 18), using the equation 
of the line of best fit. Explain whether these predictions are reliable. 


Problem solving 


11. Ari was given a baby rabbit for his birthday. To monitor the rabbit’s growth, Ari decided to measure it once 
a week. 


The table below shows the length of the rabbit for various weeks. 


Week number, 7 1 2 3 4 6 8 10 13 14 17 20 
Length (cm), / 20 21 23 24 25 30 32 35 36 37 39 


a. Construct a scatterplot of the data. 

b. Draw a line of best fit and determine its equation. 

c. As can be seen from the table, Ari did not measure his rabbit on weeks 5, 7, 9, 11, 12, 15, 16, 18 and 19. 
Use the equation of the line of best fit to predict the length of the rabbit for those weeks. 

d. Explain whether the predictions made in part c were an example of interpolation or extrapolation. 

e. Predict the length of the rabbit in the next three weeks (that is, weeks 21—23), using the line of best fit 
from part c. 

f. Explain whether the predictions that have been made in part e are reliable. 
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12. Laurie is training for the long jump, hoping to make the Australian Olympic team. His best jump each year 
is shown in the table below. 


Age (a) Best jump (B) (metres) 

8 4.31 
9 4.85 
10 5.29 
11 5.74 
12 6.05 
13 6.21 
14 — 

15 6.88 
16 7.24 
17 7.35 
18 7.57 


a. Plot the points generated by the table on a 
scatterplot. 

b. Join the points generated with straight line 
segments. 

c. Draw a line of best fit and determine its equation. 

d. The next Olympic Games will occur when Laurie 
is 20 years old. Use the equation of the line of 
best fit to estimate Laurie’s best jump that year 
and whether it will pass the qualifying mark of 
8.1 metres. 

e. Explain whether a line of best fit is a good way to 
predict future improvement in this situation. State 
the possible problems are there with using a line of 
best fit. 

f. Olympic Games will also be held when Laurie is 
24 years old and 28 years old. Using extrapolation, 
what length would you predict Laurie could jump 
at these two ages? Discuss whether this is realistic. 


g. When Laurie was 14, he twisted a knee in training and did not compete for the whole season. In that year, 
a national junior championship was held. The winner of that championship jumped 6.5 metres. Use your 
line of best fit to predict whether Laurie would have won that championship. 


13. Sam has a mean score of 88 per cent for his first 
nine tests of the semester. In order to receive 
an A* his score must be 90 per cent or higher. 
There is one test remaining for the semester. 
Explain whether it is possible for him to receive 
an At. 
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13.4 Linear regression using technology (10A) 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e display a scatter plot using technology 
e determine the equation of the regression line using technology 
e display a scatter plot with its regression line using technology 
e use a regression line to make predictions. 


® 13.4.1 Scatter plots using technology 


les-5366 
aa e Scatter plots can be displayed using graphics calculators and spreadsheets. 


e To display a scatter plot using technology: 
e first input the data with the explanatory variable in the first column and the response variable in the 
second column 
e then use the technology to draw the plot. 


WORKED EXAMPLE 7 Displaying a scatter plot using technology 


The following data shows the amount of time (hours) and the amount of distance walked (km) on a 
bushwalk. Display the data on a scatter plot using technology. 


Time, hours (x) 1 2 3 4 
Distance, km (y) 3.11 4.73 6.08 7.54 
THINK WRITE 


1. Determine which data will go Time is the explanatory variable — it will go in the first column. 
in which column by identifying Distance is the response variable — it will go in the second column. 
the explanatory and response 
variable. 

2. Input the data into the 
spreadsheet or calculator. 


Dale wlr 
eon = 
Q's 


3. Use the spreadsheet or calculator 
to create a scatter plot. Type 
your data into the spreadsheet 7 
and highlight all your data 
(including headings). 

For Google Sheets: e 
Go to Insert and select Chart. 4 

For Excel: 3° 

Go to Insert, select the scatter 

plot icon ::~ and choose the 

Scatter option. 1 


8 
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 


1. Inanew problem, on 
a Lists & Spreadsheet 
page, label column 
A as ‘time’ and B as 
‘distance’. Enter the data 
from the question. 


1. From the menu, select GA Ver Ties Cus 
Spreadsheet. Enter the Tye he|* 
data from the question in | 
the columns A and B. 


i 
2 
3 
4 
1m} 
(eo 
7 
w 
q) 
(i 


2. Adda page by pressing 2. Highlight both columns 
CTRL then DOC and A and B and tap: 
select: © Graph 
e 2: Add Graphs © Scatter 
In the graphs page press: 
e MENU ° 
e 3: Graph Entry/Edit 
© 6: Scatter Plot 2 
On the first line (next 
to x —) press VAR and 
select ‘time’ and on 
the second line (next 
to y <) press VAR and 
select ‘distance’ then 
press ENTER. 
To adjust the screen 
press: 
e MENU 
e 4: Window / Zoom 
© 9: Zoom — Data 


® 13.4.2 Regression lines using technology 


eles-5367 
e Regression lines are another name for lines of best fit. 


e Using technology it is possible to calculate and sketch a regression line with more accuracy compared to 
using a line of best fit by eye. 

e For regression lines using technology it is possible to: 
e draw the regression line 
e determine the equation of the line. 

e Note that regression lines are only valid if the explanatory and response variables have a connection. 


WORKED EXAMPLE 8 Displaying a regression line using technology 


The following data shows the amount of time (hours) and the amount of distance walked (km) on a 
bushwalk. Determine the equation of the regression line and display the regression line using 
a spreadsheet. 


Time, hours (x) 1 2 3 4 
Distance, km (y) 3.11 4.73 6.08 7.54 
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THINK 


1. Use the scatter plot from 
Worked example 7. 
Start by sketching the 
regression line using the 
spreadsheet option called 
trendline. 


2. On the spreadsheet display 
the equation by using the 
spreadsheet option to show 
equations on the graph. 


WRITE 


The equation is: y= 1.46x + 1.71 


TI | THINK 


1. 


2. 


Start with the scatter plot 
from Worked example 7. 
To determine the equation 
of the regression line, return 
to the spreadsheet page and 
click into the third column. 
Press: 
° MENU 
© 4: Statistics 
e 1: Stat Calculations 
e 3. Linear Regression 

(mx + b) 
In X List select ‘time’ and in 
Y List select ‘distance’, then 
click OK. 


To plot the regression line, 
return to the graph page 1.2 
and press: 

e MENU 

© 3: Graph Entry/Edit 

e 1: Function 

Press the up arrow to see 
“fl (x) = 1.464x + 1.705 
Then press ENTER. 


DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 


Linear Regression (mx+b) rk Start with the scatter plot © Gait View Type Gale 


wi Trl from Worked example 7. ~ 
; To determine the equation c 


fi [> of the regression line, tap: a= 1.464 

a * Cale ‘nachos 

| i 2.2 © Regression = 0,9987307 
, 


e Linear Reg Lov»? | Wiuine — [_Close_ 


bd | 


OK Cancel 


0 


3 distance E : 
— =LinRegl 


3.11 Title [linear R 


4,73 RegEqn m*x+b 


- 


f1(x)=1.46- x+1.71 


@® 13.4.3 Using regression lines to make predictions 


eles-5368 


e The regression line can be used to make predictions by using technology. 


e Predictions will be reliable 


if they are made: using interpolation, from data with a strong correlation and 


from a large number of data. (see section 13.3.2). 
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Digital technology 


1. Predictions from regression lines using spreadsheets ct 
To predict the y-value: 
Use the function FORECAST. 
To use FORECAST type the following into any cell: 
= FORECAST(x-value, y-data, x-data) 
For example, for the x-value 3.5 type: 
= FORECAST (3.5, B2: B6, A2: A6) 
and find the y-value is 2.59. 
2. Predictions from regression lines using CAS 
Start with your scatter plot with a regression line from section 13.4.2. 


To predict the y-value: 

Press menu then 3: Graph Entry/Edit and choose 

6: Scatterplot and press up to see s1. In s1 untick the blue box. Press 
menu then 5: Trace then select 1: Graph Trace. The type the x-value and 
press enter. The coordinate will appear. 


£1(x)=0.78- x+-0.14 


For the example, when x is 3.5, y is 2.59. 


WORKED EXAMPLE 9 Using regression line to make predictions 


For the following data: 

a. use technology to predict the distance after 2.2 hours 
b. use technology to predict the distance after 6.4 hours 
c. explain whether these predictions are reliable. 


Time, hours (x) 1 2 3 4 
Distance, km (y) 3.11 4.73 6.08 7.54 
THINK WRITE 
a. 1. Use the spreadsheet or CAS pages set up in See Worked example 8. 
Worked example 8. 
2. We need to calculate the distance value, Into a spreadsheet type: 
which is the y-value. = FORECAST (2.2, B2:B5, A2: A5) 
For a spreadsheet use the function Note the order B2:B5 first and A2:A5 second. 
FORECAST. Distance = 4.93 km 
OR OR 
For a CAS start on the graph page and use the Using a CAS select Trace, type the value 2.2 
Trace tool. and press enter. 


Note: the scatter plot must be turned off. 
Distance = 4.93 km 


b. 1. We need to calculate the distance value which [nto a spreadsheet type: 


is the y-value. = FORECAST (6.4, B2:B5, A2: A5) 

For a spreadsheet use the function Note the order B2:B5 first and A2:A5 second. 
FORECAST Distance = 11.07 km 

OR OR 

For a CAS start on the graph page and use the Using a CAS select Trace, type the value 6.4 
Trace tool. and press enter. 


Note: the scatter plot must be turned off. 
Distance = 11.07 km 
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c. Predictions that use interpolation Answer a is reliable because it uses 


are reliable and predictions that use interpolation. 
extrapolation are not reliable. Answer b is not reliable because it uses 
extrapolation. 


ion) Resources 


om) 
[4 eWorkbook Topic 13 Workbook (worksheets, code puzzle and project) (ewbk-2039) 


Exercise 13.4 Linear regression using technology (10A) learn@) 
Individual pathways 

@ PRACTISE @ CONSOLIDATE @ MASTER 

1, 2 8, Wi, 4 Ay 7, 8) 12, 1S 5, 8, 10, 13, 16 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 
Fluency 


1. The following data shows the amount of time athletes spent training in preparation for a marathon and 
their finishing position in the race. Display the data on a scatter plot using technology. 


Time, hours (x) 25 30 35 
Finishing position (y) 15 11 8 


2. MEE The following data shows the number of visitors to a store in a day and the profit of the store that day. 


Determine the equation of the regression line and display the regression line using either a spreadsheet or a 
CAS calculator. 


Number of visitors (x) 80 85 94 101 
Profit, dollars (y) 152 164 180 200 


3. EXE) Use the data from question 2 to answer the following questions. 


a. Use technology to predict the profit if there were 90 visitors. 
b. Use technology to predict the profit if there were 200 visitors. Round your answer to the nearest dollar. 
c. Explain if these predictions are reliable. 


4. The following data shows how far away students live from school in kilometers and the hours those students 
spend in a car per week. 


Distance from school, kilometres (x) 2 2.5 3 5 


Hours spent in a car each week (y) | 2.2 2.8 2.9 3.4 


a. Use technology to display the data on a scatter plot. 

b. Use technology to determine the equation of the regression line and display the regression line. 

c. Use technology to predict the hours spent in a car each week for a student that lives 6 km from school. 
Give your answer to one decimal place. 
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d. Use technology to predict the hours spent in a car each week for a student that lives 2.2 km from school. 
Give your answer to one decimal place. 
e. Explain if these predictions are reliable. 


5. The following data shows how many thousands of bees are in a hive and the amount of honey produced in 
that hive per year: 


Number of bees ( x 1000) (x) 11 16 24 31 
Honey produced, kilograms per year (y) 15 18 22 24 


a. Use technology to display the data on a scatter plot. 

b. Use technology to determine the equation of the regression line and 
display the regression line. 

c. Use technology to predict the honey produced per year if a hive had 
35 000 bees. Round the prediction to the nearest whole number. 

d. Use technology to predict the honey produced per year if a hive had 
18 000 bees. Round the prediction to the nearest whole number. 

e. Explain if these predictions are reliable. 


Understanding 


6. The following data shows the temperature on certain days of the year. The days have been numbered like 
this: 1 January is 1, 2 January is 2 and so on for 365 days. Assume it is a non-leap year. 


Day of the year (x) | 1 5 12 20 
Maximum temperature, °C (y) | 32 33 38 42 


a. Use technology to determine the equation of the regression line. 

b. Use technology to predict the temperature on 15 March (day 75 of the year). Give your answer to one 
decimal place. 

c. Explain if your answer to part b makes sense. Within your answer use the word extrapolation. 


7. Chantal is a big fan of the Dugongs baseball team. The following data shows the number of games Chantal 
watched per year and the games won by the Dugongs per year. 


Number of games watched per year (x) 8 12 16 20 


Number of games won by the Dugongs (y) 10 11 15 16 


a. Use technology to determine the equation of the regression line. 

b. Use technology to predict the number of games won if Chantal watches 15 games. Give your answer to 
the nearest whole number. 

c. Explain if your answer to part b makes sense. Explain your answer in terms of whether a fan watching a 
sports game has a connection to the outcome. 
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8. B 


of their most recent lawn mowing jobs: 
Fred’s mowing: 200 m? yard for $80 
Dial-a-gardner: 150 m? yard for $75 
Chopper chops limited: 50 m? yard for $60 


L 


aan ® 


. Organise the data into a table and assign the x and y values. 
. Explain how you have assigned the x and y values. 


elow is data from four lawn mowing companies showing yard size and the cost 


andscapes-r-us: 400 m? yard for $120 


. Use technology to determine the equation of the regression line for this data. 
. Based on your equation for the regression line from part c, estimate the 
call-out fee for lawn mowing. 


9. £9 Sally Miles is a world-famous pop star. By analysing Sally’s tour data, the equation for a regression line 
is found that relates numbers of fans at a concert (x) to Sally’s earning (y). The regression line equation is 


y 


A. 


moow 


= 22x + 25144. In the equation of the regression line, the number 22 represents: 


The amount Sally earns per fan at the concert. 

. How much Sally earns per year. 

. How much Sally would earn if she had 10 fans at her concert. 
. The number of songs in Sally’s playlist. 

. How much Sally earns per month. 


10. EUS Regression lines are only valid for data where the explanatory variable has a connection to the response 
variable. Select which of the following would NOT have a valid regression line. 


A. 


moowo 


Number of growing days and height of a sunflower. 

. Average top speed of cars and years since cars were invented. 

. Number of ice creams purchased and the price of ice cream. 

. Amount of cheese eaten per capita and the number of injuries in an AFL season. 
. Amount of cheese eaten per capita and the price of cheese. 


Reasoning 


11. Two friends, Yousef and Gavin, were having an eating competition. In the competition they both ate one, 
then two, then three apples and recorded their time. These were the results: 


Yousef 
Number of apples eaten (x) 1 2 3 
Time taken, seconds (y) 46 67 124 
Gavin 
Number of apples eaten (x) 1 2 3 
Time taken, seconds (y) 38 75 112 
a. Use technology to determine the equations of the regression lines for each set of data. 
b. Identify the gradients for each set of data. 
c. Compare the gradients. Explain what this information shows. 


Qa 


. Explain who won the apple-eating contest using the data. 


12. The following data shows the time it took for five people to complete one lap of a BMX track. 


Age, years (x) 13 14 15 16 25 
Time, minutes (y) 2.5 2.2 1.9 1.8 1.2 


TOPIC 13 Bivariate data 861 


a. Determine the equation of the regression line for this data. 

b. The outlier in this data is the point (25, 1.2). Remove this piece of data and find the equation of the new 
regression line. 

c. Explain the impact on the equation of the regression line after removing an outlier. In your answer refer 
to the gradient and y-intercept. 


13. The following data shows the time it took for packages of different weights to arrive in the post: 


Weight, kilograms (x) | 0.5 1.1 1.7 25 18 
Time, days (y) | 4 3 3 2 4 


a. Determine the equation of the regression line for this data. 

b. Use technology to draw the scatter plot for this data. Explain whether there is a correlation. Determine 
the type, direction and strength of the correlation. 

c. There is an outlier in this data. Remove the outlier and determine the new regression line. 

d. Use technology to draw the scatter plot for the data with the outlier removed. Explain whether there is a 
correlation; if so, describe the type, direction and strength. 

e. Explain which regression line more accurately represents the data. 


Problem solving 
14. At the school athletics carnival Mr. Wall was in charge of recording the student year levels and jump heights 


for the winning jumps. 


Year level (x) 7 8 9 10 11 12 
| Winning jump height, cm (y) 110 122 126 130 139 


Mr Wall knows the regression line for this data is y= 4.91x + 79.3. Calculate the missing jump height. 


15. Use the following data to answer these questions: 


1 2 3 4 
3 5 9 11 


x 


y 


a. Determine the equation of the regression line for this data. 

b. Determine what happens to the equation of the regression line if you double all the y values. 

c. Determine the number that could be added to each y-value in the original data so that the regression line 
becomes y = 2.8x +5. Show your working. 


16. Answer the folllowing questions with full working. 


a. Determine four data points that give a regression line equation of y = 8x + 3. 
b. Now determine four different data points that still give a regression line equation of y= 8x +3. 
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13.5 Time series 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e describe time series data using trends and patterns 
e draw lines of best fit by eye and use it to make predictions for a time series 


@® 13.5.1 Describing time series 


ee Time series are a type of bivariate data with time as the explanatory variable. In other words, time series 
show time on the x-axis. 
e To describe time series data use trends and patterns. 
e Time series trends can be: 
e increasing or decreasing 
e linear or non-linear. 


Increasing linear time series Decreasing non-linear time series 
An upwards slope from left to right with A downwards slope from left to right with data that is not 
data that is approximately a straight line. a straight line. 
A yA 
33.0 re 150 
ey 325 3 
32.0 2 100 
6. =) 
— 315 +—+ Ps 
 310+———+ a & 50 
: a 
30.5 ‘| 
30.0 > ' 
012345678 9 10* 0 2 4 6 8 10 12 14 16 * 
Time (hours) Time (days) 


e Time series patterns can be: 
« seasonal 
¢ cyclical 
e random. 


Seasonal | The pattern repeats over a period 
of time such as a day, week, month 
or year. 


Houses sold 


Qi Qs Q3 Qy Q: Qo Q; Q4.Q; Qo Q; Qu” 
2003 2004 2005 
Time 


(continued) 
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Cyclical | Rises and falls happen over 
different periods of time. 400- | No regular periods between peaks 
350 }« - 
- 
£ & 
C= 
a's 
=I 
Qa 
6 a a a em a me nr a a ae Fr 
Qi Qo Q3 Qy Qi Qs. Q3 Qu Qi Qo Q3 Qu 
2003 2004 2005 
Time 
Random | No regular pattern and caused by 
unpredictable events. 20 | 
= 26 
i) 
& 22 
14 i a a a 
02 4 6 8 101214 16* 
Time 


WORKED EXAMPLE 10 Classifying the time series trend 


Classify the trend suggested by the time series graph shown as being linear or non-linear, and 


upward, downward or no trend. 


Data , 


THINK 

Carefully analyse the given graph and 
comment on whether the graph resembles 
a straight line or not and whether the 
values of y increase or decrease over time. 


Time 


WRITE 

The time series graph does not resemble a straight 
line and overall the level of the variable, y, decreases 
over time. The time series graph suggests a non-linear 
downward trend. 


WORKED EXAMPLE 11 Commenting on the time series trend 


The data below show the average daily mass of a person (to the nearest 100 g), recorded over the 


28-day period. 


63.6, 63.8, 63.5, 63.7, 63.2, 63.0, 62.8, 63.3, 63.1, 62.7, 62.6, 62.5, 62.9, 63.0, 
63.1, 62.9, 62.6, 62.8, 63.0, 62.6, 62.5, 62.1, 61.8, 62.2, 62.0, 61.7, 61.5, 61.2 


a. Plot these masses as a time series graph. 
b. Comment on the trend. 
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THINK WRITE/DRAW 


a. 1. Draw the points on a scatterplot with time on a. yA 
the horizontal axis and mass on the vertical 64.0 
axis. 63.87 

2. Join the points with straight line segments to ete 
create a time series plot. its 
O25 
63.05 
ep 62.85 
= 62.6- 
2 62.44 
= 62.24 
62.05 
61.85 
61.65 
61.47 
61.25 
61.05 

La 6 8 10 12 14 16 18 20 22 24 26 28 * 

Time (days) 

b. Carefully analyse the given graph and b. The graph resembles a straight line that slopes 
comment on whether the graph resembles a downwards from left to right (that is, mass 
straight line or not and whether the values decreases with increase in time). Although a 
of y (in this case, mass) increase or decrease person’s mass fluctuates daily, the time series 
over time. graph suggests a downward trend. That is, 


overall, the person’s mass has decreased over 
the 28-day period. 


® 13.5.2 Time series lines of best fit by eye 
en It is possible to draw lines of best fit by eye for time series (see subtopic 13.3). 


e Lines of best fit can be used to make predictions. 
¢ For interpolations, the predictions are reliable. 
e For extrapolations, the predictions are not very reliable since there is an assumption that the trend 
will continue. 


WORKED EXAMPLE 12 Making predictions using a line of best fit 


The graph at right shows the average cost of yA 
renting a one-bedroom flat, as recorded over a 300-| 
10-year period. els 
a. If appropriate, draw in a line of best fit and a 260- 
comment on the type of the trend. = oa 
b. Assuming that the current trend will continue, be anne 
use the line of best fit to predict the cost of rent § 130- 
in 5 years’ time. 160- 
oa 
oi 5 10 15% 
Time (years) 
> 
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THINK WRITE/DRAW 


a. 1. Analyse the graph and observe what a. yh 
occurs over a period of time. Draw a 300 
line of best fit. 280 


Cost of rent ($) 


ewVwnbv WV 
N 
i=) 


= 
lon 
Oo 


oS 
S 


—V 


10 is 
Time (years) 
2. Comment on the type of trend The graph illustrates that the cost of rent 
observed. increases steadily over the years. The time 
series graph indicates an upward linear trend. 


p 
Nn 


b. 1. Extend the line of best fit drawn in b. aut A 
part a. The last entry corresponds to 
3 280 
the 10th year and we need to predict F 60 - 
the cost of rent in 5 years’ time; that r= 240 | 
ae 2 
is, in the 15th year. % 220 / 
2. Locate the 15th year on the time 2 200 
axis and draw a vertical line until it © 180 | 
meets with the line of best fit. From 160 
the trend line (line of best fit) draw a IDE a 
: . . > 
horizontal line to the cost axis. om L A ee 
Time (years) 
3. Read the cost from the vertical axis. Cost of rent = $260 
4. Write the answer. Assuming that the cost of rent will continue to 


increase at the present rate, in 5 years we can 
expect the cost of rent to reach $260 per week. 


DISCUSSION 


Why are predictions in the future appropriate for time series even though they involve extrapolation? 


ion) Resources 


fis) 
[4 eWorkbook Topic 13 Workbook (worksheets, code puzzle and project) (ewbk-2039) 


‘C) Video eLesson Fluctuations and cycles (eles-0181) 


a Interactivity Individual pathway interactivity: Time series (int-4628) 
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Exercise 13.5 Time series learn@) 


Individual pathways 


Mm PRACTISE lm CONSOLIDATE @ MASTER 
1, 4, 8, 11 2,5, 7,9, 12 3, 6, 10, 13 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. EK For questions 1 and 2, classify the trend suggested by each time series graph as being linear or 
non-linear, and upward, downward or stationary in the mean (no trend). 


a. Data 4 b. Data 4 
> > 
Time Time 

Cc. Data, d. Data 4 
> > 
Time Time 

2. a Data, b. Data 4 
> > 
Time Time 

Cc. Data, d. Data, 
> > 
Time Time 


3, EEE The data below show the average daily temperatures recorded in June. 


17.6, 17.4, 18.0, 17.2, 17.5, 16.9, 16.3, 17.1, 16.9, 16.2, 16.0, 16.6, 16.1, 15.4, 15.1, 
15.5, 16.0, 16.0, 15.4, 15.2, 15.0, 15.5, 15.1, 14.8, 15.3, 14.9, 14.6, 14.4, 15.0, 14.2 


a. Plot these temperatures as a time series graph. 
b. Comment on the trend. 
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Understanding 


4. The data below show the quarterly sales (in thousands of dollars) recorded by the 
owner of a sheepskin product store over a period of 4 years. 


Quarter 2006 2007 2008 2009 
1 57 59 50 52 
2 100 102 98 100 
3 125 127 120 124 
4 74 70 72 73 


a. Plot the time series. 

b. The time series plot displays seasonal fluctuations of period 4 (since there are four quarters). Explain in 
your own words what this means. Also write one or two possible reasons for the occurrence of 
these fluctuations. 

c. Determine if the time series plot indicate upward, downward or no trend. 


5. The table below shows the total monthly revenue (in thousands of dollars) obtained by the owners of a large 
reception hall. The revenue comes from rent and catering for various functions over a period of 3 years. 


Jan. | Feb. | Mar. | Apr. | May | June | July | Aug. | Sept. | Oct. | Nov. | Dec. 
2007 60 65 40 45 40 50 45 50 55 50 55 70 
2008 70 65 60 65 55 60 60 65 70 75 80 85 


2009 | 80 70 65 70 60 65 70 75 80 85 90 100 


. Construct a time series plot for this data. 

. Describe the graph (peaks and troughs, long-term trend, any other patterns). 

. Suggest possible reasons for monthly fluctuations. 

. Explain if the graph shows seasonal fluctuations over 12 months. Discuss any patterns that repeat from 
year to year. 


aqQQqo oa © 


6. The owner of a motel and caravan park in a small town keeps records of the total number of rooms and total 
number of camp sites occupied per month. The time series plots based on his records are shown below. 


|— Camp sites 


— Motel rooms 


Number of rooms/sites occupied 


Jan. Apr. Aug. Dec. 
Month 


a. Describe each graph, discussing general trend, peaks and troughs and so on. Explain particular features 
of the graphs and give possible reasons. 

b. Compare the two graphs and write a short paragraph commenting on any similarities and differences 
between them. 


868 Jacaranda Maths Quest 10 + 10A 


7. HGH The graph shows enrolments in the Health and Nutrition A 
course at a local college over a 10-year period. 


110 


a. If appropriate, draw in a line of best fit and comment on the 
type of the trend. 
b. Assuming that the trend will continue, use the line of best fit to 


= 
predict the enrolment for the course in 5 years’ time; thatis,in  _£ 
the 15th year. E 
cs 
012345678910 
Time (years) 
Reasoning 


8. In June a new childcare centre was opened. The number of children attending full time (according to the 
enrolment at the beginning of each month) during the first year of operation is shown in the table. 


Apr. 
12 


May 
14 


June | July | Aug. | Sept. | Oct. | Nov. | Dec. | Jan. | Feb. | Mar. 
6 | 8 | 7 [| 9 [| 10 9 | 122 | 0 | 1 [ 13 


. Plot this time series (Hint: Let June = 1, July = 2 etc.) 

. Justify if the childcare business is going well. 

. Draw a line of best fit. 

. Use your line of best fit to predict the enrolment in the centre during the second year of operation at the 
beginning of: 


aoa ® 


i. August 
ii. January. 
e. State any assumptions that you have made. 


9. The graph shows the monthly sales of a certain book since its publication. Explain in your own words why 
linear trend forecasting of the future sales of this book is not appropriate. 


Sales 4 


> 
Time 


10. In the world of investing this phrase is commonly used when talking about investments: 
“Past performance is not an indicator of future returns.” 


a. Explain what this phrase means. 
b. Explain why this phrase is true using the term extrapolation. 
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Problem solving 


11. In Science class Melita boiled some water and then recorded the temperature of the water over ten minutes. 
These are her results: 


Time (minutes) 0 1.5 3 
Temperature (°C) 100 95 88 


4.5 6 75 10 
74 65 60 52 


a. Melita wants to convert the time from minutes into seconds. She starts by converting 1.5 minutes to 
150 seconds. Explain what she did wrong and find the correct number in seconds. 

. Copy and complete the table, changing the time in minutes to time in seconds. 

. Draw a scatter plot using seconds as the time scale. 

. Draw a line of best fit and use it to predict the time, in seconds, when the water will reach 20°C. 

. Convert your answer from part e back to minutes. 


oaoa t 


12. The table below gives the quarterly sales figures for a second-hand car dealer over a three-year period. 


Year Ql Q2 Q3 Q4 
2012 75 65 92 99 
2013 91 719 115 114 
2014 93 85 136 118 


a. Represent this data on a time series plot. 
b. Briefly describe how the car sales have altered over the time period. 
c. Discuss if it appears that the car dealer can sell more cars in a particular period each year. 


13. Jasper owns an ice-cream truck. 
e In summer 2020/21 he sold 1536 ice-creams. 
e In Autumn 2021 he sold one-quarter of that number. 
e In Winter 2021 he sold one-eighth of that number 
e In Spring 2021 he sold one-third of that number 
e From Summer 2021/22 until Spring 2022 his sales doubled from the season in the previous year. 


a. Represent his sales from Summer 2020/21 to Spring 2022 on a scatter plot. 
b. Describe the trend and the patterns in the data. 
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13.6 Review 
13.6.1 Topic summary 


BIVARIATE DATA 


Properties of bivariate data Representing the data Correlations from scatter plots 
¢ Bivariate data can be displayed, ¢ Scatter plots can be created 
analysed and used to make predictions. by hand or using technology 
¢ Types of variables: (CAS or Excel). 
e Explanatory (experimental or ¢ The explanatory variable is 
independent variable): not placed on the x-axis and the 
impacted by the other variable. response variable on the y-axis. 
° Response (dependent variable): 
impacted by the other variable. Response data on y-axis 


YA ] q+] 
siesta (sl (Gz Se Js a 
_____ Data points plotted _ 


Time series scatter plots 


« A specific type of bivariate data where 
time is the explanatory variable. 

¢ Describe time series by: 
° trends eiitl 
* patterns. ee ee Explanatory data on x-axis 

¢ Time series patterns can be: F ee 


° seasonal Se ee Pe 
seas Time spent on phone per day (hours) 
* cyclical 


* random. 


rls kay Aime | ee Fe ee 


Average student marks (%) 


Line of best fit Interpolation and extrapolation 


012345678910 


| Cycle peaks every 12 months = 
124 aaa nn (el al Ol 
10 


a | L 


Houses sold 
a 
f 


Predictions 
7 oe made within =E ri 
J. the datamse: —}— |__| | 
| Predictions 

| made outside — 
| the datause 
extrapolation. 


Ly A 
mT] 


4— 


1-4 ; a 
Q1QQ3Q4Q1 Q2Q3Q4Qi Q2Q3Qu! 
2003 2004 2005 


7 tt 
No regular periods between peaks_ 


"7 


< >\« > 


ses 


FeENNW 


Average student marks (%) 


of8s 
| 
| 


Software products sold 


Hae 
a 
|| 
T 


wj—_}—_|—_ ee 


Time spent on phone per day (hours) 


Average student marks (%) 


Profits 
Nn 
nN 


i) 
v4 
a 
a4 
oo 4 
= 
i) 
= 
Ba 
= 
ree 
— 
Ee 
— 
oOo 
rn 
S 
Nu 
i 
Pp 4 
a 


Time spent on phone per day (hours) 
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13.6.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic | Success criteria 


13.2 | can recognise the explanatory and response variables in bivariate data. 


| can represent bivariate data using a scatter plot. 


| can describe the correlation between two variables in a bivariate data set. 


| can draw conclusions about the correlation between two variables in a 
bivariate data set. 


13.3 | can draw a line of best fit by eye. 


| can determine the equation of the line of best fit. 


| can use the line of best fit to make predictions. 


| can identify if a prediction is interpolation or extrapolation. 


13.4 | can display a scatter plot using technology. 


| can determine the equation of the regression line using technology. 


| can display a scatter plot with its regression line using technology. 


| can use a regression line to make predictions. 


13.5 | can describe time series data using trends and patterns. 


| can draw a line of best fit by eye and use it to make predictions for a 
time series. 


13.6.3 Project 


Collecting, recording and analysing data over time 


A time series is a sequence of measurements taken at regular intervals (daily, 
weekly, monthly and so on) over a certain period of time. Time series are 
best represented using time-series plots, which are line graphs with the time 
plotted on the horizontal axis. 


Examples of time series include daily temperature, monthly unemployment 
rates and daily share prices. 
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When data are recorded on a regular basis, the value of the variable may go up and down in what seems 
to be an erratic pattern. These are called fluctuations. However, over a long period of time, the time series 
usually suggests a certain trend. These trends can be classified as being linear or non-linear, and upward, 
downward or stationary (no trend). 


Time series are often used for forecasting, that is, making predictions about the future. The predictions 

made with the help of time series are always based on the assumption that the observed trend will continue 

in the future. 

1. Choose a subject that is of interest to you and that can be observed and measured during one day or over 
the period of a week or more. (Suitable subjects are shown in the list below.) 

2. Prepare a table for recording your results. Select appropriate regular time intervals. An example is 
shown below. 


Time 8am | 9am | 10am | llam | 12pm| lpm | 2pm | 3pm | 4pm | 5pm 
Pulse rate 


Take your measurements at the selected time intervals and record them in the table. 

Use your data to plot the time series. You can use software such as Excel or draw the scatterplot by hand. 
Describe the graph and comment on its trend. 

If appropriate, draw a line of best fit and predict the next few data values. 

Take the actual measurements during the hours you have made predictions for. Compare the predictions 
with the actual measurements. Were your predictions good? Give reasons. 


a! GD gS 


Here are some suitable subjects for data observation and recording: 
e minimum and maximum temperatures each day for 2 weeks (use the TV news or online data as 
resources) 
e the value of a stock on the share market (e.g. Telstra, Wesfarmers and Rio Tinto) 
e your pulse over 12 hours (ask your teacher how to do this or check on the internet) 
e the value of sales each day at the school canteen 
e the number of students absent each day 
e the position of a song in the Top 40 over a number of weeks 
e petrol prices each day for 2 weeks 
e other measurements (check with your teacher) 
e world population statistics over time. 


ion) Resources 


a) 
[v4 eWorkbook _ Topic 13 Workbook (worksheets, code puzzle and project) (ewbk-2039) 


B Interactivities Crossword (int-2887) 
Sudoku puzzle (int-3600) 
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Exercise 13.6 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. As preparation for a Mathematics test, a group of 20 students was given a revision sheet containing 60 
questions. The table below shows the number of questions from the revision sheet successfully 
completed by each student and the mark, out of 100, of that student on the test. 


Number of questions 


Test result 


Number of questions 


Test result 


a. State which is the response variable and which is the explanatory variable. 

b. Construct a scatterplot of the data. 

c. State the type of correlation between the two variables suggested by the scatterplot and draw a 
corresponding conclusion. 

d. Suggest why the relationship is not perfectly linear. 


2. Use the line of best fit shown on the graph to answer the following yp 
questions. 50 
a. Predict the value of y, when the value of x is: 45 
i. 10 ii. 35. is A 
b. Predict the value of x, when the value of y is: = | 
i. 15 ii, 30. 25 § 
c. Determine the equation of a line of best fit if it is known that it passes 49 
through the points (5,5) and (20, 27). 15 dy Alle 
d. Use the equation of the line to algebraically verify the values 104 -0f, 
obtained from the graph in parts a and b. 5 
0 fc 
5 10 15 20 25 30 35 40 
3. The graph shows the number of occupants of a 
large nursing home over the last 14 years. 130 
a. Comment on the type of trend displayed. ge 28 
b. Explain why it is appropriate to draw in a line eae 
= 100 
of best fit. 9 
c. Draw a line of best fit and use it to predict the oe oi 
number of occupants in the nursing home in 3 3 10 
years time. E 60 
d. State the assumption that have been made when 4 50 
predicting figures for part c. 40 
— 


Time (Year) 
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4. The table below shows the advertised sale price ($’000) and the land size (m?) for ten vacant blocks of 
land. 


Land size (m7) Sale price ($'000) 
632 36 
1560 58 
800 40 
1190 44 
770 41 
1250 52 
1090 43 
1780 75 
1740 72 
920 43 


a. Construct a scatterplot and determine the equation of the line of best fit. 

b. State what the gradient represents. 

c. Using the line of best fit, predict the approximate sale price, to the nearest thousand dollars for a 
block of land with an area of 1600 m?. 

d. Using the line of best fit, predict the approximate land size, to the nearest 10 square metres, you 
could purchase with $50 000. 


5. The table below shows, for fifteen students, the amount of pocket money they receive and spend at the 
school canteen in an average week. 


Pocket money ($) Canteen spending ($) 
30 16 
40 17 
15 12 
25 14 
40 16 
15 14 
30 16 
30 17 
25 15 
15 13 
50 19 
20 14 
35 17 
20 15 
10 13 


a. Construct a scatterplot and determine the equation of the line of best fit. 

b. State what the gradient represents. 

c. Using your line of best fit, predict the amount of money spent at the canteen for a student receiving 
$45 pocket money a week. 

d. Using your line of best fit, predict the amount of money spent at the canteen by a student who 
receives $100 pocket money each week. Explain if this seems reasonable. 
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6. The table below shows, for 10 ballet students, the number of hours a week spent training and the 
number of pirouettes in a row they can complete. 


Training (hours) 11 11 2 8 4 
Number of pirouettes 15 | 13 3 12 | 7 

a. Construct a scatterplot and determine the 

equation of the line of best fit. 

. State what the gradient represents. 

Using your line of best fit, predict the 

number of pirouettes that could be 

completed if a student undertakes 

14 hours of training. 

d. Professional ballet dancers may undertake 
up to 30 hours of training a week. Using 
your line best fit, predict the number of 
pirouettes they should be able to do in a 
row. Comment on your findings. 


16 | 11 | 16 | 5 
17 | 13 | 16] 8 


os 


Age in years (x) 19 | 17 | 10 | 20 | 15 


Hours of television 


watched in a week (y) 67 | 59 | 25 | 70 | 58 


a. Use technology to determine the equation of the line of best fit for the following data. 
b. Use technology to predict the value of the number of hours of television watched by a person 
aged 15. 


Problem solving 


8. Describe the trends present in the following time series data that shows the mean monthly daily hours 
of sunshine in Melbourne from January to December. 


Month 1 2 3 4 5 6 7 8 9 10 | 11 | 12 
DEVMAOUeKN ei 8.7 | 8.0 | 7.5 | 64 ) 48 | 40) 45 | 5.5 | 6.3 | 7.3 |) 7.5 | 8.3 


9. The existence of the following situations is often considered an obstacle to making estimates from data. 
a. Outlier. 
b. Extrapolation. 
c. Small range of data. 
d. Small number of data points. 
Explain why each of these situations is considered an obstacle to making estimates of data and how 
each might be overcome. 
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10. The table shows the heights of 10 students and the distances along the ground between their feet as they 
attempt to do the splits. 


Height (cm) Distance stretched (cm) 


134.5 150 
156 160 
133.5 147 
145 160 
160 162 
135 149 
163 163 
138 149 
152 158 
159 160 


Using the data, estimate the distance a person 1.8 m tall can achieve when attempting the splits. Write a 


detailed analysis of your result. Include: 

an explanation of the method(s) used 

any plots or formula generated 

comments on validity of the estimate 

any ways the validity of the estimate could be improved. 


To test your understanding and knowledge of this topic, go to your learnON title at 


www.jacplus.com.au and complete the post-test. 
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Online Resources (35) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


oo 
[4 Teacher resources 


Download the workbook for this topic, which includes There are many resources available exclusively for teachers 
worksheets, a code puzzle and a project (ewbk-2039) [] online. 

| 

[4 


Download a copy of the fully worked solutions to every 
question in this topic (sol-0747) 


O 


| 


13.2 SKkilISHEET Substitution into a linear rule (doc-5405) 
SKilISHEET Solving linear equations that arise when 
finding x- and y-intercepts (doc-5406) 

SKilISHEET Transposing linear equations to standard 
form (doc-5407) 

SkilISHEET Measuring the rise and the run (doc-5408) 
SKilISHEET Determining the gradient given two points 
(doc-5409) 

SKilISHEET Graphing linear equations using the x- and 
y-intercept method (doc-5410) 

SKilISHEET Determining independent and dependent 
variables (doc-541 1) 

SkilISHEET Determining the type of relationship 
(doc-5418) 


Te ee 0 FF] 


13.3 Bivariate data (eles-4965) 

Correlation (eles-4966) 

Drawing conclusions from correlation (eles-4967) 
13.4 Lines of best fit by eye (eles-4968) 

Predictions using lines of best fit (eles-4969) 
13.5 Scatter plots using technology (eles-4970) 

Regression lines using technology (eles-497 1) 

Using regression lines to make predictions (eles-497 2) 
13.6 Describing time series (eles-4973) 

Time series lines of best fit by eye (eles-4974) 

Fluctuations and cycles (eles-0181) 


OOOOOOUOUOOOO 


13.2 Individual pathway interactivity: Bivariate data 
(int-4626) 
13.3 Individual pathway interactivity: Lines of best 
fit (int-4627) 
Lines of best fit (int-6180) 
Interpolation and extrapolation (int-6181) 
13.5 Individual pathway interactivity: Time series (int-4628) 
13.6 Crossword (int-2887) 
Sudoku puzzle (int-3600) 


OOOOOO ou 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 


YA rie ey 
4.6 ° 
: Saeed 4.4 
Topic 13 Bivariate data ce ° 
Exercise 13.1 Pre-test 4.0 ° 
4.B 3.8 
3.6 
2.C = 34 | 
3. Explanatory variable S 3.2 | 
4.a. B b. C c A E 30 t 
5.D 2 28 
. 26 
2.4 o 
7. Interpolation 02 e 
; le 2.0 
8. The gradient of the line is —. ; 
11 1.8 4——-e— ——— 
9. Explanatory variable 1.6 icane SS 
10. Independent variable eA | a 
ies 0°30 40 50 60 70 80 90100110120" 
12,°C Number of guests 
13. x= 6 . a. Perfectly linear, positive 
14. a. See figure at the bottom of the page.* b. No correlation 
b. The number of COVID-19 cases started nising 10 March c. Non-linear, negative, moderate 
and peaked in April, then started to decline until June. ee : 
: p : d. Strong, positive, linear 
There was an increase in cases in July and the cases ; 
reached peak again in August. Cases then started to e. No correlation 
decline again until December. . a. Non-linear, positive, strong 
15.a. y= 14 b. x= 12-5 b. Strong, negative, negative 
c. Non-linear, moderate, negative 
Exercise 13.2 Bivariate data d. Weak, negative, linear 
1. Ss eee Rene e. Non-linear, moderate, positive 
E us Le . a. Positive, moderate, linear 
a. | Number of hours Test results : : 
b. | Rainfall ree b. Non-linear, strong, negative 
. ain endance 
c. Strong, negative, linear 
c. | Hours in gym Visits to the doctor a sa . 
d. Weak, positive, linear 
d. | Lengths of essay Nenoy ey e. Non-linear, moderate, positive 
2 Explanatory Response 
a. | Cost of care Attendance 
b. | Age of property Cost of property 
c. | Number of applicants Cut-off OP score 
d. | Running speed Heart rate 
*14. a. yp 
” 400 
2 350 
8 
2 300 
3 250 
3 200 
S 100 
Z | 
50 | 
0 Ss Xs $ ib od fe 
> S ~ > S g g g g 
e y wd S Sy sS RS) RS) 
Rs we oe . ® & S$ 
¥ = 
Month 
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12 e 100 e 
ul 90 
x e 
= 104 we 80 
39 ‘2 70 ° 
I 
% 8 ° S$ 60 .? 
a 7 = 50 
% 3 : 
5 6 ® = 40 2 
+ 5 30 
3 4 e e 20 $ 
3 e 10 
2 ee >, 
1 ar ey eas 6 7 8S 10 
ral Number of questions completed 
0°30 35 40 45 50 55 60 65 70 75 80> b. Strong, positive, linear correlation 
; fae) : c. Various answers; some students are of different ability 
b. Negative, linear, moderate. The price of the bag levels and they may have attempted the questions but had 
appeared to affect the numbers sold; that is, the more incorrect answers. 
expensive the bag, the fewer sold. 
10.a | y n 
8. a. yp E 65-¢ 
420 Bstlee 
400 & 41 @@ 0 —@ 
So 
380 iy 3 eee 
360 + ps eee e 
aa 340 5 1 ee oe 
= 320 6 ha i ea 
m 300 5 10 15 20 25 30 35 40 
> 280 Number of lessons 
eo 
= 260 b. Weak, negative, linear relation 
240 c. Various answers; some drivers are better than others, live 
220 in lower traffic areas, traffic conditions etc. 
200 11.B 
180 ; 
140 13. D 
ESS eree 14. a. See figure at the bottom of the page.* 
Number of bedrooms b. This scatterplot does not support the claim. 
b. Moderate positive linear correlation. There is evidence to 16,2, T 6 F eT dB eT 
show that the larger the number of bedrooms, the higher 16. a. Mandy (iii) b. William (iv) c. Charlotte (viii) 
the price of the house. d. Dario (vii) e. Edward (vi) f. Cindy (v) 
c. Various answers; location, age, number of people g. Georgina (i) h. Harrison (ii) 
interested in the house, and so on. 
*14. a. yp 
12 
, 10 
a 
I 
= 8 
a eH 
S 6 eD- 
by] 
2 
E 4 
Be 
2 
Fe 
2% 
0 2 4 6 8 10 12 14 16 18 20 22 24 26 
Number of kicks 
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Exercise 13.3 Lines of best fit by eye 


Note: Answers may vary slightly depending on the line of best 
fit drawn. 


ts 


29 5 p 


Ph 
14 


13 


_ 
N 
e 


Petrol used (L) 


on 
FNYNwWEUADNAN DOO CK 


| 
10 20 30 40 50 60 70 80 90100 
Distance travelled (km) 


oO 


16 


5 
. Using, (23, 3) and (56, 8), the equation is P= —d—-— —. 


33 33 


. 38 b. 18 


i. 510 
i. 36.5 
y= —13x +595 


ii. 315 
ii. 26 


ii. 125 
iii. 8 


. y-values (a): 


i. 594 
ii. 309 
iii. 127 
x-values (b): 
i. 36.54 
ii. 25.55 
iii. 5.86 

Ej 
140 
130 
120 
110 
100 
90 
80 
70 
60 
50 


Earnings ($) 


—_ 


0 24.6 8 1012141618” 


Hours worked 


b. Using (8, 47) and (12, 74), the equation is E = 6.75h — 7. 
c. On average, students were paid $6.75 per hour. 


2 op 


m Oo 2 


8. a. D 


. i $206.25 


165 
160 ® 
155 
150 
145 
140 
135 
130 
125 e 
120 
115 
110 
105 
100 
95 
90 
85 
80 
715 
70 e 


65 > 
O23) 45 6 
Number of people 


Cost of food ($) 


. Using (1, 75) and (5, 150), the equation is 


C= 18.75n + 56.25 


. On average, weekly cost of food increases by $18.75 for 


every extra person. 
ii. $225.00 iii. $243.75 


35 to 90 


. 30 to 105 


Mass (kg) 


104-® 


4 > 
30 31 32 33 34 35 36 37 38 39 40 ¢ 
Time (weeks) 


Positive, strong, linear correlation 
Using (32, 1.470) and (35, 2.230), M = 0.25t — 6.5. 


With every week of gestation the mass of the baby 
increases by approximately. 250 g. 


3.75 kg; 4kg 

Approximately 1 kg 
Between 35 and 36 weeks 

b. C 
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10. a. M 


Mass (g) 


FPNYNwWwWkEUADANA OO 


oO 
av 


123 45 67 8 9 1011 12 13 1415 16 
Day 


b. Using (2, 3.7) and (10, 11.2), M= 0.88d + 1.94. 


c. Each day Rachel’s crystal gains 0.88 g in mass. Line of 
best fit appears appropriate. 


d. 7.22 g; 8.10g; 13.38 g and 14.26 g; interpolation (within 
the given range of 1-16) 


e. 16.9 g and 17.78 g; predictions are not reliable, since 
they were obtained using extrapolation. 


ii.a. See figure at the bottom of the page.* 
b. L=1.07n + 18.9 
c. 24.25 cm; 26.39 cm; 28.53 cm; 30.67 cm; 31.74 cm; 
34.95 cm; 36.02 cm; 38.16cm; 39.23 cm 
d. Interpolation (within the given range of 1-20) 
e. 41.37 cm; 42.44 cm; 43.51 cm 
f. Not reliable, because extrapolation has been used. 


12. 


gt 
ot e 
2 7 $_? 
g e hd 
2 6 e? 
=; e 
= ° 
Bs i 
— 
a3 
1 
> 
0 1 7 8 9 1011 12 13 14 15 16 17 18 19 20 
Age 
A 
8 
$7 
=e 
ote) 
a 
g4 
a a 
22 
1 
oo = 
1 7 8 9 1011 12 13 14 15 16 17 18 19 20 
Age 
By 
8 
é7 
ae 
ee) 
a 
B4 
eee 
ei 
1 
a > 
1 7 8 9 1011 12 13 14 15 16 17 18 19 20% 
Age 


. Yes. Using points (9, 4.85) and (16, 7.24), 


B=0.34a + 1.8; estimated best jump = 8.6 m. 


. No, trends work well over the short term but in the long 


term are affected by other variables. 


*AAsas Lh 


40 
39 


38 
37 


36 e 


35 
34 


33 
32 e 


31 
30 e 


29 
28 


Length (cm) 


27 


26 


25 e 


24 


23 


22: 
21 e 


20 
19 


> 


0123 45 67 8 9 1011 12 13 1415 1617 18 19 20” 


Week 
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g- 
13. No. He would have to get 108% which would be impossible 


24 years old: 9.97 m; 28 years old: 11.33 m. It is 
unrealistic to expect his jumping distance to increase 
indefinitely. 


Equal first. 


on a test. 


Exercise 13.4 Linear regression using 
technology (10A) 


Ae 


Sample responses can be found in the worked solutions in 
the online resources. 


. Sample responses can be found in the worked solutions in 


the online resources. 


» a. 
c. 


- a. 


$174 b. $418 
a. Reliable, but b. not reliable. 


Sample responses can be found in the worked solutions 
in the online resources. 


. Sample responses can be found in the worked solutions 


in the online resources. 


. 3.8. hours d. 2.5 hours 
. c. not reliable, d. reliable 


. Sample responses can be found in the worked solutions 


in the online resources. 


. Sample responses can be found in the worked solutions 


in the online resources. 


. 26kg d. 19kg 
. c. not reliable, d. reliable 
- y=0.553x4+ 31 b. 72.4°C 


c. Not possible. Extrapolation not reliable. 


. y=0.55x + 5.3 b. 14 
. No because no connection. 


. Sample responses can be found in the worked solutions 


in the online resources. 


b. Yard size explanatory, price response 


. y=0.173x + 49.1 d. $50 


10. 
11. 


12. 


13. 


14. 


15, 


16. 


. Yousef: y = 39x + 1, Gavin: y = 37x + 1 

. Yousef 39, Gavin 37 

Time to eat each apple. 

Gavin 

y=—0.094x+ 3.35 b. y= —0.24x+ 5.58 


. Sample responses can be found in the worked solutions 
in the online resources. 


- y=0.0508x + 2.96 
. No correlation 
. y= —0.913x + 4.32 


. Correlation is linear, negative and moderate/strong. 


92 295 o> 


oaoaon%»nr 


. Regression line from part c. 

128 cm 

a. y=2.8x b. Gradient doubles. 

c. Add 5 

a. Sample responses can be found in the worked solutions 
in the online resources. 


b. Sample responses can be found in the worked solutions 
in the online resources. 


Exercise 13.5 Time series 


1 


. a. Linear, downward 

b. Non-linear, upward 
Non-linear, stationary in the mean 
Linear, upward 
Non-linear, downward 
Non-linear, downward 
Non-linear, downward 
Linear, upward 


See figure at the bottom of the page.* 


Sepaosrs 2 9 


Linear downward trend 


*3. a: 


May temperature 


XA 
18.0 


17.8 


17.6 t 
17.4 


17.2 


17.0 
16.8 


16.6 


16.4 fi 
16.2 | 


16.0 


15.8 


Temperature (°C) 


15.6 


15.4 


15.2 
15.0 ! 


14.8 
14.6 


14.4 


14.2 
14.0 


Day 


1 
012 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 * 


> 
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4.a Yp 7. a. yp 
130 120 ~ 
125 110 
120 100 
115 90 
110 = 80 
105 E 70 
= 100 £ 60 
S ¢ 
=I 95 = 50 
x 90 40 
8 85 30 
A 80 20 
75 10 
70 6 > 
65 1234567 8 9 10111213 1415% 
60- Week 
55-4 Upward linear. 
50 Cae b. In the 15th year the expected amount = 122. 
0 ™ 8a ri 
12341234123 4241234 14 
2006 2007 2008 2009 a2 
Quarter year = 2 
b. Sheepskin products more popular in the third quarter = 11 
(presumably winter) — discount sales, increase in sales, = 10 
and so on. 3 9 
c. No trend. E 87a, 
5. a. See figure at the bottom of the page.* as 
b. General upward trend with peaks around December and : si 
troughs around April. 5 
; FSS Posie. Pw Gs 
c. Peaks around Christmas where people have lots of Sey oS eS wy 
parties, troughs around April where weather gets colder Time (month) 
and people less inclined to go out. b. Yes, the graph shows an upward trend. 
d. Yes. Peaks in December, troughs in April. 4 45 
6. a. Peaks around Christmas holidays and a minor peak at ae a 7” a 7 
Easter. No camping in colder months. da 15 ii. 18 
b. Sample responses can be found in the worked solutions : : F : 
i é e. The assumption made was that business will continue on 
in the online resources. 2 
a linear upward trend. 
9. The trend is non-linear, therefore unable to forecast 
future sales. 
*5. a. Yp 
100 
90 
Ss 80 
Se 
= 
= 70 
o 
| 
e 
> 60 
o 
= 
50 
40 
35 > 
012345678 910111212345678 910111212345 678 9 1011 12* 
2007 2008 2009 
Month Year 
884 Jacaranda Maths Quest 10 + 10A 


10. a. Sample responses can be found in the worked solutions 
in the online resources. 
b. Extrapolation is not reliable. 


11. a. 90 seconds 


b. Sample responses can be found in the worked solutions 
in the online resources. 


c. Sample responses can be found in the worked solutions 
in the online resources. 


. Approximately 920 seconds. 
. Approximately 15.3 minutes. 


12. a. See bottom of the page* 


Tr 2 0 a 


. Secondhand car sales per quarter have shown a general 
upward trend but with some major fluctuations. 


5. 


Sample responses can be found in the worked solutions in 
the online resources. Students should describe their graph 
and comment on its trend. 


. Sample responses can be found in the worked solutions in 


the online resources. Students should draw a line of best fit 
and predict the next few data values. 


. Sample responses can be found in the worked solutions 


in the online resources. Students should take the actual 
measurements during the hours they have made predictions 
for and then compare the predictions with the actual 
measurements. Also comment on the accuracy of your 
predictions. 


Exercise 13.6 Review questions 


c. More cars are sold in the third and fourth quarters 1. a. Number of questions: explanatory; 
compared to the first and second quarters. test result: response 
13. a. Sample responses can be found in the worked solutions b. yp 
in the online resources. 100 Co 
ee 66 | kk} 
b. Trend: non-linear, increasing; Pattern: seasonal 3 ® 
80 
Project Fa « 
e 
1. Sample responses can be found in the worked solutions in s . ee 
the online resources. Students could choose any subject a 
ehh 40 é 
given in the list that can be observed and measure for one 30 | 
day or over the period of a week or more. 20 al 
2. Sample responses can be found in the worked solutions in 10 . | 
the online resources. Students need to create a data table >! 
for their recording. Students should use appropriate regular 0” 10 15 20 25 30 35 40 45 50 55 60 ~ 
time intervals. Number of questions 
3. Sample responses can be found in the worked solutions in c. Strong, positive, linear correlation; the larger the number 
the online resources. For a selected subject, student’s need of completed revision questions, the higher the mark on 
to take their measurements at the selected time intervals and the test. 
record them in the table. . Different abilities of the students 
4. Sample responses can be found in the worked solutions in 2.a.i. 12.5 ii, 49 
the online resources. Students could use Excel or CAS to ‘ ve 
: ; b. i. 12 ii, 22.5 
plot the time series. 
Ba 
12. a. Yp 
140 
130 
125 
120 
115 
Zz 
$ 110 
g 105 
5 100 
90 
85 ei 
80 
70 
65 . 
a | a 
0 Ql Q2 BB Q Ql Q2 QB Q4 Ql Q2 Q3. Q4 ‘ 
2012 2013 2012 


Quarter year 
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2 7 
Cc. SS XS = 

Sa 3 
d. i. 12.33 ii. 49 

i. 11.82 ii. 22.05 


. Linear downwards 

. The trend is linear. 

About 60-65 occupants 

. Assumes that the current trend will continue. 


. P=31.82a + 13070.4, where P is the sale price and a is 
the land area. 


S 1 6 (6 oo) 


b. The price of land is approximately $31.82 per 
square metre. 


c. $64000 
d. 1160 m? 


a. C=0.15p + 11.09, where C is the money spent at the 
canteen and p represents the pocket money received. 


b. Students spend 15 cents at the canteen per dollar 
received for pocket money. 

c. $18 

d. $26. This involves extrapolation, which is considered 
unreliable. It does not seem reasonable that, if a student 
receives more money, they will eat more or have to 
purchase more than any other student. 


. a. P=0.91t+ 2.95, where P is the number of pirouettes 
and ¢ is the number of hours of training. 


b. Ballet students can do approximately 0.91 pirouettes for 
each hour of training. 


c. Approximately 15 pirouettes. 


d. Approximately 30 pirouettes. This estimate is based on 
extrapolation, which is considered unreliable. To model 
this data linearly as the number of hours of training 
becomes large is unrealistic. 


~a y=3.31x+ 3.05 
b. Approximately 53 hours. 


. Overall the data appears to be following a seasonal trend, 
with peaks at either end of the year and a trough in 
the middle. 


. a. Outliers can unfairly skew data and as such dramatically 
alter the line of best fit. Identify and remove any outliers 
from the data before determining the line of best fit. 

b. Extrapolation involves making estimates outside the 
data range and this is considered unreliable. When 
extrapolation is required, consider the data and the 
likelihood that the data would remain linear if extended. 
When giving results, make comment on the validity of 
the estimation. 


c. A small range may not give a fair indication if a data 
set shows a strong linear correlation. Try to increase the 
range of the data set by taking more measurements or 
undertaking more research. 


d. A small number of data points may not be able to 
establish with confidence the existence of a strong linear 
correlation. Try to increase the number of data points 
by taking more measurements or undertaking more 
research. 
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10. About 170 cm; data was first plotted as a scatter plot. 


(145, 160) was identified as an outlier and removed from the 
data set. A line of best fit was then fitted to the remaining 
data and its equation determined as d= 0.5h + 80, where 
dis the distance stretched and h is the height. Substitution 
was used to obtain the estimate. 

The estimation requires extrapolation and cannot be 
considered reliable. The presence of the outlier may indicate 
variation in flexibility rather than a strong linear correlation 
between the data. Estimate is based on a small set of data. 
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1 4 Polynomials 


LEARNING SEQUENCE 


14.1 Overview 

14.2 Polynomials 

14.3 Adding, subtracting and multiplying polynomials 
14.4 Long division of polynomials 

14.5 Polynomial values 

14.6 The remainder and factor theorems 

14.7 Factorising polynomials 

14.8 Solving polynomial equations . 

14.9 Review 


14.1 Overview 
Why learn this? 


Just as your knowledge of numbers is learned in stages, so 

too are graphs. You have been building your knowledge of 
graphs and functions over time. First, you encountered linear 
functions. You saw how straight lines are everywhere in 

our daily lives. Then you learned about quadratic functions, 

or parabolas. Again, you saw, in everyday situations, how 
bridges and arches can be based on quadratic or parabolic 
functions. Circles and hyperbolas are other functions that you 
have studied. A polynomial is an algebraic expression with 
integer powers that are greater than or equal to zero, such as 

a parabola. Polynomial functions are represented by smooth 
and continuous curves. They can be used to model situations in 
many different fields, including business, science, architecture, 
design and engineering. An engineer and designer would use 
polynomials to model the curves on a rollercoaster. Economists 
use polynomials to model changes and fluctuations in the 

stock market. Scientists and researchers use polynomials when 
looking at changes in the behaviour of objects in different 
circumstances. Designers and architects incorporate polynomial 
functions in many areas of their designs in buildings and in 
landscaping. This topic introduces the building blocks of 
polynomials. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 


eLessons 


Digital 
documents 


Fully worked 
solutions 
to every 
question 


eWorkbook 
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Exercise 14.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. State the degree of the following polynomials. 
1 
a. 3x7 -—5x+1 b. 2x3 — 4x? + 3x Bo d. 4 


2. E) Choose which of the following is a polynomial. 
3 1 
Age — B. x-2—4/7 C.-24+3yx DD. 6x+—- = Sohal 
PG 


3. If x? ++4x-2=(x+ 1)? +a(x— 1) +5, determine the values of a and b. 


4. GG Select the expanded and simplified expression of (2x) (—3x) (x + 1). 
Aa, Bo. Clo, =o. 5) Give Sta E. 6°41 


5. OG Select the expanded and simplified expression for (1 — 2x) (3 — x) (4x+ 1) (x—5). 


AL Se —66r 41357 — 227 — 15 B. 8x —66r 413527 — 12. — 10 
C. 9x* — 66x2 + 135x2 — 8x— 10 D. 8x° — 66x2 + 135x2 —22x—15 
E 8: —66r + (65x — 227-15 


6. Consider the polynomial —3x° + 2x” + 4x — 1. State: 


a. the degree of the polynomial b. the leading coefficient 
c. the value of the constant term d. the coefficient of x’. 


7. MG Select the simplified expression for (x° + 2x? + 3x + 1) — (2° — 2x7 + 4x—2). 


te ee Bol, 2, — 2 oo ee 
Be ee ee E. 4° —2x+3 


8. Calculate the quotient when x* + 2x? +.x— 1 is divided by x +1. 
9. Determine the remainder when x° — x? + 4x — 3 is divided by x —2. 
10. If P(x) = 3x* — 2x3 + x° —4x4+8, calculate P(—1). 
141. DS if Pox) =x? — x? +x +1, select the value of P(x + 1): 
A. x3 +2x?+5x+4 B. 2x+3 C. x3 +40? +5x4+4 
D. x3 + 3x° +3x41 E. x3 + 2x? +2x+2 


12. When x? — 2x? + bx + 3 is divided by x— 1 the remainder is 4. Calculate the value of b. 


13. GS Select the correct factor for x° — x? —5x—3: 
[\s 58 B. x+1 C.x-1 D.x+3 E.x—-5 


14. EWS Select the factorised from of x? + 4x7 +x —6. 
A G+ G26 43) B. @+1G—2)0—3) GG =1)G4+2)643) 
D. (x— 1l)w—2)(x—- 3) E. (xn—1)(«+2)(x—-3) 


15. Evaluate the correct value of x, for 2x? + 15x? + 19x+6=0. 
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14.2 Polynomials 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e identify polynomial expressions 
e state the degree, leading term and leading coefficient of a polynomial. 


® 14.2.1 Polynomials 


eles-4975 
A polynomial in x, sometimes denoted P(x), is an expression containing only non-negative integer powers of x. 


e The degree of a polynomial in x is the highest power of x in the expression. 
For example: 


3x+1 is a polynomial of degree 1, or linear polynomial. 
x°+4x—7 isa polynomial of degree 2, or quadratic polynomial. 
—5x3 + : is a polynomial of degree 3, or cubic polynomial. 
10 is a polynomial of degree 0 (think of 10 as 10x°). 


e Expressions containing a term similar to any of the following terms are not polynomials: 
1 9 ‘ ; 
-, x 3 /x, 2*, sin x, and so on. 


For example, the following are not polynomials. 
2 2 4 3 2 “ 
3x* — 4x+- — Sx" +x —2/x x +sin x+1 
Xx 


e In the expression 6x* + 13x7-—x+1 
x is the variable. 
6 is the coefficient of x°. 
13 is the coefficient of x*. 
—1 is the coefficient of x. 
6x°, 13x, —x and +1 are all terms. 
The constant term is +1. 
The degree of the polynomial is 3. 


e The leading term is 6x° because it is the term that contains the highest power of x. 
e The leading coefficient is 6. 
e Any polynomial with a leading coefficient of 1 is called monic. 


890 Jacaranda Maths Quest 10 + 10A 


WORKED EXAMPLE 1 Identifying degrees and variables of polynomials 


Answer the following questions. 


i. State the degree of each of the following polynomials. 
ii. State the variable for each of the following polynomials. 


a. x +3x74+x—-5 b. y4 + 4y? — 8y? 4+ 2y-—8 c. a? + 34a° — 12a —72 

THINK WRITE 

a. i. Determine the highest power of x inthe a. i. In the expression x° + 3x7 +.x—5, the 
expression. highest power of x is 3. Therefore, this 


ii. Determine the variable (unknown 
quantity) in the expression. 


b. i. Determine the highest power of y in the 


expression. 


ii. Determine the variable (unknown 
quantity) in the expression. 


c. i. Determine the highest power of a in the 


expression. 


ii. Determine the variable (unknown 
quantity) in the expression. 


polynomial is of degree 3. 


ii. x is the variable in this expression. 


b. i. In the expression yt +4y? — 8y? + 2y—8 
the highest power of y is 4. Therefore, 
this polynomial is of degree 4. 


ii. y is the variable in this expression. 


c. i. In the expression a? + 34a° — 12a—72, 
the highest power of a is 6. Therefore, 
this polynomial is of degree 6. 


ii. ais the variable in this expression. 


WORKED EXAMPLE 2 Determining coefficients and terms of polynomials 


Consider the polynomial P(x) = 3x4 — 5x? + 2x? + x — 12 


» 


. State the coefficient of x°. 
. State the value of the constant term. 


. State the degree and variable of the polynomial. 


b 
@ 
d. Determine the term that has a coefficient of 2. 
e 


. Determine the leading term. 


THINK 

a. Determine the highest power of x and 
the variable (unknown quantity) in the 
expression. 

b. Determine the term with x° in the 
expression. 

c. Determine the term without variable in 
the expression. 

d. Determine the term that has a coefficient 
of 2 in the expression. 

e. Determine the term that contains the 
highest power of x in the expression. 


WRITE 


a. 


c. 


d. 


The highest power of x is 4 and therefore, the 
degree is 4. 
x is the variable in this expression. 


. The coefficient in the term —5x? is —5. 


The value of the constant term is —12. 
The term that has a coefficient of 2 is 2x. 


The leading term is 3x". 
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An example where polynomials are useful is in the construction of a greenhouse. The surface area, S, of a 
greenhouse of length L and height x can be approximated by the polynomial S(x) = 2x* + Lax —4. 


yi 


=; 


; 


/ 


om) 
[4 eWorkbook Topic 14 Workbook (worksheets, code puzzle and project) (ewbk-2040) 
of Interactivity Degrees of polynomials (int-6203) 


Exercise 14.2 Polynomials learn@) 
Individual pathways 

@ PRACTISE Hi CONSOLIDATE @ MASTER 

1, 4, 5, 8, 11, 14 23,2. 12, 15 Sy ON 135 116 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 


I For questions 1 to 3, answer the following questions. 
i. State the degree of each of the following polynomials. 


ii. State the variable for each of the following polynomials. 


1. a. 2 — 9x7 +1947 b. 65 + 2x’ c. 3x2 -8 +2x 
6 5 4 8 3 1 5 us 
2. a. X° — 3x? +2x° + 6x4 1 b. y°+7y’? —5 c: 5 ig vate 
a 
3. a. as b. 2g -—3 c. 1.5f° — 800f 


4. Identify the polynomials in questions 1 to 3 that are: 


a. linear b. quadratic c. cubic d. monic. 
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For questions 5 to 7, state whether each of the following is a polynomial (P) or not (N). 


5. a. ee b. 33—4p 
x 
6. a. 3x4 - 235 —3/x-4 b. k-27 +k -36 +7 
6 2,3 
7. a. —- b. 2*—8x+1 


Understanding 


c. sinx+x2 


8. EZ consider the polynomial P(x) = —2x? + 4x? + 3x+5. 


a. State the degree of the polynomial. b. 
c. State the coefficient of x2. d. 
e. State the term that has a coefficient of 3. f. 


9. Consider the polynomial P(w) = 6w’ + 7w° — 9. 


a. State the degree of the polynomial. b. 
c. State the coefficient of w®. d. 
e. State the value of the constant term. f. 


10. Consider the polynomial f(x) = 4 —x? + x*. 


a. State the degree of the polynomial. b. 
c. Determine the leading term. d. 
Reasoning 


State the variable. 
State the value of the constant term. 
Determine the leading term. 


State the variable. 
Determine the coefficient of w. 
State the term that has a coefficient of 6. 


State the coefficient of x*. 
State the leading coefficient. 


11. Write the following polynomials as simply as possible, arranging terms in descending powers of x. 


a. 7x +2x* —8x+154+4x3 —9x+3 
b. x2 — 8x? + 3x4 — 2x7 + 7x 4+ 52° —7 
c. 8 —5x*-11x—-14 40 -2x4-°-5 


12. A sports scientist determines the following equation for the velocity of a breaststroke swimmer during one 


complete stroke: 


v(t) = 63.8761 — 247.658 + 360.3917 — 219.418 + 53.8167 + 0.47467. 


. Determine the degree of the polynomial. 
. State the variable. 
. State the number of terms that are there. 


aQogogs3o 


the graph of this polynomial. 


e. Match what happens during one complete stroke with 


points on the graph. 


. Use a graphics calculator or graphing software to draw 
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13. The distance travelled by a body after t seconds is given by d(t) =f +2 —4t+5. Using a graphing 
calculator or suitable computer software, draw a graph of the above motion for 0<t<3. 
Use the graph to help you answer the following: 


a. State what information the constant term gives. 
b. Evaluate the position of the body after 1 second. 
c. Describe in words the motion in the first 2 second. 


Problem solving 
14, If x? —3x+5=x? +(a+b)x+ (a—b), determine the values of a and b. 


15. If x2 + 2x—1=(x— 1)? +a(x+ 1) +, evaluate a and b. 


16. If x3 + 9x7 + 12x4 7= 34+ (axt b) + 3, evaluate a and b. 


14.3 Adding, subtracting and multiplying polynomials 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e add, subtract and multiply polynomial expressions. 


® 14.3.1 Operations with polynomials 


eles-4976 
e To add or subtract polynomials, simply add or subtract any like terms in the expressions. 


WORKED EXAMPLE 3 Simplifying polynomial expressions 


Simplify each of the following. 


ax + ox — or pon 4) bey + ox or) a on 4) 
THINK WRITE 
a. 1. Write the expression. anor oy 2 et oe 
2. Remove any grouping symbols, = 5x9 + 3x7 —2x-—-14244+5x° -—4 
watching any signs. 
3. Re-order the terms with descending degrees =x4 4503 43x7 +5x7-2x-1-4 
of x. 
4. Simplify by collecting like terms. = x4 + 5x3 + 8x? —2x-5 
b. 1. Write the expression. Bb Or 234 — 2 — 1) or —4) 
2. Remove any grouping symbols, = 5x7 + 3x7 —2x-1—x4 -—5x° +4 
watching any signs. 
3. Re-order the terms with descending degrees = —x4 + 5x3 + 3x? —5x* -2x-144 
of x. 
4. Simplify by collecting like terms. = —x44 5x3 — 2x? - 2x43 
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TI | THINK 


a-b. 

In a new document, on a 
Calculator page, press: 

© MENU 

e 1: Actions 

e 1: Define 

Complete the entry lines as: 
Define 

p(x) =5x° + 3x? —2x-1 
Define 


px)=x' + 5x -—4 
pl(x) + p(x) 
pl(x) — p(x) 

Press ENTER after each 
entry. 


DISPLAY/WRITE 


Define p1(x)=5- x2 43+ x7=2>x-1 


Define p2(x)=x #45: x?-4 


pi(x)4palx) heaintaBict-ax-s 
pil)-pax) wx 845+ x? 2x72 x43 
\ 

P\(x) + p2(x) 


=x 45x + 8x? —2x-5 
pU(x) — px) 
= —x4 4 5x3 — 2x? — 2x43 


CASIO | THINK 


a-b. 

On the Main screen, tap: 

e Action 

e Transformation 

© simplify 

Complete the entry lines as: 
simplify ((5x° + 3x* — 2x — 1) 
+(x* + 5x — 4) 

simplify ((5x° + 3x° — 2x — 1) 
—(x4 + 5x" — 4)) 

Press EXE after each entry. 


DISPLAY/WRITE 


sdsnplify ((5x 2 03x2~2e~ (x Sosa —4) 
whedon Somes 

Mamplity (5x9 69x 2—2e~ 1 (nts ta4) 
wel ote ant nae 
) 


a Sr 4 


Ae Stet Goh ad 


450 +8 — 2x —5 
—x! 4+ 5x — 2x7 —2x43 


e To expand linear factors, for example (x + 1)(x + 2)(x— 7), use FOIL from quadratic expansions. 


WORKED EXAMPLE 4 Expanding polynomial expressions 


Expand and simplify: 
a. x(x + 2)(x —3) 


THINK 


a. 1. Write the expression. 


2. Expand the last two linear factors, using 


FOIL and simplify 


3. Multiply the expression in brackets by x. 


. Write the expression. 


2. Expand the last two linear factors, using 


FOIL, and simplify 


3. Multiply the expression in the second bracket 
by x and then by —1. 


4. Collect like terms. 


b. @—1Dwt+5)@ +2). 


WRITE 
a. x(x + 2)(x— 3) 
iG — ey i 


= x(x* —x—6) 


a) 
=x —x?—6x 


b. (x—1)(~+5)(x+2) 


=(e— 1)Gr 42x F 5x + 10) 


=(x-1) (x? +7x+ 10) 


= lx 4 Ox — Ix 10 


=x? + 6x2 + 3x—10 
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
a-b. a-b. a-b. a-b. 
On a Calculator page, EEMREMEED> Povroniat ceo] X] On the Main screen, [otnamimbuadhe 
: tap: 
«eR expand(x+ (x+2)- (x-3)) x2=x2-6 x Menon expand (xx (x42)%(x-3) ) 
° 3: Algebra expand ((x-1): (x+5)- (c+2)) ee © Transformation 
e 3: Expand Bs Rs See © expand 


Complete the entry 
lines as: 


Complete the entry 
lines as: 


5 
x3—x2—6-x 7 
expand ( (x—1)* (x45) (x42) 
x3 46ex243ex-10 
Q 
o 
a 


expand expand 

(x X(x+2)X(— 3)) (x X (x + 2) X (x — 3)) 

expand x(x + 2)(x — 3) =x — x — 6x expand 

(x X(x-—1)X(x+5)xX (x— D(x + 5)(x+ 2) =x + 6x ((x— 1)X(x+5) xX 

(x + 2)) + 3x = '10 (x + 2)) [Aig __Starcard Col Pad 

Press ENTER after each Press EXE after each ee ee ee ee 
entry. entry. 


(xe— Diet 5x4 DH 4+ 6° 
+3x-10 


On the TI, the 
multiplication sign is 
displayed as a dot. 


ion) Resources 


oa) 
[4 eWorkbook 
g Digital document SkilISHEET Expanding the product of two linear factors (doc-5366) 


Topic 14 Workbook (worksheets, code puzzle and project) (ewbk-2040) 


od Interactivity 


Adding and subtracting polynomials (int-6204) 


Exercise 14.3 Adding, subtracting and multiplying polynomials learn@) 


Individual pathways 


Mi PRACTISE 
W588) 12) US, WE 


mi CONSOLIDATE 
2,4, 6, 10, 14, 17 


m@ MASTER 
Si Wi, UZ, We, We} 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 
1. CE Simplify each of the following. 


a. (x4 +3 — 2x7 +4) + (03 — 14) 
e. Ge 427 4 2x= 4) 4+ he —60 +5x=9) 
@ (15x39 +49—7) $e = Oe = 4 = 3} 


b. (x6 +.x* — 3x3 + 6x2) + (x4 + 3x7 +5) 
d. (2x* — 3x3 + 7x? +9) + (6x7 +. 5x? —4x +5) 


2, HE Simplify each of the following. 


a. (x4 +3 +427 +5x4+5)— (0 + 2x7 + 3x41) beer oH = = 1) 
c. (5x! + 62x? — 4x3 + 8x? + 5x — 3) — (60° + 8x? —3) d. (10x4 — 5x? + 16x + 11) — (2x? — 4x4 6) 
6.6K 452° = Tx 12) ee 2 4 3) 
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3, RE Expand and simplify each of the following. 


- x+ 6)(x+ 1) 

- x(x — 9)(x + 2) 

. xx — 3)(x+ 11) 

. 2x(x + 2)(x + 3) 

. —3x(x — 4)(x +4) 


oaga s ® 


4. Expand and simplify each of the following. 


a. 5x(x + 8)(x +2) b. x2(x +4) c. —2x2(7 — x) 
d. (5x)(—6x)(x + 9) e. —7x(x+ 4)" 


EF For questions 5 to 10, expand and simplify each of the following. 


5. a. (x + 7)(x + 2)(x+ 3) b. (xn—2)(x+4)(x—5) c. (x— 1)\(x—-4)(x+ 8) 
d. (x — 1l)(x~— 2)(x— 3) e. (x+ 6)(x— 1)(x+ 1) 

6. a. (xn—7)(x+7)(x+5) b. («+ 11I)(*x+5)@— 12) c. (x+5)\x- 1) 
d. (x +2)(x—-7)" e. «+ Dx—Dixet1) 

7. a. (x—2)(x+7)(x+ 8) b. (x +5)3x—- 1)(~4+ 4) c. (4x— 1)(x+3)x—-3)(x4+ 1) 
d. (5x + 3)(2x —3)(x —4) e. (1 —6x)(x+7)(x +5) 

8. a. 3x(7x — 4)(x—4)(x + 2) b. —9x(1 — 2x)(3x+ 8) c. (6x+5)(2x—7) 


d. (3 —4x)(2 —x)(5x+9)(x—-1)  e. 2077+ 2x)(x+3)x+4) 


Understanding 

9. a. (x+2)° b. (x+5)° c. (x—1)° 
10. a. (x—3)* b. (2x—6)° c. (3x+4)* 
11. Simplify the expression 2(ax + b) — 5(c — bx). 
12. Expand and simplify the expression (x + a)(x — b)(x? — 3bx + 2a). 


Reasoning 
13. If a~—- 3)4 =ax' +bx+cx+dx+e, determine the values of a, b, c, d and e. Show your working. 


14. Simplify the expression (2x — 3)" —(4- 3x). 
3(x- 


. i : ; 
15. Determine the difference in volume between a cube of side ) and a cuboid whose sides are x, (x + 1) 


and (2x + 1). Show your working. 


Problem solving 
5x+1 _ a b 


16. Determine the values of the pronumerals a and b if: ——————— = ——— + ——— 
(x-—1)(@+2)  (x-1)) (x+2) 


17. Evaluate the constants a, b and c if: oo : + ul . : 
(x-l(x+1x%-2) (-1) tl) («-2) 


18. Write pa in the form re 


+ . and hence determine the values of a, b and c. 
(x? + 1)(x- 1) +1) (@-l 
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14.4 Long division of polynomials 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e divide polynomials by linear expressions using long division 
e determine the quotient and remainder when dividing polynomials by linear expressions. 


® 14.4.1 Long division of polynomials 
les-4977 
= e The reverse of expanding is factorising (expressing a polynomial as a product of its linear factors). 


e To factorise polynomials we need to use a form of long division. 
e The following steps show how to divide a polynomial by a linear factor using long division. 


Consider (x3 + 2x? — 13x + 10) +(«—3). 


Step 1 | Write the division out using long division notation. 1-3) 422_13x410 


Step 2 Consider leading terms only. Determine how many times x 1-3) 4 22-13x4 10 
goes into x”. 


Step 3 | x into x° goes x? times. Write x” above the x” term of the x 
polynomial. x—3 )x3 +22- 13x + 10 
Step 4 | Multiply the term at the top iF) by the linear factor (x — 3): — 


x? x (x — 3) =2x3 — 327. Po Pe 13x + 10 


Write the result beneath the first two terms of the polynomial. O-3x 


Step 5 | Subtract the first two terms of the polynomial by the terms x 


written below them. ¢=3 x3 + 22 — 13x + 10 
2 


x39 — x? =Oand 2x2 — (—337) =5x- 


x? — 3x" 
Se 
Step 6 | Bring the next term of the polynomial down to sit next to 5x”. a 
x — 3)x3 + 2x? — 13x + 10 
Fee 
5x” — 13x 


e The process now restarts, looking at the newly created 5x? — 13x expression. 
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Step 7 


Consider the leading terms only. Determine how 
many times x goes into 5x”. 


x2 


x — 3)x3 + 2x? — 13x + 10 


x — 3x 
5x? — 13x 
Step 8 | x into 5x* goes 5x times. Write 5x above the x term of + Sx 
the polynomial. x-3 E + 2x°— 13x + 10 
8 3x 
5x° — 13x 
Step 9 | Multiply the term at the top (5x) by the linear factor e+ 5x 
(x — 3): Sx X (x — 3) =5x? — 15x. #23) 422-134 410 
Write the result beneath the two terms written in ‘ F 
step 6. eS ake 
5x°- 13x 
5x°- 15x 
Step 10 | Subtract the two terms of the polynomial by the terms x2 + 5x 
written below them. ae x3 + 2x2 13x + 10 
5x? — 5x? =Oand (—13x) — (—15x) = 2x : 
x? — 3x 
Sy 
§x°= 15% 
2x 
Step 11 | Bring the next term of the polynomial down to sit x2 + 5x 
next to 2x. x —3)x3 + 2x?— 13x + 10 
x — 3x 
5x? — 13x 
5x? — 15x 
2x + 10 


e Once again the process restarts, looking at the newly created 2x + 10 expression. 
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Step 12 | Consider the leading terms only. 2 
Determine how many times x goes x +5x 
ini De x — 3)x3 + 2x2 - 13x + 10 
4 = 3x" 
5x° = 13x 
5x° — 15x 
2x +10 
Step 13 | x into 2x goes 2 times. Write 2 above the 9 
constant term of the polynomial. A SRDS 
x — 3)x3 + 2x*— 13x + 10 
= Be 
5° — 13x 
5° — 15x 
2x + 10 
Step 14 | Multiply the term at the top (2) by the Pree 
linear factor (x — 3): 2X (x -—3)=2x-6. 5 5 
Write the result beneath the two terms a 3)x° + 2x°— 13x + 10 
written in step 11. sels 
5x” — 13x 
5x — 15x 
2x + 10 
2x —6 
Step 15 | Subtract the two terms of the polynomial Pee ee 
by the terms written below them. 5 5 
2x—2x=Oand 10 — (—6) = 16 x 3)x)+ 2x — 13x + 10 
Be 
5 = 13% 
5x" = 15x 
2x + 10 
2x —6 
16 
Step 16 | The division is now complete! . 
The top line is the quotient (Q), and the 5 - + 3x42 Quotient 
bottom number is the remainder (R). _— a si — 13x + 10 
5x°— 13x 
5x° = 15x 
2x + 10 
2x —6 
16 <— Remainder 
Write the answer: (x° + 2x* — 13x + 10) = (x—3) =x* + 5x +2 remainder 16 
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WORKED EXAMPLE 5 Performing long division of cubic polynomials 


Perform the following long divisions and state the quotient and remainder. 
a. (x3 + 3x? +x +9) +(x +2) 


b. (x3 — 4x? —7x -—5)+@-1) 
c. (2x3 + 6x” — 3x +2) +(x —6) 


THINK WRITE 
a. 1. Write the question in long division format. a. ee 0) 
2. Perform the long division process. x4+2)384+ 32 4x49 
x3 + 2x? 
r+x 
+ 2x 
=x +9 
—-x-—2 
11<——R 
3. Write the quotient and remainder. Quotient is x* +x — 1; remainder is 11. 
b. 1. Write the question in long division format. b. oe 10-0 
2. Perform the long division process. x-1)8- 42 —7x-5 
—10x -5 
—10x + 10 
—15<—R 
3. Write the quotient and remainder. Quotient is x* — 3x — 10; remainder is —15. 
c. 1. Write the question in long division format. Cc: 2x2 + 18x + 105<—O 
2. Perform the long division process. x -6)22+ 6x2 — 3x+ 2 
oe = le | 
18x? — Y3x 
18x? — 108x 
l@sye 2B 
105x — 630 
632<—_R 
3. Write the quotient and remainder. Quotient is 2x” + 18x + 105; remainder is 632. 
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WORKED EXAMPLE 6 Determining the quotient and remainder of a degree 4 polynomial 


Determine the quotient and the remainder when x4 — 3x> + 2x? — 8 is divided by the linear 
expression x + 2. 


THINK 


1. 


Set out the long division with each polynomial in 
descending powers of x. If one of the powers of x 
is missing, include it with 0 as the coefficient. 


. Divide x into x* and write the result above. 


. Multiply the result x? by x + 2 and write the 


result underneath. 


. Subtract and bring down the remaining terms to 


complete the expression. 


. Divide x into —5x° and write the result above. 
. Continue this process to complete the long 


division. 


. The polynomial x* — 5x? + 12x — 24, at the top, is 


the quotient. 


. The result of the final subtraction, 40, is the 


remainder. 


WRITE 
x+ yo tce eres 


x3 


x+ Nya 3p hoe er 28 
re 

x+ 2a oe Oras 
x + 2x? 
ae 

x+ aa woe nes 
seb Dee 


=e et (es & 


= He 4 1De = 


x+ oy ae eres 


x +23 
—5x> + 2x7 + Ox — 8 
—5x° — 10x 
12x7 + 0x —8 
12x? + 24x 
—24x — 8 
—24x — 48 
40 


The quotient is x* — 5x* + 12x — 24. 


The remainder is 40. 


ion) Resources 


oa) 
[4 eWorkbook Topic 14 Workbook (worksheets, code puzzle and project) (ewbk-2040) 


&} Interactivity Long division of polynomials (int-2793) 
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Exercise 14.4 Long division of polynomials learn@y) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
i, & S, Sh WA, 7 2,4, 7, 10, 12, 15, 18 6, 8, 11, 13, 16, 19 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 
1. EX Perform the following long divisions and state the quotient and remainder. 
a. (0° +407 +4x4+9) +(x +2) b. 0 +2x° +4041) +41) 
c. (x9 + 6x? + 3x+ 1)+(+ 3) d. (2 + 3x7 +243) + (444) 
2. Perform the following long divisions and state the quotient and remainder. 
a. (0° + 6x2 + 2x +2) +(x +2) b. GP +27 +x4+3)+(x4+1) 
c. (x3 + 8x7 + 5x+4) +(x + 8) d. (9 +27 + 4x4 1) = (x42) 


3. EEE state the quotient and remainder for each of the following. 


ae 420 =55—9)2 G2) b. (2 +27 +x+9) = (x—3) 

c. (x3 +27 —9x—5)+(x—2) d. (x? — 4x? + 10x —2)+(x-1) 
4. State the quotient and remainder for each of the following. 

a. (x? — 5x* + 3x—8) + (x-3) b. (0° —7x° + 9x-7)+(%- 1) 

c. (3 + 9x2 +2x—1)+(x—5) d. (2 + 4x? —5x—-4) +(x —-4) 


ES For questions 5 to 8, divide the first polynomial by the second and state the quotient and remainder. 
5. a. 3x9 — x? + 6x45, x+2 b. 4x3 — 4x2 + 10x-—4, x41 
c. 2x9 — 7x7 +9x4+1,x-2 


6. a. 2x7 + 8x2 —9x—-—1,x+4 b. 4x3 — 10x? —9x+ 8,x—-3 
c. 3x2 +: 16x27 +4x—7,x4+5 


7. a. 6x9 — 7x? +4x+4,2x-1 b. 6x? + 23x? + 2x — 31, 3x+4 
c. 8x? + 6x? — 39x— 13, 2x +5 


8. a. 2x9 — 15x? + 34x— 13, 2x-7 b. 3x? + 5x? — 16x— 23, 3x+2 
c. 9x9 — 6x2 — 5x49, 3x-4 


Understanding 


For questions 9 to 11, state the quotient and remainder for each of the following. 


—x3 — 6x2 —7x— 16 —3x3 + Tx? + 10x— 15 
9. a. ———_—_—_—_—_——_ b.. ————— 
x+1 x—3 
: —2x3 + 9x? + 17x + 15 , 4x3 — 20x? + 23x —2 
: x+1 . —2x+3 
10. a. (x —3x4+1)=(x41) b +2 =—7)2042) 
c. (3 — 5x2 + 2x) +(x—-4) d. (—x*? —7x+8)+(x—1) 
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11. a. (5x7 + 13x+1)+(x+3) b. (2x7 + 8x7 — 4) = (x+5) 
ce. (—2x7 —x+2)+(x—2) d. (— 4x7 + 6x? + 2x) + (2x+ 1) 


12. EES Determine the quotient and the remainder when each polynomial is divided by the linear 
expression given. 


a. x4 +234 3x2 —7x, x-1 b. x* — 13x? + 36, x-2 
c. OP — 3x9 + 4x43, x43 


13. Determine the quotient and the remainder when each polynomial is divided by the linear expression given. 


a. 2° =x 4+ + 6x? — 5x, x42 b. 6x4 — x3 + 2x? — 4x, x-3 
c. 3x = 6x + 12%, 3x41 


Reasoning 


14. Determine the quotient and remainder when 
3x* — 6x3 + 12x +a is divided by 3x + 6. Show your working. 


15. Determine the quotient and remainder when ax” + bx +c is 
divided by (x — d). Show your working. 


16. A birthday cake in the shape of a cube had side length 
(x+ p)cm. The cake was divided between (x — p) guests. The 
left-over cake was used for lunch the next day. There were 
q° guests for lunch the next day and each received c* cm? of 
cake, which was then all finished. 
Determine an expression for qg in terms of p and c. Show 
your working. 


Problem solving 


17. When x° — 2x” + 4x +a is divided by x— 1 the remainder is zero. Use long division to determine the 
value of a. 


18. When x? + 3x2 +a is divided by x + 1, the remainder is 8. Use long division to determine the value of a. 


19. When 2x” + ax + b is divided by x — 1 the remainder is zero but when 2x” + ax + b is divided by x — 2 the 
remainder is 9. Use long division to determine the value of the pronumerals a and b. 


14.5 Polynomial values 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine the value of a polynomial for a given value. 


® 14.5.1 Polynomial values 


eles-4978 . . 
° Consider the polynomial P(x) =x° — 5x? +x+1. 


e The value of the polynomial when x =3 is denoted by P(3) and 
is found by substituting x = 3 into the equation in place of x, 
as shown. 


PB) =) —5()° +) +1 
P33) =27-5(9) +3 +1 
P()=27-454+4 
PB)=—-14 
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WORKED EXAMPLE 7 Evaluating polynomials for values of x 


If P (x) = 2x° +x? — 3x — 4, determine the value of: 


a. P(1) b. P(—2) c. Pa) d. P(2b) e. Pix +1). 
THINK WRITE 
a. 1. Write the expression. a Pj—2e +x —3x—4 
2. Replace x with 1. PUy= 20) =) = 30) —4 
3. Simplify and write the answer. = 2 4 
=-—4 
b. 1. Write the expression. bee a — 5 — 
2. Replace x with —2. PE?) = 2-2), (2) 3-2) —4 
3. Simplify and write the answer. =2(-8)+(4)+6-4 
=-16+4+6-4 
=-—10 
c. 1. Write the expression. c. P(x) =2x7 +x? -—3x-4 
2. Replace x with a. P(a) = 2a? + a* —3a—4 
3. No further simplification is 
possible. 
d. 1. Write the expression. ad PQ=H=or x — 37-4 
2. Replace x with 2b. P(2b) = 2(2b)° + (2b)? — 3(2b) — 4 
3. Simplify and write the answer. = 2 (8b?) +4b? -6b+4 


= 16b? + 4b? —6b+4 


e. 1. Write the expression. 6 y=) fx ox — 4 
2. Replace x with (x + 1). PoP =26 4) +041) —3e41)—4 
3. Expand the right-hand side =2(x4+)l@+)D)@4+)4+@4+l@4+1-3@4+1)-4 
and collect like terms. =2(xt1) (x? +2041) +2? +2x+1-3x-3-4 


=O 42 xt ort) +e 2-6 
= 2 (09 +32? + 3x4 1) +2° —x-6 
= 2x7 + 6x27 +6x +2422 -x-6 


4. Write the answer. =o 4 i oe 4 
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TI | THINK 


a-e. 


On a Calculator page, press: 


e MENU 
e 1: Actions 
e 1: Define 


Complete the entry lines as: 


Define 

p(x) = 2x7 +2? —3x—4 
pd) 

p(—2) 

pia) 

p(2b) 

P(x + 1) 

Press ENTER after each 
entry. 


ion) Resources 


ca) 
[4 eWorkbook 


DISPLAY/WRITE 
a-e. 

12173) 14 Ge rao di 
Define p(x)=2:x? 4x73: x-4 Done’ 
p(2) ne 
p(-2) -10 
pla) 2 a°+a7-3 a-4 
p(2:d) 16-b°+4 b?-6: b-4 
p(x+1) 2 x47 x745:x-4 IS 
PU) =-4 
P(—2) = —10 


P(a)=2a +a’ —3a—-4 
P(2b) = 16b° + 4b? — 6b —4 
P+ 1) = 20° + Te + 5x—4 


CASIO | THINK 


a-e. 

On the Main screen, tap: 
e Action 

¢ Command 

® Define 


Complete the entry lines as: 


Define 

P(x) = 2x7 +37? —3x-—4 
pC) 

P(—2) 

p(a) 

p(2b) 

P(x + 1) 

expand (p(x + 1)) 


Press EXE after each entry. 


Topic 14 Workbook (worksheets, code puzzle and project) (ewbk-2040) 


ag Digital document SkilISHEET Substitution into quadratic equations (doc-5367) 


Exercise 14.5 Polynomial values 


DISPLAY/WRITE 


a-e. 


| © Edit Action Interactive 
‘7 Ae] Sim | My] # | A+ y 


| Define p(x)=2x34x2-3x—4 
| 


o 
done 
pq) 
-4 
| pt-2) 
| -10 
pad 
2-03 402-3-0-4 
| pC2b) 
| 16+b3+4+b?-6+b—4 
| expand (p(x#1)) 
it] 
= 


2x8 47x45 ex-4 


P(a) = 2a? +a’ —3a—4 
P(2b) = 16b° + 4b* — 6b — 4 
Pt 1) = 2x +7 + 52-4 


learn(y) 


Individual pathways 


@ PRACTISE 
15S % Wy WZ, WS 


M@ CONSOLIDATE 


2p By, By &), 18, WS 


m@ MASTER 
4,6, 10, 14, 17 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 


For questions 1 to 6, P(x) =2x° — 3x” + 2x + 10. Calculate the following. 


1. a. P(O) 
2. a. P(2) 
3. a. P(—1) 
4. a. P(—3) 
5. a. P(2b) 


6. a. P(x—3) 
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b. 


b. 


P(1) 


P(3) 


. P(—2) 
. P(a) 
. Px+2) 


. P(-4y) 


Understanding 
7. For the polynomial P(x) =2° +x? +.x+ 1, calculate the following showing your full working. 


a. P(1) 

b. P(2) 

c. P(-1) 

d. The remainder when P(x) is divided by (x — 1). 
e. The remainder when P(x) is divided by (x — 2). 
f. The remainder when P(x) is divided by (x + 1). 


8. For the polynomial P(x) = x° + 2x” + 5x + 2, calculate the following showing your full working. 


a. P(1) 

b. P(2) 

c. P(—2) 

d. The remainder when P(x) is divided by (x — 1). 
e. The remainder when P(x) is divided by (x — 2). 
f. The remainder when P(x) is divided by (x + 2). 


9. For the polynomial P(x) =x? — x? + 4x—1, calculate the following showing your full working. 


P(1) 

P(2) 

P(—2) 

. The remainder when P(x) is divided by (x — 1). 
. The remainder when P(x) is divided by (x — 2). 
. The remainder when P(x) is divided by (x + 2). 


m~o aoa 


10. For the polynomial P(x) =x? — 4x? — 7x + 3, calculate the following showing your full working. 


a. P(1) 

b. P(-1) 

c. P(—2) 

d. The remainder when P(x) is divided by (x — 1). 
e. The remainder when P(x) is divided by (x + 1). 
f. The remainder when P(x) is divided by (x + 2). 


Reasoning 
11. Copy and complete: 


a. A quick way of determining the remainder when P(x) is divided by (x + 8) is to calculate 
b. A quick way of determining the remainder when P(x) is divided by (x — 7) is to calculate 
c. A quick way of determining the remainder when P(x) is divided by (x — a) is to calculate 


12. If P(x) =2(x- ay + 1, determine: 

a. P(2) b. P(—2) c. P(a) 
13. If P(x) = —2x3 — 3x? +x + 3, evaluate: 

a. P(a)+ 1 b. Pat 1). 


14, When x? + bx + 2 is divided by (x — 1), the remainder is b> —4b +7. Determine the possible values of b. 


Problem solving 
15. If P(x) = 2x3 — 3x? + 4x +c, determine the value of c if P (2) = 20. 


16. If P(x) =3x° — 2x* —x+c and P(2) = 8P(1), calculate the value of c. 
17. If P(x) =5x* +bx+c and P(—1) = 12 while P(2) = 21, determine the values of b and c. 
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14.6 The remainder and factor theorems 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e identify factors of polynomials using the factor theorem. 


® 14.6.1 The remainder theorem 


eles-4979 
e In the previous exercise, you may have noticed that: 
the remainder when P(x) is divided by (x — a) is equal to P(a). 
e This fact is summarised in the remainder theorem. 


The remainder theorem 


When P (x) is divided by (x — a), the remainder R = P (a). 


e If P(x) =x +x? +x+1 is divided by (x — 2), the quotient is x? + 3x +7 and the remainder is P(2), which 
equals 15. That is: 
1 
Cs +7444 1) +(x—2) =x? 4+3x4+74+ ae 
x— 


and (x8 +x? +x+1) = (x? +3x+7) @—2)415 


Dividing a polynomial by a linear factor 


If P(x) is divided by (x — a), the quotient is Q(x) and the remainder is 
R= P(a), we can write: 


P(x) +(x-a)=O(x)+ # 
Ga) 


>P(x)=(x-—a)O(x)+R 


WORKED EXAMPLE 8 Calculating remainders using the remainder theorem 


Without actually dividing, determine the remainder when x° — 7x? — 2x + 4 is divided by: 


a. x—3 b. x +6. 
THINK WRITE 
a. 1. Name the polynomial. a. Let P(x) =x? — 7x? —2x+4. 
2. The remainder when P(x) is divided by 1 = JP (3) 
(x — 3) is equal to P(3). Bas 13) ~2(3) +4 
= 27-7(9)-6+4 
=27-63-6+4 
3. Write the remainder. = —38 
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b. 1. The remainder when P(x) is divided by b. R= P(—6) 
(x+ 6) is equal to P(—6). (oe! 1-6) De 6)e4 
= —216—7(36)+12+4 
= 216—252+12+4 


2. Write the remainder. = —452 


® 14.6.2 The factor theorem 


eles-4980 
e The remainder when 12 is divided by 4 is zero, since 4 is a factor of 12. 


e Similarly, if the remainder (R) when P(x) is divided by (x — a) is zero, then (x — a) is a factor of P(x). 
e Since R= P(a), determine the value of a that makes P(a) = 0, then (x — a) is a factor. 


This is summarised in the factor theorem. 


The factor theorem 


If P(a) =0, then (x — a) isa factor of P (x). 


e P(x) could be factorised as follows: 


P(x) =(x — a)Q(x), where Q(x) is ‘the other’ factor of P(x). 


WORKED EXAMPLE 9 Applying the factor theorem to determine constants 


(x — 2) is a factor of x° + kx? +x — 2. Determine the value of k. 


THINK WRITE 
1. Name the polynomial. Let P(x) = +h? +x — 2. 
2. The remainder when P(x) is divided by (x — 2) OQ) =/P (2) 
is equal to P(2) =0. = 23 +42)? +2—-2 
0=8+4k 
3. Solve for k and write its value. 4k=-8 
k=-2 


ion) Resources 


co) 
(4 eWorkbook Topic 14 Workbook (worksheets, code puzzle and project) (ewok-2040) 
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Exercise 14.6 The remainder and factor theorems learn) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
I, Gy Dy Gh @, Wa, WEL 21 2,4, 6, 10, 11, 14, 17, 19, 22 7, 12, 13, 15, 20, 23, 24 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 


Bd For questions 1 and 2, without actually dividing, determine the remainder when x° + 3x” — 10x — 24 is 
divided by: 
1.a.x-—1 b. x+2 c. x—3 d.x+5 


2. a. x—0O b.x—-—k c.x+tn d. x+3c 


For questions 3 to 7, determine the remainder when the first polynomial is divided by the second without 
performing long division. 


3. a. 0° 4+2x7 43x44, (x-3) b. x° = 437 + 2x = 1, + 1) 
4. a. 0° + 3x? —3x+1, (x +2) b. x3 —x? —4x—5, (x—1) 
5. a. +27 +8, (x —5) b. —3x3 — 2x? +x4+6, (x+ 1) 
6. a. —x? +8, (x +3) b. x° — 3x2 —2, (x—2) 

7. a. 2x3 + 3x? + 6x+3, (x+5) b. x° +2x7, (x—7) 


Understanding 
8, MED The remainder when x3 + kx + 1 is divided by (x +2) is —19. Calculate the value of k. 


9. The remainder when x* + 2x* + mx +5 is divided by (x —2) is 27. Determine the value of m. 
10. The remainder when x° — 3x” + 2x +n is divided by (x — 1) is 1. Calculate the value of n. 
11. The remainder when ax? + 4x” — 2x + 1 is divided by (x — 3) is —23. Determine the value of a. 
12. The remainder when x? — bx? — 2x + | is divided by (x + 1) is 0. Calculate the value of b. 


13. The remainder when —4x” + 2x +7 is divided by (x—c) is —5. Determine a possible whole number 
value of c. 


14. The remainder when x? — 3x + 1 is divided by (x + d) is 11. Calculate the possible values of d. 


15. The remainder when x? + ax” + bx + 1 is divided by (x— 5) is —14. When the cubic polynomial is divided by 
(x + 1), the remainder is —2. Determine the values of a and b. 


16. ES) Answer the following. Note: There may be more than one correct answer. 


a. When x? + 2x” —5x—5 is divided by (x + 2), the remainder is: 


A. —5 B. —2 Cc. 2 D. 5 E..7 
b. Choose a factor of 2x? + 15x” + 22x— 15 from the following. 
A. (x-1) B. (x—2) C. (x +3) D. (x+5) E. (x—3) 


910 Jacaranda Maths Quest 10 + 10A 


c. When x* — 13x + 48x — 36 is divided by (x— 1), the remainder is: 


A. —3 B. —2 c. -l D. 0 E.. 1 
d. Select a factor of x? — 5x” — 22x + 56from the following. 
A. (x—2) B. (x+2) Cc. («x-7) D. (x +4) E. (x—4) 
17. Determine one factor of each of the following cubic polynomials. 
a. x9 — 3x7? +3x-1 b. xP —7x?+16x-12 c. 4+2x7-8x-12 d. x? + 3x? — 34x — 120 
Reasoning 


For questions 18 and 19, without actually dividing, show that the first polynomial is exactly divisible by the 
second (that is, the second polynomial is a factor of the first). 


18. ax 45x +2%-—8, @=—1) be Ie 447, 0-7) 

c. x — 7x? +4x4 12, (x—2) d. x + 2x? —9x— 18, (x +2) 
19. a. 2 4+.3x7 —9x—27, (x +3) b. —x3 +7 +9x—9, (x— 1) 

c. —2x3 + 9x2 —x— 12, (x-4) d. 3x? + 22x? + 37x +10, (x+5) 


20. Prove that each of the following is a linear factor of x° + 4x? — 11x —30 by substituting values into the cubic 
function: (x +2), (x—3), (x+5). 


Problem solving 


21. When (x* + ax? — 4x + 1) and (ae — ax’ + 8x- 7) are each divided by (x — 2), the remainders are equal. 
Determine the value of a. 


22. When x* + ax? — 4x” + b and x° — ax” — 7x + b are each divided by (x — 2), the remainders are 26 and 8 
respectively. Calculate the values of a and b. 


23. Both (x— 1) and (x— 2) are factors of P(x) =x* + ax? — 7x* + bx — 30. Determine the values of a and b and 
the remaining two linear factors. 


24. The remainder when 2x — 1 is divided into 6x° — x2 + 3x+k is the same as when it is divided into 
4x3 — 8x? —5x+ 2. Calculate the value of k. 


14.7 Factorising polynomials 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e factorise polynomials using long division 
e factorise polynomials using short division or inspection. 


® 14.7.1 Using long division 


eles-4981 
e Once one factor of a polynomial has been found (using the factor theorem as in the previous section), long 


division may be used to find other factors. 
e In the case of a cubic polynomial, one — possibly two — other factors may be found. 
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WORKED EXAMPLE 10 Factorising polynomials using long division 


Use long division to factorise the following. 


a. x3 —5x?— 2x +24 b. x3 — 19x +30 c. —2x3 — 8x? + 6x+4 
THINK WRITE 
a. 1. Name the polynomial. a. P(x) =x —5x* —2x+24 
2. Look for a value of x such that P(x) = 0. For PQj==S5x?—=2 x1 £24 
cubics containing a single x’, try a factor of =—1—5—2+24 
the constant term (24 in this case). = ilk 
Try P(1). #0 
P(1) 40, so (x— 1) is not a factor. POyH=2 5x2 29-94 
Try P(2). = 8-20-4424 
220) 
P(2) 40, so (x — 2) is not a factor. P(—2) = (—2)° —5 x (—2)° —2 x (—2) +24 
Way JA). = —8—20+4+24 
= —28+ 28 
=(0) 


So, (x + 2) is a factor. 
P(—2) does equal 0, so (x + 2) is a factor. 


3. Divide (x + 2) into P(x) using long division YS ee 
to determine a quadratic factor. Pity) eg a Py 
pe tae 
=e = De 
Tee = idx 
12x + 24 
12x + 24 
0 
4. Write P(x) as a product of the two factors P(x) = (x +2)? — 7x + 12) 
found so far. 
5. Factorise the quadratic factor if possible. P(x) =(* + 2)(~— 3)(x-4) 
b. 1. Name the polynomial. b. P(x) = x° — 19x +30 
Note: There is no x2 term, so include 0x2. P(x) = x3 + Ox? — 19x + 30 
2. Look at the last term in P(x), which is 30. P(-5)= (5) — 19x (—5) +30 
This suggests it is worth trying P(5) or P(—S). 125-9530 
Try P(—S). P(—5) =0 so (x + 5) is a factor. = (0) 
So, (x +5) is a factor. 
3. Divide (x + 5) into P(x) using long division to > 
find a quadratic factor. deem une 
x+ 5) Ok? = Oe & 20 
x + 5x? 
—5x* — 19x 
=—5x* = 25x 
6x + 30 
6x + 30 
0 
4. Write P(x) as a product of the two factors P(x) = (x +5)(x? — 5x +6) 


found so far. 
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5. Factorise the quadratic factor if possible. 
c. 1. Write the given polynomial. 


2. Take out a common factor of —2. 
(We could take out +2 as the common factor, 
but taking out —2 results in a positive leading 
term in the part still to be factorised.) 

3. Let Ox) =x? + 4x? —3x-2 
(We have already used P earlier.) 


4. Evaluate Q(1). 
Q(1) =0, so (x— 1) is a factor. 


5. Divide (x — 1) into Q(4) using long division to 
determine a quadratic factor. 


6. Write the original polynomial P(x) as a 
product of the factors found so far. 
In this case, it is not possible to further 
factorise P(x). 


P(x) = («+ 5)(x — 2)(x — 3) 


. Let P(x) = —2x° — 8x7 + 6x+4 


=—2(x7 + 4x? — 3x —2) 


Let O(x) =x? + 4x? —3x-2 


Q(1)=14+4-3-2 
—x() 
So, (x— 1) is a factor. 


e+ 5x +2 
x- 1) 4+ 42 -3x-2 
ee se 

Sat = Bue 
Se = Sey 

2x —2 

2x — 2 

0 


P(x) = —2(«— 1)(x? + 5x +2) 


e Note: In some of these examples, P(x) may have been factorised without long division by finding all three 
values of x that make P(x) = 0 (and hence the three factors). 


® 14.7.2 Using short division, or by inspection 


e Short division, or factorising by inspection, is a quicker method than long division. 


¢ Consider P (x) = »° +2x* —13x+10 
Using the factor theorem: 
P(1)=0 so (x— 1) is a factor. 


“. P(x) =(x— 1) Q(x), where Q (x) is the quadratic quotient. 


so, P(x) = (x— 1) (ax? + bx +c) 


Expanding and equating: 


Term in x*: (= 1 (a2 + bx +c) Equating with P (x): 
Xan “7 ar =x 
a=1 
Terms in x”: (= 1) (a2 + bx tc) Equating with P (x): 
—1 x ax? + bx? = —1X Le? + bx? = 2x7 
—1+b=2 
b=3 
Constant term: (= 1) (ax? + bx +0) Equating with P (x): 
=e -—c=10 
c= —10 
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“P= @—1) (x? +3x- 10) 


Factorising the quadratic gives: 
P(x~)= («—-1)(«#+5) @—2) 


e Note: In this example, the values of a and c can be seen simply by inspecting P (x). 
Hence, P(x) = (x— 1) (x? +bx—- 10), leaving only the value of b unknown. 

e The following worked example is a repeat of a previous one, but explains the use of short, rather than 
long, division. 


WORKED EXAMPLE 11 Factorising using short division 


Use short division to factorise x* — 5x” — 2x + 24. 


THINK WRITE 

1. Name the polynomial. Let P(x) =x? — 5x* —2x+24 

2. Look for a value of x such that P(x) = 0. P(-2)= (=2y) —5x (oye —2x(-—2)+ 24 
Try P(—2). =—-8-—204+4+24 

=—/—28 1298 
= 
P(—2) does equal 0, so (x + 2) is a factor. So, (x + 2) is a factor. 

3. Look again at the original and equate the x3 — 5x7 —2x +24 = (x+2) (ax? + bx + c) 
factorised form to the expanded form. = (x+2) (x? + bx 12) 
The values of a and c can be determined 
simply by inspection. 

Since the coefficient of the x° term is 1, a= 1. 
Since the constant term is 24, c = 12. 

4. Expand the brackets and equate the x0 — 5x7 — 2x4 24 = 23 + bx? + 12x 42x? + 2bx + 24 
coefficients of the x” terms. We can then Spe 
solve for b. P 5 

—5x° = (b+2)x° 
ae) | 3) 
==] 
P(x) = (x +2) (x? —7x+ 12) 
5. Factorise the expression in the second pair P(x) = (x + 2)(x — 3)(x—- 4) 


of brackets if possible. 
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 


On a Calculator page, press: SEEMEEERE> Povnonists 0658 X] On the Main screen, tap: © Edit Action interactive y 
© MENU fears. e Action Ch] [ease TST 
e 2: Number iat a a: boas Gas) e Transformation ae 
© 3: Factor ; © factor 8 
Complete the entry lines as: e factor 
factor (x? — 5x” — 2x + 24) Complete the entry line as: 
Then press ENTER. factor 
(x — 5x? — 2x + 24) 
4 5 Then press EXE. 
x —5x° —2x+24 
= (x — 4)(x — 3)(x + 2) 7 
Als Starderd = Colx Rad e 


x — 5x? —2x+ 24 
= (x + 2)(x — 3)(x —4) 


ion) Resources 


psy 
[4 eWorkbook Topic 14 Workbook (worksheets, code puzzle and project) (ewbk-2040) 


| Digital document SkilISHEET Factorising quadratic trinomials (doc-5368) 


Exercise 14.7 Factorising polynomials learn@) 
Individual pathways 

M@ PRACTISE mi CONSOLIDATE @ MASTER 

1, 2 & Vil, 16, 18 Sy oy 2h 25 is) us) 3}, 74, 1G), Wk}, Wh, ir, ZO) 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 


ES For question 1 to 7 apply long division to factorise each dividend. 


1. a x+1)x3 + 10x°+ 27x + 18 b. x+2)x°+8x°+ 17x+ 10 
2. a x+9)x + 122+ 29x + 18 b.xt1)o+ 82+ 19x+ 12 
3. a x+3)x<0+ 142+ 61x + 84 b.x+7)x°+ 122+ 41x +42 
4.a.x+2)e+4e4 5x42 b.x+3) 2+ 72+ 16x + 12 
5.a.x+5 e+ 14x? + 65x + 100 b. x ao + 13x? + 40x 

6. a. x Jot e+ 12x b. x+5 Jao + 10x* + 25x 


TOPIC 14 Polynomials 915 


7a. xt1)xo+ 62452 b. x +6) x8 + 6x 


| WE11 Berg questions 8 to 10, factorise the following as fully as possible. 
8a. +x?-—x-1 b. x3 — 2x? —x+2 c. x +7x7 + 11x45 


9. a. 2° 497° 424x416  b. 2 —5x?—4x4 20 a 42 =e—2 
10. a. 9 +8x?+17x4+ 10 b. xe +22 -9x-9 c. x —x*-—8x4+12 


Understanding 


For questions 11 to 14, factorise as fully as possible. 
11. a, 2x3 4+5x?-x-6 

b. 3x3 + 14x? + 7x-4 

c. 3x°+2x?—12x-8 

d. 4x3 + 35x? + 84x +45 


Le 4x2 +x41 

» Oot + 16x? + 2104-9 
. 6x3 — 23x27 + 26x-8 
. 773 + 12x — 60x + 16 


12. 


aQQq a 


13. a. 3x9 —x?-— 10x b. 4x3 + 2x? —2x c. 3x9 — 6x? — 24x 
14. a. —x9 — 7x? — 12x b. —x3 — 3x? +443 c. —2x7 + 10x? — 12x 


Reasoning 
15. Factorise x* — 9x” —4x+ 12. 


16. Factorise —x° + 6x4 + 1123 — 84x? — 28x + 240. 


d. 2 +27 —8x-12 
d. xe —7x-6 


d. x7 + 9x? — 12x— 160 


d. —2x? — 12x — 18x 


d. —5x? + 24x? — 36x +16 


17. Two of the factors of x* + px? + qx +r are (x +a) and (x +b). Determine the third factor. 


Problem solving 
18. Factorise «° — 5x4 + 5x3 + 5x? — 6x. 


19. (x— 1) and (x — 2) are known to be factors of x° + ax* — 2x3 + bx? + x —2. Determine the values of a and b 


and hence fully factorise this fifth-degree polynomial. 


20. The polynomial x* — 6x? + 13x” — 12x — 32 has three factors, one of which is x” — 3x + 8. Evaluate the other 


two factors. 
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14.8 Solving polynomial equations 


LEARNING INTENTION 
At the end of this subtopic you should be able to: 


e solve polynomial equations by applying the Null Factor Law. 


® 14.8.1 Solving polynomial equations 


eles-4983 


To solve the polynomial equation of the form P (x) = 0: 


Step 1: factorise P (x) 
Step 2: apply the Null Factor Law 
Step 3: state the solutions. 


The Null Factor Law applies to polynomial equations just as it does for quadratics. 
If P(x) is of degree n , then P (x) =0 has up to n solutions. 
Solving each of these equations produces the solutions (roots). 


If P(x) = k(x — a)(mx — b)(nx — c) = 0, then the solutions can be found as follows. Let each factor = 0: 
kx-—a=0 mx—b=0 nx—c=0 


Solving each of these equations produces the solutions. 
Note: The coefficient k used in this example does not produce a solution because k 4 0. 


a b 
i ,= — = 
l m n 


WORKED EXAMPLE 12 Solving polynomial equations 


Solve: 
ak = 9x b. —2x3 + 4x? + 70x =0 c. 2x3 — 11x? + 18x —9=0. 
THINK WRITE 
a. 1. Write the equation. ae 9% 

2. Rearrange so all terms are on the left. x —9x=0 

3. Take out a common factor of x. x(x2 —9)=0 

4. Factorise the quadratic expression using the x(x + 3)(x —3) =0 

difference of two squares. 

5. Use the Null Factor Law to solve. x=0, x+3=0 orx—3=0 

6. Write the values of x. 230, f= —SorrS 3 
b. 1. Write the equation. b. —2x° + 4x? + 70x =0 

2. Take out a common factor of —2x. —2x(x* — 2x — 35) =0 

3. Factorise the quadratic expression. —2x(x —7)(x+5)=0 

4. Use the Null Factor Law to solve. —2x=0, x -7=O0orx+5=0 

5. Write the values of x. =), HS 7 rss 5) > 
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c. 1. Name the polynomial. c. Let P(x) = 2x7 — 11x? + 18x—9. 


2. Use the factor theorem to determine a factor Pd) =2-114+18-9 
(search for a value a such that P(a) = 0). = (0) 
Consider factors of the constant term (that So (x— 1) is a factor. 


is, factors of 9 such as | and 3). The simplest 
value to try is 1. 


3. Use long or short division to determine 
g De = Oj © 


another factor of P(x). pe pe jee ao 
26 2 
—9x? + 18x 
—9x* + 9x 
Qhe = & 
One = & 
0 


PO)=G— Cr + 9x—9) 


4. Factorise the quadratic factor. P(x) =(*-— 1) @x—-3)(«-3) 

(x— 1)2x—3)(x-—3)=0 
5. Use the Null Factor Law to solve. x—1=0, 2x-—3=0orx—3=0 
6. Write the values of x. yale - Onc=3 


ion) Resources 


om) 
[4 eWorkbook Topic 14 Workbook (worksheets, code puzzle and project) (ewbk-2040) 


Ag Digital documents SkilISHEET Factorising difference of two squares expressions (doc-5369) 
SKilISHEET Solving quadratic equations (doc-5370) 


Exercise 14.8 Solving polynomial equations learn@) 
Individual pathways 

M@ PRACTISE Hi CONSOLIDATE @ MASTER 

i, B, Gy WO, 14 17 2,8, Wil, WZ, WS, WS 3) 4) 7, 135 16; 19 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 

| WE12a,b | For questions 1 to 4, solve the following. 
1. a. x —4x=0 b. e—16x=0 c. 2x3 —50x=0 
2. a. —3x° +81=0 b. 2° + 5x7 =0 c. 2 —2x7=0 
3. a. —4° + 8x=0 b. 12x37 + 3x? =0 c. 4x2 — 20x73 =0 
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4. a. 39 —5x7+6x=0 


b. x° — 8x? + 16x=0 


c. 9 + 6x? = 7x 


| WE12c Bre questions 5 to 7, apply the factor theorem to solve the following. 


5. a. 2 —x2-— 16x + 16=0 
c. 8 —x? —25x4+25=0 


6. a. 7 — 4x7 +x%4+6=0 
c. 2 +6x2 + 11x+6=0 


7. a. 2° —3x7-6x+8=0 
c. 2x3 + 15x? + 19x +6=0 


b. 2° — 6x7 —x+30=0 
d. +4 —4x-16=0 


b. 2° — 4x7 —7x+10=0 
d. ° — 6x? — 15x+ 100 =0 


b. x? + 2x? —29x+42=0 
d. —4x3 + 16x2 —9x-9=0 


8. ES Note: There may be more than one correct answer. 
Select a solution to x° — 7x? + 2x + 40=0 from the following. 


A. 5 B. —4 


D. 1 E..3 


9. 19 A solution of x3 — 9x? + 15x +25 =0 is x=5. Select the number of other (distinct) solutions there are. 


A. 0 B. 1 


Understanding 

10. Solve P(x) = 0 for each of the following. 
a. P(x) = 39 + 4x7 — 3x- 18 
c. P(x) =—x3 + 12x— 16 

11. Solve P(x) = 0 for each of the following. 


a. P(x) =x4 + 2x3 — 13x? — 14x +24 
c. P(x) =x4 +23 — 7x? —8x+12 


D. 3 E.4 


b. P(x) = 3x3 — 13x? — 32x +12 


d. P(x) = 8x3 — 4x? — 32x —20 


b. P(x) =—72 —42x + 19x? + 72° — 2x4 
d. P(x) =4x4 + 1223 — 24x? — 32x 


12. Solve each of the following equations. 
a. x —3x?-6x+8=0 b. 3 4+x°-9x-9=0 c. 3x4 +3x° — 18x =0 
13. Solve each of the following equations. 


a. 2x* + 10x37 — 4x? — 48x= 0 b. 2x* +23 —14x2-4x4+24=0 co. x4 -2x7°4+1=0 


Reasoning 


14. Solve for a if x =2 is a solution of ax? — 6x2 +3x-—4=0. 


15. Solve for p if x= ; is a solution of x° — 5x* +2x+8=0. 


16. Show that it is possible for a cuboid of side lengths xcm, (x — 1) cm and (x+ 2) cm to have a volume that is 
4 cm} less than twice the volume of a cube of side length xcm. Comment on the shape of such a cuboid. 


Problem solving 
17. Solve the following equation for x. 
+8 =x(5x—2) 
18. Solve the following equation for x. 
2 (x3 +5) =13x(x- 1) 
19. Solve the following equation for z. 
az— 1) =-2(¢3 - 522 +z43) 
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14.9 Review 
14.9.1 Topic summary 


Polynomials 


¢ Polynomials are expressions with only non-negative 
integer powers. 

¢ The degree of a polynomial is the highest power of 
the variable that it contains. 

¢ The leading term is the term with highest power of 
the variable. 

* Monic polynomials have a leading coefficient of 1. 

¢ Polynomials are often denoted P(x). 

¢ The value of a polynomial can be determined by 
substituting the x-value into the expression. 
e.g. P(x) = x4 — 3x? + 8 is a monic 
polynomial of degree 4. The coefficient of the x 
term is —3 and the constant term is 8. 


Operations on polynomials 


¢ To add or subtract polynomials simply add or subtract 
like terms. 
e.g. 
(2x3 — 5x + 1) + (—6x3 + 8x? + 3x -11) 
= (2x3 — 6x7) + 8x7 + (-5x + 3x) + (1 - 11) 
=—4x3 + 8x? - 2x — 10 
¢ To multiply polynomials use the same methods as with 
quadratic expressions. Use FOIL and then simplify. 
¢ For polynomials of degree 3 and higher you may need 
to use FOIL multiple times. 
e.g. 
(x + 3)(x— 1)2x+4) = («+ 3)(2x? + 4x - 2x - 4) 
(x + 3)(2x? + 2x — 4) 
= 2x) + 2x? —4x + 6x7 + 6x - 12 
= 2x9 + 8x7 + 2x- 12 


Long division 
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The remainder theorem 


¢ When P(x) is divided by (x — a), the remainder, R, 
is given by: 
R=P(a) 

e.g. 
The remainder when P(x) = 2x? + 3x* — 4x —5 is 
divided by (x + 2) is P(-2). 
P(-2) = 2(-2)3 + 3(-2)? — 4(-2) —5 

= 2(-8) + 3(4)+ 8-5 

=-164+12+8-5 

=-] 


POLYNOMIALS 


Factorising polynomials 


¢ The factor theorem states the following: 
If P(a) = 0, then (x — a) is a factor of P(x). 
¢ This can be used to find a factor, and then 
other factors can be found using the 
methods used to factorise quadratics. 
e.g. 
AGA) Sie =D? = Sv + 6 
P(1) = (13— 2(1)? — 5(1) + 6 
=1-2-5+6 
=0 
Therefore, (x — 1) is a factor of P (x). 
P(x) = (x- 1)@? -x -6) 
=(x- 1)(x-3)(x + 2) 


Solving polynomial equations 


¢ To solve a polynomial equation: 
1. express in the form P(x) =0 
2. factorise P(x) 
3. solve using the Null Factor Law. 
e.g. 
2x3 + 7x7 = 9 
2x3 +7x7-9 = 0 
Let P(x) = 2x3 + 7x? - 9. 
P(1)=2()3+ 70)? -9 
=24+7-9 
=0 
Therefore, (x — 1) is a factor of P (x). 
P(x) = (x—- 1)(2x? + 9x + 9) 
= (x — 1)(2x - 3)(x + 3) 
Using the Null Factor Law: 


ee es 
2 


14.9.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic | Success criteria QO | 2) @ 

14.2 | can identify polynomial expressions. 
| can state the degree, leading term and leading coefficient of a 
polynomial. 

14.3 | can add, subtract and multiply polynomial expressions. 

14.4 | can divide polynomials by linear expressions using long division. 
| can determine the quotient and remainder when dividing polynomials by 
linear expressions. 

14.5 | can determine the value of a polynomial for a given value. 

14.6 | can identify factors of polynomials using the factor theorem. 

14.7 | can factorise polynomials using long division. 
| can factorise polynomials using short division or inspection. 

14.8 | can solve polynomial equations by applying the Null Factor Law. 


14.9.3 Project 


Investigating polynomials 


A polynomial is a function involving the sum of integer powers of a variable (for example, 
y= —4x3 + 3x? — 4). The highest power of the variable determines the degree of the polynomial. In the case 
of the given example, the degree is 3. 


A polynomial of the first degree is a linear function (for example, y = 3x — 8), and a second-degree function 
is a quadratic (for example, y= 5x? — 6x +7). Let us investigate how the degree of a polynomial affects the 
shape of its graph. 
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In order to simplify the graphing of these functions, the polynomials will be expressed in factor form. A 
graphics calculator or some other digital technology will make the graphing process less tedious. 


It will be necessary to adjust the window of the calculator from time to time in order to capture the relevant 
features of the graph. 


1. Consider the following polynomials. 
a.y, =(+1) 
b. yp = (x+ 1)(x—2) 
Cay — Ce lI) G2) G3) 
d. yg =(*+ I(x — 2)(x+ 3) —4) 
e. v5 =(4+ D—2)(4+3)a—-—4)(x+5) 
f. yg = (4+ D(x—2)44+3)@—-—4)%4+ 5)(x— 6) 


For each of the functions: 
i. give the degree of the polynomial 
ii. sketch the graph, marking in the x-intercepts 
iii. describe how the degree of the polynomial affects the shape of the graph. 
Complete question 1 on a separate sheet of paper. 


2. Let us now look at the effect that the exponent of each factor has on the shape of the graph of the 
polynomial. Consider the following functions. 
ay, =@+ I@—2)@+ 3) 
b. yp =(x + 1)°(x—2)(x +3) 
c. y3 = (x+ 1)°(x—2)°(x + 3) 
d. yg = (4+ 1)°(x— 2)(x +3)? 
e. ys =(x+ 1° (x—-2)(x +3)4 
f. ys =(x+ I (e—2)° e+ 3)" 


i. On a separate sheet of paper, draw a sketch of each of the polynomials, marking in the x-intercepts. 
ii. Explain how the power of the factor affects the behaviour of the graph at the x-intercept. 


3. Create and draw a sketch of polynomials with the following given characteristics. Complete your graphs 
on a separate sheet of paper. 
a. A first-degree polynomial that: 
i. crosses the x-axis ii. does not cross the x-axis. 


b. A second-degree polynomial that: 
i. crosses the x-axis twice ii. touches the x-axis at one and only one point. 


c. A third-degree polynomial that crosses the x-axis: 
i. three times ii. twice iii. once. 


d. A fourth-degree polynomial that crosses the x-axis: 
i. four times ii. three times iii. twice iv. once. 


4. Considering the powers of factors of polynomials, write a general statement outlining the conditions 
under which the graph of a polynomial will pass through the x-axis or just touch the x-axis. 


ion) Resources 


oa) 
[4 eWorkbook Topic 14 Workbook (worksheets, code puzzle and project) (ewok-2040) 
&S Interactivities Crossword (int-2875) 


Sudoku puzzle (int-3892) 
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Exercise 14.9 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 

1. £1 Select which of the following is not a polynomial. 
mi ee B.at++4a+2a+2 C. x2 + 3x +2 
D.5 : E. 2x7 +4x-8 


1 
2. Consider the polynomial y = ae +29 +3. 


a. State the degree of y. 

b. State the coefficient of x*. 
c. State the constant term. 

d. Determine the leading term. 


3. Ei The expansion of (x + 5)(x + 1)(x— 6) is: 


Ao — 30) Box pie — 31a 30 Ger 31h —30 
D. x° + 5x” — 36x — 30 E. < —31x2 — 30 


4. GS x +5x? +3x—9 is the expansion of: 


A. (x+3)° B. x(x +3)(x—3) Cc. (x—- 1)e+3" 
D. @«@-1)(~4+ 1)%+3) E. (x-—1)4+3) 


5. Expand each of the following. 
a. (x—2) + 10) b. (x+6)@—1)(x+5) ce. («—7) d. (5—2x)(1+x)(x+ 2) 


6. ES Consider the following long division. 


x + x+2 
x — 4)8 + 5x2 +6x-1 
x + 4x? 
x + 6x 
x + 4x 
2x - 1 
2x + 8 
-9 
a. The quotient is: 
A. -9 B. 9 C.x+4 D. x? +x+2 E. x7 +2 
b. The remainder is: 
A. —9 Bye c. 4 D. 2x-1 ERG 


7. Determine the quotient and remainder when the first polynomial is divided by the second in each case. 
ae oe, 16 ont) Se ee ee ae) 


8. HG If P(x) =x? —3x* +7x+ 1, then P(—2) equals: 
A. —34 B. —33 Cc. -9 D. 9 =, 38 
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12. 


13. 


. If Px) = —3x3 + 2x° +x —4, calculate: 


a. P(1) b. P(—4) c. P(2a) 


. Without dividing, determine the remainder when x3 + 3x2 — 16x +5 is divided by (x— 1). 


. Show that (x +3) is a factor of x? — 2x* — 29x — 42. 


Factorise x° + 4x” — 100x — 400. 
Solve: 
a. (2x+ I(ix— 3) =0 b. 2 — 9x7 + 26x—24=0 c. 4-43-32 + 16x—-12=0 


Problem solving 


14. 


15. 


16. 


17. 


18. 


19. 


Let P(x) = a,x" + d,_1x"~! +... + a,x + dy be a polynomial where the coefficients are integers. Also let 
P(w) =0 where w is an integer. Show that w is a factor of ag. 


Evaluate the area of a square whose sides are (2x — 3) cm. Expand and simplify your answer. If the area 
is 16cm”, determine the value of x. 


A window is in the shape of a semicircle above a rectangle. The 
height of the window is (6x + 1) cm and its width is (2x + 2) cm. 
a. Evaluate the total area of the window. 

b. Expand and simplify your answer. 

c. Determine the perimeter of the window. 


Answer the following questions. 

a. Determine the volume of a cube of side (x + 4) cm. 

b. Evaluate the surface area of the cube. 

c. Determine the value of x for which the volume and surface are numerically equal. 

d. Calculate the value of x if the numerical value of the volume is 5 less than the numerical value of the 
surface area. 


Determine the quotient and remainder when mx” + nx + q is divided by (x —p). 


When P(x) is divided by (x — n), the quotient is x? —2x+n and 
the remainder is (n + 1). Evaluate the value of P(x). 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources (35) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


(Y 


Download the workbook for this topic, which includes 


worksheets, a code puzzle and a project (ewbk-2040) CL] 
a) 
[4 

Download a copy of the fully worked solutions to every 

question in this topic (sol-0748) [ 


| 


14.3 SKiIISHEET Expanding the product of two linear factors 
(doc-5366) 

14.5 SKiIISHEET Substitution into quadratic equations 
(doc-5367) 

14.7 SKiIISHEET Factorising quadratic trinomials (doc-5368) 

14.8 SKiIISHEET Factorising difference of two squares 
expressions (doc-5369) 
SkilISHEET Solving quadratic equations (doc-5370) 


a et a 


14.2 Polynomials (eles-4975) 
14.3 Operations with polynomials (eles-4976) 
14.4 Long division of polynomials (cles-4977) 
14.5 Polynomial values (eles-4978) 
14.6 The remainder theorem (eles-4979) 
The factor theorem (eles-4980) 
14.7 Using long division (eles-4981) 
Using short division, or by inspection (eles-4982) 
14.8 Solving polynomial equations (eles-4983) 


ONOOOOOOOO 


14.2 Degrees of polynomials (int-6203) 
14.3 Adding and subtracting polynomials (int-6204) 
14.4 Long division of polynomials (int-2793) 
14.9 Crossword (int-2875) 
Sudoku puzzle (int-3892) 


OUOUOO 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 


Topic 14 Polynomials 


Exercise 14.1 Pre-test 
Ae eee b. 3 c. 1 


PO M9NOAARON o 
>? >a 


ee ee a | 
Be Se 

> — 
QWs mS 


15.x=-—1,-- or -—6 
2 


Exercise 14.2 Polynomials 
ai. 3 ii. 
b. i. 
Cs ik 


2a. ik 


S “SS & S&S Bw & 


4. a. Polynomial 3b 
c. Polynomial la 


5. a. N b. P 
6.a. N b. N 
7. a. P b. N 
8. a. 3 b. x 
d. 5 e. 3x 
9a. 7 b. w 
d. 0 e. —9 
10. a. 4 b. 1 c. x4 


ttia. 4°42 -—10x418 b. 3x4 - 3x — 27? + 7x—-7 


c. 5x9 — 4x7 — 13x-6 
6 
1A 
6 


12. 


a2 9 5 


in the online resources. 


e. Sample responses can be found in the worked solutions 


in the online resources. 
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c. 


c. 


c. 


c. 


b. Polynomial Ic 
d. Polynomials la, 2a and 2b 


P 


d. 1 


Sample responses can be found in the worked solutions 


13. a. 5 units to the right of the origin 


14. 
15. 
16. 


b. 4 units to the right of the origin 


c. The body moves towards the origin, then away. 


a=1,b=-4 
a=4,b=-6 
a=+3, b=+2 


Exercise 14.3 Adding, subtracting and 
multiplying polynomials 


1. 


10. 


11. 
12. 


13. 
14. 


15. 
16. 


a. x4 +2x7 —x7 - 10 


b. x9 + 2x4 — 3x3 4.977 +5 


5 —5x° + 7x— 13 


. 2x4 + 3x9 + 127 — 40 + 14 


i xt 427 42x44 

. 5x? — 493 + 5x 

. 2x9 + 6x7 — 10x + 15 
a. + 7x7 + 6x 

c. 2 + 8x7 — 33x 

e. 48x —3x° 

a. 5x° + 50x” + 80x 

c. 2x? — 14x? 

e. —7x° — 56x2 — 112x 

a. + 12x? + 41x +42 
c. x + 3x7 — 36x + 32 

e. P +6" —x-6 

a. x° + 5x7 — 49x — 245 
+ 3x7 — 9x45 

a +37 -x-1 

x° + 13x? + 26x — 112 
3x3 + 26x" + 51x — 20 
4x4 + 3x3 — 37x° — 27x 
10x? — 49x? + 27x + 36 


6 
d 
e. © + 13x -— 10 
a 
c. 
e 


9 9 


54x3 + 117x7 — 72x 
24x3 — 1487 + 154x4+ 


4x? + 42x? + 146x + 16 
+ 6x7 + 12x48 
x — 3x +3x—-1 


epoeBoereoeros ® 


b. x8 —P tx 42°42 
d. 10x4 — 7x? + 20x +5 


b. x° — 7x” — 18x 
. 2x9 + 10x? + 12x 


Q 


b. x? + 4x° 
d. —30x°? — 270x7 


. 2 — 3x" — 18x + 40 
x — 6x + 1lx-6 


ana 


. + 4x? — 137x — 660 
d. x° — 12x? + 21x + 98 


low 


+9 


—6x° — 71x? — 198x + 35 
Q1xt — 54x° — 144 + 96x 


245 


20x* — 39x7 — 50x? + 123x — 54 


8 
b. x° + 15x? + 75x + 125 


a. x — 120° +54x7 — 108x + 81 


b. 8x° — 72x? + 216x — 21 


6 


c. 81x4 + 432x° + 86427 + 768x + 256 


(2a + 5b)x + (2b — 5c) 


xt + (a —4b)x° + (2a — dab + 3b7)x? + 
(2a — 2ab + 3ab*)x — 2ab 
a=1, b=—12, c=54, d= —108, e=81 


8x? — 45x7 + 78x — 43 


I 3 e 
g(lle — 1051? + 73x— 27) 


a=2,b=3 


17.a=1,b=-—2andc=1 
18.a=1,b=4andc=—-1 


Exercise 14.4 Long division of polynomials 


tia. x7 4+2x, 9 b. xP +x+3, -2 
c. 7° +3x—6, 19 d. x? —x+5, -17 
2.a. x7 +4x—6, 14 bx +1,.2 
c. +5, —36 d. x —x+6, -11 
3a. 7° +443, -3 b. x7 + 4x + 13, 48 
c. 7 +3x—3, -11 d. x —3x+7, 5 
4.a. x7 —2x—3, -17 b. x —6x+3, —4 
c. x +1444+72, 359 9 d. x7 +8x4-27, 104 
5. a. 3x7 —7x+20, -35  b. 4x7 — 8x4 18, —22 
c. 2x7 —3x+3,7 
6. a. 2x7 —9, 35 b. 4x7 + 2x—3, —1 
ce. 3x7 +x—1, -2 
7a. 3x —2x4+1, 5 b. 2x7 +5x—6, —7 
c. 4x7 —7x—2, -3 
8a. x — 4x43, 8 b. 7? +x—-6, -11 
c. 3x7 +2x +41, 13 
9a. —x°—5x—-2,-14 b. —3x? - 2x44, -3 
c. —x? + 5x+6, 9 d. —2x7 + 7x-1, 1 
10. a. SSD: 3 b. x, -—7 
Cc. xv —x—-2, —-8 d. —x7 —x-8,0 
11.a. 5x—2,7 b. 2x7 —2x +410, —54 
c. —2x°—4x-9, -16 d. —2x°4+4x-1, 1 


12.a. O4+2x°+5x—-2, -2 

b. 2° + 2x7 — 9x — 18, 0 

c. x4 — 3x7 + 6x" — 18x +58, -171 

a. 2x9 — 4x4 + 7x3 — 1327 + 32x — 69, 138 
b. 


. 6° + 17x? +53x+ 155, 465 


13. 


eT 7 20 20 
LP oa + x43, 3 
3 9 27 27 
14. Quotient: x7 — 4x? + 8x— 12 
Remainder: (a + 72) 
15. Quotient = ax + (b + ad) 
Remainder = Rc + d(b + ad) 


ie} 


2, 
16.q= ma 

c 
17.a=-3 
18. a= 


19.a=3,b=—-5 


Exercise 14.5 Polynomial values 
.a. 10 b. 11 


2 b. 43 
3.a. 3 b. —22 
4. b 
5. 


=— 


a. —77 . 2a — 3a” + 2a +10 
16b° — 12h? + 4b + 10 

2x7 + 9x" + 14x + 18 

2x3 — 21x + 74x —77 

—128y° — 48y? — 8y + 10 


ile lier ees 


7a. 4 b. 15 c. 0 
d. 4 e. 15 f. 0 
8. a. 10 b. 28 c. —8 
d. 10 e. 28 f. -8 
9. a. b. 11 c. —21 
d. 3 e. 11 f. —21 
10. a. —7 b. 5 c. —7 
d. —7 e 5 f. —7 
41. a. P(—-8) b. P(7) c. P(a) 
12.a. —-1 b. —6249 c. A%a—3P +1 
13.a. —2a0°-—3a7+a+4  b. —2a>—9a?—1la—1 
14.b=1,4 
15.c=8 
16; ¢= 2 


17.b=—-2,c=5 


Exercise 14.6 The remainder and factor 
theorems 


1. a. —30 b. 0 c. 0 d. —24 
2. a. —24 b.  +3k° — 10k — 24 

c. —n? +3n? + 10n—24 d. —27c? + 27c° +30c — 24 
3. a. 58 b. —8 
4.a. 11 b 
5. a. 158 b. 6 
6. a. 35 b 
7. a. —202 b 
8 
9 


14. —5,2 
15.a=—-5,b=-3 
16.a. D b. C,D c. D d. A, C,D 
17.a. @—1) b. (x—3)or(x— 2) 
c. (x—3)or(x+ 2) d. (x— 6)or(x + 4) or(x + 5) 
18. a-d. Sample responses can be found in the worked 
solutions in the online resources. 


19. a-d. Sample responses can be found in the worked 
solutions in the online resources. 


20. Sample responses can be found in the worked solutions in 
the online resources. 


21.a=2 

22.a=3,b=2 

23. a= —5, b=4l, (x + 3) and (x — 5) 
24.k=-4 


Exercise 14.7 Factorising polynomials 
joa. (x+1I04+3)(4+6)  b. w~t+1)(0+2)(x4+5) 
Qa. (xt Dat2)x+9) b. X+DO+3)4+4) 
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1 
10. a. —3,2 . —2, = 
$a: GH DECEASED bb &420049E47 Grae 3s Benge 
4.a. (x+ 1)°(x+2) b. (@+2)°(x+ 3) e243 4 -1,3 
5. a. (x +4045)? b. x(x + 5)(x+ 8) P 
6. a. x(x + 3)(x+4) b. x(x+5) 11. a. —4, —2, 1,3 b. = 3,4 
7. a. x(x+ D(x+5) b. (x +6) 6. =3, = 21,0 d. —4, -1, 0,2 
8.a. (x— 1)\(¢+ 1)? b. (x= 2)(-— Dt I 12.a. —2,1,4 b. —3,-1,3 oc. —3,0,2 
ce. (x+1)(x+5) d. (x—3)(x +2) 3 
9a. (xt Dt4y b. (x —5)(x —2)(x + 2) ee a dl ig Rely 
ce (@—-DatDat+2) a& @—-3)~+ DOt2) 14, 2.75 
10.a. (xt 1)(x+2)x+5) b. ~—3)x4+ I(x +3) 15. —2, 4, 8 
c. (x—- rx + 3) d. (x—4)(x+ 5)(x4+ 8) 16. x = 1.48 (to 2 decimal places) 
dia. (2x+3)a—1D(xt+2) b. Bx-Dat+Dat+4) 17.x=—1,4and2 
Re -1 
ce. (3x+2)\(x—2)(x+2) d. (4x+3)(x+ 3)(x4+ 5) gus oa 2, 5 
12a. (n+ DQ? +1) b. (x + 1)(2x + 3)? See 
c. (x — 2)(2x— 1I)3x—4) d. (Tx — 2x — 2)(x + 4) eG ame nee 
13. a. x(x — 2)(3x +5) b. 2x(x + 1)(2x — 1) Project 
c. 3x(x— 4)(x + 2) d. —2x(x + 3)° ha. hl 
14. a. —x(x + 4)(x + 3) b. —(x— L(xt Daw 3) ii. 
c. —2x(x — 3)(x — 2) d. -—(—- 2)°(5x —4) 
15. (x— D+ 2) + 2)(x — 3) 
16. —(x — 2)(x + 2)(x + 3)(x — 4)(x — 5) 
17. (x-—pt+(atb)) 
18. x(x — D(x t+ I(x — 2)(x— 3) 
19. a=—2,b=4,(x— 12 xt 12 (x — 2) iii. The graph is linear and crosses the x-axis once 
20. The other two factors are (x — 4) and (x + 1). a 
b. i. 
Exercise 14.8 Solving polynomial equations ii. 
1. a. —2,0,2 b. —4, 0, 4 c. —5,0,5 
2.a. 3 b. —5,0 c. 0,2 
1 
3.a. —/2,0,V2 b. =a ©. 0,5 
4. a. 0, 2,3 b. 0,4 c. —7,0, 1 iii, The graph is quadratic and crosses the x-axis twice 
5.a. —4,1,4 b. —2,3,5 (at x = —1 and x= 2). 
c. —5,1,5 d. —4, —2,2 ce. i. 3 
6a. —1,2,3 b. —2, 1,5 ii 
c. —3, —2,-1 d. —4,5 
7.a. —2,1,4 b. —7, 2,3 
1 1 3 
c. —6,--,-1 d. ==;-, 
2 ge) 
va hea iii. The graph is a curve and crosses the x-axis 3 times 
-B (atx = —1,x=2 and x= —3). 
d. i. 4 


iii. The graph is a curve and crosses the x-axis 4 times 
(atx = —1,x=2,x=-—3 andx=4). 
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iii. The graph is a curve and crosses the x-axis 5 times 


(atx= —1,x=2,x=—-3,x=4andx=-—5S). 


The graph is a curve and crosses the x-axis 6 times 
(atx=—-1l,x=2,x=-3,x=4,x=—5 andx=6). 


i. Each factor is raised to the power 1. The polynomial 


is of degree 3 and the graph crosses the x-axis in 3 
places(—3, —1 and 2). 


i. The factor (x + 1) is raised to the power 2 while the 


other two factors are raised to the power 1. The power 
2 causes the curve not to cross the x-axis at x = —1 but 
to be curved back on itself. 


y 


i. The power 2 on the two factors (x + 1) and (x — 2) 


causes the curve to be directed back on itself and not to 
cross the x-axis at those two points (x = —1 and x = 2). 


i. The power 3 on the factor (x + 3) causes the curve to 


run along the axis at that point then to cross the axis (at 
x=-—3). 


e. i 
ii. The power 3 on the factor (x + 1) causes the curve 
to run along the axis at x = —1, then cross the axis. 
The power 4 on the factor (x + 3) causes the curve to 
be directed back on itself without crossing the axis at 
x= 3. 
| an 


ii. The power 5 on the factor (x + 1) causes the curve to 


run along the axis at x = —1, then cross the axis. 
3. Answers will vary. Possible answers could be as follows. 
a. i. y=3x+2 
ii, y=4 
b. ik y=(Qwt+ Dt 2) 
i, y=@t1)? 
ce -k y= @t)Dat+2)(x4+ 3) 
ii. Not possible 
ii, y=(x+ 1°42) 
dik y= @t+)DO4+204+304+4) 


ii. Not possible 

ii, y= (+ 124 2DWt 3), V=(X+ IW 2) 

iv. Not possible 

4. If the power of the factor of a polynomial is an odd integer, 

the curve will pass through the x-axis. If the power is 1, the 
curve passes straight through. If the power is 3, 5. . ., the 
curve will run along the x-axis before passing through it. On 
the other hand, an even power of a factor causes the curve to 
just touch the x-axis then move back on the same side of the 
X-axis. 


Exercise 14.9 Review questions 
as 


2 


» 
Nn 
io” 

| 

| 
9 
we 
Q. 
# 


. x + 10x? + 19x — 30 
. x 21° + 147x — 343 


Cc 
BG 
5. a. x + 6x — 36x +40 
b 
Cc. 
d. —2x7 x? + 11x +10 
a 


6.a. D b. A 
7a. x°—-16,29 b. x 4+6x4+5,8 c. —x?+2x4+2,-9 
8.B 
9a. —4 

b. 216 

c. —24a? + 8a? + 2a—4 
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. —7 

. Sample responses can be found in the worked solutions in 
the online resources. 

» (x— 10) + 4 + 10) 


1 
. ae =a b:2,,3,.4 e, =2,1,253 


. For example, given P(x) = x° — x” — 34x — 56 and 
P(7) = 0=> («—7) is a factor and 7 is a factor of 56. 


147 
. 4x7 — 12x + 93x = -—-, - 
I, 


1 1 
a. Area =(57 + 10)x? + (7 + 10)x+ 5 


1 1 
: Area = (57 + 10)x? + (7 + 10)x + 5 


. Perimeter = (12 + 77)x+ (2+ 72) 
. (x +4) 
. 6(x + 4)? 
x= 2 
34375 
: 2 
. mx + (n+ mp); gq + p(n + mp) 


. 8 — (2 + n)x? + 3nx —(n? —n—1) 


d. —3 


10A 


Functions and 
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15.1 Overview 
Why learn this? 


Functions and relations are broad and interesting topics of study. 
They are topics with many real-world applications and are very 
important topics to understand as you head towards higher studies 
in mathematics. You will have already seen some functions and 
relations in your maths classes; linear equations, quadratics and 
polynomials are all examples of functions, and circles are examples 
of relations. 


In your previous study of quadratics you learned about graphs with 
an x” term, but have you wondered what a graph would look like 

if it had an x° term or an x* term? You will be learning about these 
and other graphs in this topic. Have you ever heard the phrases 
“exponential growth’ or ‘exponential decay’? In this topic you will 
also learn exactly what these phrases mean and how to graph and 
interpret various exponential situations. 


An understanding of how to apply and use functions and relations is 
relevant to many professionals. Medical teams working to map the 
spread of diseases, engineers designing complicated structures such 
as the Sydney Opera House, graphic designers creating a new logo, 
video game designers developing a new map for their game — all 
require the use and understanding of functions and relations. 


This topic builds on what you already know and extends it into new areas of mathematics. By the end of this 
topic you will know all about different types of functions and relations, and how to graph them, interpret them 


and transform them. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 
eLessons 


Digital 
documents 


Fully worked 
solutions 
to every 
question 


eWorkbook 
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Exercise 15.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. E12) Choose the type of relation that the graph YA 
represents. 
A. One-to-one relation 
B. One-to-many relation 
C. Many-to-one relation 
D. Many-to-many relation 0 
E. None of these 


2V 


2. G9 A function is a relation that is one-to-one or: 
A. many-to-one B. many-to-many 
C. one-to-many D. one-to-two 
E. none of these 


3. [9 The graph below is a function. 


YR 


State whether this is true or false. 


4. GG Select the correct domain of the relation shown in yA 
the graph. 
A.xER 
B. x €[-1, 2] 8 ao 
C.x€ [2,8] 
D.xe€[0, 8] 
E.xe€[-1,8] 
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1 
5. OG Select the correct range of the function f(x) = = aP Jl 
Te 


A. yER B. yER\ {1} 
Cc. yER\{-1}} D. yE R\ {2} 
E. yeR\{—2} 


6. HS Select the correct equation of the inverse function f(x) = (x + ie =P) 0S Il, 


A. f-'!()=Vxt+2-1,x>-1 B. ff! @=Vxt+2-1.x<-2 
c.f! @=-Vxt2-1,x>-1 D. f | @W=-Vxt+2-1,.x>-2 


E. f!()=—-Vx—-14+2,x>-2 
7. OS) For a function to have an inverse function, it must be: 
A. one-to-one B. one-to-many C. many-to-one 


D. many-to-many E. all of these 


8. HG Select the correct asymptote for the graph y = 2*-! +3. 


A. y=—l B. x=1 C.x=3 D. y=1 E. y=3 
9. M19 Select the correct equation for the graph shown. yA 
A. y=x(x—2)° F 
B. y=x(x—2) BS 
C. y=x(x +2)" 2. 
D. y=x? (x—2) 
E. y=x* (x+ 2) > 
5 4-3-2 44 5 
Y 


10. E19 The graph of x + y* =4 is translated 1 unit to the left parallel to the x-axis and 2 units upwards, 
parallel to the y-axis. 


YA 
4 
1 
~< 
eee ee on (ies eG 
43 
Y 
Select the new transformed equation. 
A. (x41) +(y +2) =7 B. (x+1)°+(y—-2) =7 CG+1) +042) =4 
Dit) Ho 2) =—4 E. (x—1)° +(y+2)=1 
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11. ES Consider the function f(x) = (x* — 9) («—2) (1-2). 
The graph of f(x) is best represented by: 


A. yA B. yA 
60 
4 
20 
10 
~< > ~< > 
5 bi"\7i 4 4 4 5 +5 Io] | ied 
20 
-30 
40 
50 
-60 
Y 
c Vp D YA 
60 60 
40 
20 20 4 
~ > ~ > 
5 ee We Spe Ae les 5 
40 —40 
60-4 60 
Y Y 
E yA 
60 
40 
20 
5 NU 3 ag 5% 
40 
60-4 


12. G9 The quartic function has two x-intercepts at —1 and 4 and passes through the point (0, —8). 
Select the equation that best represents the function. 


A. f= —H(x +14" Bf@= a(t SAGE See C. f(x) = —H = RG 
D. f(x) =—2(x+ 1)°(x—4)" E. f(x) =2(x+ 1)°(x—4) 
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13. MO If the graph shown is represented by the equation y = P(x), select the correct graph for the 
equation y= P(x— 1). 


YA 
5 
3 
2 
1 
R "i 
-5 4-3-2 a ee 
14 
15 
Y 
A. YA B. YA 
5 5 
4 4 
3 3 
2 2 
1 1 
< a ~< >| 
-5 4-3-2 5 is Ae -§ 4-3-2 =], { 1 2-3-4 5 
4. 
45 
Y Y 
Cc YA D Vp 
5 5 
4 4 
2 2 
1 
a >I 3 > 
-5§ 4-3-2 - ae eH -5 4-3-2 Os 1 
3 
4 4 
5 
Y Y 
E YA 
4 
3 
2 
1 
"i 
5 4-3f-1)4 1.2 3.45 
=o) 
-4 
5, 
Y 
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14, G1 If the graph shown is represented by the equation y= P(x), 
select the correct graph for the equation y= —P(x) + 2. 


VY 


VY 


15. O19 Consider the sketch of y = P(x) and the graph of a transformation of y = P(x). 


eee We es 


#Y 


. 0 cs 
-5 4-3 -2\1, | 1 2 3.4 5 
=3 
Y 
y 
3 
1 
iz 0 | 
-§ 4 -3-2b1, | 1} 3-4 5 
ey 
a 


Select the possible equation in terms of P(x) for the transformation of y= P(x). 


A. y=P(x) +2 


B. y=P(x—2) 


Cc. y=P(x+2) 


D. y=—P(x)-2  ~E. y=—P(x)+2 
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15.2 Functions and relations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e identify the type of a relation 
e determine the domain and range of a function or relation 
e identify the points of intersection between two functions 
e determine the inverse function of a one-to-one function. 


® 15.2.1 Types of relations 


les-4984 
= e A relation is defined as a set of ordered pairs (x, y) which are related by a rule expressed as an algebraic 


equation. Examples of relations include y= 3x, x* + y* =4 and y=2". 
e There are four types of relations, which are defined as follows. 


Types of relations Definition Example 


One-to-one relations e A one-to-one relation exists if for any y 
x-value there is only one corresponding 


y-value and vice versa. 


One-to-many relations | e A one-to-many relation exists if for 
any x-value there is more than one 
y-value, but for any y-value there is only 
one x-value. 


Many-to-one relations | e A many-to-one relation exists if there 
is more than one x-value for any y-value 
but for any x-value there is only one 


y-value. 
Many-to-many e A many-to-many relation exists if y y 
relations there is more than one x-value for any LL 


y-value and vice versa. 


Y 
+V 


Determining the type of a relation 


To determine the type of a relation: 
e Draw a horizontal line through the graph so that it cuts the graph the maximum number of times. 
Determine whether the number of cuts is one or many. 
e Draw a vertical line through the graph so that it cuts the graph the maximum number of times. 
Determine whether the number of cuts is one or many. 
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WORKED EXAMPLE 1 Identifying the types of relations 


State the type of relation that each graph represents. 
a. y b. y Cc. y 


THINK 


a. 1. Draw a horizontal line through the graph. 
The line cuts the graph one time. 


One-to- relation 
2. Draw a vertical line through the graph. 
The line cuts the graph many times. 


b. 1. Draw a horizontal line through the graph. b. 
The line cuts the graph one time. 


2. Draw a vertical line through the graph. 
The line cuts the graph one time. 


yy 


c. 1. Draw a horizontal line through the graph. Cc. 
The line cuts the graph many times. 


Many-to- relation 
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2. Draw a vertical line through the graph. 
The line cuts the graph one time. 


Many-to-many relation 


® 15.2.2 Functions 


eles-4985 
e Relations that are one-to-one or many-to-one are called functions. That is, a function is a relation in which 


for any x-value there is at most one y-value. 
Vertical line test 


e To determine if a graph is a function, a vertical line is drawn anywhere on the graph. If it does not intersect 
with the curve more than once, then the graph is a function. 
For example, in each of the two graphs below, each vertical line intersects the graph only once. 


1. YA 2. YA 


WORKED EXAMPLE 2 Identifying whether a relation is a function 


State whether or not each of the following relations are functions. 
a. b. y 


THINK WRITE 

a. It is possible for a vertical line to intersect with a. Not a function 
the curve more than once. 

b. It is not possible for any vertical line to intersect . Function 
with the curve more than once. 
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Function notation 


e Consider the relation y = 2x, which is a function. 


The y-values are determined from the x-values, so we say ‘y is a function of x’, which is abbreviated 


to y=f(x). 
So, the rule y = 2x can also be written as f(x) = 2x. 


written as f(5), the value of y when x =a as f(a), etc. 
e For the function f(x) = 2x: 
whenx=1,y=f(1) 
=2x1 
ee 
whenx=2, y = f(2) 
=2x2 
= 4, andsoon. 


Domain and range 


For a given function y = f(x), the value of y when x= 1 is written as f(1), the value of y when x=5 is 


e The domain of a function is the set of all allowable values of x. It is sometimes referred to as the 


maximal domain. 


e The range of a function is the set of y-values produced by the function. 


e The following examples show how to determine the domain and range of some graphs. 


Graph Domain Range 
y The domain is all x values | The range is all y values 
. except 0. except 0. 


Domain: x € R\ {0} 


Range: y € R\ {0} 


The range is all y values that 
are greater than or equal to —3. 
Range: y > —3 


Yh The domain is all x values. 
3 Domain: x ER 
2 
1 
3 | > | 4 |9 4 
+1 
-2 
Y 


TOPIC 15 Functions and relations 941 


WORKED EXAMPLE 3 Evaluating a function using function notation 


If f (x) =x? — 3, calculate: 


a. f() b. f(a) c. 3f(2a) d. fa@)+f(b) e. fa@+tb). 
THINK WRITE 
a. 1. Write the rule. a. f(x) =x? -3 

2. Substitute x = 1 into the rule. f=-3 

3. Simplify and write the answer. — 3 

= —2 

b. 1. Write the rule. b. f(x) =x? -3 

2. Substitute x =a into the rule. (QO= 3 
c. 1. Write the rule. c. f(x) =x? -3 

2. Substitute x = 2a into the rule and simplify. nea — (2a) —3 

= 27a? —3 
= 4q? —3 

3. Multiply the answer by 3 and simplify. 3f (2a) = 3(4a* — 3) 

4. Write the answer. = 12a’-9 
d. 1. Write the rule. d. f(x) =x? -3 

2. Evaluate f(a). I@QO= ar = 3 

3. Evaluate f(b). fby=h-3 

4. Evaluate f(a) +f(b). f(at+f() =a -3+b*-3 

5. Write the answer. =a+b-6 
e. 1. Write the rule e. f(x) =x? -3 

2. Evaluate f(a+ bd). f(a+b) = (a+b) -3 


= (at+b)(a+b)—-3 
3. Write the answer. = a*+2ab+b? -3 
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® 


eles-4986 


TI | THINK 


a-e. 


DISPLAY/WRITE 
a-e. 


In a new document, on a 1 


Calculator page, press: Define Ax)ax?-3 “|e Action 

° MENU 41) > |® Command 

e 1: Actions fi) ae e Define 

ei Deiee 2-2-2) vit gi) Complete the entry lines as: 
Complete the entry lines as: ume" | | Define fw=xr-3 
Define f(x) =2 —3 fe)of?) aep26 BY (1) 

ff) fare) a242-a-b+02-2 ~ | f(a) 

f(@ 3f (2a) 

3f (2a) fl) = -2 f@ +f) 

f(@ + fb) f{@= a—-3 fla+b) 

fla+b) 3f(2a) = 3 (4a? — 3) expand ((a +b)” — 3) 


Press ENTER after each entry. 


fia +f(b) = a+b -6 


flatb=a + 2ab+b> —3 


CASIO | THINK 
a-e. 
On the Main screen, tap: 


15.2.3 Identifying features of functions 


Behaviour of functions as they approach extreme values 


e We can identify features of certain functions by observing what happens to the function value (y value) 
when x approaches a very small value such as 0 (x > 0) or a very large value such as 00 (x > 00). 


Press EXE after each entry. 


DISPLAY/WRITE 
a-e. 


© Edit Action Interactive 
» 


Define f(xd=x2~3 6 
done 
mo 
-2 
f(a) 
at-g 
3f (2a) 
3+(4-a2-3) 
fay4tco) 
a2 +h?-6 
fatb) 
(a+b) 2-9 


expand ((atb) 7~3) 
a*+b2+2-arb-3 OD 


Nip Decimal «=sPesl Deg) 
fl)=-2 
fa=a —3 


3f (2a) = (12a — 9) 
fatfb=ac+bh?-6 
flatb)=a@ +2ab+b* —3 


WORKED EXAMPLE 4 Identifying end behaviour of a function 


Describe what happens to these functions as the value of x increases, that is, as x > oo. 


@ fae 
EG 


a. y=x? baie) =e 
THINK 
a. 1. Write the function. 
2. Substitute large x values into the function, 
such as x = 10000 and x = 1 000 000. 
3. Write a conclusion. 
b. 1. Write the function. 
2. Substitute large x values into the function, 
such as x = 10000 and x = 1 000 000. 
3. Write a conclusion. 
c. 1. Write the function. 
2. Substitute large x values into the function, 
such as x = 10000 and x = 1 000 000. 
3. Write a conclusion. 


f(10000) = 100000 000 
f(1000 000) = 1 x 10'? 


As x > oo, f(x) also increases; that is, f(x) > oo. 


i fC) SL 


£10000) ~ 0 
F (1000 000) ~ 0 


As x— oo, f(x) > 0. 
eG its a 
5 


f(10.000) = 1.0001 


f (1000 000) = 1.000001 


As x— oo, f(x) > 1. 
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Points of intersection 


e A point of intersection between two functions is a point at which the two graphs cross paths. 
e To determine points of intersection, equate the two graphs and solve to calculate the coordinates of the 
points of intersection. 


YA 

54 

47 
Poin of 
intersection 


WORKED EXAMPLE 5 Determining points of intersection 


1 
Determine any points of intersection between f(x) = 2x + 1 and g(x) = -. 
a 


THINK WRITE 
1. Write the two equations. f@) =2x+1 
1 
ga) = — 
Xx 
2. Points of intersection are common values For points of intersection: 
between the two curves. To solve the 1 
; f 2x+1=- 
equations simultaneously, equate both x 
functions. 
3. Rearrange the resulting equation and solve Ie 4 x= 1 
fous 2x? +x-1=0 
Qx—N@+l=0 
1 
x= — or | 
2 


1 1 
4. Substitute the x values into either functionto f{| —})=2x-+1=2 
2 2 
calculate the y values. 
fC) =2x-1+1=-1 


: : : ; : : 1 
5. Write the coordinates of the two points of The points of intersection are (5. 2) and (—1, —1). 
intersection. 
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TI | THINK 


1. Ina new problem, ona 
Calculator page, press: 
e MENU 
e 1: Actions 
e 1: Define 


Complete the entry lines as: 
Define f1 (x) =2x+ 1 
Define f2 (x) = = 

x 
Press ENTER after each 
entry. Then press: 
e MENU 
© 3: Algebra 
© 1: Solve 


Complete the entry lines as: 
solve (fl (x) = f2 (x) ,x) 
flCl) 


ns) 


Press ENTER after each 
entry. 


2. Alternatively, open a Graphs 
page in the current document. 
Since the functions have 
already been entered, just 
select the functions and press 
ENTER. 

The graphs will be displayed. 


3. To locate the points of 
intersection between the two 
functions, press: 

e MENU 
© 6: Analyze Graph 
° 4: Intersection 


Move the cursor to the left 
of the intersection point and 
press ENTER. Then move 
the cursor to the right of the 
intersection point and press 
ENTER. The intersection 
point is displayed. Repeat for 
the other intersection point. 


DISPLAY/WRITE 
Ww 2.1 
fine f7\x}=2+ x+1 Done + 
Define pabeah Done 
x 

solve(/2(x)=72(x),x) So eapeks 
f1(-1) z 
E 2 


The points of intersection are 


(1, and (<.2), 
2 


filx)=2-x+1 


The points of intersection 
are (—1, —1) and (0.5, 2). 


CASIO | THINK 
1. 


. Alternatively, tap the graphing 


. To locate the points of 


DISPLAY/WRITE 


On the Main screen, complete | o twit Action \nternctive 
the entry line as: ES ogo & 
solve(2x+1=1, x) a 
1 ‘i ; 
solve | 2x+1l=—-,x {x=-1.x=4] 
x 2xe1 [xe=1 
-1 
2x+1|x=-1 axel xed 
1 2 
2x+1|x=- 0 
2 
Press EXE after each entry. 
a 
Aly Standard = Real Deg @ 


The points of intersection 


1 
are (—1, —1) and (;.2). 
2 


icon. 


Highlight each side of the ~ 
equation separately and drag epee 
it down to the axis below. -1 


xt] xm} 


© Edit Zoom Aniysis © x) 
i 


bea] ca [eal 


intersection, tap: 
e Analysis 

° G-Solve 

e Intersection 


To find the other intersection 
point, tap the right arrow. 


The points of intersection 
are (—1, —1) and (0.5, 2). 


TOPIC 15 Functions and relations 945 


® 15.2.4 Inverse functions 


eles-4987 
e An inverse function is when a function is reflected across the line y= x. 
© The inverse of f(x) is written as f—! (x). 
e To determine the equation of the inverse function, swap x and y and rearrange to make y the subject. 
For example, for f(x) = 2x: 
e rewrite the equation as y= 2x 
e swap x and y to getx=2y 


: 1 
e rearrange to make y the subject to get y= ri 


. : : : . 1 
e rewrite the inverse in function notation f~!(x) = rin 


e Not all functions have inverses that are functions. 
For example, the inverse of the function y=x? is x=y* or y= +/x which is a one-to-many relation. 


e For a function to have an inverse function it must be a one-to-one function. 

e To determine whether a function has an inverse which is a function we can use the horizontal line test. 

e Only when a function is one-to-one, will it have an inverse function. This can be tested by drawing a 
horizontal line to see if it cuts the graph once (has an inverse function) or more than once (does not have 
an inverse function). 

e Ifa graph fails the horizontal line test its domain can be restricted so that it passes the test. The function 
with the restricted domain will then have an inverse function. 
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Graph Result 


The graph of y = x? fails the horizontal line test. 
Therefore, y =x” does not have an inverse 
function. 


The graph of y = x” passes the horizontal line test 
when the domain is restricted to x > 0. 
Therefore, y=x*, x >0 has an inverse function. 


WORKED EXAMPLE 6 Determining inverse functions of functions 


Answer the following questions. 

a. i. Show that the function f (x) =x (x — 5) will have not have an inverse function. 
ii. Suggest a restriction that would result in an inverse function. 

b. i. Show that the function f(x) =x? + 4, x > 0 will have an inverse function. 
ii. Determine the equation of the inverse function. 
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THINK 
a. i. 1. Sketch the graph of f(x) =x(x—5). 


2. Draw a dotted horizontal line(s) through 
the graph. 


ii. | Apply a restriction to the function so that 
it will have an inverse. 


b. i. 1. Sketch the graph of f(x) =x? +4,x>0. 


2. Draw a dotted horizontal line through the 
graph. 


ii. 1. Determine the equation of the inverse 
function by swapping x and y. 


2. Write the answer in correct form, noting 
the domain. 


WRITE/DRAW 
a. i. YA 0 
1007) fs) = x05) 
ee) Ses Ss Se een ee 


b. 


B 2 


4-2 9| “»-4 6 8 10 12 14 


> 
x 


The graph does not satisfy the horizontal 
line test, so the function f(x) =x (x —5) 
will not have an inverse function. 

An inverse function will exist if 

f(@®) =x(x-5),x<2.5 or 

HCD) = CD) KS 2D. 


YA 
100 0, 104) 


~ > 
ene 2 Bea eee 


The graph satisfies the horizontal line test, 
so the function f(x) =2x* +4, x >0 has an 
inverse function. 
Let y= 27 +4,x>0. 
Swap x and y. 
x=y +4 
Make y the subject. 
x=y+4 
x-4= ie 
Vx-4=y 
y=vyx—-4 


The inverse of f(x) =2* + 4 is 


fa y= Vea 4 
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ion) Resources 


2A) 
[v4 eWorkbook Topic 15 Workbook (worksheets, code puzzle and project) (ewbk-2041) 


g Digital documents SkilISHEET Finding the gradient and y-intercept (doc-5378) 
SkilISHEET Sketching straight lines (doc-5379) 
SKilISHEET Sketching parabolas (doc-5380) 
SkilISHEET Completing the square (doc-5381) 
SkilISHEET Identifying equations of straight lines and parabolas (doc-5382) 
SkilISHEET Finding points of intersection (doc-5383) 
SkillISHEET Substitution into index expressions (doc-5384) 


& Interactivities Relations (int-6208) 
Evaluating functions (int-6209) 


Exercise 15.2 Functions and relations learn@) 
Individual pathways 

M PRACTISE Hi CONSOLIDATE HB MASTER 

WZ Hs 10), WZ, WS, 7, Z2 2), teh, Vil, Ws), Wei, IS), 2s) 3, 6, 9, 14, 16, 20, 21, 24 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 
ES For questions 1 to 3, state the type of relation that each graph represents. 
1a. y b. y Cc. yp dy 


s 
j=) 
= 


2. a. b. y CG: y 


A 
7 ; 
Y 
3. a. y b. y c: YA d. y 
0 0 ] x 0 


Ed For questions 4 to 6, answer the following questions. 
4. a. Use the vertical line test to determine which of the relations in question 1 are functions. 
b. Determine which of these functions have inverses that are also functions. 


j=) 

j=) 

s 
i=) 
a 


ta 


fy 
S 


5. a. Use the vertical line test to determine which of the relations in question 2 are functions. 
b. Determine which of these functions have inverses that are also functions. 
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6. a. Use the vertical line test to determine which of the relations in question 3 are functions. 
b. Determine which of these functions have inverses that are also functions. 


7. Te If f(x) = 3x + 1, calculate: 


a. f (0) b. f(2) c. f(—2) d. f(5) 
8. If gy) = Vx+4, calculate: 
a. g(0) b. g(—3) ce. g(5) d. g(—4) 


9. Ifg@=4- calculate: 
x 


1 
a. g(1) v- (5) 


10. If f(~)=(+ 3)", calculate: 
a. f(0) b. f(—2) c. fC) d. f(@~ 


[e) 
leje} 
| 
NIlR 
nee 
o. 
a9 
on™ 
| 
nl 
Saat 


11. Ifh(@= aw calculate: 
x 
a. h(2) b. h(4) c. h(—6) d. h(12) 
Understanding 


12. State which of the following relations are functions. 


a. y b. x7 +y?=9 c. y=8x—3 d. y 


13. State which of the following relations are functions. 


a. y=2x+1 b. y=x? +2 c. y=2* 
d. x? + y* =25 ex? +4x+y+6y=14 f. y=—4x 


14. Given that f(x) = 0 — x, determine: 
x 


a. f (2) b. f(—5) c. f (2x) 
d. f(x”) e. f(x +3) t/@-1D 
15. Calculate the value (or values) of x for which each function has the value given. 
a. f(x) =3x-4,f@=5 b. g(x) =2* -2,2(x) =7 o. fay = = fla) =3 
16. Calculate the value (or values) of x for which each function has the value given. 
a. h(x)=x2—5x+6,h(Q)=0  b. g(x) =x? 4+3x,e(x) =4 c. f(x) = V8 —x, f(x) =3 
Reasoning 
17. E23 Describe what happens to: 
a. f(x) =2x° +3 asx 00 b. f(x) =2* as x > —00 BIGE 2 Hee 
d. f(x) =x as x > —00 e. f(x) =—S* as x > —00 7 


950 Jacaranda Maths Quest 10 + 10A 


18. MEI Determine any points of intersection between the following curves. 
a. f(x) =2x—4 and g(x) =x? —4 b. f(x) =—3x4+ 1 and g%) = a 
x 
c. f(x) =x* —4 and g(x) =4—-2 d. f(x) = =1- 62 and x? + y* =25 


19. Determine the equation of the inverse function of each of the following, placing restrictions on the original 
values of x as required. 


a. f(x)=2x-1 b. f(y =x -3 c. f()=(x—- 2) +4 


20. MES Answer the following questions with full working. 
a. Show that the function f(x) = x (x — 2) will not have an inverse function. 
b. Suggest a restriction that would result in an inverse function. 

21. Answer the following questions with full working. 


a. Show that the function f(x) = —x? + 4, x <0 will have an inverse function. 
b. Determine the equation of the inverse function. 


Problem solving 
22. Determine the value(s) of for which: 


a. f(x) =x +7 and f(x) = 16 b. g(x)= and g(x) =3 c. h(x) = V84+x and h(x) =6. 


x-2 
23. Compare the graphs of the inverse functions y= a* and y= log x, choosing various values for a. Explain 
why these graphs are inverses. 


24. Consider the function defined by the rule f: R> R, f(x) =(— 1° +2. 


. State the range of the function. 

. Determine the type of mapping for the function. 

. Sketch the graph of the function stating where it cuts the y-axis and its turning point. 
. Select a domain where x is positive such that fis a one-to-one function. 

. Determine the inverse function. Give the domain and range of the inverse function. 

. Sketch the graph of the inverse function on the same set of axes used for part c. 
Determine where f and the function g (x) = x + 3 intersect each other. 


e@awoanaos 


15.3 Exponential functions 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e sketch graphs of exponential functions 
e determine the equation of an exponential function. 


® 15.3.1 Exponential functions 


eles-4988 
e Exponential functions can be used to model many real situations involving natural growth and decay. 
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Exponential growth 


Exponential decay 


Exponential growth is when a quantity grows by 

a constant percentage in each fixed period of time. 
Examples of exponential growth include growth of 
investment at a certain rate of compound interest and 
growth in the number of cells in a bacterial colony. 


J 


Exponential decay is when a quantity decreases by 
a constant percentage in each fixed period of time. 
Examples of exponential decay include yearly loss of 
value of an item (called depreciation) and radioactive 
decay. 


e Both exponential growth and decay can be modelled by exponential functions of the type 
y=ka‘ (y=k xa’). The difference is in the value of the base a. When a> 1, there is exponential growth 


and when 0 <a < | there is exponential decay. 


When x is used to represent time, the value of k corresponds to the initial quantity that is growing 


or decaying. 


WORKED EXAMPLE 7 Modelling bacterial growth using exponential functions 


The number of bacteria, N, in a Petri dish after x hours is 


given by the equation N = 50 x 2”. 


a. Identify the initial number of bacteria in the Petri dish. 
b. Determine the number of bacteria in the Petri dish after 


3 hours. 


c. Draw the graph of the function of N against x. 
d. Use the graph to estimate the length of time it will take 


for the initial number of bacteria to treble. 


THINK 


a. 1. Write the equation. 


2. Substitute x= 0 into the given formula and 
evaluate. (Notice that this is the value of x for 
equations of the form y=k xX a*.) 


3. Write the answer in a sentence. 


. Substitute x = 3 into the formula and evaluate. 


2. Write the answer in a sentence. 
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WRITE/DRAW 
Zh INS SOS 
Whenx=0, N=50x2° 
call 
= 5\0) 


The initial number of bacteria in the Petri dish 
is 50. 


b. Whenx=3, N=50x2° 
=50x8 
= 400 


After 3 hours there are 400 bacteria in the 
Petri dish. 


. 1. Calculate the value of N when x= 1 


an Ge — 


2. Draw a set of axes, labelling the horizontal 
axis as x and the vertical axis as N. 

3. Plot the points generated by the answers to 
parts a,b and c 1. 

4. Join the points plotted with a smooth curve. 


5. Label the graph. 


. 1. Determine the number of bacteria required. 


2. Draw a horizontal line from N= 150 to the 
curve and from this point draw a vertical line 
to the x-axis. This will help us to the estimate 
the time taken for the number of bacteria to 
treble. 


3. Write the answer in a sentence. 


c. Atx=1, N=50x2! 


— Oban 
= 100 

Atx=2, N=50x2? 
= SH) 36 4! 
= 200 


500. 
N='50|x 2* 


~ 400 


Y 


d. Number of bacteria = 3 x 50 
= 150) 


The time taken will be approximately 1.6 hours. 
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TI | THINK 

a-b. 

In a new problem, on a 
Calculator page, press: 

e MENU 

e 1: Actions 

e 1: Define 

Complete the function entry 
line as: 

Define 

fl) =50x2*|x>0 
Then press ENTER. 

Note that the x > 0 needs to 
be included as the graph is 
only sketched for x > 0. 

To determine the initial 
number of bacteria, complete 
the entry line as: 

f1(0) 

To determine the number 
of bacteria after 3 hours, 
complete the entry line as: 
f1(3) 

Press ENTER after each 
entry. 


c. 
Open a Graphs page in the 
current document. Since 

the function has already 
been entered, just select 

the function and press 
ENTER, and the graph will 
be displayed. However, reset 
the viewing window to a 
more appropriate scale as 
shown. 


d. 

Now enter the function as: 
f2(x) = 150|x>0 

Then press ENTER. The 
graph will be displayed. To 
find the point of intersection 
between the two graphs, 
press: 

° MENU 

e 6: Analyze Graph 

e 4: Intersection 

Move the cursor to the left 
of the intersection point and 
press 

ENTER. Then move the 
cursor to the right of the 
intersection point and press 
ENTER. The intersection 
point is displayed. 


DISPLAY/WRITE 

a-b. 

| Define f1(x)=50- p20 Done 
| f1(0) 50 
f1(3) 400 


| k 


Initially there are 50 bacteria 
present, and after 3 hours there are 
400 bacteria present. 


c. 


22 13.1 | 3.2 
| 700 #¥ 


fi(x)=450- 2*,x20 


The point of intersection is at 
(1.58, 150). The initial number 
of bacteria will treble after 
1.58 hours. 
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CASIO | THINK 

a-b. 

On the Main screen, complete 
the entry line as: 

Define 

fii) =50x2"|x>0 

Then press EXE. 

Note that we need to include 
the x >0 as we want to sketch 
only the graph for x > 0. 

To determine the initial 
number of bacteria, type: 
f1(0) 

To determine the number of 
bacteria after 3 hours, type: 


f1(3) 


c. 
On the Graph & Table screen, 
complete the function entry 
line as: 

yl=50x2*|x>0 

Tick the yl box and tap the 
graphing icon. 

Reset the viewing window to 
a more appropriate scale as 
shown. 


d. 

Enter the equation by typing 
the entry line: 

y2= 150|x>0 

Tick the y2 box and tap the 
graphing icon. 

To find the point of 
intersection, tap: 

e Analysis 

© G-Solve 

e Intersection 


DISPLAY/WRITE 
a-b. 


© Edit Action Interactive 


vlAtlen 
= 


Define 11 (x)=50x2* 1x20 3 


c 
done 
mo) 
50 
113) 
400 
0 
Q 
wa 


Ag Standard = eal Find 


Initially there are 50 bacteria 
present, and after 3 hours there 
are 400 bacteria present. 


c. 


© Edit Zoom Analysis @ x 


sect 
am 
20, 
Fd 
20m 
hed 
19 


es es Se = 
~<a Intarsaction|} 
w=]. 3849625 yer 50 


LBA s 


The point of intersection is at 
(1.58, 150). The initial number 
of bacteria will treble after 
1.58 hours. 


WORKED EXAMPLE 8 Determining the equation of an exponential function 


A new computer costs $3000. It is estimated that each year it will be losing 12% of the previous 

year’s value. 

a. Calculate the value, $V, of the computer after the first year. 

b. Calculate the value of the computer after the second year. 

c. Determine the equation that relates the value of the computer to the number of years, n, it has 
been used. 

d. Use your equation to calculate the value of the computer in 10 years’ time. 


THINK WRITE 
a. 1. State the original value of the computer. a. Vo = 3000 
2. Since 12% of the value is being lost each V, = 88% of 3000 
year, the value of the computer will be 88% = 0.88 x 3000 
or (100 — 12) % of the previous year’s value. = 2640 


Therefore, the value after the first year (V;) is 
88% of the original cost. 


. Write the answer in a sentence. 


. The value of the computer after the second 


year, V>, is 88% of the value after the 
first year. 


. Write the answer in a sentence. 


. The original value is Vo. 


. The value after the first year, V,, is obtained 


by multiplying the original value by 0.88. 


. The value after the second year, V5, is 


obtained by multiplying V, by 0.88, or by 
multiplying the original value, Vo, by (0.88)°. 


. The value after the third year, V3, is obtained 


by multiplying V> by 0.88, or Vo by (0.88)°. 


. By observing the pattern we can generalise as 


follows: the value after the nth year, V,,, can 
be obtained by multiplying the original value, 
Vo, by 0.88 n times; that is, by (0.88)”. 


The value of the computer after 1 year is $2640. 


b. V> = 88% of 2640 
= 0.88 x 2640 
= 2323.2 


The value of the computer after the second 
year is $2323.20. 


c. Vy = 3000 
V, = 3000 0.88 


V> = (3000 x 0.88) x 0.88 
= 3000 x (0.88)" 


V3 = (3000 x 0.88)? x 0.88 
= 3000 x (0.88)? 


V,, = 3000 x (0.88)" 


d. 1. Substitute n= 10 into the equation obtained d. Whenn=10, 
in part c to calculate the value of the Vio = 3000 x (0.88)!° 
computer after 10 years. = 835.50 


. Write the answer in a sentence. 


The value of the computer after 
10 years is $835.50. 


TOPIC 15 Functions and relations 955 


® 15.3.2 Determining the equation of an exponential function using data 


eles-5349 


e If the initial value, k, is known, it is possible to substitute in a data point to determine the value of a and 


thereby find the equation of the function. 


e Sometimes the relationship between the two variables closely resembles an exponential pattern, but cannot 


be described exactly by an exponential function. 


In such cases, part of the data are used to model the 


relationship with exponential growth or the decay function. 


WORKED EXAMPLE 9 Determining the equation of an exponential function using data 


The population of a certain city is shown in the table below. 


Year 2000 | 2005 


2010 | 2015 | 2020 


Population (x1000) 128 | 170 


232 | 316 | 412 


Assume that the relationship between the population, P, and the year, x, can be modelled by the 


function P = ka*, where x is the number of years 


after 2000. 


Multiply the value of P by 1000 to determine the actual population. 


a. State the value of k, which is the population, in thousands, at the start of the period. 

b. Use a middle point in the data set to calculate the value of a, correct to 2 decimal places. 

Hence, write the formula, connecting the population, P, with the number of years, x, since 2000. 

c. For the years given, calculate the size of the population using the formula obtained in part b. 

Compare it with the actual size of the population in those years. 

d. Predict the population of the city in the years 2030 and 2035. 

THINK WRITE 

a. From the given table, state the value of k ah fe IDS 
that corresponds to the population of the city 
in the year 2000. 

b. 1. Write the given formula for the population b. PP =ka* 
of the city. 

2. Replace the value of k with the value found P=128xa 
ina. 
3. Using a middle point of the data, replace x Middle point is (2010, 232). 
with the number of years since 1985 and When x = 10, P= 232, so 232 = 128 xa!®. 
P with the corresponding value 
Dey) 
4. Solve the equation for a. Co ae 
128 
a E8125 
a= 1.8125 
G= NIV Bor. 
5. Round the answer to 2 decimal places. az 1.06 
6. Rewrite the formula with this value of a. So, /2 = 128 “CLoOay , 

c. 1. Draw pees ears and enter i ie : ©. fYear! 2000 | 2005 | 2010 | 2015 | 2020 
years, the number of years since , Xx, ani e 0 5 10 iG 0 
the population for each year, P. Round values 
of P to the nearest whole number. P 128 71 229 | 307 | 411 


. Comment on the closeness of the fit. 
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The values for the population obtained using 
the formula closely resemble the actual data. 


d. 1. Determine the value of x, the number of d. For the year, x = 30. 
years after 2000. 


2. Substitute this value of x into the formula JP = IIPAIS< (1.06)° 
and evaluate. = 135 MOO Hoo 

3. Round to the nearest whole number. IPRS IBS 
4. Write the answer in a sentence. The predicted population for 2030 is 735 000. 
5. Repeat for the year 2035. For the year 2035, x= 35. 

P= 128 x(1.06)” 

r= Geis) oil)... 

Px 984 

6. Write the answer in a sentence. The predicted population for 2035 is 984 000. 
ion) Resources 


7A) 
(4 eWorkbook Topic 15 Workbook (worksheets, code puzzle and project) (ewbk-2041) 


g Digital documents SkilISHEET Converting a percentage to a decimal (doc-5386) 
SkilISHEET Decreasing a quantity by a percentage (doc-5387) 


is Interactivity Exponential growth and decay (int-621 1) 


Exercise 15.3 Exponential functions learn@) 
Individual pathways 

m@ PRACTISE Hi CONSOLIDATE @ MASTER 

1,4) % 10, 183 B.S, &, Wi, We! 6), @, Sh 12 Is 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 


1. The number of micro-organisms, N, in a culture dish after x hours is given 
by the equation N = 2000 x 3*. 


. Identify the initial number of micro-organisms in the dish. 

. Determine the number of micro-organisms in a dish after 5 hours. 

. Draw the graph of N against x. 

. Use the graph to estimate the number of hours needed for the initial number 
of micro-organisms to quadruple. 


QaQ0ano0 ® 


2. The value of an investment (in dollars) after n years is given by 
A=5000 x (1.075)”. 


a. Identify the size of the initial investment. 

b. Determine the value of the investment (to the nearest dollar) after 6 years. 

c. Draw the graph of A against n. 

d. Use the graph to estimate the number of years needed for the initial investment to double. 
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3. WG a. The function P = 300 x (0.89)” represents an: 


. exponential growth with the initial amount of 300 

. exponential growth with the initial amount of 0.89 

. exponential decay with the initial amount of 300 

. exponential decay with the initial amount of 0.89 

. exponential decay with the initial amount of 300 x 0.89 


moogw p> 


b. The relationship between two variables, A and ft, is described by the function A = 45 x (1.095)', where f is 
the time, in months, and A is the amount, in dollars. This function indicates: 


A. amonthly growth of $45 

. amonthly growth of 9.5 cents 
. amonthly growth of 1.095% 

. amonthly growth of 9.5% 

. ayearly growth of 9.5% 


mogowo 


Understanding 


4, BET A new washing machine costs $950. It is estimated that each year it will be losing 7% of the previous 
year’s value. 


a. Calculate the value of the machine after the first year. 

b. Calculate the value of the machine after the second year. 

c. Determine the equation that relates the value of the machine, $V, to the number of years, n, that it has 
been used. 

d. Use your equation to find the value of the machine in 12 years’ time. 


ai 


. A certain radioactive element decays in such a way that every 50 years the amount present decreases by 
15%. In 1900, 120 mg of the element was present. 


a. Calculate the amount present in 1950. 

b. Calculate the amount present in the year 2000. 

c. Determine the rule that connects the amount of the element present, A, with the number of 50-year 
intervals, f, since 1900. 

d. Calculate the amount present in the year 2010. Round your answer to 3 decimal places. 

e. Graph the function of A against f. 

f. Use the graph to estimate the half-life of this element (that is, the number of years needed for half the 
initial amount to decay). 


6. When a shirt made of a certain fabric is washed, it loses 2% of its colour. 


a. Determine the percentage of colour that remains after: 


i. two washes ii. five washes. 


b. Write a function for the percentage of colour, C, remaining after w washings. 
c. Draw the graph of C against w. 
d. Use the graph to estimate the number of washes after which there is only 85% of the original colour left. 
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7. HE The population of a certain country is shown in the table. 


Year Population (in millions) 
2000 118 
2005 130 
2010 144 
2015 160 
2020 178 


Assume that the relationship between the population, P and the year, n can be modelled by the formula 
P=ka", where n is the number of years since 2000. 


a. 
b. 


d. 


State the value of k. 
Use the middle point of the data set to calculate the value of a rounded to 2 decimal places. Hence, write 
the formula that connects the two variables, P and n. 


. For the years given in the table, determine the size of the population, using your formula. Compare the 


numbers obtained with the actual size of the population. 
Predict the population of the country in the year 2045. 


8. The temperature in a room (in degrees Celsius), recorded at 10-minute intervals after the air conditioner was 
turned on, is shown in the table below. 


Time (min) 0 10 20 30 40 
Temperature (°C) 32 26 21 18 17 


Assume that the relationship between the temperature, 7, and the time, ¢, can be modelled by the formula 
T=ca', where f is the time, in minutes, since the air conditioner was turned on. 


ao of 


9. The population of a species of dogs (D) increases exponentially and is 
described by the equation D = 60 (1 — 0.6) +3, where ¢ represents the 
time in years. 


a. 
b. 
Cc. 


. State the value of c. 

. Use the middle point in the data set to determine the value of a to 2 decimal places. 

. Write the rule connecting T and t. 

. Using the rule, calculate the temperature in the room, 10, 20, 30 and 40 minutes after the air conditioner 


was turned on and compare your numbers with the recorded temperature. Comment on your findings. 
(Give answers correct to | decimal place.) 


Calculate the initial number of dogs. 
Calculate the number of dogs after 1 year. 
Determine the time taken for the population to reach 50 dogs. 


Reasoning 


10. Fiona is investing $20 000 in a fixed term deposit earning 6% p.a. interest. When Fiona has $30 000 she 
intends to put a deposit on a house. 


a. 
b. 
c. 


Determine an exponential function that will model the growth of Fiona’s investment. 

Graph this function. 

Determine the length of time (correct to the nearest year) that it will take for Fiona’s investment to grow 
to $30 000. 


. Suppose Fiona had been able to invest at 8% p.a. Explain how much quicker Fiona’s investment 


would have grown to the $30 000 she needs. 


. Alvin has $15 000 to invest. Determine the interest rate at which Alvin must invest his money, if his 


investment is to grow to $30 000 in less than 8 years. 
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11. A Petri dish containing a bacteria colony was exposed to an (‘000) BA 
antiseptic. The number of bacteria within the colony, B, over time, 120 
t, in hours is shown in the graph. 


a. Using the graph, predict the number of bacteria in the Petri dish 
after 5 hours. 

b. Using the points from the graph, show that if B (in thousands) 
can be modelled by the function B = ab’, then a= 120 and 
b=0.7. 

c. After 8 hours, another type of antiseptic was added to the Petri 
dish. Within three hours, the number of bacteria in the Petri 
dish had decreased to 50. 

If the number of bacteria decreased at a constant rate, show that 
the total of number of bacteria that had decreased within two 
hours was approximately 6700. 


12. One hundred people were watching a fireworks display at a 

local park. As the fireworks were set off, more people started 

to arrive to see the show. The number of people, P, at time, f, 

after the start of the fireworks display, can be modelled by the 

function, P= ab’. 

a. If after 5 minutes there were approximately 249 people, 
show that the number of people arriving at the park to 
watch the fireworks increased by 20% each minute. 

b. The fireworks display lasted for 40 minutes. After 40 minutes, 
people started to leave the park. The number of people 
leaving the park could be modelled by an exponential function. 
15 minutes after the fireworks ceased there were only 700 people in the park. 
Derive an exponential function that can determine the number of people, N, remaining in the park after 
the fireworks had finished at any time, m, in minutes. 


Problem solving 


13. A hot plate used as a camping stove is cooling down. The formula that describes this cooling pattern is 
T =500 x 0.5’ where T is the temperature in degrees Celsius and r is the time in hours. 


a. Identify the initial temperature of the stove. 
b. Determine the temperature of the stove after 2 hours. 
c. Decide when the stove will be cool enough to touch and give reasons. 


14. The temperature in a greenhouse is monitored when the door is ~~ ia 
left open. The following measurements are taken. 


| Time (min) 0 5 to.) 15.()- 26 
| Temperature C@ym 45 35 27 21 16 


. State the initial temperature of the greenhouse. 

. Determine an exponential equation to fit the collected data. 
. Evaluate the temperature after 30 minutes. 

. Explain whether the temperature will ever reach 0°C. 


Qodos3xoy® 


15. Carbon-14 decomposes in such a way that the amount present can be calculated using the equation 
Q = Q)(1 — 0.038)’, where Q is measured in milligrams and f in centuries. 


a. If there is 40 mg present initially, evaluate how much is present in: 
i. 10 years’ time ii. 2000 years’ time. 
b. Determine how many years will it take for the amount to be less than 10 mg. 
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15.4 Cubic functions 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e plot the graph of a cubic function using a table of values 
e sketch the graph of a cubic function by calculating its intercepts 
e determine the equation of a cubic function by inspection. 


® 15.4.1 Cubic functions 


eles-4989 
e Cubic functions are polynomials where the highest power of the variable is three or the product of 
pronumeral makes up three. 


e Some examples of cubic functions are y= x2, y=(x+ 1) (x—2) (+3) and y= 2x7 (4x— 1). 
e The following worked examples show how the graphs of cubic functions can be created by plotting points. 


WORKED EXAMPLE 10 Plotting a cubic function using a table of values 


Plot the graph of y =x° — 1 by completing a table of values. 


THINK WRITE/DRAW 

1. Prepare a table of values, taking x-values from 
—3 to 3. Fill in the table by substituting each 
x-value into the given equation to determine 
the corresponding y-value. 


x —3 | —2 ) -1 0 1 2 3 


2. Draw a set of axes and plot the points from the 
table. Join them with a smooth curve. 


WORKED EXAMPLE 11 Plotting a cubic function using a table of values 


Plot the curve of y =x (x — 2) x +2) by completing a table of values. 


THINK WRITE/DRAW 

1. Prepare a table of values, taking x-values from 
—3 to 3. Fill in the table by substituting each 
x-value into the given equation. 


x —3 | —2 ) -1 0 1 2 3 
-15) 0 3 0 —3 0 15 
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2. Draw a set of axes and plot the points from the 
table. Join them with a smooth curve. 


V 


-3 f2 23) 


| y=x (x-2)(~+4 2) 


® 15.4.2 Sketching cubic functions 


eles-4990 
e Graphs of cubic functions have either two turning points or one point of inflection. 


e These two types of graphs are shown. Note that a point of inflection is a point where the gradient of the 
graph changes from decreasing to increasing or vice versa. 

e For the purposes of this topic, we will only consider the points of inflection where the graph 
momentarily flattens out. 


YA yp Point of inflection 
Turning 
points 
7 0 x 
~ 0 > 
Y 


e Cubic functions can be positive or negative. 
A positive cubic function will have a positive x° term and will have a general upward slope. 
- A negative cubic function will have a negative x° term and will have a general downward slope. 


Example of a positive cubic function Example of a negative cubic function 
y=(x+2)(x- 1) (+3) y=(*+2)(1-—x) («4+ 3) 
YA YA 
5 | 10 
| || Pt | 
rt 0 5 c 
| 
~< oo 
5 0 4 
Y Y 


e To sketch the graph of a cubic function: 
1. determine the y-intercept by setting x =0 and solving for y 
2. determine the x-intercepts by setting y =0 and solving for x (you will need to use the Null Factor Law) 
3. draw the intercepts on the graph, then use those points to sketch the cubic graph. 
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e There are two special cases when sketching a cubic graph in factorised form: 
e Cubic functions of the form y = (x— a) (x- by will have a turning point on the x-axis at the point (0, b). 
e Cubic functions of the form y= (x— a) will have a point of inflection on the x-axis at the point (0, a). 


WORKED EXAMPLE 12 Sketching a cubic graph by determining intercepts 


Sketch the following, showing all intercepts. 
a. y=(x —2)(x—-3)(x +5) b. y=(x — 6)" (4—x) c. y=(x-2)° 


THINK 
a. 1. Write the equation. 


2. The y-intercept occurs where x= 0. 
Substitute x = 0 into the equation. 


3. Solve y=0 to calculate the 
x-intercepts. 


4. Combine the above steps to sketch. 


b. 1. Write the equation. 


2. Substitute x= 0 to calculate the 
y-intercept. 


3. Solve y=0 to calculate the 
x-intercepts. 


4. Combine all information and sketch 
the graph. 
Note: The curve just touches the 
x-axis at x= 6. This occurs with a 
double factor such as (x — 6). 


WRITE/DRAW 
a. y= (x—2)(x«—-3) (+5) 


y-intercept: if x= 0, 

y= (—2)(-3)G) 
= 30 

Point: (0, 30) 

x-intercepts: if y=0, 
x—-—2=0,x-3=0orx+5=0 
K— 2) 4 — 3 OLG——9 

Points: (2, 0) , (3, 0), (—5, 0) 


YA 
30 
25 CP \ea0« 
Y 


b. y=(x—6)° (4—x) 


y-intercept: if x =0, 
B) 
y=(—6) (4) 
= 144 
Point: (0, 144) 


x-intercept: if y=0, 
x—6—OVor4—x~—0 
x=6orx=4 

Point: (6, 0) , (4, 0) 


144 
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Write the equation. 


2. Substitute x =0 to calculate the 


y-intercept. 


3. Solve y=0 to calculate the 


x-intercepts. 


4. Combine all information and sketch 


the graph. 


Note: The point of inflection is at 
x= 2. This occurs with a triple factor 


such as (x — Oe 


c. y=(x—-2)° 


y-intercept: if x=0, 


y=(-2) 


=-8 


x-intercept: if x= 0, 


TI | THINK 


a. 

1. In anew problem, ona 
Calculator page, complete 
the entry lines as: 

Define 

SIG) = & — 2) X — 3) (+ 5) 
fL(0) 

solve (f1(x) = 0, x) 

Press ENTER after each 
entry. 

Remember to include the 
implied multiplication sign 
between the brackets. 


2. Open a Graphs page in the 
current document. Since 
the function has already 
been entered, just select 
the function and press 
ENTER and the graph 
will be displayed. Reset 
the viewing window to 
a more appropriate scale 
as shown. This graph 
does cross the x-axis at 
three distinct points. Find 
all the axial intercepts as 
described earlier. 


DISPLAY/WRITE 
a. 
Saga) 4.1 
Define 71(x)=(x-2)- (x-3)- (x+5) Done 
r1{o) 30 


solve(s7(x)=0,x) 


x=-5 orx=2 orx=3 


tt (x)= (x-2)- (x—3)> (x+5) 


The y- intercept is (0, 30) 
and the x-intercepts are 
(=5, 0) ’ (2, 0) and @; 0). 
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CASIO | THINK 


a. 

1. On the Graph & Table 
screen, complete the 
function entry line as: 
yl =(x— 2)(x— 3) @+ 5) 
Touch the graphing icon 
and resize the graph. Touch 
the Y = 0 icon for the 
x-intercepts. Use the right 
arrow to move between the 
x-intercepts. 


2. For the y-intercept, tap: 
e Analysis 
° G-Solve 
® y-intercept 


DISPLAY/WRITE 


a. 


© Edit Zoom Analysis 
or) 3 oe oe 


lca [17 | OOS | 


yla(x~2)+(x~RentictS) 


| ~“hyex0 


Root 
SE] 
a 


Dep Fiaal 


The y-intercept is (0, 30) 
and the x-intercepts are 
(-5, 0) 9 (2; 0) and (3, 0). 


1. Ona Calculator page, 
complete the entry lines 
as: 

Define 

U(x) = (x - 6)" (4 - x) 
ro) 

solve (fl) =0, x) 
Then press ENTER. 
Remember to include the 
implied multiplication sign 
between the brackets. 


. Open a Graphs page in the 
current document. Since 
the function has already 
been entered, just select 
the function and press 
ENTER and the graph will 
be displayed. Reset the 
viewing window to a more 


appropriate scale as shown. 


This graph does cross 
the x-axis at two distinct 
points; however, this is 
not clear from the graph 
shown. Find all the axial 
intercepts as described 
earlier. 


. Ina new problem, ona 
Calculator page, complete 
the entry lines as: 

Define fl (x) = (x —2)° 

f1 (0) 

solve (fl) =0, #) 

Press ENTER after each 
entry. 


. Open a Graphs page in the 
current document. Since 
the function has already 
been entered, just select 
the function and press 
ENTER and the graph will 
be displayed. Reset the 
viewing window to a more 


appropriate scale as shown. 


Find all the axial intercepts 
as described earlier. 


b. 


| Define s2(x)=(x-6)?- (4—x) Done 
fro) 144 
| solve(71(x)=0,x) x=4orx=6 


The y-intercept is (0, 144) and 
the x-intercepts are (4, 0) and 
(6, 0). 


c. 


5.1) 5.2) 6.1 


Define 72(x)=(x-2)? cee 
1(0) -8 
solve(/1(x)=0,x) x=2 


The y-intercept is (0, —8) and 
the x-intercept is (2, 0). For this 
example there is only one x- 
intercept as it is a triple factor; 
this point is called a point of 
inflection. 


b 


a, 


On the Graph & Table 
screen, complete the 
function entry line as: 

yl=(@- 6) (4—x) 

Touch the graphing icon 
and resize the graph. Touch 
the Y = 0 icon for the 
x-intercepts. Use the right 
arrow to move between the 
x-intercepts. 


. For the y-intercept, tap: 


e Analysis 
® G-Solve 
© y-intercept 


. On the Graph & Table 


screen, complete the 
function entry as: 
yl=(Q- 25 

Touch the graphing icon 
and resize the graph. Touch 
the Y = 0 icon for the 
x-intercepts. Use the right 
arrow to move between the 
x-intercepts. 


. For the y-intercept, tap: 


© Analysis 
© G-Solve 
® y-intercept 


b. 


[© Edit Zoom Analysis © ac 
= 


Root 
= LIE3 
Deg Feel ) 


The y-intercept is (0, 144) 
and the x-intercepts are 
(4, 0) and (6, 0). 


© Edit Zoom Analysis © 


e 
yiztx-2) i3 T a | 
4 


i a 7 | 


jeg tT 


E3 
2, 


The y-intercept is (0, —8) 
and the x-intercept is (2, 0). 
For this example there is 
only one x-intercept as it is 
a triple factor; this point is 
called a point of inflection. 
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ion) Resources 


oe 
(4 eWorkbook Topic 15 Workbook (worksheets, code puzzle and project) (ewbk-2041) 


ay Interactivity Cubic polynomials (int-2566) 


Exercise 15.4 Cubic functions learn@) 
Individual pathways 

Hi PRACTISE Hi CONSOLIDATE Bi MASTER 

1, 44, S), 10; 16), IS Do By Uo Wile WA, 7 6, Gy i, WZ, 1S), 18 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 

| WE10, 11, 12 | For questions 1 to 3, sketch the following, showing all intercepts. 

1. a. y=(x-—1)(&—-2) (x3) b. y=(x— 3) (x—5) (44+ 2) 
c. y=(x+ 6)(x+ 1) (x7) d. y=(x+ 4) («+ 9) (x4+3) 

2. a. y=(x+8)(x- 11) (41) b. y=(2x— 6) (4-2) (x+ 1) 
c. y=(2x—5) («+ 4) 3) d. y=(3x+7) (x-—5)(x+ 6) 

3. a. y= (4x —3) (2x+ 1) (x--4) b. y=(2x+ 1) 2x—1)(«4+2) 
c. y=(x—3)’ (x6) d. y=(x+2)(x+5) 

For questions 4 to 6, sketch the following (a mixture of positive and negative cubics). 

4. a. y=(2—x)(x+5) (x +3) b. y=(1 —x) («+ 7) (x-2) 
c. y=(x4+ 8) (x— 8) (2x +3) d. y=(x—2)(2—x) (x+ 6) 

5. a. y=x(x+1)(x-2) b. y=—2 (x+ 3) (x— 1) (*4+2) 
c. y=3 (x+ 1) («+ 10) (x +5) d. y=—3x(x— 4)" 

6. a. y= 4x7 (x + 8) b. y=(5 —3x) (x— 1) (2x +9) 
c. y= (6x— 1)? (x +7) d. y= —2x2 (7x +3) 


7. OG Select a reasonable sketch of y = (x + 2) (x — 3) (2x + 1) from the following. 


A. y B. y 
3 Ol! 2 = 1 3\ x 
2 2. 
D. y E. None of these. 
O| ft 2N/3 "x 
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8. [19 The graph shown could be that of: 


10. Ha 


A. y=x? (x +2) 

B. y=(x+2)° 

Cc. y=(x-2) (442) 

D. y=(x—-2)? (x42) 

E. y=(x—2)(x—8) (x+ 2) 


The graph shown has the equation: 


A. y=(x+ 1) (x+2) (x+3) 
B. y=(xt1)(x—2) (x +3) 
Cc. y=(x— 1) (x +2) (x4+3) 
D. y=(—-1)(*+2) (x3) 
E. y=(x-—3)@—-1) (x- 6) 


If a, b and c are positive numbers, the equation of the graph shown could be: 


y=(x—-a)(x—b)(x-c) 
- y=(x+a)(x—b) (x+c) 
- y=(x+a)(x+b) (x-c) 
y=(x-a) (x +b) (x-c) 
. y=x(x+b) (x-c) 


moowp> 


Understanding 


11. Sketch the graph of each of the following. 


12. Sketch the graph of each of the following. 


a y=xax- 1° 
b. y=—(x+ 1-1) 


a. y=(2—x) (x? -9) 
b. y=-x(1 — x’) 


Reasoning 


13. For the graph shown, explain whether: 


14. 


15. 


aQoa ® 


The function f(x) =x? + ax” + bx +4 has x-intercepts at (1,0) and (—4, 0). Determine the values of a 


and b. Show full working. 


The graphs of the functions f(x) =2° + (a+ b).x? + 3x—4 and g(x) =(x—- 4) +1 touch. Express a in terms 
of b. 


. the gradient is positive, negative or zero to the left of the point of inflection. 

. the gradient is positive, negative or zero to the right of the point of inflection. 
. the gradient is positive, negative or zero at the point of inflection. 

. this is a positive or negative cubic graph. 


> 
x 
> 
x 
YA 
—b} O| c qx 
Y 
YA 
~ 
Y 


a 
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Problem solving 


16. 


17. 


Susan is designing a new rollercoaster ride using maths. For 

the section between x = 0 and x = 3, the equation of the ride 

is y=x(x- ay’. 

a. Sketch the graph of this section of the ride. 

b. Looking at your graph, identify where the ride touches 
the ground. 

c. The maximum height for this section is reached when 
x= 1. Use algebra to calculate the maximum height. 


Determine the rule for the cubic function shown. 


The base length of the cuboid is xcm and the height is hcm. 


a 
b 
c 
d 
e 


. Explain why the volume cm? is given by V= 35x? — 2x°. 
. Determine possible values that x can assume. 


. Sketch the graph of V versus x. 


Explain what these coordinates mean. 
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. Evaluate the volume of the cuboid when the base area is 81 cm”. 


. Use technology to determine the coordinates of the maximum turning point. 


15.5 Quartic functions 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e factorise the equation of a quartic function 
e sketch the graph of a quartic function from a factorised equation. 


® 15.5.1 Quartic functions 


eles-4991 


e Quartic function are polynomials where the highest power of the variable is 4 or the product of 
pronumeral makes up four. 

e Some examples of quartic functions are y = x* and y = (x + 1) (x —2) (x +3) (x—4). 

e There are three types of quartic functions: those with one turning point, those with three turning points and 
those with one turning point and one point of inflection. 

e The table below includes the standard types of positive quartic equations. 


Type of quartic 
function Standard positive quartic graphs and equations with a > 0 
One turning point acct ae y =x(ar+4 0), c20 
vy < | se ss 
7 0 c 0 x 
Y 

Three turning (= ne-Dk-8 y = a(x— by? (x- cP? y = a(x—b) (x—c) (x— d) (x—e) 
points » y 


y, 
~ > 
sy Ok b Of ¢ x 


One turning point 
and one point of 
inflection 


y = a(x— b) (x-cy 
By 


ia 7 
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e There are also negative equivalents to all of the above graphs when a <0. YA 
The negative graphs have the same shape, but are reflected across the x-axis. 
For example, the graph of y = ax* for a<0 is shown. 


»V 


® 15.5.2 Sketching quartic functions 


eles-4992 . . 
e To sketch a quartic function: 


1. factorise the equation so that the equation is in the form matching one of the standard quartics. To 
factorise, use the factor theorem and long division. (If the equation is already factorised, skip 
this step.) 

2. calculate all x- and y-intercepts 

3. draw the intercepts on the graph, then use those points to sketch the cubic graph. 


WORKED EXAMPLE 13 Factorising then sketching the graph of a quartic function 


Sketch the graph of y = x4 — 2x? — 7x? + 8x + 12, showing all intercepts. 


THINK WRITE/DRAW 
1. Calculate the y-intercept. Wiheney— Oya. 
The y-intercept is 12. 
2. Let P(x)=y. Let POy=x— 2 — Te 8x 12. 
3. Determine two linear factors of the quartic POj= ays - Eby. — Ay +8(1)+12 
expressions, if possible, using the factor = 2 
theorem. = (0) 
eMail) 2a), — i 
= (0 


(x + 1) is a factor. 
POA Oy —20) 72) +80) 
=0 


(x — 2) is a factor. 


4. Calculate the product of the two linear factors (x+1)(x—2) =x? -—x-2 


5. Use long division to divide the quartic by et 
the quadratic factor i ee 2)x4 SO Saye ee de 
=e = xe 
=e or a 
Se ee Oe 
= 6x 4 6x 4 12 
= (ener ene 1D 


0 


6. Express the quartic in factorised form. y= (+1) (~-2) te -x- 6) 
= (x+ 1) (x~—2) (x—3) (x + 2) 
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7. To calculate the x- intercepts, solve y=0. 


8. State the x-intercepts. 
9. Sketch the graph of the quartic. 


Whe) (Gece I) (Ce 2) (Ge SBGear 2) 


TI | THINK 


1. In anew problem, on a 
Calculator page, complete 
the entry lines as: 

Define f1(x) = x27 - 
Tx? + 8x + 12 

f1(0) 

solve (fl) =0, x) 

Press ENTER after each 
entry. 


2. Open a Graphs page in the 
current document. Since 
the function has already 
been entered, just select 
the function and press 
ENTER and the graph 
will be displayed. Reset the 
viewing window to a more 
appropriate scale as shown. 
This graph does cross the 
x-axis at four distinct points. 
Find all the axial intercepts 
as described earlier. 


x=-1, 2, 3,-2. 
hey-iniercepts ate —2 — le Dene 
YA 
12 
~< > 
Mil? 3 * 
Y 


DISPLAY/WRITE 


= 
Define /1(x)=x*-2- x3-7- x 748: x+12 
Done 


| #1(0) 12 
factor(7(x)) (x-2)- (x=2)+ (c+1)+ (+2) 


| solve(71(x)=0,x) 


xe-2 or x#-1lorxe2 orx=3 


RR 


ti (x)ax*=2) x? 7+ 248-0412 


“+s 


The y-intercept is (0, 12) and the 
x-intercepts are (—2, 0), (—1, 0), 
(2, 0) and (3, 0). 


CASIO | THINK 


1. On the Graph & Table 
screen, complete the 
function entry line as: 
ylaxt-28 — 7° + 
8x + 12 
Touch the graphing icon 
and resize the graph. 
Touch the Y = 0 icon 
for the x-intercepts. Use 
the right arrow to move 


between the x-intercepts. 


2. For the y-intercept, tap: 


e Analysis 
° G-Solve 
© y-intercept 


DISPLAY/WRITE 


The y-intercept is (0, 12) 
and the x-intercepts are 


(2, 0), (= 1, 0), (2, 0) and (3, 0). 


ion) Resources 


2: 
(4 eWorkbook Topic 15 Workbook (worksheets, code puzzle and project) (ewbk-2041) 


i Interactivity Quartic functions (int-6213) 
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Exercise 15.5 Quartic functions learn) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
1,4, 7, 10, 11, 16 2p 2, 2), WZ, WS, UY 3, 6, 8, 14, 15, 18 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 


| WE13 Beng questions 1 to 3, sketch the graph of each of the following showing all intercepts. You may like to 
verify the shape of the graph using a graphics calculator or another form of digital technology. 


1a y=(*-2)04+3)a-4N)O4+ 1) 
b. y= (7-1) (x+2)(x—5) 


2. a. y= 2x4 + 6x> — 16x? — 24x + 32 
b. y=x4 +4 — 11x? — 30x 


3. a. y=xt—47° +4 
b. y=30x— 37x? + 15x° — 2x4 


For questions 4 to 6, sketch each of the following. 


4.a. y=xr(x- (6 
b. y=—(x+ 1)°(x-4)" 


5. a. y=—x(x—-3)° 
b. y=2-nHQa-D@+t)Da-4 


6. y=(x—a) (b—x) (x +c) (x+ d), where a, b,c,d>0 
Understanding 
7. A quartic touches the x-axis at x = —3 and x =2. It crosses the y-axis at y=—9. A possible equation is: 


A. y= iG +3) G@e=—2) 


ius] 


j y=—26+3) 2) 

3 3 
Cc. era Po) ee) 
D. y=-20+3)"@=2) 


E. y= as 3° (x +2)" 


8. O09 Consider the function f(x) = .x* — 8x? — 16. When factorised, f(x) is equal to: 


A. (x+2)(x-2)(x-1D (x +4) 
. (*+3) 0-2) (4-D(a«t+)) 
GS 2F G2) 
. (x— 27 (4 +2) 
. (x—2) (c+ 29 


ive] 


mogd 
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9. MS Consider the function f(x) = x* — 8x? — 16. 
The graph of f(x) is best represented by: 


A 4 B. YA C. y 
~= > 16 16 
—2 0 2 * 
“ay OF 2. 
-16 = —2 Oy 2 es 7 
D. YA E. None of these 
4 
0) x 
—2 y 2 
Reasoning 


For questions 10 to 12, sketch the graph of each of the following functions. Verify your answers using a 
graphics calculator. 


10. a. y=x(x—1)° b. y=(2—x) (x —4) (x+ 3) 
11. a. y=(«+2) (x—3) b. y= 4x7 — x4 
12. a. y=—(x—2)°(x +1) b. y=x4 — 6x2 —27 


13. The functions y =(a— 2b) x* — 3x—2 and y=x* — x? + (a+ 5b)x? —5x+7 both have an x-intercept of 1. 
Determine the value of a and b. Show your working. 


14. Sketch the graph of each of the following functions. Verify your answers using a graphics calculator. 
a. y=xt— x7 b. y= 9x4 — 30x? + 13x? + 20x +4 


15. Patterns emerge when we graph polynomials with repeated factors, that is, polynomials of the form 
P(x) =(x—a)",n> 1. Discuss what happens if: 


a. nis even b. nis odd. 


Problem solving 


16. The function f(x) = x* + ax? — 4x? + bx +6 has x-intercepts (2, 0) and (—3, 0). Determine the values 
of a and b. 


17. A carnival ride has a piece of the track modelled by the rule 


ee em 12)* («—20) + 15,0<x<20 
300 


where x metres is the horizontal displacement from the origin 
and h metres is the vertical displacement of the track above the 
horizontal ground. 


a. Determine how high above the ground level the track is at 
the origin. 

b. Use technology to sketch the function. Give the coordinates 
of any stationary points (that is, turning points or points of 
inflection). 

c. Evaluate how high above ground level the track is when x = 3. 
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18. Determine the rule for the quartic function shown. 


° 
bs) 
a 


15.6 Transformations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e sketch the graph of a function that has undergone some transformations 
e describe a transformation using the words translation, dilation and reflection. 


® 15.6.1 General transformations 


eles-4993 
e When the graph of a function has been moved, stretched and/or flipped, this is j 
called a transformation. 
e There are three types of transformations: 
e translations are movements of graphs left, right, up or down vex 
e dilations are stretches of graphs to make them thinner or wider 
e reflections are when a graph is flipped in the x- or y-axis. 
e The following table summarises transformations of the general polynomial P(x) ~ 
with examples given for transformations of the basic quadratic function y =x? yoo) 
shown here: 
Equation and 
Transformation explanation Example(s) 
Vertical y=P(x) +c original function translated function 
translation This is a vertical 
translation of c units. YA as YA 
; om yax +2 y= 
If c is positive the ‘ 
translation is up, if c is — ese 
negative the translation 
is down. 
> 
(0, 2) 0 x 
~ > 
0 x (0, -3) 
Y Y 
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Horizontal 
translation 


y=P(x—b) 

This is a horizontal 
translation of b units. 
If b is positive the 
translation is right, 
if b is negative the 
translation is left. 


Dilation 


y = aP(x) 

This is a dilation by 

a factor of a in the x 
direction. If a> 1 the 
graph becomes thinner, 
if0<a<1 the graph 
becomes wider. 


Reflection 


y=—P(x) 
This is a reflection in 
the x-axis. 
y=P(-x) 
This is a reflection in 
the y-axis. 


Y 


of 


yar 


e Note that the graph y=? does not change when reflected across the y-axis because it is symmetrical about 


the y-axis. 


e With knowledge of the transformations discussed in this section, it is possible to generate many other 
graphs without knowing the equation of the original function. 


WORKED EXAMPLE 14 Sketching transformations 


Use the sketch of y = P(x) shown to sketch: 


a. y=P(x)+1 


b. y=P(x)-1 


YA 


c. y=—P(x). 


V 


Y VS IAG) 
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THINK WRITE/DRAW 
a. 1. Sketch the original y = P(x). a. 
2. Look at the equation y = P(x) + 1. This is a 
translation of one unit in the vertical direction 
— one unit up. 


3. Sketch the graph of y= P(x) + 1 using a 
similar scale to the original. 


b. 1. Sketch the original y= P(x). b. 
2. Look at the equation y = P(x) — 1. This is a 
translation of negative one unit in the vertical 
direction; that is, one unit down. 


3. Sketch the graph of y= P(x) — 1 using a 
similar scale to the original. 


y=P(x)-1 
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c. 1. Sketch the original y= P(). Cc. 


2. Look at the equation y= —P(x). This is a YA 
reflection across the x-axis. 
~ 0 = 
Y y = P(x) 
3. Sketch the graph of y= —P(x) using a similar Vp 
scale to the original. y = —P(x) 
~< > 
x 
Y 


eles-4994 


circles 


® 15.6.2 Transformations of hyperbolas, exponential functions and 


e For transformations of hyperbolas, start with the standard hyperbola y = : then transform using 
Xx 


y= +c where: 


x- 
e translations are c units vertically and b units horizontally 
e dilations are by a factor of a 


: : : ‘ a 
e reflections across the x-axis happen when there is a negative at the front, for example y = er +c; 
x— 


and reflections across the y-axis happen when there is x is negative, for example y = “ b +c. 
f= 
Standard hyperbola Transformed hyperbola 
= 22 >= 2 i | 
ar y= ta . 
a a a 
23 45 6 
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e For transformations of exponentials, start with the standard exponential y = a* where a# | then transform 
using y= ka°—” + c where: 
e translations are c units vertically and b units horizontally. 
e dilations are by a factor of k. 
e reflections across the x-axis happen when there is a negative out the front, y = — ae” + c) and 
reflections across the y-axis happen when there is a negative on the x, y=ka‘*—” +c. 


Standard exponential graph Transformed exponential graph 


e For transformations of circles, start with the standard circle x* + y* =r’ then transform using 
(x- hy + y- ky’ = 1° where: 
e translations are h units horizontally and k units vertically. 


Standard circle Transformed circle 
y 
yt-- PQ, y) 
(y-k) 
kh- 
er 
0| h ox 
WORKED EXAMPLE 15 Describing a transformation 
Describe the transformations for the following graphs. 
a. A transformation of the graph x? + y? = 4 to the graph (x — 3)* + (y +7)? =4 
1 
b. A transformation of the graph y = — to the graph y = i PS 
BX —x— 
THINK WRITE 
a. 1. Using the standard translated formula & = 3, kS—]. 
(x—h)’ +(y—k)’ =P identify the value of The graph is translated 3 units in the horizontal 
h for the horizontal translation and the value direction and —7 units in the vertical direction. 


of k for the vertical translation. 
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b. 1. Using the standard translated formula b. b=4,c=5. 
y= es +c identify the value of c for the The graph is translated 5 units vertically and 4 


vertical translation and the value of b for the units horizontally. 


horizontal translation. 


2. Using the standard translated formula =D, 
y= nes + c identify the value of a for the The graph is dilated by a factor of 2. 
dilation factor. 

3. Look for y= —P(x) (reflection in the x-axis) The graph is reflected in the y-axis. 
and/or y = P(—x) (reflection in the y-axis). 
This equation has a negative on the x-value so 
it is y= P(—x). 


ion) Resources 


5, 
[4 eWorkbook Topic 15 Workbook (worksheets, code puzzle and project) (ewbk-2041) 


BS Interactivities Horizontal translations of parabolas (int-6054) 
Vertical translations of parabolas (int-6055) 
Dilation of parabolas (int-G096) 
Exponential functions (int-5959) 


Reflection of parabolas (int-6151) 
Hyperbolas (int-6155) 

Translations of circles (int-621 4) 
Transformations of exponentials (int-6216) 
Transformations of cubics (int-6217) 

The rectangular hyperbola (int-2573) 


Exercise 15.6 Transformations learn@) 
Individual pathways 

Hi PRACTISE Hi CONSOLIDATE Hi MASTER 

Vn 4 %, 10, 18 2), fe, Vil, Wa 6h (3), 8), WZ, I 


To answer questions online and to receive immediate feedback and sample responses for every question, go to 
your learnON title at www.jacplus.com.au. 


Fluency 
4. EXE Use the sketch of y= P(x) shown to sketch: 


a. y=P(x)+1 b. y= —P(x) 
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2. Use the sketch of y = P(x) shown to sketch: 


a. y= P(x) -2 b. y=2P(x). 
3. Consider the sketch of y= P(x) shown. Sketch: 


a. y=P(Q)+1 b. y= —P(x) c. y= P(x+2). 


4, E05) Describe the transformations for the following graphs. 
a. A transformation of the graph x* + y? =9 to the graph (x— 2)’ +(y— 1)° =9 
b. A transformation of the graph y= I to the graph y= a +7 
BG x= 


5. Describe the transformations for the following graphs. 


a. A transformation of the graph y= to the graph y= a +2 
x x= 


b. A transformation of the graph y = 3* to the graph y= 3+?) +. 4 


6. Describe the transformations for the following graphs. 


a. A transformation of the graph y= to the graph y= : 3 + 10 
x 


b. A transformation of the graph y=5* to the graph y = — (ae? - 6) 


Understanding 


7. Draw any polynomial y = P(x). Discuss the similarities and differences between the graphs of y = P(x) 
and y= —P(x). 


8. Draw any polynomial y = P(x). Discuss the similarities and differences between the graphs of y = P(x) 
and y= 2P(x). 


9. Draw any polynomial y = P(x). Discuss the similarities and differences between the graphs of y = P(x) 
and y= P(x) —2. 
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Reasoning 
10. Consider the sketch of y = P(x) shown below. 


Give a possible equation for each of the following in terms of P(x). 


a. y 


+V¥ 


0 
2 


11. y=x(x—2)(x— 3) and y = —2x (x — 2) (x — 3) are graphed on the same set of axes. Describe the relationship 
between the two graphs using the language of transformations. 


12. Ify= —hr- +P) — 7, explain what translations take place from the original graph, y= 7". 


Problem solving 


13. a. Sketch the graph of y=3 x 2". 
b. If the graph of y =3 x 2* is transformed into the graph y = 3 x 2* + 4, describe the transformation. 
c. Sketch the graph of y=3 x 2* +4. 
d. Determine the coordinates of the y-intercept of y=3 x 2* +4. 


14. The graph of y= : is reflected in the y-axis, dilated by a factor of 2 parallel to the x-axis, translated 
x 


2 units to the left and up 1 unit. Determine the equation of the resultant curve. Give the equations of any 
asymptotes. 
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15. The graph of an exponential function is shown. 


\; 165 


25 y-intercept 


-l 
Its general rule is given by y=a(2*) +b. 


a. Determine the values of a and b. 
b. Describe any transformations that had to be applied to the graph of y = 2” to achieve this graph. 
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15.7 Review 


15.7.1 Topic summary 


Relations 


FUNCTIONS AND RELATIONS 


¢ There are four types of relations: 
one-to-one, one-to-many, many-to-one 
and many-to-many. 

¢ Relations that are one-to-one or 
many-to-one are called functions. 


Function notation Types of functions 


¢ Functions are denoted f(x). ¢ Cubic functions are functions 
Sa, ant? ee ¢ The value of a function at a where the highest power of x is 3. 
2, point can be determined by Cubic functions have 2 turning 
substituting the x-value into points, or | point of inflection. 
the equation. ¢ Quartic functions are functions 
e.g. where the highest power of x is 4. 
f(x) = 2x3 — 3x45 Quartic functions have 1 turning 
The value of the function point, 3 turning points or | 
when x = 2 is: turning point and 1 point of 
f2)= 22) -3@2) +5 inflection. 
= 2(8)-6+5 ¢ Exponential functions are of the 
= 15 form f(x) =k x a‘. 


The y-intercept is y = k. 
¢ Examples of a cubic (top), a 
quartic (middle) and an 


Transformations exponential (bottom) function 
* There are 3 types of are shown below. 
transformations that can 
be applied to functions 
and relations: 
e Translations 
e Dilations 
° Reflections 
¢ The equation 1 5 
of a hyperbola ( f(x) =-) 
Inverse functions when transformed is 
a 
¢ Functions have an inverse function if they f= eon 
are one-to-one. ¢ The equation of an 
° The inverse of a function f(x) is denoted f—'(x). exponential (f(x) = a") 
¢ To determine the equation of the inverse when transformed is 
function: fx) = ka®—- +. 
1. Lety=f@). : ¢ The equation of a circle 
2. Switch x and y in the equation. Q2+y2=7) 
3. Rearrange for y. when transformed is 
yee (x-hYt+ Q—k2 =P. 1 
ye Dea 
pe DprA 
x+4 = 2y3 
x+4 3 
Sey: 
Po ap ee 
Te 
3) x+4 
f(x) = 2 
¢ Sometimes a function needs to have its domain restricted for the inverse 
to exist. For example, f(x) = x? is many-to-one, so does not have an inverse; 


but f(x) = x”, x > 0 is one-to-one, and therefore does have an inverse function. 
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15.7.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic 


Success criteria ‘?) QO @ 


15.2 | can identify the type of a relation. 


| can determine the domain and range of a function or relation. 


| can identify the points of intersection between two functions. 


| can determine the inverse function of a one-to-one function. 


15.3 | can sketch graphs of exponential functions. 


| can determine the equation of an exponential function. 


15.4 | can plot the graph of a cubic function using a table of values. 


| can sketch the graph of a cubic function by calculating its intercepts 


| can determine the equation of a cubic function by inspection. 


15.5 | can factorise the equation of a quartic function. 


| can sketch the graph of a quartic function from a factorised equation. 


15.6 | can sketch the graph of a function that has undergone some 
transformations. 


| can describe a transformation using the words translation, dilation 
and reflection. 


15.7.3 Project 


Shaping up! 


Many beautiful patterns are created by starting with a single 
function or relation and transforming and repeating it over 
and over. 


In this task you will apply what you have learned about 
functions, relations and transformations (dilations, 
reflections and translations) to explore mathematical 
patterns. 
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Exploring patterns using transformations 
1. a. On the same set of axes, draw the graphs of: 


i y=x*—4x4+1 
ii. y=x? —3x4+1 
iii. y= x? —2x+1 


iv. y=x?+2x4+1 
v.y=x?+3x41 
vi. y=x? + 4x41 
b. Describe the pattern formed by your graphs. Use mathematical terms such as intercepts, turning point, 
shape and transformations. 


What you have drawn is referred to as a family of curves — curves in which the shape of the curve 
changes if the values of a, b and c in the general equation y = ax* + bx + c change. 


c. Explore the family of parabolas formed by changing the values of a and c. Comment on your findings. 

d. Explore exponential functions belonging to the family of curves with equation y = ka’, families of 
cubic functions with equations y = ax? or y= ax’ + bx’ + cx +d, and families of quartic functions with 
equations y= ax* or y=ax* + bx? + cx? + dx + e. Comment on your findings. 

e. Choose one of the designs shown below and recreate it (or a simplified version of it). Record the 
mathematical equations used to complete the design. 


Coming up with your design 

2. Use what you know about transformations to functions and relations to 
create your own design from a basic graph. You could begin with a circle, 
add some line segments and then repeat the pattern with some change. 
Record all the equations and restrictions you use. 
It may be helpful to apply your knowledge of inverse functions too. 
A digital technology will be very useful for this task. 
Create a poster of your design to share with the class. 


ion) Resources 


7A) 
(4 eWorkbook Topic 15 Workbook (worksheets, code puzzle and project) (ewbk-2041) 


& Interactivities Crossword (int-2878) 
Sudoku puzzle (int-3893) 
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Exercise 15.7 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. State which of the following are functions. 


a. y b. y 
0 x : 0 ) & 
2. Identify which of the following are functions. For each identified as functions, state the equation of the 


inverse function, if it exists. 


a. y=2x—7 b. x+y? = 30 c. y=2* d. y= = 
* 


3. If fi) = V 4-22: 


a. calculate: 
i. f(O) ii. fC) iii. f(2) 


b. state whether f~! (x) exists. If so, determine its equation. 


4. Sketch each of the following curves, showing all intercepts. 
a. y=(x— 1) +2) (4-3) b. y=(2x+ 1) (x +5)” 


5. Give an example of the equation of a cubic that would just touch the x-axis and cross it at another point. 


6. Match each equation with its type of curve. 


a. y=x°+2 A. circle 
b. x7 +y?=9 B. cubic 
2 : 
c. f(x) = — C. exponential 
ys seap 2 
d. g(x) =6~* D. parabola 
e. h(x) =(«+ 1) («—-3) +5) E. hyperbola 


7. (09 The equation for the graph shown could be: 
A. y=(x—-5) (+1) (+3) B. y=(*-—3)@-1)@+4+5) C. y=(x—3) («+ 1) (x+5) 
D. y=6-—x)14+%)34+%) E. y=x(x—3)(x-1) 


) 
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8. OS Select which of the following shows the graph of y = —2(x + 5)° — 12. 


A. y B. D. y 
(©, 12) 
x 
(-5, -12) x 
E. None of these 
9. Sketch the following functions: 
a. y=x(x—-2)(«4+11) b. y=x> + 6x7 —15x+8 eo y=—2r +77 


10. GZS The rule for the graph shown could be: 
A. f(x) =x(x+2)° B. f(x) =—x(x— 2) 
C. f@) =2(x- 2) D. f(x) =x(x—2)° 
E. None of these 


11. EQ The graph of y=(x+ OE (x — 1) (x— 3) is best represented by: 
C. y 


E. None of these 


Problem solving 


12. Sketch the graph of y=x* — 7x? + 12x” +4x — 16, showing all intercepts. 


13. Consider the sketch of y= P(x) shown. Sketch y= —P (x). 


14. Draw any polynomial y = P (x). Discuss the similarities and differences between the graphs of y = P (x) 
and y= P(x) +3. 


15. Describe what happens to f(x) = —2* as x > oo and x > —ov. 


16. Determine any points of intersection between f(x) =x* — 4 and g(x) =x° +.x° — 12. 


TOPIC 15 Functions and relations 987 


17. The concentration of alcohol (mg/L) in a bottle of champagne is modelled by C= Cy X 0.33" where 
t represents the time in days after the bottle is opened. 
If the initial concentration is 80 mg/L and the concentration after 1 day is 70 mg/L, evaluate the 
concentration remaining after: 
a. 3 days 
b. 1 week 
c. 18 hours. 


18. The number of hyenas, H, in the zoo is given by 
l= 000°"); where ¢ is the number of years since 
counting started. At the same time, the number of 
dingoes, D, is given by D = 25(10°°"), 

a. Calculate the number of: 
i. hyenas 
ii. dingoes when counting began. 
b. Calculate the numbers of each after: 
i. 1 year 
ii. 18 months. 


c. Which of the animals is the first to reach a population of 40 and by how long? 
d. After how many months are the populations equal and what is this population? 


19. a. Consider the equation f(x) = a(x — hy +k. By restricting the x-values, find the equation of the 
inverse function. . 
b. Show that the function f(x) = — + b and its inverse function intersect on the line y= x. 
x 


20. A shend is a type of tropical pumpkin grown by the people of Outer Thrashia. The diameter (Dm) of a 
shend increases over a number of months (7m) according to the rule D=0.25 x 0), 
a. Determine the diameter of the shend after 4 months. 
b. If the shend is not harvested it will explode when it reaches a critical diameter of 0.5 metres. Show 
that it takes approximately 30 months for an unharvested shend to explode. 


21. The surface area of a lake is evaporating at a rate of 5% ; 
per year due to climate change. To model this situation, 
the surface area of the lake (S km”) over time is given a — 


by S= 20000 x 0.95", where x is the time in years. 

. Explain whether this is an exponential relationship. 

. State the initial surface area of the lake. 

. Determine the surface area of the lake after 10 years. 

. Plot a graph for this relationship. 

. Determine the surface area of the lake in 100 years. 
Explain whether this is a realistic model. 


i ty) (eh (3) fer IY 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 


988 Jacaranda Maths Quest 10 + 10A 


Online Resources on 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


fizy 
[4 

Download the workbook for this topic, which includes 

worksheets, a code puzzle and a project (ewbk-2041) 


Coy 
[4 

Download a copy of the fully worked solutions to every 

question in this topic (sol-0749) 


LO 


| 


a fa 9 9) 


15.2 SKiIISHEET Finding the gradient and y-intercept 
(doc-5378) 
SKilISHEET Sketching straight lines (doc-5379) 
SkilISHEET Sketching parabolas (doc-5380) 
SkilISHEET Completing the square (doc-5381) 


SKilISHEET Identifying equations of straight lines and 


parabolas (doc-5382) 
SkilISHEET Calculating points of intersection 
(doc-5383) 
SkilISHEET Substitution into index expressions 
(doc-5384) 

15.3 SkilIISHEET Converting a percentage to a decimal 
(doc-5386) 
SkilISHEET Decreasing a quantity by a percentage 
(doc-5387) 


15.2 Types of relations (eles-4984) 
Functions (eles-4985) 
Identifying features of functions (eles-4986) 
Inverse functions (eles-4987) 

15.3 Exponential functions (eles-4988) 


Determining the equation of an exponential function 


using data (eles-5349) 
15.4 Cubic functions (eles-4989) 

Sketching cubic functions (eles-4990) 
15.5 Quartic functions (eles-4991) 

Sketching quartic functions (eles-4992) 
15.6 General transformations (eles-4993) 


Transformations of hyperbolas, exponential functions 


and circles (eles-4994) 


15.2 Relations (int-6208) 
Evaluating functions (int-6209) 
15.3 Exponential growth and decay (int-621 1) 
15.4 Cubic polynomials (int-2566) 
15.5 Quartic functions (int-6213) 


ely I CN es ele eel es) eh 


gf ef 


OOOOU 


15.6 Horizontal translations of parabolas (int-6054) 
Vertical translations of parabolas (int-6055) 
Dilation of parabolas (int-6096) 
Exponential functions (int-5959) 
Reflection of parabolas (int-6151) 
Hyperbolas (int-6155) 
Translations of circles (int-621 4) 
Transformations of exponentials (int-6216) 
Transformations of cubics (int-6217) 
The rectangular hyperbola (int-2573) 

15.7 Crossword (int-2878) 
Sudoku puzzle (int-3893) 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 


Topic 15 Functions and relations 


Exercise 15.1 Pre-test 


NMmoOorwmwnovouomrowtwy 


Exercise 15.2 Functions and relations 


1. a. One-to-many b. Many-to-one 


c. Many-to-one d. One-to-one 
2. a. One-to-one b. Many-to-one 
c. Many-to-many d. Many-to-one 
3. a. One-to-one b. Many-to-one 
c. One-to-one d. Many-to-one 
4. a. b, c,d b. d 
5. a. a,b, d b. a 
6. a. a,b,c, d b. a,c 
7a. 1 b. 7 G. =5 d. 16 
8. a. 2 b. 1 c. 3 d. 0 
9.a. 3 bie c. 6 d. 9 
10. a. 9 b. 1 
c. 16 d. a’ +6a+9 
1i.a. 12 b. 6 c. —4 d. 2 
12. a,c,d 
13. a,b, c,f 
14. a. 3 b. 3 CG. == 2x 
d = —x e = =x 3-f : 
x? x+3 x- 
15. a. 3 b. —3 or 3 c. ; 
16. a. 2or3 b. —4or1 c. —1 
17. a. f(x) > © b. f(xy) > 0 c. f(xy) > 0 
d. f@7-co e fm-0 
18. a. (0, —4), (2,0) b. (,-2,(-,3) 
c. (2,0), (—2, 0) d. (3,-4) 
19. a. f= (x)= S : 
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b. f ie! (x) = Vx + 3 for original x> 0. 
c. f | (x) = Vx—4 +2 for original x>2 
20. a. The horizontal line test fails. 


b. An inverse function will exist for f(x) =x(x«—2),x<1 
or f(~) =x(x— 2), x21. 
21. a. The horizontal line test is upheld. 
b. f 1 @)=—-/4—4,x<4. 
22.a. x= 43 b. x22 c. x= 28 
23. These graphs are inverse because they are the mirror images 
of each other through the line y = x. 
24. a. Ran=[2, o) 
b. Many-to-one 
c. and f. 


d. Dom = [1, oo) 


e. va (x) = Vx -—2+1, Dom=[2, co), Ran=[1, oo) 
g. (0, 3) and (3, 6) 


Exercise 15.3 Exponential functions 
1. a. 2000 
b. 486000 
Cc. YA 


000 


500 


aa yee 1 2 4 6 
Y 
d. 1.26 hours 


2. a. $5000 


b. 


c. 


of oe 


2 eo oF eS eS: 


$7717 

A 
140005 
12000- 
10 000- 
8000- 
6000- 


4000-7 = 5000 x (1.075)" 
T ee 
0 24 6 8 1012 
10 years 
Cc b. D 
. $883.50 b. $821.66 
. V=950 x (0.93)”" d. $397.67 
. 102mg 
86.7 mg 
. A= 120x (0.85) 
. 83.927 mg 
A, 
140- 
120 


\_ 4 = 120 x (0.85)! 


a as ee Sa a Ieee 
2 4 6 8 101214 
Approximately 213 years 
i. 96.04% 

C = 100(0.98)” 


Cc 


ii, 90.39% 


80 
of €= 100 x (0.98)! 
40 ea Ei Ba | 
20 
T T T Ee 
0 5° ie. 15. 20" 
8 washings 
118 (million) 
a= 1.02; P= 118 x (1.02)" 
Year 2000 | 2005 | 2010 | 2015 | 2020 
Population 118 130 144 159 175 


Calculated population is less accurate after 10 years. 
288 (million) 

32 

0.98 

T = 32x (0.98) 

26.1, 21.4, 17.5, 14.3; values are close except for tf = 40. 
3 dogs b. 27 dogs 
A= 20000 x 1.06* 


c. 3 years 


b. 
é 
> 
4 
75 ae Foo Da a el aa a 
1234567 8 
Years 
c. 7 years 
d. 6 years —1 year quicker 
e. 9.05% p.a. 
11. a. Approximately 20 000 
b, c. Sample responses can be found in the worked 
solutions in the online resources. 
12. a. a= 100, b= 1.20, increase = 20%/ min 
b. N= 146977 x 0.70” 
13. a. 500°C 
be. 125°C; 
c. Between 5 and 6 hours once it has cooled to below 
152E; 
14. a. 45°C 
b. T=45x0.95' 
c. 10°C 
d. No. The line T= 0 is an asymptote. 
15. a. 1. 39.85 mg 2. 18.43 mg 
b. More than 35.78 centuries. 


Exercise 15.4 Cubic functions 
1. a. y b. 
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a Yh 
4 
3 
tant 
1 
. é 
ees ee Ae Be / fen 
4 
2 
3 
+5 
Y 
13. a. Positive b. Positive 
c. Zero d. Positive 4. a. - YE 
14.a=2,b=-7 4 
— (27+ 11b) 
15;.¢ =| 
11 
16. a. : n f 
a (1,4) 
2] 
3 = 1 
2 ,0) 
1 i 0 - 
> —2 - 2. 3 
0 1 2 3% 1 
b. x=Oandx=3 
c. 4 units Y 
17. y=2(x + 2)(x—2)(x—5) b. Yh 
18. a. Sample responses can be found in the worked solutions -1, 0) 2 (4, 
in the online resources. ea Se jes *y 
b. O0<x<17.5 
ce. 1377cm? 6 
d. Turning point 8 
(11.6667, 1587.963) 
7 12 
1500 (10, | 14 
16 
125044 ek Yv 
15,1125) 5. a. Yp 
1000 5 
750 
5,62 a 4 
500 
V 34 
250-4 
x= 17.518 a 9 
0 5 10 15 20 * 
e. (11.6667, 1587.963); this is the value of x which creates 1 
the maximum volume. 0) 
. . . ~< ~ 
Exercise 15.5 Quartic functions = a 2 6 * 
Toa y b. 
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b Yp 
iM 
8) 
}- 
6: 
5 
4 
Bey 
2 
CLOT (1,0) /2,0) | 4,0 
a 
= 2 3 3. 
19 
3 
14 
Y 
6. 
15. a. Ifn is even, the graph touches the x-axis. 
b. If nis odd, the graph cuts the x-axis. 
16.a=4,b=—-19 
(-c, 0) 17. a. 15m 
b. 
(b, 0) 35 | int 
(od 0) 0 (a, 0 < |_| 34 ed orale 
304 
254 a int 
17,5887, 19.4156) 
20- 
(0, —abc 
15 
ad 1 
10-1 iat Ga) — 12)? («- 20) + 15:0 <x < 20 
ee 15) 
54 
T 1 1 io 
Oe e 2) GA 16) 8 SOON P12: 1A 16 9718. +201 
c. 28.77m 


18. y=(x+ I) 2) 


Exercise 15.6 Transformations 


1. m 
y=P(@)+1 
~ = 
y=-PQ) 
Y 
me yyy = 2PQ) 
y=P(x)-2 
~ 0 > 
Y 
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12. 


.a. y=—P(x) 
11. 


y=P(x) +1 


. a. The transformation is a translation 2 units horizontally 


and a translation 1 unit vertically. 

b. The transformation is a dilation by a factor of 3 
followed by a translation 2 units horizontally and 7 units 
vertically. 


. a. The transformation is a dilation by a factor of 5 followed 


by a translation 1 unit horizontally and 2 units vertically. 

b. The transformation is a reflection in the y-axis followed 
by a translation —2 units horizontally and 4 units 
vertically. 


. a. The transformation is a dilation by a factor of 4 followed 


by a reflection in the y-axis and then a translation —3 
units horizontally and 10 units vertically. 

b. The transformation is a reflection in the y-axis followed 
by a translation —7 units horizontally and —6 units 
vertically and then a reflection in the x-axis. 


. They have the same x-intercepts, but y= —P(x) isa 


reflection of y = P (x) in the x-axis. 


. They have the same x-intercepts, but the y-values in 


y = 2P (x) are all twice as large. 


. The entire graph is moved down 2 units. The shape is 


identical. 

b. y=P(x)-3 c. y=2P(x) 

The original graph has been reflected in the x-axis and 
dilated by a factor of 2. The location of the intercepts 
remains unchanged. 

Dilation by a factor of from the x-axis, reflection in the 
x-axis, dilation by a factor of ; from the y-axis, reflection 
in the y-axis, translation of p units left, translation of r units 
down. 


14.y= 


y 
oA | 
8 : 
q Ba fees 
i | 
: | 
5 | 
* | 
1 
~ > 
EEE 
b. Translation 4 units vertically. 
di | 
i 
1 | 
9 [ 
oy] sae 
TROD 
; | 
: ys4 | 
2 
1 
~ > 
prt 4A +10 14 44 m 
Y 


d. (0,7) 


2 
~—_ + 1,x=-2,y=1 
+2) 


15.a. y=5(2")+5,a=5,b=5 


b. Dilation by a factor of 5 parallel to the y -axis and 
translation of 5 units up. Graph asymptotes to y = 5. 


Project 


1.a. 


See figure at the bottom of the page.* 

b. All of the graphs have a y-intercept of y = 1. The graphs 
which have a positive coefficient of x have two positive 
x-intercepts. The graphs which have a negative coefficient 


*a: 


— Yh ——— 
yaxr+2x41 o ye? Aged 
yoxr+3x+17—+ aaa yeaa xed 
6 
yar +4xt] >| y=xr- 2x41 
0.1) | 
~ > 
6 ie 
/, | 
y | 
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of x have two negative x-intercepts. As the coefficient of 
x decreases the x-intercepts move further left. 


c. The value of a affects the width of the graph. The greater 
the value, the narrower the graph. When a is negative, the 
graph is reflected in the x-axis. The value of c affects 
the position of the graph vertically. As the value of c 
increases, the graph moves upwards. The value of c does 
not affect the shape of the graph. 

d. Students may find some similarities in the effect of the 
coefficients on the different families of graphs. For 
example, the constant term always affects the vertical 
position of the graph, not its shape and the leading 
coefficient always affects the width of the graph. 

e. Student responses will vary. Students should aim to 
recreate the pattern as best as possible, and describe the 
process in mathematical terms. Sample responses can be 
found in the worked solutions in the online resources. 

2. Student responses will vary. Students should try to use 

their imagination and create a pattern that they find visually 

beautiful. 


Exercise 15.7 Review questions 
1a 


é qe 1 1 
- a, C, d, —~—, 108, x, — — 
2 Be x 


eae ae i, 3 iii. O 


y=(@-1)@ + 2)@—-3) 
b. y 


25 


y= (2x + 1)(%+5) 

5. Sample responses can be found in the worked solutions in 
the online resources. One possible answer is 
y=(x—-D(x-2)”. 

6. a. D b. A c. E 


Cc e. B 
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10. 
11. 


14, 
15. 


16. 
17. 


18. 


19. 


20. 


21. 


The entire graph is moved up 3 units. The shape is identical. 


As x > 00, f(x) > —00 
As x > —00, f(x) > 0 
(2, 0) 
a. 53.59mg/L b. 31.42mg/L_ c. 72.38mg/L 
a. i. 20 ii. 25 
b. i. H=25; D=28 ii. H=28; D=30 
c. The hyenas are the first species to reach a population of 
40 by 1 year. 
d. After about 23 months; 31 animals 
; = k 
a. f- (W=4/— +h, x>- 
a a 
b. Sample responses can be found in the worked solutions 
in the online resources. 
a. 0.27m 


b. Sample responses can be found in the worked solutions 


a. 


in the online resources. 


Yes, because the relationship involves a variable as 
an exponent. 


20 000 km? 
11975 km? 


e 
oO 
S 
oO 


2 
Z 
3 


e. 118km? 


f. No, this is not a realistic model as is it does not take into 
account changes to climate, rain, runoff from mountains, 
glaciers and so on. 


40 60 
Years 


10A 


1 6 Circle geometry 


LEARNING SEQUENCE 
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HG: Gis ROW OW xcsrrcerte ES coeliac ree eae pent 6 es eee Ore Re i ore RR 


— rene a 
fy » Sinction. be 
’ > 
ee 


16.1 Overview 
Why learn this? 


For thousands of years, humans have been fascinated by circles. 
Since they first looked upwards towards the sun and moon, which, 
from a distance at least, looked circular, artists have created circular 
monuments to nature. The most famous circular invention, one 
that has been credited as the most important invention of all, is the 
wheel. The potter’s wheel can be traced back to around 3500 BC, 
approximately 300 years before wheels were used on chariots for 
transportation. Our whole transportation system revolves around 
wheels — bicycles, cars, trucks, trains and planes. Scholars as 
early as Socrates and Plato, Greek philosophers of the fourth 
century BCE, have been fascinated with the sheer beauty of the 
properties of circles. Many scholars made a life’s work out of 
studying them, most famously Euclid, a Greek mathematician. It 
is in circle geometry that the concepts of congruence and similarity, 
studied earlier, have a powerful context. Today, we see circles in 
many different areas. Some buildings are now constructed based 
on circular designs. Engineers, designers and architects understand 
the various properties of circles. Road systems often have circular 
interchanges, and amusement parks usually include ferris wheels. 
As with the simple rectangle, circles are now part of our everyday 
life. Knowing the various properties of circles helps with our 
understanding and appreciation of this simple shape. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 
eLessons 


Digital 
documents 


Fully worked 
solutions 
to every 
question 


eWorkbook 
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Exercise 16.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. State the name of the area of the circle between a chord and the circumference. 


2. G9 Select the name of a line that touches the circumference of a circle at one point only. 
A. Secant B. Radius C. Chord D. Tangent E. Sector 


3. Calculate the angle of x within the circle shown. 


4. 9 Select the correct angles for y and z in the circle shown. 


A. y=40° and z= 80° B. y= 20° and z=40° C. y= 40° and z=80° 
D. y=40° and z= 40° E. y=40° and z= 20° 


5. Determine the value of x in the circle shown. 


S 
v 


6. Determine the value of y in the shape shown. 


TOPIC 16 Circle geometry 1001 


7. OW Select the correct values of x, y and z from the following list: 


/\ = IS", y= 7S? anal e= SOP 
Eh ce 15° w= 30° ane! z= SOP 
(2S IS° ys 15° ane z= 375° 
Dp) c= 15° v= s0? andl g<=37/S" 
=, f= I15", ys? anal gS 75° 


8. Calculate the length of p in the circle. 


10. £29 Choose the correct value for the length of x. 


A. /10 
B. V5 
C.2 

D. 10 
E.5 
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11. 


12. 


13. 


14. 


15. 


Determine the values of m and p. 


(2p + 15°) 


(9 Select the correct values for x and y. 


A. x= 110° and y=83° B. x= 83° and y=110° (eS 1! anal p= OP 
D. x=97° and y=70° E. x=70° and y= 107° 


(£1) Choose which of the following correctly states the relationships between x, y and z in the diagram. 


A. x=2y andz+y=180° B. y= 5 and z+y=180 C. x=2y and z+x=180° 


D. x= and z-+y= 180 E. y=2xand z+x= 180° 
(Choose the correct value for x. 


HO) 

B 

4 

x 

x T 

A. 25 B. 28 G.7 D. 2/7 EL 4/5 


GS) AB = 9 and P divides AB in the ratio 2 : 3. 
If PO =3 where O is the centre of the circle, select the exact length of the NY, 


diameter of the circle. 
6V 79 4V/79 é 3V79 
5 2 5 


i‘ —=——= B. 


D. —— ES 
5 


6/81 35/79 fs 
2 
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16.2 Angles in a circle 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine relationships between the angles at the centre and the circumference of a circle 
e understand and use the angle in a semicircle being a right angle 
e apply the relationships between tangents and radii of circles. 


® 16.2.1 Circles 


les-4995 . : . : : ' : 
e A circle is a connected set of points that lie a fixed distance (the radius) from a fixed point (the centre). 


e Incircle geometry, there are many theorems that can be used to solve problems. It is important that we are 
also able to prove these theorems. 


Steps to prove a theorem 

Step 1. State the aim of the proof 

Step 2. Use given information and previously established theorems to establish the result 
Step 3. Give a reason for each step of the proof 


Step 4. State a clear conclusion. 


Parts of a circle 


Part (name) Description Diagram 
Centre The middle point, equidistant from all points 

on the circumference. It is usually shown by 

a dot and labelled O. 


Circumference | The outside length or the boundary forming 
the circle. It is the circle’s perimeter. 


Radius A straight line from the centre to any point 
on the circumference. 
Radii Plural of radius. 
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Part (name) 


Description 


Diagram 


Diameter A straight line from one point on the 
circumference to another, passing through 
the centre 
Chord A straight line from one point on the a ™~ 
circumference to another 
Segment The area of the circle between a chord and iii. 
the circumference. The smaller segment 
is called the minor segment and the larger 
segment is the major segment. 
o) 
Sector An area of a circle enclosed by 2 radii and 
the circumference 
Arc A portion of the circumference 
Tangent A straight line that touches the 
circumference at one point only 
Secant A chord extended beyond the circumference 


on one side 
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Angles in a circle 


e In the diagram at right, chords AC and BC form the angle ACB. Arc AB has subtended 
angle ACB. 
Theorem 1 Code ® 
The angle subtended at the centre of a circle is twice the angle subtended at the 
circumference, standing on the same arc. 
Proof: 
Let ZPRO = xand ZQRO=y 
RO = PO= QO (radii of the same circle are equal) 

ZRPO = x 
and ZRQO = y 

ZPOM = 2x (exterior angle of triangle) 


and ZQOM = 2y (exterior angle of triangle) iS 
ZPOQ = 2x +2y ee 
=2(x+y) 


which is twice the size of ZPRQ=x+y. 


< 


The angle subtended at the centre of a circle is twice the angle subtended at the circumference, standing on 
the same arc. 
Theorem 2 Code ® 
All angles that have their vertex on the circumference and are subtended by the same 
arc are equal. 
Proof: 
Join P and Q to O, the centre of the circle. 
Let ZPSQ =x 
ZPOQ = 2x (angle at the centre is twice the angle at the circumference) 
ZPRQ = x (angle at the circumference is half the angle of the centre) 
ZPSQ = ZPRQ. 
Angles at the circumference subtended by the same arc are equal. 


S 


vs) 


vs 


WORKED EXAMPLE 1 Determining angles in a circle 


Determine the values of the pronumerals x and y in the diagram, giving reasons for your answers. 


46° 
THINK WRITE 
1. Angles x and 46° are angles subtended by the same arc x= 46° 03) 
and both have their vertex on the circumference. 
2. Angles y and 46° stand on the same arc. The 46° angle yi <A6n ® 
has its vertex on the circumference and y has its vertex at = ox 
the centre. The angle at the centre is twice the angle at the 
circumference. 
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°¢ Theorem 3 Code ZA 
Angles subtended by the diameter, that is, angles in a semicircle, are right angles. 
In the diagram, PQ is the diameter. Angles a, b and c are right angles. This theorem is in 
fact a special case of Theorem 1. 
Proof: 
ZPOQ = 180° (straight line) 
Let S refer to the angle at the circumference subtended by the diameter. In the figure, S 
could be at the points where a, b and c are represented on the diagram. 
ZPSQ = 90°(angle at the circumference is half the angle at the centre) 
Angles subtended by a diameter are right angles. 


® 16.2.2 Tangents to a circle 


eles-4996 
e In the diagram, the tangent touches the circumference of the circle at the point of contact. 


Tangent 


e Theorem 4 Code @ 
A tangent to a circle is perpendicular to the radius of the circle at the point of contact on the 
circumference. 
In the diagram, the radius is drawn to a point, P, on the circumference. The tangent to the circle is also 
drawn at P. The radius and the tangent meet at right angles, that is, the angle at P equals 90°. 


WORKED EXAMPLE 2 Determining angles when tangents are drawn to a circle 


Determine the values of the pronumerals in the diagram, giving a reason for your answer. 


THINK WRITE 


1. Angle z is subtended by the diameter. Use an appropriate z=90° LA 
theorem to state the value of z. 


2. Angle s is formed by a tangent and a radius, drawn to the SSsur @ 
point of contact. Apply the corresponding theorem to find 
the value of s. 
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° Theorem 5 Code O=> 
The angle formed by two tangents meeting at an external point is bisected by 
a straight line joining the centre of the circle to that external point. 
Proof: aa 
Consider ASOR and ASOT. S 
OR = OT (radii of the same circle are equal) ee 

OS is common. 

ZORS = ZOTS = 90° (angle between a tangent and radii is 90°) 

“. ASOR & ASOT (RHS) 

So ZROS = ZTOS and ZOSR = ZOST (corresponding angles in congruent triangles are equal). 

The angle formed by two tangents meeting at an external point is bisected by a straight line joining the 

centre of the circle to the external point. 


WORKED EXAMPLE 3 Determining angles using properties of tangents 


Given that BA and BC are tangents to the circle, determine the values of the pronumerals in the 
diagram. Give reasons for your answers. 


THINK 


1. Angles rand s are angles formed by the 
tangent and the radius, drawn to the same point 
on the circle. State their size. 


2. In the triangle ABO, two angles are already AABO: t + 90° + 68° = 180° ae 
known and so angle ¢ can be found using t+ 158° = 180° 
our knowledge of the sum of the angles in a ie 
triangle. 

3. ZABC is formed by the two tangents, so the ZABO = ZCBO G= 
line BO, joining the vertex B with the centre of ZABO = t= 22°, ZCBO=u 
the circle, bisects this angle. This means that a 


angles ¢ and u are equal. 


4. All angles in a triangle have a sum of 180°. In AAOB and ACOB 
AAOB and ACOB are congruent triangles r+ t+ 68° =180° EX 
using RHS, they are both right angled 
triangles, the hypotenuse is common and s+ -+/q— 180° OS 
OA = OB, radii. r = s = 90° (proved previously) 
t = u =22° (proved previously 
SG SOs" 
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DISCUSSION 


What are the common steps in proving a theorem? 


ion) Resources 


was) 
(4 eWorkbook Topic 16 Workbook (worksheets, code puzzle and project) (ewbk-2042) 


g Digital documents SkillISHEET Using tests to prove congruent triangles (doc-5390) 
SkilISHEET Corresponding sides and angles of congruent triangles (doc-5391) 
SkilISHEET Using tests to prove similar triangles (doc-5392) 
SkilISHEET Angles in a triangle (doc-5393) 
SkilISHEET More angle relations (doc-5394) 


S Interactivities Circle theorem 1 (int-6218 


Circle theorem 2 (int-6219 


Circle theorem 4 (int-6221 


( ) 
( ) 
Circle theorem 3 (int-6220) 
( ) 
Circle theorem 5 (int-6222) 


Exercise 16.2 Angles in a circle learn@y) 
Individual pathways 

m@ PRACTISE m@ CONSOLIDATE @ MASTER 

1, 4, 6, 8, 13, 17 2,5, 9, 11, 14, 18 3, 7, 10, 12, 15, 16, 19 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


ES For questions 1 to 3, calculate the values of the pronumerals in each of the following, giving reasons for 
your answers. 


1. a. 30° 
(A) 


c. 
c B 
EN 
Au 
O 
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4, MEA Determine the values of the pronumerals in each of the following figures, giving reasons for 
your answers. 


| D | = . 
5. Calculate the values of the pronumerals in each of the following figures, giving reasons for your answers. 


a. ZN b. c. 


Understanding 


6. MEY Given that AB and DB are tangents, determine the value of the pronumerals in each of the following, 
giving reasons for your answers. 


c. 


7. Given that AB and DB are tangents, determine the value of the pronumerals in each of the following, giving 
reasons for your answers. 


D 


8. 19 The value of x in the diagram is: 


A. 240° B. 120° c. 90° x LON 


D. 60° E. 100° 


vs] 


9. 19 The value of x in the diagram is: 
A. 50° B. 90° Cc. 100° 
D. 80° E. 200° 
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10. ES Choose which of the following statements is true for this diagram. 


A 
A. ZACB=2x ZADB B. ZAEB= ZACB Cc. ZACB= ZADB 
D. ZAEB= ZADB E. 2x ZACB=ZADB F 
D 
B 
11. G9 In the diagram shown, determine which angle is subtended by the same arc as ZAPB. D 
Note: There may be more than one correct answer. P 
A. ZAPC B. ZBPC Cc. ZABP A 
D. ZADB E. ZBPD 


12. ES Por the diagram shown, determine which of the statements is true. 
Note: There may be more than one correct answer. 


A. 2ZAOD = ZABD B. ZAOD =2ZACD c. ZABF= ZABD 
D. ZABD = ZACD E. ZAOD = ZABF 
Reasoning 


13. Values are suggested for the pronumerals in the diagram shown. AB is a 
tangent to a circle and O is the centre. 
In each case give reasons to justify suggested values. 


a. s=t=45° b. r=45° 
c. u=65° d. m=25° 
e. n=45° 

14. Set out below is the proof of this result: The angle at the centre of a circle is twice the angle at R 
the circumference standing on the same arc. {\ 
Copy and complete the following to show that ZPOQ = 2 x ZPRQ. A 
Construct a diameter through R. Let the opposite end of the diameter be S. l?\\ 
Let ZORP =x and ZORQ=y. P Q 
OR = OP ( ) 
ZOPR = x ( ) xy Ry 

: VY 

ZSOP = 2x (exterior angle equals ) fh 
OR =0Q ( a y, 
ZOQR= LIN 
ZSOQ= ( ) P : Q 
Now ZPRQ= and ZPOQ = ‘ 


Therefore ZPOQ = 2 xX ZPRQ. 
15. Prove that the segments formed by drawing tangents from an external point to a circle are equal in length. 


16. Use the figure shown to prove that angles subtended by the same arc are equal. 


LN 
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Problem solving 


17. Determine the value of x in each of the following diagrams. 


SS. ‘ 


18. Use your knowledge of types of triangles, angles in triangles and the fact 
that the radius of a circle meets the tangent to the circle at right angles to 
prove the following theorem: 


The angle formed between two tangents meeting at an external point is 
bisected by a line from the centre of the circle to the external point. 


19. WX is the diameter of a circle with centre at O. Y is a point on the circle 
and WY is extended to Z so that OY = YZ. Prove that angle ZOX is three 
times angle YOZ. 


16.3 Intersecting chords, secants and tangents 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e apply the intersecting chords, secants and tangents theorems 
e recognise that a radius will bisect a chord at right angles 
e understand the concept of the circumcentre of a triangle. 


® 16.3.1 Intersecting chords 


les-499 
ee Tn the diagram at right, chords PQ and RS intersect at X. 


e Theorem 6 Code Q S 
If the two chords intersect inside a circle, then the point of intersection divides each 
chord into two segments so that the product of the lengths of the segments for both 


chords is the same. 
PX x QX = RX x SX 
oraxb=cxd \D s 


wn 
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Proof: 
Join PR and SQ. 
Consider APRX and ASQX. 
ZPXR = ZSXQ (vertically opposite angles are equal) 
ZRSQ = ZRPQ (angles at the circumference standing on the same arc are equal) 
ZPRS = ZPQS (angles at the circumference standing on the same arc are equal) 
APRX ~ ASQX (equiangular) 
PX RX... Sere ee : ; 
— = — (ratio of sides in similar triangles is equal) 
SX QX 
or, PX x QX =RX x SX 


WORKED EXAMPLE 4 Determining values using intersecting chords 


Determine the value of the pronumeral m. 


A 
SP 
we 
<A 
B 
THINK WRITE 
1. Chords AB and CD intersect at X. Point X AX X BX =CX xX DX oy 
divides each chord into two parts so that the 
products of the lengths of these parts are equal. 
Write this as a mathematical statement. 
2. Identify the lengths of the line segments. OK —vil |) 7p, (OK 0, IDPS 5) 
3. Substitute the given lengths into the formula 4m=6xX5 
and solve for m. = 30 


® 16.3.2 Intersecting secants 


les-4998 
= e In the diagram at right, chords CD and AB are extended to form secants CX and AX 


respectively. They intersect at X. 
° Theorem 7 Code <Q 

If two secants intersect outside the circle as shown, then the following B A 

relationship is always true: 


AX x XB = XC x DX 
oraxb=cxd. 
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Proof: 
Join D and A to O, the centre of the circle. 
Let ZDCA = x 
ZDOA = 2x (angle at the centre is twice the angle at the circumference 
standing on the same arc) x 

Reflex ZDOA = 360° — 2x (angles in a revolution add to 360°) 

ZDBA = 180° —x (angle at the centre is twice the angle at the circumference 

standing on the same arc) 
ZDBX = x (angle sum of astraight line is 180°) 
ZDCA = ZDBX 


Consider ABXD and ACXA. 
ZBXD is common. 
ZDCA = ZDBX (shown previously) 
ZXAC = ZXDB (angle sum of a triangle is 180°) 
ZAXC ~ ADXB (equiangular) 
AX _ XC 
DX XB 
or, AX X XB = XC Xx DX 


WORKED EXAMPLE 5 Determining pronumerals using intersecting secants. 


Determine the value of the pronumeral y. 


x 
THINK WRITE 
1. Secants XC and AX intersect outside the circle at X. XCxDX=AXxXB =O 
Write the rule connecting the lengths of XC, DX, AX 
and XB. 
2. State the length of the required line segments. XC=y+6 DX=6 
AX=7+5 XB=7 
= 1/2) 
3. Substitute the length of the line segments and solve @ +46) xo = 12%7 
the equation for y. 6y + 36 = 84 
6y = 48 


y=8 


® 16.3.3 Intersecting tangents 


eles-4999 . F A 
e In the diagram, the tangents AC and BC intersect at C. 
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Theorem 8 Code C>> 


If two tangents meet outside a circle, then the lengths from the external point to where they meet the 


circle are equal. 

Proof: 

Join A and B to O, the centre of the circle. 
Consider AOCA and AOCB. 


A 
6 
OC is common. Ee aa 
Cc 


OA = OB (radii of the same circle are equal) 


ZOAC = ZOBC (radius is perpendicular to tangent through the point of contact) Ae) 


AOCA = AOCB (RHS) 
AC = BC (corresponding sides of congruent triangles are equal) 


B 


If two tangents meet outside a circle, the lengths from the external point to the point of contact are equal. 


WORKED EXAMPLE 6 Determining the pronumeral using lengths of tangents. 


Determine the value of the pronumeral m. 


B 
3} 
C 
m 
A 
THINK WRITE 
1. BC and AC are tangents intersecting at C. Ac=Bc O> 
State the rule that connects the lengths BC 
and AC. 
2. State the lengths of BC and AC. NCS, WKCS3) 
3. Substitute the required lengths into the i 


equation to find the value of m. 


® 16.3.4 Chords and radii 


eles-5000 
® 


In the diagram at right, the chord AB and the radius OC intersect at X at 90°; that is, 
ZOXB = 90°. OC bisects the chord AB; that is, AX = XB. 


Theorem 9 Code a) 


If a radius and a chord intersect at right angles, then the radius bisects the chord. 


Proof: 

Join OA and OB. 

Consider AOAX and AOBX. 

OA = OB (radii of the same circle are equal) 

ZOXB = ZOXA (given) 

OX is common. 

AOAX = AOBX (RHS) 

AX = BX (corresponding sides in congruent triangles are equal) 

If a radius and a chord intersect at right angles, then the radius bisects the chord. 
The converse is also true: 

If a radius bisects a chord, the radius and the chord meet at right angles. 
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¢ Theorem 10 Code Y 
Chords equal in length are equidistant from the centre. 
This theorem states that if the chords MN and PR are of equal length, then OD = OC. 
Proof: 
Construct OALMN and OBLPR. 
Then OA bisects MN and OB bisects PR (Theorem 9) 
Because MN = PR, MD = DN =PC=CR. 
Construct OM and OP, and consider AODM and AOCP. 


MD = PC (shown above) 
OM = OP (radii of the same circle are equal) 
ZODM = ZOCP = 90° (by construction) 
AODM = AOCP (RHS) 
So OD = OC (corresponding sides in congruent triangles are equal) 


Chords equal in length are equidistant from the centre. 


WORKED EXAMPLE 7 Determining pronumerals using theorems on chords 


Determine the values of the pronumerals, given that AB = CD. 


THINK WRITE 
1. Since the radius OG is perpendicular to the AE=EB @) 
chord AB, the radius bisects the chord. 
2. State the lengths of AE and EB. IN 777, ENB 3} 
3. Substitute the lengths into the equation to find mi 
the value of m. 
4. AB and CD are chords of equal length and OE OEB=OF Y 


and OF are perpendicular to these chords. This 
implies that OE and OF are equal in length. 
5. State the lengths of OE and OF. OT Ok — 25 


6. Substitute the lengths into the equation to find ns) 
the value of n. 


The circumcentre of a triangle 


e A circle passing through the three vertices of a triangle is called the circumcircle of the Cc 
triangle. 
e The centre of this circle is called the circumcentre of the triangle. 
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e The circumcentre is located by: 
Step 1: drawing any triangle ABC and label the vertices Cc 


Step 2: constructing the perpendicular bisectors of the three sides 
Step 3: let the bisectors intersect at O. 


e This means OA = OB = OC, by congruent triangles. 
e Acircle, centre O, can be drawn through the vertices A, B and C. 
e The point O is the circumcentre of the triangle. 


DISCUSSION 


What techniques will you use to prove circle theorem? 


ion) Resources 


ay 
[4 eWorkbook Topic 16 Workbook (worksheets, code puzzle and project) (ewbk-2042) 


yy Interactivities Circle theorem 6 (int-6223) 
Circle theorem 7 (int-6224) 


Circle theorem 8 (int-6225) 
Circle theorem 9 (int-6226) 
Circle theorem 10 (int-6227) 


Exercise 16.3 Intersecting chords, secants and tangents learn@) 
Individual pathways 

m@ PRACTISE @ CONSOLIDATE B® MASTER 

1,4, 9, 12 2,5, 7, 10, 13 3, 6, 8, 11, 14 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
1. EXE23 Determine the value of the pronumeral in each of the following. 


a. b. Cc Cc. 
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2, EEA Determine the value of the pronumeral in each of the following. 


a as. b. 
Pe 
A 


mY 


3. Determine the value of the pronumeral in each of the following. 


b. 
5 

4 
an 
ae 

a. 5 b. c. 
x 
m 

5. Determine the value of the pronumeral in each of the following. 


ie 


6. Determine the value of the pronumeral in each of the following. 


» 


— 


a 


Understanding 


7. O09 Select which of the following figures allows the value of m to be determined by solving a linear 


equation. 
Note: There may be more than one correct answer. 
A. B. 
2 2 
m 3 
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8. Calculate the length ST in the diagram. 


Reasoning 


9. Prove the result: If a radius bisects a chord, then the radius meets the chord at right angles. Remember to 
provide reasons for your statements. 


10. Prove the result: Chords that are an equal distance from the centre are equal in length. Provide reasons for 
your statements. 


11. Prove that the line joining the centres of two intersecting circles bisects their common chord at right angles. 
Provide reasons for your statements. 


Problem solving 


12. Determine the value of the pronumeral in each of the following diagrams. 


ay, 
8 
x 
4x y 
13. AOB is the diameter of the circle. CD is a chord 
perpendicular to AB and meeting AB at M. C 
a. Explain why M is the midpoint of CD. 
b. If CM=c, AM=a and MB=b, prove that c*=ab. 
c. Explain why the radius of the circle is equal to nd 
A B 
D 


14. An astroid is the curve traced by a point on the circumference of a small circle as it rolls around the inside 
circumference of a circle that is four times larger than it. Draw the shape of an astroid. 
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16.4 Cyclic quadrilaterals 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e recognize a cyclic quadrilateral 
e determine pronumerals knowing the opposite angles of a cyclic quadrilateral are supplementary 
e determine pronumerals knowing the exterior angle of a cyclic quadrilateral equals the interior 
opposite angle. 


@® 16.4.1 Quadrilaterals in circles 


eles-5001 ‘< a ; ; ; 5 
e Acyclic quadrilateral has all four vertices on the circumference of a circle; that is, the 


quadrilateral is inscribed in the circle. A E 
e In the diagram at right, points A, B, C and D lie on the circumference; hence, ABCD is a 

cyclic quadrilateral. C 
e It can also be said that points A, B, C and D are concyclic; that is, the circle passes through D 

all the points. 


e Theorem 11 Code O 


B 
7 : : AZ 
The opposite angles of a cyclic quadrilateral are supplementary (add to 180°). WA 
Proof: pS C 


Join A and C to O, the centre of the circle. 
Let ZABC =x. P 
Reflex ZAOC = 2x (angle at the centre is twice the angle at the circumference standing on the same arc) 
Reflex ZAOC = 360° — 2x (angles in a revolution add to 360°) 
ZADC = 180° — x (angle at the centre is twice the angle at the circumference standing on the same arc) 
ZABC + ZADC = 180° 
Similarly, ZDAB + ZDCB = 180°. 
Opposite angles in a cyclic quadrilateral are supplementary. 
e The converse is also true: 
If opposite angles of a quadrilateral are supplementary, then the quadrilateral is cyclic. 


WORKED EXAMPLE 8 Determining angles in a cyclic quadrilateral 


Determine the values of the pronumerals in the diagram below. Give reasons for 
your answers. 


THINK WRITE 


1. PQRS is a cyclic quadrilateral, so its opposite angles ZPQR+ ZRSP = 180° (The opposite angles of a 
are supplementary. First calculate the value of x by cyclic quadrilateral are supplementary.) 


considering a pair of opposite angles ZPQR and ZPOR—W5eeZRS EG 
ZRSP and forming an equation to solve. Com —soOm 
= NOs” 
2. Calculate the value of y by considering the other pair 2ZSPQ+ ZQRS = 180° O 
of opposite angles (ZSPQ and ZQRS). ZSPOi— Ne 0RZORSi—y 
y+120 =180 
y=60 
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¢ Theorem 12 Code ‘aN Q 


The exterior angle of a cyclic quadrilateral is equal to the interior opposite angle. P , ae 
Proof: Taw 
ZQPS + ZQRS = 180° (opposite angles of a cyclic quadrilateral) GR 
ZQPS + ZSPT = 180° (adjacent angles on a straight line) S wed 
Therefore ZSPT = ZQRS. 
The exterior angle of a cyclic quadrilateral is equal to the interior opposite angle. 

WORKED EXAMPLE 9 Determining pronumerals in a cyclic quadrilateral 

Determine the value of the pronumerals x and y in the diagram below. 

THINK WRITE 

1. ABCD is a cyclic quadrilateral. The exterior angle, x= ZDAB, ZDAB=50° Q 
x, is equal to its interior opposite angle, ZDAB. Som—H0g: 

2. The exterior angle, 100°, is equal to its interior ZADC = 100°, ZADC = y Qu 
opposite angle, ZADC. So y= 100°. 

DISCUSSION 


What is a cyclic quadrilateral? 


ion) Resources 


ay 
[4 eWorkbook Topic 16 Workbook (worksheets, code puzzle and project) (ewbk-2042) 
G] Digital document SkilISHEET Angles in a quadrilateral (doc-5396) 


3 Interactivities Circle theorem 11 (int-6228) 
Circle theorem 12 (int-6229) 
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Exercise 16.4 Cyclic quadrilaterals learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE m@ MASTER 
1,4, 5, 10, 13, 16 2, 3, 6, 11, 14, 17 7, 8, 9, 12, 15, 18 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


| wes Bin questions 1 and 2, calculate the values of the pronumerals in each of the following. 


1. a. 
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Understanding 
7. E Which of the following statements is true for this diagram? 


A. r=q B. r+n=180° 
Cc. m+n=180° D. r+m=180° 
E. g=s 


8. [1S Which of the following statements is not true for this diagram? 
A. b+ f= 180° B. a=f C. e=d 
D. c+d=180° E. c+f=180° 


9. HS) Choose which of the following correctly states the relationship between x, y and z in 
the diagram. 
A. x=yandx=2z B. x=2y and y+z=180° 
C. z=2x and y=2z D. x+y=180° and z= 2x 
E. x+y= 180° and y+z= 180° 


10. Follow the steps below to set out the proof that the opposite angles of a cyclic quadrilateral 


are equal. Aya SB 


a. Calculate the size of ZDOB. b. Calculate the size of the reflex angle DOB. 
c. Calculate the size of ZBCD. d. Calculate ZDAB + ZBCD. 
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11. EZ) Choose which of the following statements is always true for the diagram shown. 
Note: There may be more than one correct answer. 
A. r=t B. r=p C. r=q 
D. r=s E. r<90° 


12. ES Choose which of the following statements is correct for the diagram shown. 
Note: There may be more than one correct answer. 


A. r+p=180° B. q+s=180° Cc. t+p=180° 
D.t=r E. t=q 
Reasoning 


13. Prove that the exterior angle of a cyclic quadrilateral is equal to the interior opposite angle. 


14. Determine the value of the pronumerals in the diagram. 
Give a reason for your answer. 


15. Determine the value of the pronumerals in the diagram. 
Give a reason for your answer. 


Problem solving 


16. Determine the value of the pronumeral x in the diagram shown. 
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17. Determine the value of each pronumeral in the diagram shown. 


18. ZFAB = 70°, ZBEF=a°, ZBED =b° and ZBCD =c°. 


a. Calculate the values of a, b and c. 
b. Prove that CD is parallel to AF. 


16.5 Tangents, secants and chords 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e apply the alternate segment theorem to evaluate pronumerals 
e determine the lengths of tangents and secants when they intersect. 


® 16.5.1 The alternate segment theorem 


eles-5002 § 5 : ‘ : 
e Consider the figure shown. Line BC is a tangent to the circle at the point A. 


A line is drawn from A to anywhere on the circumference, point D. 
The angle ZBAD defines a segment (the shaded area). 
The unshaded part of the circle is called the alternate segment to ZBAD. 


B A C 


e Now consider angles subtended by the chord AD in the alternate segment, such E 
as the angles marked in pink and blue. Z\ 

e The alternate segment theorem states that these are equal to the angle that made the / \ 

D 


segment, namely: 
ZBAD = ZAED and ZBAD = ZAFD Ay, 3 
A Cc 


B 
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e Theorem 13 Code wl 
The angle between a tangent and a chord is equal to the angle in the 
alternate segment. 
Proof: 
We are required to prove that ZBAD = ZAFD. 
Construct the diameter from A through O, meeting the circle at G. 


Join G to the points D and F. 

ZBAG = ZCAG=90° (radii Ltangent at point of contact) 
ZGFA = 90° (angle in a semicircle is 90°) 
ZGDA = 90° (angle in a semicircle is 90°) 


Consider AGDA. We know that ZGDA = 90°. 
ZGDA + ZDAG + ZAGD = 180° 

90° + ZDAG + ZAGD = 180° 

ZDAG + ZAGD = 90° 

ZBAG is also a right angle. 
ZBAG = ZBAD + ZDAG = 90° 
Equate the two results. 
ZDAG + ZAGD = ZBAD + ZDAG 
Cancel the equal angles (ZDAG) on both sides. 
ZAGD = ZBAD 
Now consider the fact that both triangles DAG and DAF are subtended from the same chord (DA). 
ZAGD = ZAFD (Angles in the same segment standing on the same arc are equal). 
Equate the two equations. 
ZAFD = ZBAD 


WORKED EXAMPLE 10 Determining pronumerals using the alternate segment theorem 


Determine the value of the pronumerals x and y, giving reasons. 


A 
B 
1D) G2" c 
T 
THINK WRITE 
1. Use the alternate segment theorem to x = 62° (angle between a tangent and a chord is equal 
calculate x. to the angle in the alternate segment.) 


2. The value of y is the same as x because x and y=62° (angles in the same segment standing on the 
y are subtended by the same chord BT. same arc are equal.) 
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® 16.5.2 Tangents and secants 


eles-5003 
e Theorem 14 Code a) 


If a tangent and a secant intersect as shown, the following relationship is 
always true: 

XA x XB=(XT)’ ora xb =c’. 

Proof: 

Join BT and AT. 

Consider ATXB and AAXT. 

ZTXB is common. 


ZXTB = ZXAT (angle between a tangent and a chord is equal to the angle 
in the alternate segment) A 
ZXBT = ZXTA (angle sum of a triangle is 180°) 
ATXB~AAXT (equiangular) 
XT 
0, — = — 
XT XA 
or, XA X XB =(XT)’. x 
T 


WORKED EXAMPLE 11 Determining pronumerals with intersecting tangents and secants 


Determine the value of the pronumeral m. 


THINK WRITE 
1. Secant XA and tangent XT intersect at X. Write the rule XA X XB = Oa) —O 

connecting the lengths of XA, XB and XT. 
2. State the values of XA, XB and XT. MNS no XB = 5) Os 
3. Substitute the values of XA, XB and XT into the equation (m+5)x5 = 8? 

and solve for m. 5m+25 = 64 

5m = 39 
i = 38 

DISCUSSION 


Describe the alternate segment of a circle. 


ion) Resources 


a) 
[4 eWorkbook Topic 16 Workbook (worksheets, code puzzle and project) (ewbk-2042) 
ps Interactivities Circle theorem 13 (int-6230) 


Circle theorem 14 (int-6231) 
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Exercise 16.5 Tangents, secants and chords learn@) 


Individual pathways 


@ PRACTISE lm CONSOLIDATE @ MASTER 
1, 2, 3, 9, 13, 14, 18, 22 4,5, 6, 10, 15, 16, 17, 19, 23 7, 8, 11, 12, 20, 21, 24 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 
1. ED Determine the value of the pronumerals in the following diagrams. 


a. b. 
wa 


2, EXSE calculate the value of the pronumerals in the following diagrams. 


a. b. 
4 
P 
q 


4 


3. Line AB is a tangent to the circle as shown in the figure. Calculate the values of the Bhy 
angles labelled x and y. 


Questions 4 to 6 refer to the figure shown. The line MN is a tangent to the circle, and 
EA is a straight line. The circles have the same radius. 


4, DOS If ZDAC = 20°, then ZCFD and ZFDG are respectively: 


A. 70° and 50° B. 70° and 40° 
C. 40° and 70° D. 70° and 70° 
E. 40° and 50° 


5. DEA triangle similar to FDA is: 
A. FDG B. FGB Cc. EDA D. GDE E. ABD 


6. State six different right angles. 


7. Calculate the values of the angles x and y in the figure shown. 
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Understanding 


8. Show that if the sum of the two given angles in question 7 is 90°, then the line AB must be a diameter. 


9. Calculate the value of x in the figure shown, given that the line underneath the 


circle is a tangent. Cr 
\ 
a 


10. In the figure shown, express x in terms of a and b. This is the same diagram as in 
question 9. 


11. Two tangent lines to a circle meet at an angle y, as shown in the figure. Determine 
the values of the angles x, y and z. 


12. Solve question 11 in the general case (see the figure) and show that y = 2a. This 
result is important for space navigation (imagine the circle to be the Earth) in that 
an object at y can be seen by people at x and z at the same time. 


13. In the figure shown, determine the values of the angles x, y and z. 


14, E09 Examine the figure shown. The angles x and y (in degrees) are 


respectively: 
A. 51 and 99 B. 51 and 129 
C. 39 and 122 D. 51 and 122 
E. 39 and 99 
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Questions 15 to 17 refer to the figure shown. The line BA is a tangent to the circle at 
point B. Line AC is a chord that meets the tangent at A. 


15. Determine the values of the angles x and y. 


16. ES The triangle that is similar to triangle BAD is: 


A. CAB B. BCD Cc. BDC 
D. AOB E. DOC 

17. ES The value of the angle z is: 
A. 50° B. 85° c. 95° 
D. 100° E. 75° 

Reasoning 


18. Determine the values of the angles x, y and z in the figure shown. The line AB is 
tangent to the circle at B. 


19. Calculate the values of the angles x, y and z in the figure shown. The line AB is 
tangent to the circle at B. The line CD is a diameter. 


20. Solve question 19 in the general case; that is, express angles x, y and z in terms 
of a (see the figure). 


21. Prove that, when two circles touch, their centres and the point of contact are collinear. 


Problem solving 


22. Calculate the value of the pronumerals in the following. 
a. b. c. 
fo 
4 n 
4 (pf 
8 
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23. Determine the value of the pronumerals in the following. 


a. 


24. Calculate the values of a, b and c in each case. 
a. ZBCE=50° and ZACE=c b. E 


ZN 


D 
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16.6 Review 
16.6.1 Topic summary 


Cyclic quadrilaterals Angles in a circle 


e Angle at centre is twice the angles 


¢ Opposite angles of cyclic 


quadrilateral are supplementary. at circumference standing on 
e.g.a+b=180° ) the es 
¢ Exterior angle of a ca €.g.0= 2a 
cyclic quadrilateral \ (a\ 
equals the interior se 


opposite angle. 
¢ Angles at circumference standing 
on the same arc are equal. 


CIRCLE GEOMETRY ame 


>) (SS 


Tangents to a circle 


e Angle in a semicircle is 90°. 
a=90°, b= 180° 


Chords and secants 


¢ When chords intersect inside a circle, 
the product of the lengths of the 
segments are equal. 
axb=cxd 


© 


¢ When chords intersect outside a circle, 
then the following is true: 
axb=cxd 


Tangents and secants 


¢ Perpendicular bisector of a chord passes 
through the centre of the circle. 
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16.6.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic 


Success criteria =) | QO @ 


16.2 | can determine relationships between the angles at the centre and the 
circumference of a circle. 


| can understand and use the angle in a semicircle being a right angle. 


| can apply the relationships between tangents and radii or circles. 


16.3 | can apply the intersecting chords, secants and tangent theorems. 


| can recognise that a radius will bisect a chord at right angles. 


| can understand the concept of the circumcentre of a triangle. 


16.4 | can recognise a cyclic quadrilateral. 


| can determine pronumerals knowing the opposite angles of a cyclic 
quadrilateral are supplementary. 


| can determine pronumerals knowing the exterior angle of a cyclic 
quadrilateral equals the interior opposite angle. 


16.5 | can apply the alternate segment theorem to evaluate pronumerals. 


| can determine the lengths of tangents and secants when they intersect. 


16.6.3 Project 


Variation of distance 


The Earth approximates the shape of a sphere. 
Lines of longitude travel between the North and 
South poles, while lines of latitude travel east— 
west, parallel to the equator. While the lines of 
longitude are all approximately the same length, 4 
this is not the case with lines of latitude. The 


North Pole N 
go° 


Arctic Circle 66° 33' 39" N 


Prime Meridian - Longitude O° 


Tropic of Cancer 23° 26' 22" N 


Northern Hemisphere 


line of latitude at the equator is the maximum Pence ane Equator o* 
length and these lines decrease in length on y 
Tropic of Capricorn 23° 26’ 22" S 


approaching both the North and South poles. 


Example: Buenos Aires 


34° 3613” S and 58° 22' 54” W Antarctic Circle 66° 33'39"S 


This investigation looks at how the distance 
between points on two given lines of longitude 
and the same line of latitude changes as we move 
from the equator to the pole. 


-90° 
South Pole S 
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Consider two lines of longitude, 0° and 100°E. Take two points, P, and P,, lying on the equator on lines of 
longitude 0° and 100°E respectively. 


The distance (in km) between two points on the same line of latitude is given by the formula: 


Distance = angle sector between the two points X111x cos(degree of latitude) 


1. The size of the angle sector between P, and P, is 100° and these two 
points lie on 0° latitude. The distance between the points would be 
calculated as 100 x 111 x cos(0°). Determine this distance. 

2. Move the two points to the 10° line of latitude. Calculate the distance 
between P, and P, in this position. Round your answer to the nearest 
kilometre. 

3. Complete the following table showing the distance (rounded to the 
nearest kilometre) between the points P, and P, as they move from the 
equator towards the pole. 


North Pole 


Bquate’ 


South Pole 


Latitude | Distance between P, and P, (km) 
0° 
10° 
20° 
30° 
40° 
50° 
60° 
70° 
80° 
90° 


4. Describe what happens to the distance between P, and P, as we move from the equator to the pole. Is 
there a constant change? Explain your answer. 

5. You would perhaps assume that, at a latitude of 45°, the distance between P, and P, is half the distance 
between the points at the equator. This is not the case. At what latitude does this occur? 

6. Using grid paper, sketch a graph displaying the change in distance between the points in moving from 
the equator to the pole. 

7. Consider the points P, and P, on lines of longitude separated by 1°. On what line of latitude (to the 
nearest degree) would the points be 100 km apart? 

8. Keeping the points P; and P, on the same line of latitude, and varying their lines of longitude, 
investigate the rate that the distance between them changes from the equator to the pole. Explain whether 
it is more or less rapid in comparison to what you found earlier. 
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ion Resources 


oO) 
(4 eWorkbook Topic 16 Workbook (worksheets, code puzzle and project) (ewbk-2042) 
es Interactivities Crossword (int-2881) 


Sudoku puzzle (int-3894) 


Exercise 16.6 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


For questions 1 to 3, determine the values of the pronumerals in each of the diagrams. 
1. a. 


S$ 


° 
2 
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4. Determine the value of m in each of the following. 
b. . 


5. £13 Choose for which of the following figures it is possible to get a reasonable value for the 
pronumeral. Note: There may be more than one correct answer. 


A. 4 
: 5 


E. None of these 


6. E13 Choose which of the following statements is true for the diagram shown. 
Note: There may be more than one correct answer. 
A. AO=BO B. AC=BC Cc. ZOAC = ZOBC 
D. ZAOC = 90° = NCSOC 
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7. Determine the values of the pronumerals in the following figures. 
b. 


8. E19 Choose which of the following statements is not always true for the diagram shown. 


e 
is 
2am A 
A. Za+ Zc = 180° B. 2b+ Zd= 180° 
C. Ze+ Zc= 180° D. Za+ Ze=180° 


E. Za+ 2b+ Zc0+ Zd= 360° 


Problem solving 


9. Determine the values of the pronumerals in the following figures. 


a. b. a, 


Sa Se 
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10. Two chords, AB and CD, intersect at E as shown. If AE= CE, prove that EB = ED. 
C 
B 
A 
D 
11. Two circles intersect at X and Y. Two lines, AXB and CXD, intersect one circle at A and C, and the 
other at B and D, as shown. Prove that ZAYC = ZBYD. 


C <—_ X — B 
WY 
Y 


12. Name at least five pairs of equal angles in the following diagram. 


To test your understanding and knowledge of this topic, go to your learnON title at 
www.jacplus.com.au and complete the post-test. 
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Online Resources (35) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


05 
[4 

Download the workbook for this topic, which includes 

worksheets, a code puzzle and a project (ewbk-2042) 


fiz] 

[4 
Download a copy of the fully worked solutions to every question 
in this topic (Sol-0750) 


O 


i 


16.2 SkilIISHEET Using tests to prove congruent triangles 
(doc-5390) 
SkilISHEET Corresponding sides and angles of 
congruent triangles (doc-5391) 
SkilISHEET Using tests to prove similar triangles 
(doc-5392) 
SkilISHEET Angles in a triangle (doc-5393) 
SkilISHEET More angle relations (doc-5394) 

16.4 SKiIISHEET Angles in a quadrilateral (doc-5396) 


OOOO UO U 


16.2 Circle (eles-4995) 

Tangents to a circle (eles-4996) 

16.3 Intersecting chords (eles-4997) 
Intersecting secants (eles-4998) 
Intersecting tangents (celes-4999) 

Chords and radii (eles-5000) 

16.4 Quadrilaterals in circles (eles-5001) 

16.5 The alternate segment theorem (eles-5002) 
Tangents and secants (eles-5003) 


ODOOOOUOOOO 


16.2 Circle theorem 1 (int-6218) 
Circle theorem 2 (int-6219) 
Circle theorem 3 (int-6220) 
Circle theorem 4 (int-6221) 
Circle theorem 5 (int-6222) 

16.3 Circle theorem 6 (int-6223) 
Circle theorem 7 (int-6224) 
Circle theorem 8 (int-6225) 
Circle theorem 9 (int-6226) 
Circle theorem 10 (int-6227) 

16.4 Circle theorem 11 (int-6228) 
Circle theorem 12 (int-6229) 

) 
) 


16.5 Circle theorem 13 (int-6230 
Circle theorem 14 (int-6231 

16.6 Crossword (int-2881) 
Sudoku puzzle (int-3894) 


ONOUOOOOOUOOOUOUOUOOOO 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 
Topic 16 Circle geometry 


Exercise 16.1 Pre-test 


. Segment 


a 7 
_— oO 


—_ ok 
Pe 


15. 


PP NOAP YD > 
lon 
Nn 
fo} 


S : 
PUmMOs prado 


Nn 


55°, p= 50° 


Exercise 16.2 Angles in a circle 


a: 


Oo Se 9 SR OS ag Se So SS 


9 


B 
ne 
10. C 
11.D 


1040 


x = 30° (theorem 2) 

x= 25°, y= 25° (theorem 2 for both angles) 
x = 32° (theorem 2) 

x = 40°, y= 40° (theorem 2 for both angles) 
x = 60° (theorem 1) 

x = 40° (theorem 1) 

x = 84°(theorem 1) 

x = 50°(theorem 2); y = 100° (theorem 1) 

x = 56°(theorem 1) 

s = 90°, r= 90° (theorem 3 for both angles) 
u = 90° (theorem 4); t = 90° (theorem 3) 
m= 90°, n= 90°(theorem 3 for both angles) 
x = 52° (theorem 3 and angle sum in a triangle = 180°) 
x = 90°(theorem 4) 

x = 90° (theorem 4); y = 15° (angle sum in a 
triangle = 180°) 


. X=z= 90° (theorem 4); y = w = 20° (theorem 5 and 


angle sum in a triangle = 180°) 

5 =r=90° (theorem 4); t= 140° (angle sum in a 
quadrilateral = 360°) 

x = 20° (theorem 5); y = z= 70° (theorem 4 and angle 
sum in a triangle = 180°) 


. S=y=90°(theorem 4); x = 70° (theorem 5); r= z= 20° 


(angle sum in a triangle = 180°) 

x = 70°(theorem 4 and angle sum in a triangle = 180°); 
y=z= 20° (angle sum in a triangle = 180°) 

x = y= 75° (theorem 4 and angle sum in a triangle 

= 180°); z= 75° (theorem 1) 
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12. B,D 
13. a. Base angles of a right-angled isosceles triangle. 
b. r+s=90°, s=45°>r=45° 
u is the third angle in A ABD, which is right-angled. 
mis the third angle in A OCD, which is right-angled. 


ZAOC and ZAFC stand on the same are with ZAOC at 
the centre and ZAFC at the circumference. 


14. OR = OP (radii of the circle) 
ZOPR = x (equal angles lie opposite equal sides) 
ZSOP = 2x (exterior angle equals the sum of the two 
interior opposite angles) 
OR = OQ (radii of the circle) 
ZOQR = y (equal angles lie opposite equal sides) 
ZSOQ = 2y (exterior angle equals the sum of the two 
interior opposite angles) 
Now ZPRQ=x+y and ZPOQ = 2x+ 2y=2(x+y). 
Therefore ZPOQ = 2 x ZPRQ. 
15, 16. Sample responses can be found in the worked solutions 
in the online resources. 
17. a. 16° b. 20° 
18, 19. Sample responses can be found in the worked solutions 
in the online resources. 
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Exercise 16.3 Intersecting chords, secants and 


tangents 

1.a. m=3 b. m=3 c. m=6 

2a n=1 b. m=7.6 

3. a. n= 13 b. m=4 

4.a. x=5 b. m=7 ec. x=2.5, y=3.1 
5. a. x=2.8 b. x= 3.3 

6. a. x= 5.6 b. m= 90° 

7. B,C, D 

8. ST=3 cm 


9-11. Sample responses can be found in the worked solutions in 
the online resources. 
12.a. x= 3/2 b. x=6 G, X= 3, y= 12 


13. a. Line from centre perpendicular to the chord bisects the 
chord, giving M as the midpoint. 
b, c. Sample responses can be found in the worked 
solutions in the online resources. 


14. 


Exercise 16.4 Cyclic quadrilaterals 
1. a. x= 115°, y= 88° b. m= 85° 


c. n= 25° 
2. a. x= 130° b. x=y=90° co. x= 45°, y= 95° 
3. a. x= 85°, y= 80° 

b. x= 110°, y= 115° 

G6: X= 85° 


17. 


18 


ai 4 = 150° b. x= 90°, y= 120° 
c. m= 120°, n= 130° 
a. a= 89°, b=45° 
b. a= 120°, b=91°, c= 89° 
a. x= 102°, y= 113° 
b. x= 95°, y= 85°, z= 95° 
c. x= 126°, y= 54° 
d. x= 60°, y= 120° 
e. x=54°, y= 72° 
f. x= 79°, y= 101°, z= 103° 
D 
.E 
.D 
a. 2x b. 360° — 2x 
c. 180°-—x d. 180° 
aN 
. A,B,C,D 
. Sample responses can be found in the worked solutions in 


the online resources. 


Re = 939. VS 8775 2 = 93° 
5° 
. x= —2° or — 
Dear 
.x=—or— 
3 2 


w= 110°, x= 70°, y= 140°, z= 87.5° 

.a. a= 110°, b=70° andc = 110° 

b. Sample responses can be found in the worked solutions 
in the online resources. 


Exercise 16.5 Tangents, secants and chords 


— 


a. x= 70° b. x =47°, y= 59° 
a p=6 b. g=8 
. x= 42°, y= 132° 
B 
D 
. MAC, NAC, FDA, FBA, EDG, EBG. 
x= 42°, y=62° 
. Sample responses can be found in the worked solutions in 
the online resources. 
. 60° 
.x= 180°-—a—b 
. x= 80°, y= 20°, z= 80° 


. Sample responses can be found in the worked solutions in 
the online resources. 


x= 85°, y= 20°, z= 85° 
me 

x= 50°, y= 95° 

= 

te 


ie gto SRC a Ne a 
x= 25°, y= 65°, z= 40° 
. X=a, y= 90° — a, z= 90° — 2a 


21. Sample responses can be found in the worked solutions in 
the online resources. 


22.a. x=5 b. K=12 c. m=6,n=6 
23. a. x=7 b. b=4,a=2 co w=3,x=5 
24. a. a= 50°, b=50° andc = 80° 


b. a=50°, b= 70° andc = 70° 


Project 

4. 11100km 

2. 10931 km 

= Latitude Distance between P, and P, (km) 
0° 11 100 
10° 10931 
20° 10431 
30° 9613 
40° 8503 
50° 7135 
60° 5550 
70° 3796 
80° 1927 
90° 0 


4. The distance between P, and P, decreases from 11 100 km at 
the equator to 0 km at the pole. The change is not constant. 
The distance between the points decreases more rapidly on 
moving towards the pole. 


5. Latitude 60° 


A 
12000-4 
11000 — 
100004 | 

9000 - 
8000-4 
7000 
6000-4 
5000 
4000+ — 
3000} 


(km) 


a 


Distance between P, and P 


2000 $$} +--+} + ++ + a 
1000 


0” 4b» 20° 30° abe 50° 670° 80° 9 
Latitude 
7. Latitude 26° 
8. Sample responses can be found in the worked solutions in the 
online resources. Students need to investigate the rate that the 
distance between them changes from the equator to the pole 
and also comparison with the earlier values. 


Exercise 16.6 Review questions 


Asay x= 50° b. x= 48°, y= 25° 
c. x=y=28°,z=56° d. x= 90° 
e. y= 90° f. y= 140° 
2a) x55" b. x = 125° 
c. x= 70° d. x= 100° 
e. m=40° f. x= 90°, y= 60°,z= 40° 


TOPIC 16 Circle geometry 1041 


3. a. x= 90° 
CG. S'95? 
4.a. m=3 
c. m=9 
5. A,B,D 
6. A,B,C 
7. a. x=95°, y= 80° 
b. x= 99° 
C. X= 18% y= 92° 
d. x=97°, y=92° 
. D 
. a. x= 42° b. y= 62° 
. CEX ED = AEX EB 


Ce) 


AE = CE (given) 
.. ED = EB 
. ZAYC = ZAXC 


ZBXD = ZBYD 


But ZAXC = ZBXD 
Pt 
=> ZAYC = ZBYD 
. ZPQT and ZPST, ZPTS and ZRQS, ZTPQ and ZQSR, 


ZQPS and ZQTS, ZTPS and ZTQS, ZPQS and ZPTS, 
ZPUT and ZQUS, ZPUQ and ZTUS 
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1 f Trigonometry Il 


LEARNING SEQUENCE 


17.1 Overview 

17.2 The sine rule ... 

17.3 The cosine rule 

17.4 Area of triangles .... 

17.5 The unit circle 

17.6 Trigonometric functions . 

17.7 Solving trigonometric equations 
17.8 


17.1 Overview 
Why learn this? 


Trigonometry is the branch of mathematics that describes the 
relationship between the angles and side lengths in triangles. 
The ability to calculate distances using angles has long been 

critical. As early as the third century BCE, trigonometry was 
being used in the study of astronomy. Early explorers, using 

rudimentary calculations and the stars, were able to navigate 

their way around the world. They were even able to map 


coastlines along the way. Cartographers use trigonometry when 


they are making maps. It is essential to be able to calculate 
distances that can’t be physically measured. Astronomers 
use trigonometry to calculate distances such as that from a 
particular planet to Earth. Our explorations have now turned 
towards the skies and outer space. Scientists design and 
launch space shuttles and rockets to explore our universe. By 
applying trigonometry, they can approximate the distances to 
other planets. As well as in astronomy and space exploration, 
trigonometry is widely used in many other areas. Surveyors 
use trigonometry in setting out a land subdivision. Builders, 
architects and engineers use angles, lengths and forces in the 


design and construction of all types of buildings, both domestic and industrial. In music, a single note is a sine 
wave. Sound engineers manipulate sine waves to create the desired effect. Trigonometry has many real-life 


applications. 


Where to get help 


Go to your learnON title at www.jacplus.com.au to access the following digital resources. The Online 
Resources Summary at the end of this topic provides a full list of what’s available to help you learn the 


concepts covered in this topic. 


Video Interactivities 


eLessons 


Digital 
documents 


Fully worked 
solutions 
to every 
question 


eWorkbook 
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Exercise 17.1 Pre-test learn@) 


Complete this pre-test in your learnON title at www.jacplus.com.au and receive automatic marks, 
immediate corrective feedback and fully worked solutions. 


1. £1) From the following options select the exact value of sin(30°). 


en e eo 


V2 a 
D. 1 E. V3 


2. Solve for x, correct to two decimal places. 


A 
7 
phe 


4 
60° 
x 
m 
B 


CX 
oii 


3. Solve for y, correct to two decimal places. 


4. 11 Choose the values of the angles B and B’ in the below triangle, to the nearest degree. (Assume 


B@— Bie) 
Cc 
19 gz 11 
A— (\B 
A. 47° and 133° B. 46° and 134° (, 4 eaval IS 3 
DH Seeandulsse E. 65° and 115° 


5. Calculate the perimeter of the following triangle, correct to two decimal places. 


cae 
(\5 
day om 


p 


C 
A 
6. Solve for x, correct to one decimal place. 
x 
1 1 
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7. G9 Calculate the area of the triangle shown. 


7cm 
Z| 
6.5 cm 
A. 13.05 cm? B. 18.64 cm? ©, DDS eae 
D. 26.1 cm? E. 37.27 cm? 


8. State in which quadrant of the unit circle is the angle 203° located. 


9. Determine the value of cos(60°) using part of the unit circle. 


10. 


11. 


12. 


13. 


1046 


xV 


0.5 1 


G9 If cos(x°) = p for 0 < x < 90°, then sin(180 — x°) in terms of p is: 
A. p B. 180—p (j l= 


D. /1—p? E. 1—p* 


(9 Select the amplitude and period, respectively, of y = —2 sin(2x) from the following options. 
A. —2,360° B. —2, 180° Cy 

Deals 0g =, So, 2 

© Select the correct equation for the graph yp 

shown. 4 

A. y=4 cos(2x) 3 

B. y= —4cos(2x) 2 

C. y=—4sin(2x) A 


D. y=4sin(2x) 


360° 


oY 


=I 90° 180° 270° 
BG 
E. y=4cos | = -2 
: 6) e 
4 
Y 
1 

WG Select the correct solutions for the equation sin(x) = 5 for x over the domain 0 <x <360°. 
A. x= 30° and x= 150° Be — 0 gander — 20g C. x= 60° and x = 120° 
D. x= 60° and x= 240° =, e425) ain! se 135° 
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2 
14. O19 Select the correct solutions for the equation cos (2x) = — aa for x over the domain 0 <x < 360°. 


iN, = DDS? anol v= 3397S? B. x= 45° and x =315° 
(S, R= OLS sine) ce= D5? Dix — Side andro —o 02252 
Eas anidec—a liom 


15. Using the graph shown, solve the equation 7 sin(x) = —7 for 0<x <360°. 


YA 
1 


0.5 


90° 180° 0° 0° 


17.2 The sine rule 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e apply the exact values of sin, cos and tan for 30°, 45° and 60° angles 
e apply the sine rule to evaluate angles and sides of triangles 
e recognise when the ambiguous case of the sine rule exists. 


® 17.2.1 Exact values of trigonometric functions and the sine rule 


eles-5004 
e Most of the trigonometric values that we will deal with in this topic are approximations. 


e However, angles of 30° 45° and 60° have exact values of sine, cosine and tangent. 
e Consider an equilateral triangle, ABC, of side length 2cm. 

Let BD be the perpendicular bisector of AC, then: 

AABD =ACBD (using RHS) 

giving: 

AD =CD=1cm 

ZABD = ZCBD = 30° 

and: 

(AB)* = (AD) + (BD)* (using Pythagoras’ theorem) 


2? = 124 (BD) 


BD= y3 
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e Using AABD, the following exact values are obtained: 


3 
sin(A) = SPP = sin(60°) = v3 sine = OP = anos 
hyp 2 hyp 2 
_ adj ron , 3 
cos(A) = oo => cos(60°) = cos(B) = adj => cos(30°) = v3 
yp hyp a 
_ Opp ox v3 3 
tan(A) = ‘adi > tan(60 ) = “a or V3 tan(B) _ OPP => tan(30°) = JT. or v3 
J adj V3 3 
e Consider a right-angled isosceles AEFG with equal sides of 1 unit. 
(EG) i (EF)? + (FG) (using Pythagoras’ theorem) 7) 
(EG)? = 124 1? Z 
EG = /2 E 1 - 


e Using AEFG, the following exact values are obtained: 


2 
sin(Z) = OPP => sin(45°) = as or v2 
hyp /2 2 
j 2 
cos(£) = et => cos(45°) = 2 or v2 
hyp /2 2 
tan(£) = OPP => tan(45°) = : or | 
adj 1 


Summary of exact values 


1 1 _v2 
2 /2 2 
V3 1 2 1 
cos(@) oy va = > 5 
tan(@) 77 = _ 1 V3 
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The sine rule 


e In any triangle, label the angles are named by the vertices A, B and C and the 
corresponding opposite sides as a, b and c as shown in the diagram at right. 

e Let BD be the perpendicular line from B to AC, of length h, giving two 
right-angled triangles, AADB and ACDB. 


Using AADB: Using ACDB: 
: h 
sin(A) =“ sin(Q =! 
c a 
h=csin(A) h = asin(C) 
Equating the values of h: 


csin(A) = asin(C) 
giving: 
ne: 
sin(C) 7 sin(A) 


e Similarly, if a perpendicular line is drawn from vertex A to BC, then: 


e . b 
sin(C)  sin(B) 


Sine rule 


e The sine rule for any triangle ABC is: 


sin(A) sin(B) — sin(C) 


e The sine rule can be used to solve non-right-angled triangles if we are given: 
1. two angles and one side 
2. two sides and an angle opposite one of these sides. 


WORKED EXAMPLE 1 Determining unknown angles and sides of a given triangle 


In the triangle ABC, a= 4m, b =7m and B = 80°. Calculate the values of A, C and c. 


THINK WRITE/DRAW 


1. Draw a labelled diagram of the triangle ABC 
and fill in the given information. 


A y= 7) Cc 
2. Check that one of the criteria for the sine The sine rule can be used since two side lengths 
tule has been satisfied. and an angle opposite one of these side lengths 


have been given. 


3. Write down the sine rule to calculate A. To calculate angle A: 
GI EP 
sin(A)  sin(B) 


> 
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4. Substitute the known values into the rule. 


5. Transpose the equation to make sin(A) 
the subject. 


6. Evaluate and write your answer. 


7. Round off the answer to degrees and minutes. 
8. Determine the value of angle C using the fact 


that the angle sum of any triangle is 180°. 


9. Write down the sine rule to calculate the 
value of c. 


10. Substitute the known values into the rule. 


11. Transpose the equation to make c the subject. 


Ae ee 
sin(A) — sin(80°) 


4 sin(80°) = 7 sin(A) 
4 sin(80°) 
7 
uae! (: —) 
7 
wx 34.246 004 71° 


sin(A) = 


34°15’ 
C & 180° — (80° + 34°15’) 
= 65°45’ 


To calculate side length c: 
Oe 
sin(C)  sin(B) 


eC ea 
sin(65°45’) — sin(80°) 


_ 7 sin(65°45’) 


sin(80°) 
12. Evaluate. Round off the answer to 2 decimal = 6.48 m 
places and include the appropriate unit. 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
Open a new document and Document Settings Ensure your calculator is set to © tit Action Interactive 


a Calculator page. Ensure Cispiny DFR x 
your calculator is set to the gl | 
degree and approximate mode, mat 

as shown for the next set of pl | 
examples. pie 

To do this, press: a 
: HOME OK Cancel 


e 5: Settings 

e 2: Document Settings 

For Display Digits select 

‘Fix 2’. 

TAB to Angle and select 
‘Degree’. 

TAB to Calculation Mode and 
select ‘Approximate’. 

TAB to OK and press ENTER. 
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the degree and decimal modes. To 
do this, at the bottom of the Main 
screen, tap on the mode options 
until you have Decimal and Deg. 


1. In anew problem on the 1M 
Calculator page, press TRIG 4 sin(80) 
to access and select the sin £20)) 
appropriate trigonometric (34.246004710668)»DMS 
ration (sin“'). Complete the 180-(34°14'45.6169584048"+80) 


entry line as: (65.75399528933)> DMS 


seg (: _—) 1 
sin — 
] 


34°14'45.62° 


65.75 


65°45'14.38° 


Then press ENTER. 
To convert the decimal 
degree into degrees, minutes 
and seconds, press: 
e CATALOG 
e 1 
eD 
Scroll to and select ® DMS 
then press ENTER. 
Complete the entry line as: 
180 — (ans + 80) 
Then press ENTER. 
Repeat the above process to 
convert to degrees, minutes 
and seconds. 

2. To find the value of c, [ 
complete the entry line as: \ 7 


A = 34°15’ and C = 65°45’ 


7 sin (ans) 34.246004710668)> DMS 34°14'45.62" 9 
sin 80 180-(34°14'45.6169584048"+80) 65.75 
(65.75399528922)»DMS 65°45'14.38" 
Then press ENTER 
7+ sin(65°45') 6.48 
sin(80) 
| 
c=6.48m 


® 17.2.2 The ambiguous case 


les-5005 
— e If two side lengths and an angle opposite one of these side lengths are given, then 


two different triangles may be drawn. 


e For example, if a= 10, c=6 and C= 30°, two possible triangles could 


be created. 


e In the first case angle A is an acute angle, while in the second case angle A is an 


obtuse angle. 


e When using the sine rule to determine an angle, the inverse sine function is used. 
e In subtopic 17.5, you will see that the sine of an angle between 0° and 90° has the 


same value as the sine of its supplement. 


For example, sin 40° © 0.6427 and sin 140° ~ 0.6427. 


1. On the Main screen, complete the 
entry line as: 


_ € _—) 
sin ——_—. 
fi 


180 — (s0 + sin! jo -_ ) ) 
7 


Press EXE after each entry. 

To convert the decimal degree into 
degrees, minutes and seconds, tap: 
© Action 

e Transformation 

e DMS 

° toDMS 

Highlight and drag each of the 
decimal answers into the entry 
line and press EXE. 


2. To calculate the value of c, 


complete the entry lines as: 
dms(65, 45) 
7 sin (65, 75) 
sin (80) 
Press EXE after each entry line. 
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© Edit Action inte 


active 


BES Sema | 


sins 431080) 


180~(80+sin™¢ 


toDMS (34. 24600: 


0 


Aly Decimal 


Asin( 80) 
7 » 


34° 14'45.616956" 
toDMS (65. 75399529 
65° 45°14, 383044" 


34, 24600471 


65. 75399529 
ATL 


Sj 


Res! Deg 


A= 34°15’ and 
C = 65°45’ rounded to 


the nearest 


minute. 


© Edit Action interective 


65.75 
6. 480792089 


dms(65, 45) 


sin (65. 75) 
sin(80) 


b 
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WORKED EXAMPLE 2 Solving triangles and checking for the ambiguous case 


In the triangle ABC, a = 10m, c = 6m and C = 30°. Determine two possible values of A, and hence two 


possible values of B and b. 
Case 1 


THINK 


1. Draw a labelled diagram of the triangle ABC 
and fill in the given information. 


2. Check that one of the criteria for the sine rule 
has been satisfied. 


3. Write down the sine rule to determine A. 


4. Substitute the known values into the rule. 


5. Transpose the equation to make sin(A) 
the subject. 


6. Evaluate angle A. 


7. Round off the answer to degrees and minutes. 


8. Determine the value of angle B, using the fact 
that the angle sum of any triangle is 180°. 


9. Write down the sine rule to calculate b. 


10. Substitute the known values into the rule. 


11. Transpose the equation to make b the subject. 


12. Evaluate. Round off the answer to 2 decimal 
places and include the appropriate unit. 


WRITE/DRAW 


Ba = 10 
A 30° 6 
The sine rule can be used since two side lengths 
and an angle opposite one of these side lengths 
have been given. 
= ae 
sin(A) — sin(C) 


To determine angle A: 


Is 6 
sin(A) = sin(30°) 
10 sin(30°) = 6 sin(A) 


10 sin(30°) 
6 


eee ( 10 me) 
6 


® 56.442 690 24° 


sin(A) = 


LN == SO 7)! 
Be 180° — (0° + 56°27’) 
= 93733" 


To calculate side length b: 
DP 
sin(B) — sin(C) 


ee 
sin(93°33’) — sin(30°) 
_ 6sin(93°33’) 
sin(30°) 
= 11.98 m 


Note: The values we have just obtained are only one set of possible answers for the given dimensions of the 


triangle ABC. 


We are told that a= 10m, c=6m and C= 30°. Since side a is larger than side c, it follows that angle A 
will be larger than angle C. Angle A must be larger than 30°; therefore it may be an acute angle or an 


obtuse angle. 
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Case 2 


THINK 


1. Draw a labelled diagram of the triangle ABC 
and fill in the given information. 


WRITE/DRAW 


2. Write down the alternative value for angle A. To determine the alternative angle A: 
Simply subtract the value obtained for A in If sin A = 0.8333, then A could also be: 
case | from 180°. A & 180° — 56°27’ 

= 3333" 

3. Determine the alternative value of angle B, B & 180° — (30° + 123°33’) 
using the fact that the angle sum of any = 26°27’ 
triangle is 180°. 

4. Write down the sine rule to determine the To calculate side length b: 
alternative b. | as 

sin(B)  sin(C) 
: ? b 6 

5. Substitute the known values into the rule. aS 

sin(26°27') — sin(30°) 
: : 6 sin(26°27’ 

6. Transpose the equation to make b the subject. = Ge eel) 

sin(30°) 

7. Evaluate. Round off the answer to 2 decimal x 5.34m 
places and include the appropriate unit. 

TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 
1. In anew problem, ona NRBMERE? —_“Trisonomeny veo] X| 1. On the Main screen, complete 

Calculator page, complete 10+ sin(30) the entry line as: 

the entry ling ae: sive anfa) SEO a}ocociso sie 

solve @=56.44 or a=123.56 : 

10 sin (30) (56.442690238079)bDMS —_56°26'33.68" (sin (a)= Hone?) , a) | 
sin (a) = —————,a | (122.55730976192)»DMS —123°23'26.32' 
0<a<180 
0<a< 180 Convert these angles to degrees 


Press the up arrow and 
highlight the answer shown. 4 = 56°27! or 123°34! 
Press ENTER to bring this 

answer down into the 

new line. 

Convert these angles to 

degrees and minutes as 

shown in Worked Example 

1 by completing the entry 

as shown. 

Press ENTER after each 

entry. 


and minutes as shown. 

Press EXE after each entry. me 
A= 56°27’ or 123°33’ 
rounded to the 
nearest minute. 


a = 
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2. Solve for the two values 2. Solve for the two values of B 


of B as shown in the sabes - as shown at right. [This uses & 
screenshot. Instead of (123.55730976192)"DMS —_123°23'26.32" B= 180-—(30+4A).] 2. 
typing the angle manually, —_ 180-(20+s6°2622.68a857084a") 92.56 Press EXE after each entry, and nen 
press the up arrow to (93.557309761921)PDMS ——_-93°33'26.32" convert these angles to degrees rohan aware oa 
highlight the previous 180-(30+123°33'26.315142912") 26.44 and minutes. 

answer you want, then press | (26.44269023808)»DMs 26°26'33.68" 

ENTER. Press ENTER \ ! Se a 


after each entry. Convert 


these angles to degrees and B= 93°33" or 26°27’ B= 93°33’ or 26°27’ 
minutes. 
3. To solve for the two values wER) 3. To solve for the two values of 
of b, complete the entry 180-(30+123°33'26.315142912") 26.44 * b, complete the entry lines as: 
lines as: (26.44269023808)> DMS 26°26'33.68" 6 sin (93.55730976) 
6sin (93°34") 6+ sin(93°34") 11.98 sin (30) ay 
3 smi ONT 

sin (30) anlso) 6 sin (26.4426902) Rosie 

. er 6- sin(26°26') 5.34 —— — = = 
6sin (26 26 ) sin(20) sin (30) 

sin (30) \ 4 Press after each entry. —— 
ie ey ee Pak Pe 


e In Worked example 2 there were two possible solutions, as shown by the diagrams below. 


e The ambiguous case does not apply to every question. 
Consider Worked example 1. 
e Since ZA = 34°15’, then it could also have been ZA = 145°45’, the supplementary angle. 
¢ If ZA =34°15’ and ZB =80°, then 
ZC =65°45’ (angle sum of triangle). 
e If ZA =145°45’ and ZB =80°, then 
ZC = 180° — (145°45' + 80°) which is not possible. 
ZC = —45°45' 
Hence, for Worked example 1, only one possible solution exists. 
e The ambiguous case may exist if the angle found is opposite the larger given side. 


WORKED EXAMPLE 8 Calculating heights given angles of elevation 


To calculate the height of a building, Kevin measures the angle of elevation to the top as 52°. He then 
walks 20 m closer to the building and measures the angle of elevation as 60°. Calculate the height of 
the building. 


THINK WRITE/DRAW 


1. Draw a labelled diagram of the situation and C 
fill in the given information. 


h 


1054 Jacaranda Maths Quest 10 + 10A 


2. Check that one of the criteria for the sine rule The sine rule can be used for triangle ABC since 
has been satisfied for triangle ABC. two angles and one side length have been given. 
3. Calculate the value of angle ACB, using the ZACB = 180° — (52° + 120°) 
fact that the angle sum of any triangle is 180°. = 3° 
4. Write down the sine rule to calculate To calculate side length b of triangle ABC: 
b (or AC). Va 
sin(B) — sin(C) 
: : b 20 
5. Substitute the known values into the rule. ———_ = - 
sin(120°) — sin(8°) 
20 sin(120° 
6. Transpose the equation to make b the subject. = 2 
sin(8°) 
7. Evaluate. Round off the answer to 2 decimal w~ 124.45m 
places and include the appropriate unit. 
8. Draw a diagram of the situation, that is, triangle Cc 
ADC, labelling the required information. Note: 
There is no need to solve the rest of the triangle 
; : : wae: 124.45 m 
in this case as the values will not assist in h 
calculating the height of the building. 
EX o 
A D 
9. Write down what is given for the triangle. Have: angle and hypotenuse 
10. Write down what is needed for the triangle. Need: opposite side 
11. Determine which of the trigonometric ratios is sin(@) = 2 
required (SOH — CAH — TOA). a: 
12. Substitute the given values into the sin(52°) = aoe 
appropriate ratio. Poe) 
13. Transpose the equation and solve for h. 124.45 sin(S2°) = h 
h = 124.45 sin(52°) 
14. Round off the answer to 2 decimal places. = 98.07 
15. Write the answer. The height of the building is 98.07 m. 
DISCUSSION 


In what situations can the sine rule be used? 
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ion) Resources 


a) 
[4 eWorkbook Topic 17 Workbook (worksheets, code puzzle and project) (ewok-2043) 


| Digital documents SkilISHEET Labelling right-angled triangles (doc-5398) 
SKilISHEET Calculating sin, cos or tan of an angle (doc-5399) 
SKilISHEET Finding side lengths in right-angled triangles (doc-5400) 
SKilISHEET Calculating the angle from a sin, cos or tan ratio (doc-5401) 
SKilISHEET Finding angles in right-angled triangles (doc-5402) 


} Interactivities Exact values of trigonometric functions (int-4816) 
The ambiguous case (int-4818) 
The sine rule (int-6275) 


Exercise 17.2 The sine rule learn@) 
Individual pathways 

Hi PRACTISE Hi CONSOLIDATE Hi MASTER 

lee 2eOsw/mlhilemal oemliamalioeecal 3, 4, 8, 9, 12, 14, 16, 19, 22 5, 10, 15, 20, 23, 24, 25 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Where appropriate in this exercise, write your angles correct to the nearest minute and side lengths correct to 
2 decimal places. 


Fluency 
im WE1 Bin the triangle ABC, a= 10, b= 12 and B= 58°. Calculate A, C and c. 


ok 


. In the triangle ABC, c= 17.35, a= 26.82 and A = 101°47’. Calculate C, B and b. 
. In the triangle ABC, a=5, A= 30° and B= 80°. Calculate C, b and c. 


bk oO ND 


. In the triangle ABC, c= 27, C=42° and A= 105°. Calculate B, a and b. 

5. In the triangle ABC, a=7, c=5 and A = 68°. Determine the perimeter of the triangle. 

6. Calculate all unknown sides and angles for the triangle ABC, given A= 57°, B=72° and a= 48.2. 
7. Calculate all unknown sides and angles for the triangle ABC, given a= 105, B= 105° and C= 15°. 
8. Calculate all unknown sides and angles for the triangle ABC, given a= 32, b=51 and A= 28°. 

9. Calculate the perimeter of the triangle ABC if a=7.8, b=6.2 and A=50°. 


10. MS In a triangle ABC, B =40°, b= 2.6 and c= 3. Identify the approximate value of C. 
Note: There may be more than one correct answer. 


A. 47° B. 48° 
C. 132° D. 133° 
E. 139° 


Understanding 


11. Ein the triangle ABC, a= 10, c=8 and C=50°. Determine two possible values of A, and hence two 
possible values of b. 


12. In the triangle ABC, a= 20, b= 12 and B=35°. Determine two possible values for the perimeter of the 
triangle. 
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13. Calculate all unknown sides and angles for the triangle ABC, given A = 27°, B= 43° and c=64. 
14. Calculate all unknown sides and angles for the triangle ABC, given A = 100°, b=2.1 and C=42°. 
15. Calculate all unknown sides and angles for the triangle ABC, given A = 25°, b=17 anda=13. 


16. MED To calculate the height of a building, Kevin measures the angle of elevation to the top as 48°. 
He then walks 18 m closer to the building and measures the angle of elevation as 64°. Calculate the height of 
the building. 


Reasoning 


17. Calculate the value of h, correct to 1 decimal place. Show the full working. 


C 


DZ Z\ Oo 
A8cm D B 


18. A boat sails on a bearing of N15°E for 10 km and then on a bearing of S85°E until it is due east of 
the starting point. Determine the distance from the starting point to the nearest kilometre. Show all 
your working. 


19. A hill slopes at an angle of 30° to the horizontal. A tree that is 8 m tall and leaning downhill is growing at an 
angle of 10° m to the vertical and is part-way up the slope. Evaluate the vertical height of the top of the tree 
above the slope. Show all your working. 


20. A cliff is 37 m high. The rock slopes outward at an angle of 50° to the horizontal and 
then cuts back at an angle of 25° to the vertical, meeting the ground directly below = ~~~ a5 7 
the top of the cliff. 


Carol wishes to abseil from the top of the cliff to the ground as shown in the diagram. 
Her climbing rope is 45 m long, and she needs 2 m to secure it to atree at the top of Rope 
the cliff. Determine if the rope will be long enough to allow her to reach the ground. 


Problem solving 


21. A river has parallel banks that run directly east-west. From the south bank, Kylie takes a bearing to a tree on 
the north side. The bearing is 047°T. She then walks 10 m due east, and takes a second bearing to the tree. 
This is 305°T. Determine: 


a. her distance from the second measuring point to the tree 
b. the width of the river, to the nearest metre. 


22. A ship sails on a bearing of S20°W for 14 km; then it changes direction and sails for 20 km and drops 
anchor. Its bearing from the starting point is now N65°W. 


a. Determine the distance of the ship from the starting point of it. 
b. Calculate the bearing on which the ship sails for the 20 km leg. 
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23. A cross-country runner runs at 8 km/h on a bearing of 150°T for 
45 mins; then she changes direction to a bearing of 053°T and runs for 
80 mins at a different speed until she is due east of the starting point. 


a. Calculate the distance of the second part of the run. 
b. Calculate her speed for this section, correct to 2 decimal places. 
c. Evaluate how far she needs to run to get back to the starting point. 


24. From a fire tower, A, a fire is spotted on a bearing of N42°E. From a 
second tower, B, the fire is on a bearing of N12°W. The two fire towers 
are 23 km apart, and A is N63°W of B. Determine how far the fire is 
from each tower. 


25. A yacht sets sail from a marina and sails on a 
bearing of 065°T for 3.5 km. It then turns and sails 
on a bearing of 127°T for another 5 km. 


a. Evaluate the distance of the yacht from the 
marina, correct to 1 decimal place. 

b. Ifthe yacht was to sail directly back to the 
marina, on what bearing should it travel? Give 
your answer rounded to the nearest minute. 


17.3 The cosine rule 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e apply the cosine rule to calculate a side of a triangle 
e apply the cosine rule to calculate the angles of a triangle. 


® 17.3.1 The cosine rule 


teehee: a In triangle ABC, let BD be the perpendicular line from B to AC, of length h, B 
giving two right-angled triangles, AADB and ACDB. 
e Let the length of AD =x, then DC = (b-2). c a 
e Using triangle ADB and Pythagoras’ theorem, we obtain: 
Cab +x [1] so x ee b-x. Rg 
Using triangle CDB and Pythagoras’ theorem, we obtain: $ m= 


e=h+(b-xy [2] 
Expanding the brackets in equation [2]: 
a =h? +b? —2bx +x? 
Rearranging equation [2] and using c* = h? +. x° from equation [1]: 
a=W +x° +b’ —2bx 
=? +b* —2bx 
= b? +c? —2bx 


1058 Jacaranda Maths Quest 10 + 10A 


From triangle ABD, x = c cos(A); therefore a =b* +c? —2bx becomes 
a? = b* + c* — 2be cos(A). 


Cosine rule 


e The cosine rule for any triangle ABC is: 


B 
> 
a? = b? + c? — 2be cos(A) 
Z\ ; (SN 


b? = a* + c? —2ac cos(B) A 


‘ce 


c? = a* + b* —2ab cos(C) 


e The cosine rule can be used to solve non-right-angled triangles if we are given: 


1. three sides 
2. two sides and the included angle. 


e Note: Once the third side has been calculated, the sine rule could be used to determine other angles if 


necessary. 


e If three sides of a triangle are known, an angle could be found by transposing the cosine rule to make 


cos(A), cos(B) or cos(C) the subject. 


a* = b? +c? —2be cos(A) => cos(A) = 


b? = a? +c? —2ac cos(B) > cos(B) = 


c? = a? +b*—2abcos(C) > cos(C) = 


b? +c? —a? 
2be 
ae =p 
2ac 
ae 
2ab 


WORKED EXAMPLE 4 Calculating sides using the cosine rule 


Calculate the third side of triangle ABC given a = 6, c= 10 and B =76°. 


THINK 


1. Draw a labelled diagram of the triangle ABC 
and fill in the given information. 


2. Check that one of the criteria for the cosine 
rule has been satisfied. 


3. Write down the appropriate cosine rule to 
calculate side b. 


4. Substitute the given values into the rule. 


5. Evaluate. 


6. Round off the answer to 2 decimal places. 


WRITE/DRAW 
B 
i 7 =e 


Yes, the cosine rule can be used since two side 
lengths and the included angle have been given. 


To calculate side b: 
b? = a? +. c* —2accos(B) 


= 67+ 10°—2x6x 10 Xcos(76°) 
& 106.969 3725 


bx 106.969 3725 


ee 1), 3¥4! 
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WORKED EXAMPLE 5 Calculating angles using the cosine rule 


Calculate the smallest angle in the triangle with sides 4cm, 7 cm and 9 cm. 


THINK 


1. Draw a labelled diagram of the triangle, call it 
ABC and fill in the given information. 
Note: The smallest angle will correspond to the 


smallest side. 


WRITE/DRAW 
Cc 
b= tee aed 
<< [IN 
A c=9 B 


Leias4 p= 7,c=9 


2. Check that one of the criteria for the cosine The cosine rule can be used since three side 
tule has been satisfied. lengths have been given. 
; 3 : bP+c—a 
3. Write down the appropriate cosine rule to cos(A) = ——————_ 
calculate angle A. 2be 
724.92 42 
4. Substitute the given values into the rearranged = (inerediateal 
1 BSSUSRS: 
rule. 
5. Evaluate. = ae 
126 
’ : _, f 114 
6. Transpose the equation to make A the subject A= cos — 
by taking the inverse cos of both sides. [ee 
PS DS) PAO) OS) a 
7. Round off the answer to degrees and minutes. Salon 
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE 


In a new problem, on a 
Calculator page, complete 
the entry lines as: 
P+e-a 
2be 
andc=9 \ 


ja=4 and b=7 and c=9 


cos"'(0.9047619047619) 25,21 


|a=4andb=7 


(25.208765296759)»DMS ——-25°12'31.56" 
cos7! (ans) 

Convert the angle to DMS as 
shown previously. 

Press ENTER after each entry. 


The smallest angle is 25°13’ 
rounded up to the nearest minute. 
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On the Main screen, complete 
the entry lines as: 


P+c-a 
” ian oe 


a 

0, 0047619048 

25. 20876529 

toDMS(25. 20876529) 
-1 25°32°31.555044" 
cos (0.9047619048) D 

Q 
= 


© Gilt Action interactive 


Rictied 
On last IbeT hc=0 


con (0, 9047619048) 


Convert the angle to DMS as 
shown previously. 
Press EXE after each entry. 


ae Ceci! Fesl Ong 


The smallest angle, rounded 
up to the nearest minute, is 
25°12". 


WORKED EXAMPLE 6 Applying the cosine rule to solve problems 


Two rowers, Harriet and Kate, set out from the same point. Harriet rows N70°E for 2000 m and Kate 
rows S15°W for 1800 m. Calculate the distance between the two rowers, correct to 2 decimal places. 


THINK WRITE/DRAW 


1. Draw a labelled diagram of the triangle, call it 


- 
ABC and fill in the given information. ees aos 


Choe 
[Bye 
1800 m 
B Kate 
2. Check that one of the criteria for the cosine The cosine rule can be used since two side lengths 
rule has been satisfied. and the included angle have been given. 
3. Write down the appropriate cosine rule to To calculate side c: 
calculate side c. ce =a’ +b’ —2abcos(C) 
4. Substitute the given values into the rule. = 20007 + 1800* — 2 x 2000 x 1800 cos(125°) 
5. Evaluate. = 11369 750.342 
c & V11369 750.342 
6. Round off the answer to 2 decimal places. & 3371.91 
7. Write the answer. The rowers are 3371.91 m apart. 


DISCUSSION 


In what situations would you use the sine rule rather than the cosine rule? 


ion) Resources 


a) 
[4 eWorkbook Topic 17 Workbook (worksheets, code puzzle and project) (ewbk-2043) 


Rs Interactivity The cosine rule (int-6276) 


Exercise 17.3 The cosine rule learn@) 
Individual pathways 

Hi PRACTISE Hi CONSOLIDATE Hi MASTER 

1,2, 3, 4, 7,9, 14, 17 5, 6, 8, 10, 15, 18 11, 12, 13, 16, 19 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Where appropriate in this exercise, write your angles correct to the nearest minute and side lengths correct to 
2 decimal places. 
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Fluency 


1. 
2. 


3. 


EI Calculate the third side of triangle ABC given a= 3.4, b=7.8 and C= 80°. 
In triangle ABC, b = 64.5, c= 38.1 and A = 58°34’. Calculate the value of a. 


In triangle ABC, a= 17, c= 10 and B= 115°. Calculate the value of b, and hence calculate the values of 
A and C. 


. EXD calculate the size of the smallest angle in the triangle with sides 6 cm, 4cm and 8 cm. (Hint: The 


smallest angle is opposite the smallest side.) 


. In triangle ABC, a= 356, b = 207 and c = 296. Calculate the size of the largest angle. 
. In triangle ABC, a= 23.6, b= 17.3 and c= 26.4. Calculate the size of all the angles. 


. EXE) Two rowers set out from the same point. One rows N30°E for 1500 m and the other rows S40°E for 


1200 m. Calculate the distance between the two rowers, correct to the nearest metre. 


. Maria cycles 12 km in a direction N68°W and then 7 km in a direction of N34°E. 


a. Calculate her distance from the starting point. 
b. Determine the bearing of the starting point from her finishing point. 


Understanding 


9. 


10. 


11. 


12. 


13. 


A garden bed is in the shape of a triangle, with sides of length 3 m, 4.5 m and 5.2m. 


a. Calculate the size of the smallest angle. 
b. Hence, calculate the area of the garden, correct to 2 decimal places. (Hint: Draw a diagram, with the 
longest length as the base of the triangle.) 


A hockey goal is 3m wide. When Sophie is 7 m from one post and 5.2 m from the other, she shoots for goal. 
Determine within what angle, to the nearest degree, the shot must be made if it is to score a goal. 


An advertising balloon is attached to two ropes 120 m and 100m long. The ropes are anchored to level 
ground 35 m apart. Calculate the height of the balloon when both ropes are taut. 


B a=35m C 


A plane flies in a direction of N70°E for 80 km and then on a bearing of S10°W for 150 km. 


a. Calculate the plane’s distance from its starting point, correct to the nearest km. 
b. Calculate the plane’s direction from its starting point. 


Ship A is 16.2 km from port on a bearing of 053°T and ship B is 31.6 km from the same port on a bearing of 
117°T. Calculate the distance between the two ships, in km correct to 1 decimal place. 
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Reasoning 


14. A plane takes off at 10.00 am from an airfield and flies at 120 km/h on a bearing of N35°W. A second 
plane takes off at 10.05 am from the same airfield and flies on a bearing of S80°E at a speed of 90 km/h. 
Determine how far apart the planes are at 10.25 am, in km correct to 1 decimal place. 


15. Three circles of radii 5cm, 6cm and 8 cm are positioned so that they just touch one 
another. Their centres form the vertices of a triangle. Determine the largest angle in the qua 
triangle. Show your working. A? 


16. For the shape shown, determine: 


a. the length of the diagonal 
b. the magnitude (size) of angle B 
c. the length of x. 


Problem solving 


17. From the top of a vertical cliff 68 m high, an observer notices a yacht at sea. The angle of depression to the 
yacht is 47°. The yacht sails directly away from the cliff, and after 10 minutes the angle of depression is 15°. 
Determine the speed of the yacht, in km/h correct to 2 decimal places. 


18. Determine the size of angles CAB, ABC and BCA. 
Give your answers in degrees correct to 2 decimal places. 


ee 


Wo Z 


5m 
8 cm B 


19. A vertical flag pole DB is supported by two wires AB 
and BC. AB is 5.2 metres long, BC is 4.7 metres long 
and B is 3.7 metres above ground level. Angle ADC is 
a right angle. 


a. Evaluate the distance from A to C, in metres 
correct to 4 decimal places. 

b. Determine the angle between AB and BC, in 
degrees correct to 2 decimal places. 
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® 


eles-5007 


17.4 Area of triangles 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e calculate the area of a triangle, given two sides and the included angle 
e use Heron’s formula to calculate the area of a triangle, given the three sides. 


17.4.1 Area of triangles 


1 
e The area of any triangle is given by the rule area= 5c where Db is the base and h is 
the perpendicular height of the triangle. 


e In the triangle ABC, b is the base and h is the perpendicular height of the triangle. 
e Using the trigonometric ratio for sine: 


~ b > 
h 
sin(A) = — B 
c 
Transposing the equation to make h the subject, we obtain: ‘ i 
h=csin(A) 
Ao ; Cc 


Area of triangle 
e The area of triangle ABC using the sine ratio: 
Area = she sin(A) 
e Depending on how the triangle is labelled, the formula could read: 


1 1 1 
Area = Ay sin(C) Area= Ae sin(B) Area= A sin(A) 


e The area formula may be used on any triangle provided that two sides of the triangle and the included angle 
(that is, the angle between the two given sides) are known. 


WORKED EXAMPLE 7 Calculating the area of a triangle 


Calculate the area of the triangle shown. 


7cm 9cm 

THINK WRITE/DRAW 
1. Draw a labelled diagram of the triangle, label it B 

ABC and fill in the given information. c=7com ta a=9cm 

A a 
A C 
Let a= Vom, c=7 Gin, P= IW, 

2. Check that the criterion for the area rule has The area rule can be used since two side lengths 

been satisfied. and the included angle have been given. 

1 

3. Write down the appropriate rule for the area. Area = Be sin(B) 
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4. Substitute the known values into the rule. 


5. Evaluate. Round off the answer to 2 decimal 
places and include the appropriate unit. 


= : x9x7 x sin(120°) 


~ 27.28 cm? 


WORKED EXAMPLE 8 Determining angles in a triangle and its area 


A triangle has known dimensions of a = 5 cm, b = 7 cm and B = 52°. Determine A and C and hence 


the area. 


THINK 


1. Draw a labelled diagram of the triangle, label it 
ABC and fill in the given information. 


2. Check whether the criterion for the area rule has 
been satisfied. 


3. Write down the sine rule to calculate A. 


4. Substitute the known values into the rule. 


5. Transpose the equation to make sin A the subject. 


6. Evaluate. 


7. Round off the answer to degrees and minutes. 


8. Determine the value of the included angle, C, 
using the fact that the angle sum of any triangle 
is 180°. 


9. Write down the appropriate rule for the area. 
10. Substitute the known values into the rule. 


11. Evaluate. Round off the answer to 2 decimal 
places and include the appropriate unit. 


WRITE/DRAW 
B 
L> 
Gi= 5) 
a CN 
A b=7 Cc 


Eerc= S10" biol 
The area rule cannot be used since the included 
angle has not been given. 


To calculate angle A: 
Cee 
sin(A) _ sin(B) 


Sot 
sin(A)  sin(52°) 


5 sin(52°) = 7 sin(A) 


sin(A) = Soins) 
7 
eee! ( ae ’) 


& 34.254 15187° 
= 34°15’ 


C @ 180° — G2° + 34°15’) 
= 93°45’ 


Area = : ab sin(C) 


~ : x57 xX sin(93°45’) 


~ 17.46 cm2 
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TI | THINK 


In a new problem, open a 
Calculator page. To calculate 
the angle A, complete the entry 
line as: 


ss (: sn) 
sin =. = 
q 


Note that you can leave the 
angle in decimal degrees 
and work with this value. 
Determine the value of C 

as shown in the screenshot. 
Then calculate the area by 
completing the entry line as: 


1 
; x 5x 7 sin(93.75) 


Press ENTER after each entry. 


DISPLAY/WRITE 


5 a 34.25 
sin eae 

7 
180-(52+34.254151866661) 


=. 5+ 7+ sin(93.75) 


A= 34.25° 
CH93.75° 
The area of the triangle is 
17.46 cm°. 


® 17.4.2 Heron’s formula 


CASIO | THINK 


To calculate the angle A, on 
the Main screen, complete the 
entry line as: 


= (: sn) 
sin SS 
i 


Note that we can leave the 
angle in decimal degrees and 
work with this value. 
Determine the value of C as 
shown. 

Then calculate the area by 
completing the entry line as: 


1 
5 x 5x7 sin (93.74584813) 


Press EXE after each entry. 


DISPLAY/WRITE 


| © Git Action imersctive 


sin-* 5888682) 


o 
34, 25415187 
180-(52+34. 25415187) 
93, 74584819 
| }uceersinc 93. 74584819) 
17. 46261405 
0 
Q 
L_ 


|hta——Dcloml Pl Og 


A= 34,25° 
C=93515° 
The area of the triangle is 
17.46 cm’. 


e If the lengths of all the sides of the triangle are known but none of the angles Heron’s formula could be 
used to calculate the area. 


Heron’s formula 


e The area of a triangle is given as: 


Area = 1/s (s —a) (s —b) (s —c) 


where s is the semi-perimeter of the triangle: 


il 
s=-(atb+c 
5 ) 


Note: The proof of this formula is beyond the scope of this course. 


A 


WORKED EXAMPLE 9 Calculating the area of a triangle using Heron’s formula 


Calculate the area of the triangle with sides of 4cm, 6cm and 8 cm. 


THINK 


1. Draw a labelled diagram of the triangle, 
call it ABC and fill in the given information. 


2. Determine which area rule will be used. 


3. Write down the rule for Heron’s formula. 


4. Write down the rule for s, the semi-perimeter 


of the triangle. 
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WRITE/DRAW 
( 
4cm 6cm 
B 8cm A 


Lei aSe\, DSO, C=], 


Since three side lengths have been given, use 


Heron’s formula. 


Area = 1/s(s—a)(s—b)(s—c) 


1 
en tb /pjdt 
Ss ae Cc) 


1 
5. Substitute the given values into the rule = 5 (4+6+8) 


for the semi-perimeter. 
=9 


6. Substitute all of the known values into Area = 1/9 (9—4)(9—6) Q9—8) 


Heron’s formula. 


7. Evaluate. = WMS SN 35K II 
= W135 


& 11.618 95004 


8. Round off the answer to 2 decimal places and ~ 11.62 cm? 
include the appropriate unit. 


DISCUSSION 


List three formulas for calculating the area of a triangle. 


ion) Resources 


a) 
(4 eWorkbook _ Topic 17 Workbook (worksheets, code puzzle and project) (ewbk-2043) 
SS Interactivities Area of triangles (int-6483) 


Using Heron’s formula to calculate the area of a triangle (int-6475) 


Exercise 17.4 Area of triangles learn@) 
Individual pathways 

m@ PRACTISE m@ CONSOLIDATE @ MASTER 

1,4, 7, 10, 12, 15, 18, 21 2,5, 8, 11, 13, 16, 19, 22 3,6, 9, 14, 17, 20, 23, 24 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Where appropriate in this exercise, write your angles correct to the nearest minute and other measurements 
correct to 2 decimal places. 


Fluency 
1. Calculate the area of the triangle ABC with a=7, b=4 and C=68°. 
2. Calculate the area of the triangle ABC with a=7.3, c= 10.8 and B= 104°40’. 
3. Calculate the area of the triangle ABC with b = 23.1, c= 18.6 and A = 82°17’. 
Pam WES BN triangle has a= 10cm, c= 14cm and C= 48°. Determine A and B and hence the area. 
5. A triangle has a= 17m, c= 22m and C=56°. Determine A and B and hence the area. 


6. A triangle has b= 32mm, c= 15 mm and B= 38°. Determine A and C and hence the area. 
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7. Haina triangle, a= 15m, b=20m and B=50°. The area of the triangle is: 
A. 86.2 m? B. 114.9 m? C. 149.4 m? D. 172.4 m? E. 183.2 m? 
8. MED calculate the area of the triangle with sides of 5cm, 6cm and 8 cm. 
9. Calculate the area of the triangle with sides of 40 mm, 30 mm and 5.7 cm. 
10. Calculate the area of the triangle with sides of 16 mm, 3 cm and 2.7 cm. 


11. BVA triangle has sides of length 10cm, 14cm and 20cm. The area of the triangle is: 
A. 41 cm? B. 65cm? C. 106 cm? D. 137 cm? E. 155 cm? 


Understanding 


12. A piece of metal is in the shape of a triangle with sides of length 114 mm, 72 mm and 87 mm. Calculate its 
area using Heron’s formula. 


13. A triangle has the largest angle of 115°. The longest side is 62 cm and another side is 35 cm. Calculate the 
area of the triangle to the nearest whole number. 


14. A triangle has two sides of 25 cm and 30cm. The angle between the two sides is 30°. Determine: 


a. its area b. the length of its third side c. its area using Heron’s formula. 
15. The surface of a fish pond has the shape shown in the diagram. Calculate how many lm 
goldfish can the pond support if each fish requires 0.3 m” surface area of water. 5 
m 
16. MS) A parallelogram has sides of 14cm and 18cm and an angle between them of 72°. 5m 
The area of the parallelogram is: ee 


A. 118.4cm? B. 172.4cm? C. 239.7 cm? D. 252. cm? E. 388.1 cm? 


17. OS) An advertising hoarding is in the shape of an isosceles triangle, with sides of length 15m, 15m and 
18 m. It is to be painted with two coats of purple paint. If the paint covers 12 m? per litre, the amount of paint 
needed, to the nearest litre, would be: 


A. 9L B. 18L C. 24L D. 36L E.41L 


Reasoning 
18. A parallelogram has diagonals of length 10cm and 17cm. An angle between them is 125°. Determine: 


a. the area of the parallelogram 
b. the dimensions of the parallelogram. 


19. A lawn is to be made in the shape of a triangle, with sides of length 11m, 15 m and 17.2 m. Determine how 
much grass seed, to the nearest kilogram, needs to be purchased if it is sown at the rate of 1 kg per 5 m7. 


20. A bushfire burns out an area of level grassland shown in the diagram. (Note: This is a sketch of the area and 
is not drawn to scale.) Evaluate the area, in hectares correct to 1 decimal place, of the land that is burned. 
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Problem solving 


21. An earth embankment is 27 m long and has a vertical cross-section shown in the diagram. Determine the 
volume of earth needed to build the embankment, correct to the nearest cubic metre. 


22. Evaluate the area of this quadrilateral. 


3.5m 


23. A surveyor measured the boundaries of a property as 
shown. The side AB could not be measured because it 
crossed through a marsh. 

The owner of the property wanted to know the total area 
and the length of the side AB. 

Give all lengths correct to 2 decimal places and angles to 
the nearest degree. 

Calculate the area of the triangle ACD. 

Calculate the distance AC. 

Calculate the angle CAB. 

Calculate the angle ACB. 

Calculate the length AB. 

Determine the area of the triangle ABC. 

Determine the area of the property. 


emppaoan 


24. A regular hexagon has sides of length 12 centimetres. It is divided into six smaller equilateral triangles. 
Evaluate the area of the hexagon, giving your answer correct to 2 decimal places. 
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17.5 The unit circle 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e determine in which quadrant an angle lies 
e use and interpret the relationship between a point on the unit circle and the angle made with the 
positive x-axis 
e use the unit circle to determine approximate trigonometric ratios for angles greater than 90°. 


® 17.5.1 The unit circle 


eles-5009 BG oe : ‘ < , 3 
e A unit circle is a circle with a radius of | unit. 


e The unit circle is divided into 4 quadrants, numbered in an anticlockwise direction, as shown in the 
diagram. 


90° 
YA 


2nd 
quadrant quadrant 


0° 
180°~ > 
360° 
3rd s 4th 
quadrant Y quadrant 
270° 


e Positive angles are measured anticlockwise from 0°. 
e Negative angles are measured clockwise from 0°. 


WORKED EXAMPLE 10 Identifying where an angle lies on the unit circle 


State the quadrant of the unit circle in which each of the following angles is found. 
a. 145° b. 282° 


THINK WRITE 
a. The given angle is between 90° and 180°. State a. 145° is in quadrant 2. 
the appropriate quadrant. 


b. The given angle is between 270° and 360°. State b. 282° is in quadrant 4. 
the appropriate quadrant. 


e Consider the unit circle with point P(x, y) making the right-angled 
triangle OPN as shown in the diagram. 
e Using the trigonometric ratios: 


—_ cos(@), Die sin(Q), — tan(@) a 
1 1 fe 


where 6 is measured anticlockwise from the positive x-axis. 
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® 17.5.2 The four quadrants of the unit circle 


eles-5010 


Calculate value of sine, cosine and tangent 


To calculate the value of sine, cosine or tangent of any angle 6 from the unit circle: 


cos(@) = x 
sin(@) = y 
tan(@) = Z = 


sin(0) 
x  cos(@) 


e Approximate values for sine, cosine and tangent 
of an angle can be found from the unit circle using 
the following steps, as shown in the diagram. 
Step 1: Draw a unit circle, label the x- and y-axes. 
Step 2: Mark the angles 0°, 90°, 180°, 270°, 
and 360°. 

Step 3: Draw the given angle 0. 

Step 4: Mark x =cos(@), y= sin(@). 

Step 5: Approximate the values of x and y and 
equate to give the values of cos(@) and sin(@). 

e Where the angle lies in the unit circle determines 
whether the trigonometric ratio is positive or 
negative. 


Sign of the trigonometric functions 


e Consider the following. 
e In the first quadrant x >0, y > 0; therefore All trig 
ratios are positive. 
e In the second quadrant x <0, y> 0; therefore Sine 
(the y-value) is positive. 
In the third quadrant x <0, y < 0; therefore Tangent 


y ‘ ae 
— values } is positive. 
x 


In the fourth quadrant x > 0, y < 0; therefore Cosine 
(the x-value) is positive. 


180° ~ 


90° 
YA 


x<0,y>0 |x>0,y>0 
sin =+ sin = cos = tan=+ 


cos = tan = — 
Sine > 0 anes 


VY 


it IV 


x<0,y<0 x>0,y<0 
tan =+ cos = + 
sin=cos=—] sin=tan=— 


Tangent >0 | Cosine >0 
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WORKED EXAMPLE 11 Using the unit circle to approximate trigonometric ratios of an angle 


Determine the approximate value of each of the following using the unit circle. 
a. sin(200°) b. cos(200°) c. tan(200°) 


THINK WRITE/DRAW 
Draw a unit circle and construct an angle of 200°. 
Label the point corresponding to the angle of 200° on 
the circle P. Highlight the lengths, representing the 

x- and y-coordinates of point P. 


270° 


a. The sine of the angle is given by the y-coordinate a. sin(200°) = —0.3 
of P. Determine the y-coordinate of P by measuring 
the distance along the y-axis. State the value of 
sin(200°). (Note: The sine value will be negative 
as the y-coordinate is negative.) 


b. The cosine of the angle is given by the x-coordinate b. cos(200°) = —0.9 
of P. Determine the x-coordinate of P by measuring 
the distance along the x-axis. State the value 
of cos(200°). (Note: Cosine is also negative in 
quadrant 3, as the x-coordinate is negative.) 
sin(200°) —0.3 1 


c. tan(200°) = ———— ce. — = —-=0.3333 
cos(200°) —0.9 3 


e The approximate results obtained in Worked example 11 can be verified with the aid of a calculator: 
sin(200°) = —0.342 020 143, cos(200°) = —0.939 692 62 and tan(200°) = 0.3640. 


Rounding these values to 1 decimal place would give —0.3, —0.9 and 0.4 respectively, which match the 
values obtained from the unit circle. 
Consider the special relationship between the sine, cosine and tangent of supplementary angles, say A° and 
(180—A)°. 
In the diagram, the y-axis is an axis of symmetry. 
e The y-values of points C and E are the same. 
That is, sin(A°) = sin(180 — A)° 
e The x-values of points C and E are opposites in value. 
That is, cos(A°) = — cos(180 — A)° 
Thus: sin (180 —A)° = sin(A°) ~ 
cos(180 —A)° = —cos(A°) 
cos(180 A) = sin(180—A)?° sin(A°) 


= = ——— _= - tan(A°) 
cos(180—A)° —cos(A°) 
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ion) Resources 


on) 
(4 eWorkbook Topic 17 Workbook (worksheets, code puzzle and project) (ewbok-2043) 


Exercise 17.5 The unit circle learn@) 
Individual pathways 

PRACTISE Hi CONSOLIDATE BH MASTER 

1, 2, 6, 8, 12, 17, 20 3, 4, 7, 9, 11, 13, 18, 21 5, 10, 14, 15, 16, 19, 22 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Where appropriate in this exercise, give answers correct to 2 decimal places. 


Fluency 


1. ESD) state which quadrant of the unit circle each of the following angles is in. 
a. 60° b. 130° c. 310° 
d. 260° e. 100° f. 185° 
2. G9 If 6 = 43°, the triangle drawn to show this would be in: 
A. quadrant 1 B. quadrant 2 C. quadrant 3 D. quadrant 4 E. none of these 


3. M9 If 6 = 295°, the triangle drawn to show this would be in: 
A. quadrant 1 B. quadrant 2 C. quadrant 3 D. quadrant 4 E. none of these 


4, EXEE Determine the approximate value of each of the following using the unit circle. 

a. sin(20°) b. cos(20°) c. cos(100°) d. sin(100°) 
5. Determine the approximate value of each of the following using the unit circle. 

a. sin(320°) b. cos(320°) c. sin(215°) d. cos(215°) 
6. Use the unit circle to determine the approximate value of each of the following. 

a. sin(90°) b. cos(90°) c. sin(180°) d. cos(180°) 
7. Use the unit circle to determine the approximate value of each of the following. 


a. sin(270°) b. cos(270°) c. sin(360°) d. cos(360°) 


Understanding 


8. On the unit circle, use a protractor to measure an angle of 30° from the 
positive x-axis. Mark the point P on the circle. Use this point to construct 
a triangle in quadrant 1 as shown. 


a. Calculate the value of cos(30°). (Remember that the length of the 
adjacent side of the triangle is cos(30°).) 

b. Calculate the value of sin(30°). (This is the length of the opposite side of 
the triangle.) 

c. Check your answers in a and b by finding these values with a calculator. 
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9. Using a graph of the unit circle, measure 150° with a protractor and mark 
the point P on the circle. Use this point to draw a triangle in quadrant 2 


as shown. 

a. Determine the angle the radius OP makes with the negative x-axis. 

b. Remembering that x = cos(@), use your circle to determine the value 
of cos(150°). 

c. Comment on how cos(150°) compares to cos(30°). 

d. Remembering that y = sin(@), use your circle to determine the value 
of sin(150°). 

e. Comment on how sin(150°) compares with sin(30°). 


10. Ona unit circle, measure 210° with a protractor and mark the point P on the 
circle. Use this point to draw a triangle in quadrant 3 as shown. 
a. 
. Use your circle to determine the value of cos(210°). 
. Comment on how cos(210°) compares to cos(30°). 
. Use your circle to determine the value of sin(210°). 
. Comment on how sin(210°) compares with sin(30°). 


oaoao F 


11. Ona unit circle, measure 330° with a protractor and mark the point P on 
the circle. Use this point to draw a triangle in quadrant 4 as shown. 


on0c0 9 


12. Ona unit circle, draw an appropriate triangle for the angle of 20° 
in quadrant 1. 
a. 
b. 
c. 


. Determine the angle the radius OP makes with the positive x-axis. 
. Use your circle to determine the value of cos(330°). 
. Comment on how cos(330°) compares to cos(30°). ~ 


. Comment on how sin(330°) compares with sin(30°). 


. Determine the value of 


Determine the angle the radius OP makes with the negative x-axis. 


Use your circle to determine the value of sin(330°). 


Determine the value of sin(20°). 
Determine the value of cos(20°). 
Draw a tangent line and extend the hypotenuse of the triangle to meet the 
tangent as shown. 
Accurately measure the length of the tangent between the x-axis and the 
point where it meets the hypotenuse and, hence, state the value of tan(20°). 
sin(20°) 
cos(20°) | 

sin(20°) 


. Comment on how tan(20°) compares with ————. 


cos(20°) 


13. Ona unit circle, draw an appropriate triangle for the angle of 135° 
in quadrant 2. 


a. 
b. 
c. 


1074 


Determine the value of sin(135°), using sin(45°). 

Determine the value of cos(135°), using cos(45°). 

Draw a tangent line and extend the hypotenuse of the triangle to meet the 
tangent as shown. 

Accurately measure the length of the tangent to where it meets the hypotenuse 
to calculate the value of tan(135°). 
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f tan135°) 


tan(20°) 


V 


sin(135°) 
cos(135°) 


e. Comment on how tan(135°) compares with 


d. Determine the value of 
sin(135°) 


cos(135°) 
f. Comment on how tan(135°) compares with tan(45°). 


14. On a unit circle, draw an appropriate triangle for the angle of 220° in 
quadrant 3. 


a. Determine the value of sin(220°). 

b. Determine the value of cos(220°). 

c. Draw a tangent line and extend the hypotenuse of the triangle to meet the 
tangent as shown. 
Determine the value of tan(220°) by accurately measuring the length of the 
tangent to where it meets the hypotenuse. 

sin(220°) 

cos(220°) : 

e. Comment on how tan(220°) compares with aul 

cos(220°) 
f. Comment on how tan(220°) compares with tan(40°). (Use a calculator.) 


d. Determine the value of 


15. On a unit circle, draw an appropriate triangle for the angle of 300° 
in quadrant 4. 


a. Determine the value of sin(300°). 

b. Determine the value of cos(300°). 

c. Draw a tangent line and extend the hypotenuse of the triangle to meet the 
tangent as shown. 
Determine the value of tan(300°) by accurately measuring the length of the 
tangent to where it meets the hypotenuse. 

sin(300°) 

cos(300°) 

e. Comment on how tan(300°) compares with Ee) ) : 

cos(300°) 
f. Comment on how tan(300°) compares with tan(60°). (Use a calculator.) 


d. Determine the value of the value of 


16. £1 In a unit circle, the length of the radius is equal to: 
A. sin(@) B. cos(@) C. tan(@) D. 1 


Reasoning 
17. Show that sin?(a°) + cos*(a°) =1. 
18. Show that 1 — sin?(180 —a)° =cos?(180 — a)°. 


1 


19. Show that 1 + tan?(@°) = sec?(a°), where sec(a°) = : 
cos(ct°) 


Problem solving 


20. If sin(x°) =p, 0<x < 90°, write each of the following in terms of p. 


~< 


»V 


tan(220°) 


»V 


~an300%) 


E. none of these 


a. cos(x°) b. sin(180 — x)° c. cos(180 — x)° 


21. Simplify sin(180 — x)° — sin(x®). 


22. Simplify cos(180 — x)° + cos(x°), where 0 < x° < 90°. 
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17.6 Trigonometric functions 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e sketch the graphs of the sine, cosine and tangent graphs 
e determine the amplitude of a given trigonometric function 
e determine the period of a given trigonometric function. 


® 17.6.1 Sine, cosine and tangent graphs 


ey athe graphs of y= sin(x), y=cos(x) and y = tan(x) are shown below. 


YA 


YA 
¥ y|= cos(x) ‘ 

/ | \ 
“ % 
_ 0° 0 560° 

1 
Hi YA | | 
Ly i 
al 
1 | 
4 \ \ 
7 
i 
oe fea 
—360° —2:70° 4180° —90° 90° e ° 360° 
! 
| | | Li 
| || 
SS —— a 


e Trigonometric graphs repeat themselves continuously in cycles, and hence they are called 
periodic functions. 

e The period of the graph is the horizontal distance between repeating peaks or troughs. The period between 
the repeating peaks for y= sin(x) and y=cos(x) is 360°. The period of the graph y = tan(x) is 180°, and 
asymptotes occur at x = 90° and intervals of 180°. 

e The amplitude of a periodic graph is half the distance between the maximum and minimum values of the 
function. Amplitude can also be described as the amount by which the graph goes above and below its 
mean value, which is the x-axis for the graphs of y = sin(x), y=cos(x) and y= tan(x). 
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e The following can be summarised from the graphs of the trigonometric functions. 


Graph Period Amplitude 
y =sin(x) 360° 1 
y=cos(x) 360° 1 
y= tan(x) 180° Undefined 


Translations of trigonometric graphs 


e The sine, cosine and tangent graphs can be dilated, translated and reflected in the same way as other 


functions, studied earlier. 


e These translations are summarised in the table below. 


Graph Period Amplitude 
y=asin(nx) oo a 
n 
y=acos(nx) 200 a 
id) 
y=atan(nx) ile Undefined 
n 


e If a<0O, the graph is reflected in the x-axis. The amplitude is always the positive value of a. 


WORKED EXAMPLE 12 Sketching periodic functions 


Sketch the graphs of a y = 2 sin(x) and b y = cos(2x) for 0° <x < 360°. 


THINK 


a. 1 


. The graph must be drawn from 


0° to 360°. 


. Compared to the graph of 
y=sin(x) each value of sin(x) 
has been multiplied by 2, 
therefore the amplitude of the 
graph must be 2. 


. Label the graph y = 2 sin(a). 


. The graph must be drawn from 0° 
to 360°. 

. Compared to the graph of 
y=cos(x), each value of x has 
been multiplied by 2, therefore 
the period of the graph must 
become 180°. 

. Label the graph y =cos(2x). 


WRITE/DRAW 


a. 


Wea 2sin(x) 


y= cos(2x) 
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TI | THINK 


a. 

1. In anew problem, on a 
Graphs page, ensure the 
Graphs & Geometry Settings 
are set to the degrees mode, 
as shown in the screenshot. 
To do this, press: 

e MENU 

e 9: Settings 

For Display Digits select 
‘Fix 2’. 

TAB to Graphing Angle and 
select ‘Degree’. TAB to OK 
and press ENTER. 


2. To set an appropriate viewing 
window, press: 
¢ MENU 
e 4: Window/Zoom 
e 1: Window Settings... 
Select the values as shown in 
the screenshot. 
TAB to OK and press 
ENTER. 


3. Complete the function entry 
line as: 
fi) =2sin(@)|0<x< 360 
Press ENTER. The graph 
is displayed as required for 
0° <x < 360°. 


b. 

Complete the function entry 
line as: 

f2(x) = cos(2x) |0< x < 360 
Press ENTER, and the graph is 
displayed, as required only for 
0° <x < 360°. 


DISPLAY/WRITE 
a. 


Display Digits: | Fix 2 
crehg Art 
Geometry Angie [Decree 
' [.] Automatically hide plot labels 


Show axis end values 


F) Chena tral tine far function maninelatinn 


|Restore| | Make Detautt| |oK| |cancei| 


Jox| |cancet| 


f2(x J={cos(2 x), 055360 


CASIO | THINK 
On a Graph & Table screen, set 


> |an appropriate viewing window 


as shown. 


a. 

Complete the function entry 
line as: 

yl =2sin(x)|0<x< 360 


;. |Press EXE. 


Tap the graphing icon and the 
graph is displayed as required 
only for 0° <x < 360°. 


b. 

Complete the function entry 
line as: 

yl =cos(2x) | 0<x<360 


.. |Press EXE. 


Tap the graphing icon and the 
graph is displayed as required 
only for 0° <x < 360°. 
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DISPLAY/WRITE 


scale! 30 
dot 11, 369693636363636 
ymin =3 


max 13 og 


a. 


| © Edit Zoom Analysis @ x 
[pad] oa [ea [ Ca [a 
|[Sheott |Steet2 [Sheets isheet4 [Sheets 

|| Mlvl=2-sin(x) /0sxs380 


i 


|(Sheatt |Sheet2 [Shoat ‘Sheet# {Sheets 
|| Myl=cos(2-x) /0sxs380 =—~ EJ 


ya: i 
y2 


WORKED EXAMPLE 13 Stating the amplitude and period of given periodic functions 


For each of the following graphs, state: 


i. the amplitude ii. the period. 
a. y=2sin(3x) b. y=cos (=) c. y=tan(2x) 
THINK WRITE 
a. The value of a is 2. a. i. Amplitude = 2 

The periods is S607, ii. Period = = — 1203 
b. The value of ais 1. b. i. Amplitude = 1 

The period is a“ ii. Period = ae = 1080° 

3 


c. The tangent curve has an undefined amplitude. cc. i. Amplitude = undefined 


0° 


The period is 2 ii. Period = = = M0" 


DISCUSSION 


For the graph of y =a tan(x), what would be the period and amplitude? 


ion) Resources 


a) 
[4 eWorkbook Topic 17 Workbook (worksheets, code puzzle and project) (ewbk-2043) 


& Interactivity Graphs of trigonometric functions (int-4821) 


Exercise 17.6 Trigonometric functions learn@) 
Individual pathways 

@ PRACTISE H@ CONSOLIDATE @ MASTER 

1, 4, 8, 12, 16, 20, 25, 26, 28, 3; 5,7, WO; 13) 14517, 21 23; 27, 2,6, 9, 11, 15, 18, 19, 22, 24, 

29, 32 30, 33 31, 34 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. Using your calculator (or the unit circle if you wish), complete the following table. 


x 0° 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360° 
sin(x) 

x 390° | 420° | 450° | 480° | 510° | 540° | 570° | 600° | 630° | 660° | 690° | 720° 
sin(x) 
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For questions 2 to 7, using graph paper, rule x- and y-axes and carefully mark a scale along each axis. 
2. Use 1 cm= 30° on the x-axis to show x-values from 0° to 720°. 
Use 2cm= 1 unit along the y-axis to show y-values from —1 to 1. 
Carefully plot the graph of y = sin(x) using the values from the table in question 1. 


3. State how long it takes for the graph of y= sin(x) to complete one full cycle. 

4. From your graph of y = sin(x), estimate to 1 decimal place the value of y for each of the following. 
a. x= 42° b. x= 130° c. x= 160° d. x = 200° 

5. From your graph of y = sin(x), estimate to 1 decimal place the value of y for each of the following. 
a. x= 180 b. x= 70° c. x = 350° d. x = 290° 

6. From your graph of y = sin(x), estimate to the nearest degree a value of x for each of the following. 
a. y=0.9 b. y=—0.9 c. y=0.7 

7. From your graph of y = sin(x), estimate to the nearest degree a value of x for each of the following. 
a. y=—0.5 b. y=—0.8 c. y=0.4 


8. Using your calculator (or the unit circle if you wish), complete the following table. 


x 0° 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360° 
cos(x) 

x 390° | 420° | 450° | 480° | 510° | 540° | 570° | 600° | 630° | 660° | 690° | 720° 
cos(x) 


For questions 9 to 14, using graph paper, rule x- and y-axes and carefully mark a scale along each axis. 
9. Use 1 cm= 30° on the x-axis to show x-values from 0° to 720°. 
Use 2cm= 1 unit along the y-axis to show y-values from —1 to 1. 
Carefully plot the graph of y = cos(x) using the values from the table in question 8. 


10. If you were to continue the graph of y= cos(x), state what shape you would expect it to take. 


11. State whether the graph of y = cos(x) is the same as the graph of y = sin(x). Explain how it differs. State what 
features are the same. 


12. Using the graph of y =cos(x), estimate to 1 decimal place the value of y for each of the following. 
a. x = 48° b. x= 155° c. x= 180° d. x = 340° 
13. Using the graph of y =cos(x), estimate to 1 decimal place the value of y for each of the following. 
a. x = 240° b. x= 140° c. x= 40° d. x = 200° 


14. Using the graph of y = cos(x), estimate to the nearest degree a value of x for each of the following. 


a. y=-0.5 b. y=0.8 c. y=0.7 
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15. Using the graph of y = cos(x), estimate to the nearest degree a value of x for each of the following. 


a. 


y=—0.6 b. y=0.9 c. y=—0.9 


16. Using your calculator (or the unit circle if you wish), complete the following table. 


x 0° 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360° 
tan(x) 

x 390° | 420° | 450° | 480° | 510° | 540° | 570° | 600° | 630° | 660° | 690° | 720° 
tan(x) 


For questions 17 to 22, using graph paper, rule x- and y-axes and carefully mark a scale along each axis. 


17. Use 1 cm= 30° on the x-axis to show x-values from 0° to 720°. 
Use 2cm= 1 unit along the y-axis to show y-values from —2 to 2. 
Carefully plot the graph of y = tan(x) using the values from the table in question 16. 


18. 


19. 


20. 


21. 


22. 


If you were to continue the graph of y =tan(x), state what shape would you expect it to take. 


State whether the graph of y = tan(x) is the same as the graphs of y = sin(x) and y =cos(x). Explain how it 
differs. State what features are the same. 


a. 


U 


a. 


U 
a. 
d. 


sing the graph of y = tan(x), estimate to 1 decimal place the value of y for each of the following. 
x= 60° b. x= 135° c. x= 310° d. x = 220° 


Using the graph of y = tan(x), determine the value of y for each of the following. 


x= 500° b. x =590° c. x=710° d. x =585° 

sing the graph of y = tan(x), estimate to the nearest degree a value of x for each of the following. 
y=1 b. y=1.5 c. y=—0.4 

y=-2 e. y=0.2 f. y=-l 


| WE12,13 | For each of the graphs in questions 23 and 24: 
i. state the period 

ii. state the amplitude 

iii. sketch the graph. 


23. 


24. 


25. 


a. 
b. 


a. 
b. 


y=cos(x), for x € [—180°, 180°] 
y=sin(x), for x € [0°, 720°] 


y=sin(2x), forx € [0°, 360°] 
y=2cos(x), for x € [—360°, 0°] 


For each of the following, state: 


the period 

the amplitude. 

a. y=3cos(2x) b. y=4sin(3x) c. y=2cos (=) 
1. (x ‘ 

d. y= > sin (=) e. y=—sin(x) f. y=—cos(2x) 
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Understanding 


26. M9) Use the graph shown to answer the Vp 
following. 
a. The amplitude of the graph is: : I 
A. 180° B. 90° |__| Sa. 
C.3 D. —3 
E.6 
b. The period of the graph is: ~< > 
2 90° 180° 
A. 180° B. 360° : 
c. 90° D. 3 
E. —3 
c. The equation of the graph could be: 
A. y=cos(x) B. y=sin(x) | 
Y 


C. y=3cos (2) D. y=3 cos(2x) 
E. y=3 sin(2x) 


27. Sketch each of the following graphs, stating the period and amplitude of each. 


a. y=2cos ( =) , for x E [0°, 1080°] b. y=—3 sin(2x), for x € [0°, 360°] 

c. y=3sin (=) , for x € [—180°, 180°] d. y=—cos(3x), for x € [0°, 360°] 

e. y=5cos(2x), forx € [0°, 180°] f. y=—sin(4x), forx € [0°, 180°] 
28. Use technology to sketch the graphs of each of the following for 0° < x < 360°. 

a. y=cos(x) + | b. y=sin(2x) —2 

1 
c. y=cos | —~(x— 60 d. y=2sin(4x) +3 
y (Zo ») y= 2sin(4x) 

Reasoning 


29. a. Sketch the graph of y=cos(2x) for x € [0°, 360°]. 


i. State the minimum value of y for this graph. ii. State the maximum value of y for this graph. 


b. Using the answers obtained in part a write down the maximum and minimum values of y = cos(2x) + 2. 


c. Determine what would be the maximum and minimum values of the graph of y = 2 sin(x) + 3. Explain 


how you obtained these values. 


30. a. Complete the table below by filling in the exact values of y = tan(x) 


x | 0° 30° 60° 90° 120° | 150° | 180° 
y= tan(x) | 


b. Sketch the graph of y =tan(x) for [0°, 180°]. 
c. Determine what happens at x= 90°. 


d. For the graph of y= tan(x), x= 90° is called an asymptote. Write down when the next asymptote 


would occur. 
e. Determine the period and amplitude of y = tan(x). 


31. a. Sketch the graph of y =tan(2x) for [0°, 180°]. 
b. Determine when the asymptotes occur. 
c. State the period and amplitude of y = tan(2x). 
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Problem solving 


32. The height of the tide above the mean sea level on the first day of the month is given by the rule 
h=3sin(300°) 
where f is the time in hours since midnight. 
a. Sketch the graph of h versus ¢. 
b. Determine the height of the high tide. 
c. Calculate the height of the tide at 8 am. 


33. The height, h metres, of the tide on the first day of January at Trig Cove is given by the rule 
h=6+4sin(300°) 
where f is the time in hours since midnight. 
a. Sketch the graph of h versus t, forO <t < 24. 
b. Determine the height of the high tide. 
c. Determine the height of the low tide. 
d. Calculate the height of the tide at 10 am, correct to the nearest centimetre. 


34. The temperature, T, inside a house t hours after 3 am is given by the rule 
T= 22 —2cos(15t°) for O<t<24 
where T is the temperature in degrees Celsius. 
a. Determine the temperature inside the house at 9 am. 
b. Sketch the graph of T versus t. 
c. Determine the warmest and coolest temperatures that it gets inside the house over the 24-hour period. 


17.7 Solving trigonometric equations 


LEARNING INTENTION 


At the end of this subtopic you should be able to: 
e solve trigonometric equations graphically for a given domain 
° solve trigonometric equations algebraically, using exact values, for a given domain. 


® 17.7.1 Solving trigonometric equations 


eles-5012 


Solving trigonometric equations graphically 


e Because of the periodic nature of circular functions, there are infinitely many solutions to unrestricted 
trigonometric equations. 

e Equations are usually solved within a particular domain (x-values), to restrict the number of solutions. 

e The sine graph below shows the solutions between 0° and 360° for the equation sin(x) = 0.6. 


In the example above, it can clearly be seen that there are two solutions to this equation, which are 
approximately x = 37° and x= 143°. 

e It is difficult to obtain accurate answers from a graph. More accurate answers can be obtained 
using technology. 
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Solving trigonometric equations algebraically 


Exact answers can be found for some trigonometric equations using the table in section 17.2.1. 


WORKED EXAMPLE 14 Solving trigonometric equations using exact values 


Solve the following equations. 


3 1 
a. sin(x) = 2 x €[0°, 360°] b. cos(2x) = —-—, x €[0°, 360°] 
2 V2 
THINK WRITE 
. : : : - —1 ea | /3 
a. 1. The inverse operation of sine is sin. a. xXx =siIn ae 


2. The first solution in the given domain from 
the table in subsection 17.2.1 is x= 60°. 

3. Since sine is positive in the first and There are two solutions in the given domain, 
second quadrants, another solution must be ie — OOcandey— il Oe 
x= 180° — 60° = 120°. 


: ; Ts: = 
b. 1. The inverse operation of cosine is cos~!. b: 24 — cos! (=) 


v2 


2. From the table of values, cos~! (=) = 45°. 
2 
3. Cosine is negative in the second and third De N35, ZS? 


quadrants, which gives the first two solutions 
to the equation as: 180° — 45° and 180° + 45°. 


4. Solve for x by dividing by 2. 6 = (S79, NS” 


5. Since the domain in this case is [0°, 360°] and The period = — = 802 


the period has been halved, there must be 4 


solutions altogether. The other 2 solutions w= 67.5" 180", 112.5" 180° 
can be found by adding the period onto each oS OSS, INS, Danley, Wor sy? 
solution. 
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TI | THINK 

a. 

In a new problem, on a 
Calculator page, complete the 
entry line as: 


solve (sins = Bs) | 
2 


0<x<360 

Then press ENTER. 

Note that the calculator is set to 
the degrees mode. 


b. 
On a Calculator page, complete 
the entry line as: 


1 
solve | cos (2x) = ——~,x ] | 
( v2 


0<x< 360 

Then press ENTER. 

Note that the calculator is set to 
the degrees mode. 


DISPLAY/WRITE 
a. 


6.1/6.2) 7.1 
ae 
solve|sin(x)=——,}J0<xs260 
3 


x*60.00 or x= 120,00 


3 
sin(x) = v3 for x € [0°, 360°] 
=> x= 60° or 120° 


b. 
‘Es 
solve|sin(x)=-—,x}|0<x=360 
3 


x#60.00 or x=120.00 


“1 
sae 2 aa 360 
x*67.50 or x= 112,50 or x=247.50 or x#292.9 


cos(2x) = — = for 
2 
x€ [0°, 360°] 
=SF=67.5 . 112.5°247.5° oF 
292.5" 


CASIO | THINK DISPLAY/WRITE 
a. a. 

On the Main screen, complete 
the entry line as: 


solve (sino = Br) | 


0<x<360 

Then press EXE. 

Note that the calculator is set to 
the degrees mode. 


© Edit Action brtersctive 
mm eoooeo 


solvetsin(xd=S, x) 108x360 


(x=60, x=120) 


sin(x) = —— for 
2 


x €[0°, 360°] 
=> x= 60° or 120° 
b. b. 


On the Main screen, complete 
the entry line as: 


[fo ett Action intractie 
tel] T el 


satvetcon(2xre—H, x) [0ses380 


1 (xe67. 5, 08112. 5, e247. 6, e292. 5) 
solve (x (2x) = — +) | ; 
2 


0<x< 360 

Then press EXE. 

Note that the calculator is set to 
the degrees mode. 


1 
cos(2x) = ——— for 
v2 


x € [0°, 360°] 
SxS 07,5", 112.5". 
247.5° or 292.5° 


DISCUSSION 


Explain why sine and cosine functions can be used to model situations that occur in nature such as tide 


heights and sound waves. 


ion) Resources 


a) 
(4 eWorkbook Topic 17 Workbook (worksheets, code puzzle and project) (ewbk-2043) 


sy Interactivity Solving trigonometric equations graphically (int-4822) 
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Exercise 17.7 Solving trigonometric equations 


learn) 


Individual pathways 


@ PRACTISE 
1, 3, 6, 9, 13, 16 


@ CONSOLIDATE 


2,4, 7, 10, 14, 17 


m@ MASTER 
5, 8, 11, 12, 15, 18 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for all 
questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


For questions 1 and 2, use the graph to determine approximate answers to the equations for the domain 0<x< 
360°. Check your answers using a calculator. 


1. a. cos(x) = 0.9 


2. a. cos(x) = —0.2 


For questions 3 to 8, solve the equations for the domain 0° <x < 360°. 


1 
3. a. sin(x) = - 
(x) 5 
4.a sage” 
.a. 5 


5. a. sin(x) = 1 


1 
6. a. sin(x) = —— 
(x) 5 


IS 


7. a. cos(x) = 


8. a. sin(x) = 1 
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Yd 
1 
i * 
0) 180° 360° 
es ee = 
Y 
b. cos(x) = 0.3 
b. cos(x) = —0.6 
ae 3 
. sin(x) = — 
2 
b. cos(x) =— 


al 


b. cos(x) =—-1 

b. sin(x) = oe 
V2 

b. cos(x) = ies 

b. cos(x) =0 


Understanding 


ES For questions 9 and 12, solve the following equations for the given values of x. 


3 
9. a. sin(2x) = es € [0°, 360°] 


10. a. tan(2x) = ri € [0°, 360°] 
3 


11. a. sin(4x) = -5,x€ [0°, 180°] 


12. a. tan(3x) =—1,x © [0°, 90°] 


Reasoning 


13. Solve the following equations for x € [0°, 360°]. 


a. 2sin(x) -—1=0 


14. Solve the following equations for x € [0°, 360°]. 


a. V2cos(x)-—1=0 


3 
b. cos(2x) = me €[0°, 360°] 


b. sinGx) =— : ,x € [0°, 180°] 


b. sinGx) = ~ Ture [—180°, 180°] 
2 


b. cos(3x) = 0, x € [0°, 360°] 


b. 2 cos(x) = V3 


b. tan(x) + 1=0 


15. Sam measured the depth of water at the end of the Intergate jetty at various times on Thursday 13 August 2020. 
The table below provides her results. 


Time | 6am 7 8 


9 


10 


11 


12pm 


Depth § 1.5 | 1.8 | 2.3 


2.6 


2.5 


2.2 


1.8 


25 


a. Plot the data. 
b. Determine: 
i. the period 
ii. the amplitude. 


c. Sam fishes from the jetty when the depth is a maximum. Specify these times for 


the next 3 days. 


d. Sam’s mother can moor her yacht when the depth is above 1.5 m. Determine 
during what periods she can moor the yacht on Sunday 16 January. 


Problem solving 
16. Solve: 


a. V3sin(x°)=cos (x°) for 0° <x < 360° 
b. 2sin(x°) + cos (x°) =0 for 0° <x < 360°. 


17. Solve 2 sin? (x°) + 3 sin (x°) —2=0 for 0°<x< 360°. 


. : : F 1 
18. The grad (*) is another measurement used when measuring the size of angles. A grad is equivalent to — of 


a full circle. Write each of the following as grads (1 grad is written as 1). 


a. 90° 


b. 180° 


c. 270° d. 360° 
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1087 


17.8 Review 


17.8.1 Topic summary 


* Connects two sides with the two ¢ Given two sides and the included angle: ¢ Connects three sides and one 
opposite angles in a triangle. eee 1 9 angle of a triangle. 
ea = — ab sin 
pod ae Ol ee ; 2 ©) a = b* +c? —2be cos(A) 
sinA sinB sinC ¢ Given three sides, Heron’s formula: Used to solve triangles given: 
* Used to solve triangles: Area = J (s(s — a)(s — b)(s — c)) Fete * three sides, or 
° Two angles and one side. where s is the semi-perimeter: s = ae ° two sides and the included angle. 


° Two sides and an angle opposite 
one of these sides. 


eee z 
Ambiguous case 
py ben using He mnome e Trigonometric equations 


Exact values 
calculate an angle, there may be 
two answers. 


¢ Exact trig ratios 


¢ The ambiguous case may occur can be found 

when determining the angle using triangles. 

opposite the larger side. ¢ For 30° and 
¢ Always check that the three 60° use the Ke 

angles add to 180°. equilateral x D C 
e.g. In the triangle ABC, a = 10, triangle. ——— 


b= 6 and B = 30° using the sine rule, 
A =56° or (180-56). 

Angles in triangle would be: 

A=56°, B=30° giving C=94° 

A= 124°, B=30° giving C= 26° 
Two triangles are possible, 
so the ambiguous case exists. 


¢ For 45°, use aright-angled G 
isosceles triangle. 


{l 
e.g. sin 30°= 5 Np) i 
tan 45°= 1 
il 
cos 60°=— E 1 
p) 


Trigonometric graphs Unit circle 


Trigonometric 

graphs repeat 

themselves 

continuously 

in cycles. 

¢ Period: 
horizontal 
distance between 
repeating peaks 
or troughs. 

¢ Amplitude: 

half the distance 

between the 

maximum and 

minimum values. 


y = sin x, Period = 360°, Amplitude = 1 
: — y, = 


t——_.— 
0 90° 180° 270° 360° * 


faeee' eee 
Whe 4 
tt 
sit t 
=) 
& 
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17.8.2 Success criteria 


Tick the column to indicate that you have completed the subtopic and how well you have understood it using the 
traffic light system. 


(Green: I understand; Yellow: I can do it with help; Red: I do not understand) 


Subtopic | Success criteria ) | O i) 


17.2 | can apply the exact values of sin, cos and tan for 30°, 45° and 60° angles. 


| can apply the sine rule to evaluate angles and sides of triangles. 


| can recognise when the ambiguous case of the sine rule exists. 


17.3 | can apply the cosine rule to calculate a side of a triangle. 


| can apply the cosine rule to calculate the angles of a triangle. 


17.4 | can calculate the area of a triangle, given two sides and the included 
angle. 
| can use Heron’s formula to calculate the area of a triangle, given the 
three sides. 

17.5 | can determine in which quadrant an angle lies. 


| can use and interpret the relationship between a point on the unit circle 
and the angle made with the positive x-axis. 


| can use the unit circle to determine approximate trigonometric ratios for 
angles greater than 90°. 


17.6 | can sketch the graphs of the sine, cosine and tangent graphs. 


| can determine the amplitude of a given trigonometric function. 


| can determine the period of a given trigonometric function. 


17.7 I can solve trigonometric equations graphically for a given domain. 


| can solve trigonometric equations algebraically, using exact values, for a 
given domain. 


17.8.3 Project 


What’s an arbelos? 


As an introduction to this task, you are required to complete the following 
construction. The questions that follow require the application of 
measurement formulas, and an understanding of semicircles related to this 
construction. 


A 6cm Ye B 


8 cm 
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1. Constructing an arbelos 
e Rule a horizontal line AB 8 cm long. 
e Determine the midpoint of the line and construct a semicircle on top of the line with AB as the 
diameter. 
e Mark Y as a point on AB such that AY =6cm. 


diameter. 
Determine the midpoint of YB and construct a semicircle (also inside the larger semicircle) with a 
diameter YB. 


The shape enclosed by the three semicircles is known as an arbelos. The word, in Greek, means 


Determine the midpoint of AY and draw a small semicircle inside the larger semicircle with AY as the 


shoemaker’s knife as it resembles the blade of a knife used by cobblers. The point Y is not fixed and can be 


located anywhere along the diameter of the larger semicircle, which can also vary in size. 


2. Perimeter of an arbelos 
The perimeter of an arbelos is the sum of the arc length of the three semicircles. Perform the following 
calculations, leaving each answer in terms of 7. 

a. Calculate the arc length of the semicircle with diameter AB. 

b. Calculate the arc length of the semicircle with diameter AY. 

c. Calculate the arc length of the semicircle on diameter YB. 

d. Compare the largest arc length with the two smaller arc lengths. What do you conclude? 

3. We can generalise the arc length of an arbelos. The point Y can be located anywhere on the line AB, 
which can also vary in length. Let the diameter AB be dcm, AY be d, cm and YB be d) cm. Prove that 
your conclusion from question 2d holds true for any value of d, where d, + dy =d. 


4. Area of an arbelos 
The area of an arbelos may be treated as the area of a composite shape. 
a. Using your original measurements, calculate the area of the arbelos you drew in question 1. Leave 
your answer in terms of zz. 


The area of the arbelos can also be calculated using another method. We can draw the common tangent 
to the two smaller semicircles at their point of contact and extend this tangent to the larger semicircle. It 
is said that the area of the arbelos is the same as the area of the circle constructed on this common 
tangent as diameter. 
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Xe 


YZ is the common tangent. 


Triangles AYZ, BYZ and AZB are all right-angled triangles. We can use Pythagoras’ theorem, together 
with a set of simultaneous equations, to determine the length of the tangent YZ. 


b. Complete the following. 


In AAYZ, AZ’ = AY’ + YZ? 
SOY 
In ABYZ, BZ = BY yz: 
= ee ee ere +YZ 
Adding these two equations, 
PT pe AN Tiga eee eae ee eee 
AZ’ + BZ? = AB* 
But, in AAZB me Ber Boa Heo 
epnbacHoconSandSahanEdede claibcsescccussceccnecteccss sn 
So, VLE iiveteceseosrees (Leave your answer in surd form.) 


c. Now calculate the area of the circle with diameter YZ. Is your answer the same as that calculated in 
question 4a? 


The area of an arbelos can be generalised. 
Let the radii of the two smaller semicircles be r, and 1. 


Y 
Ue) 


5. Develop a formula for the area of the arbelos in terms of r,; and r,. Demonstrate the use of your formula 
by checking your answer to question 4a. 


ion) Resources 


oo) 
[4 eWorkbook Topic 17 Workbook (worksheets, code puzzle and project) (ewbk-2043) 
& Interactivities Crossword (int-2884) 


Sudoku puzzle (int-3895) 
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Exercise 17.8 Review questions learn@) 


To answer questions online and to receive immediate corrective feedback and fully worked solutions for 
all questions, go to your learnON title at www.jacplus.com.au. 


Fluency 


1. Calculate the value of x, correct to 2 decimal places. 
/\ 
x 
[Xx 
12cm 


2. Calculate the value of 8, correct to the nearest minute. 


ne 3.7m 
—19 


10.2 m 


3. Determine all unknown sides (correct to 2 decimal places) and angles (correct to the nearest minute) of 
triangle ABC, given a= 25m, A= 120° and B=50°. 


4. Calculate the value of x, correct to 2 decimal places. 


4.5 cm 


<< xcm 


2.8 cm 


5. Calculate the value of 6, correct to the nearest degree. 


6cm 
6cm 
D> 10cm 


6. A triangle has sides of length 12m, 15 m and 20 m. Calculate the magnitude (size) of the largest angle, 
correct to the nearest minute. 


7. A triangle has two sides of 18 cm and 25 cm. The angle between the two sides is 45°. 
Calculate, correct to 2 decimal places: 
a. its area 
b. the length of its third side 
c. its area using Heron’s formula. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


. If an angle of @ = 290° was represented on the unit circle, state which quadrant the triangle to show this 
g p q g 


would be drawn in. 


. On the unit circle, draw an appropriate triangle for the angle 110° in quadrant 2. 


a. Determine the value of sin(110°) and cos(110°), correct to 2 decimal places. 
b. Determine the value of tan(110°), correct to 2 decimal places. 


(9 The value of sin(53°) is equal to: 
A. cos(53°) Bacos(si/m) C. sin(37°) D. tan(53°) E. tan(37°) 
Hae eee 
sin(37°) 
Draw a sketch of y = sin(x) from 0° < x < 360°. 


Draw a sketch of y =cos(x) from 0° <x < 360°. 


Draw a sketch of y = tan(x) from 0° < x < 360°. 


x iy 


Label this triangle so that — =—- : 
sin(46°) — sin(68°) 


C 


State the period and amplitude of each of the following graphs. 
a. y=2 sin(3x) 
b. y= —3 cos(2x) 


c. YR 
1 


1 


Y 


Sketch the following graphs. 
a. y=2sin(x), x € [0°, 360°] b. y=cos(2x), x € [—180°, 180°] 


Use technology to write down the solutions to the following equations for the domain 0° <x < 360° to 


2 decimal places. 
a. sin(x) = —0.2 b. cos(2x) = 0.7 & JeoxGs) Obl d. 2 tan(2x) =0.5 
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19. 


20. 


21. 


Solve each of the following equations. 


3 
a. sin(x) = = € [0°, 360°] b. cos(x) = oe € [0°, 360°] 
1 fe) fe} S 1 fe} fe} 
c. cos(x) = —,x€ [0°, 360°] d. sin(x) = —,x€ [0°, 360°] 
Vi Vi 
(9 The equation that represents the graph shown could be: 
YA 
3 
2 
I 
~< > 
0 ° ° x 
ay! 
2 
L_13. 
Y 


A. y=3 sin(2x) B. y=2cos(3x) C. y=3 cos(2x) D. y=2sin(2x) E. y=2sin(3x) 


a. Use technology to help sketch the graph of y = 2 sin(2x) —3. 
b. Write down the period and the amplitude of the graph in part a. 


Problem solving 


22. 


23. 


24. 


25. 
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Sketch the graphs of each of the following, stating: 
i. the period 
ii. the amplitude. 

a. y=2cos(2x), x € [0°, 360°] 

b. y=3 sin(4x), x € [0°, 180°] 

c. y= —2 cos(3x), x € [—60°, 60°] 

d. y=4 sin(2x), x € [—90°, 90°] 


Solve each of the following equations for the given values of x. 


3 
A eNO = V3 ve [0°, 360°] b wna axe [—90°, 90°] 
CG SIs) = a x €[0°, 360°] d. cos(3x) = = x € [0°, 360°] 
V2 V2 
e. sin(4x) =0,x € [0°, 180°] f. tan(4x) =—1,x € [0°, 180°] 


Solve the following for x € [0°, 360°]. 
a. 2cos(x) —1=0 b. 2sin(x) =—/3 c. —V2cos(x) +1=0 da. Y2sin)+1=0 


Sketch the graph of y = tan(2x), x € [0°, 180°]. Write down the period, amplitude and the equations of 
any asymptotes. 
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26. A satellite dish is placed on top of an apartment building as shown in the diagram. Determine the height 
of the satellite dish, in metres correct to 2 decimal places. 


450 m 


27. Australian power points supply voltage, V, in volts, where V = 240 (sin 18 0002) and ¢ is measured 


in seconds. 


t 


V 


0.000 


0.005 


0.010 


0.015 


0.020 


0.025 


0.030 


0.035 


0.040 


a. Copy and complete the table and sketch the graph, showing the fluctuations in voltage over time. 


b. State the times at which the maximum voltage output occurs. 


c. Determine how many seconds there are between times of maximum voltage output. 


d. Determine how many periods (or cycles) are there per second. 


To test your understanding and knowledge of this topic, go to your learnON title at 


www.jacplus.com.au and complete the post-test. 
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Online Resources (35) Resources 


Below is a full list of rich resources available online for this topic. These resources are designed to bring ideas to life, 
to promote deep and lasting learning and to support the different learning needs of each individual. 


[Y 


Download the workbook for this topic, which includes 


worksheets, a code puzzle and a project (ewbk-2043) LJ 
ta) 
[4 
Download a copy of the fully worked solutions to every 
question in this topic (Sol-0751) | 
17.2 SkilISHEET Labelling right-angled triangles (doc-5398) [] 
SKilISHEET Calculating sin, cos or tan of an angle 
(doc-5399) L 
SKilISHEET Finding side lengths in right-angled triangles 
(doc-5400) L] 
SkilISHEET Calculating the angle from a sin, cos or tan 
ratio (doc-5401) LJ 
SKilISHEET Finding angles in right-angled triangles 
(doc-5402) O 


17.2 Exact values of trigonometric functions and the sine 
rule (eles-5004) 
The ambiguous case (eles-5005) 
17.3. The cosine rule (eles-5006) 
17.4 Area of triangles (eles-5007) 
Heron’s formula (eles-5008) 
17.5 The unit circle (eles-5009) 
The four quadrants of the unit circle (eles-501 0) 
17.6 Sine, cosine and tangent graphs (eles-501 1) 
17.7 Solving trigonometric equations (eles-501 2) 


ONOOOOOUOUOO 


17.2 Exact values of trigonometric functions (int-4816) 
The ambiguous case (int-4818) 
The sine rule (int-6275) 
17.3 The cosine rule (int-6276) 
17.4 Area of triangles (int-6483) 
Using Heron’s formula to calculate the area of a triangle 
(int-6475) 
17.6 Graphs of trigonometric functions (int-4821) 
17.7 Solving trigonometric equations graphically (int-4822) 
17.8 Crossword (int-2884) 
Sudoku puzzle (int-3895) 


OOOOO OOOO 


Teacher resources 


There are many resources available exclusively for teachers 
online. 


To access these online resources, log on to www.jacplus.com.au. 
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Answers 
Topic 17 Trigonometry II 


Exercise 17.1 Pre-test 


ee ee Y 
Pe pos 


15. 


OP M9NOAP YD > 


B 

. 9.06 m 

. 9.35cm 

A 

19.67 

7.2m 

B 

. 3rd quadrant 


Exercise 17.2 The sine rule 


ONO WD = 


. 44°58’, 77°2', 13.79 

. 39°18", 38°55’, 17.21 

. 70°, 9.85, 9.40 

. 33°, 38.98, 21.98 

19.12 

. C=51°,b = 54.66, c = 44.66 

.A=60°, b= 117.11, c= 31.38 

. B = 48°26’, C = 103°34’, c = 66.26; or B= 131°34’, 
C = 20°26’, c= 23.8 

. 24.17 

. B,C 

A= 73°15’, b = 8.73; or A = 106°45’, b = 4.12 

. 51.90 or 44.86 

. C= 110°, a= 3.09, b = 4.64 

. B= 38°, a = 3.36, c = 2.28 


. B= 33°33’, C= 121927’, c = 26.24; or B= 146°27’, 
C = 8°33’, c=4.57 

. 43.62 m 

-h=7.5cm 

. 113 km 

. 8.68 m 

. Yes, she needs 43 m altogether. 

.a. 6.97m b. 4m 

.a. 13.11km b. N20°47'W 

. a. 8.63 km b. 6.48 km/h c. 9.90 km 

. 22.09km from A and 27.46 km from B. 

.a. 7.3km b. 28293’ 


Exercise 17.3 The cosine rule 


1 
2. 


niles 
. 95.22 


. 23.08, 41°53’, 23°7’ 

. 28°57’ 

. 88°15! 

. A= 61°15’, B= 40°, C= 78°45’ 
. 2218m 

. a. 12.57km 
.a. 35°6! 
10. 23° 

44. 89.12m 

12. a. 130km 
13. 28.5km 

14. 74.3 km 

15. 70°49’ 

16. a. 8.89m 
17. 1.14km/h 


b. S35°1/E 
b. 6.73 m2 


oO ONO a FF Ww 


b. $22°12/E 


b. 77°0' c. x= 10.07m 


18. ZCAB = 34.65°, ZABC = 84.83° and ZBCA = 60.52° 


19. a. 4.6637 m b. 55.93° 


Exercise 17.4 Area of triangles 
. 12.98 
. 38.14 
. 212.88 
A= 32°4', B= 99°56’, area = 68.95 cm” 
. A= 39°50’, B= 84°10’, area = 186.03 m” 
. A= 125°14’, B= 16°46’, area = 196.03 mm” 
Cc 
. 14.98 cm” 
. 570.03 mm? 
10. 2.15 cm? 
.B 
. 3131.41 mm? 
. 610cm? 
.a. 187.5cm? 
. 17 goldfish 
ne 
.B 
_ a. Area = 69.63 cm” 
b. Dimensions are 12.08 cm and 6.96 cm. 
. 17kg 
. 52.2 hectares 
. 175 m3 
. 22.02 m* 


. a. 29.44 km? 
d. 24° 
g. 39.55 km? 


24. 374.12 cm? 


er | 
on = 


b. 15.03cm? —_c._-:187.47 cm? 


ee ee ee eo 
oN Oa fF 


NN NN = 
on = CO © 


b. 8.26km ce. 41° 
e. 3.72km f. 10.11 km? 


Exercise 17.5 The unit circle 


1. a. Ist b. 2nd c. 4th 
d. 3rd e. 2nd f. 3rd 

2A 

3.D 
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4. a. 0.34 b. 0.94 c. —0.17 d. 0.98 20. a. /1—p? b. p c. —V/1—p? 

5. a. —0.64 _b. 0.77 c. —0.57  d. —0.82 21.0 

6. a. 1 b. 0 c. 0 d. —1 22. 0 

7a. —1 b. : d. 1 ‘ : ‘ ‘ 
a ae Exercise 17.6 Trigonometric functions 
mare! sy 1. See table at the bottom of the page.* 
9. a. 30° 2.7 : aia] 
b. —0.87 Lt A as a8 
c. cos(150°) = — cos(30°) 
d. 0.5 <x > 
0 x 
e. sin(150°) = sin(30°) ~— 7/2 
10. a. 30° 14 — 
b. —0.87 ; ¥ 
, Sitter - 3. 360° 
c. cos(210°) = — cos(30°) 4. a. 0.7 b. 0.8 c. 0.3 d. —0.3 
ee 5. a. 0 b. 0.9 0.2 d. —09 
e. sin(210°) = — sin(30°) ci Pa Poy as 
m5 6. a. 64°, 116°, 424°, 476° 

11. a. 30 
b. 0.87 b. 244°, 296°, 604°, 656° 
c. cos(330°) = — cos(30°) c. 44°, 136°, 404°, 496° 
ae or 7. a. 210°, 330°, 570°, 690° 
sei wma: b. 233°, 307°, 593°, 667° 

12 a ve - see c. 24°, 156°, 384°, 516° 
. They are equal. 7a 8. See table at the bottom of the page.* 

aT? | p=lcos(x)| 

13. a. 0.71 be 0:71 |_|” P= pots) | | 
c. —1 d. —1 
e. They are equal. f. tan(135°) = — tan(45°) < >! 

x 

14.a. —0.64 I | 
b. -0.77 aT val 
c. 0.84 10. The graph would continue with the cycle. 

d. 0.83 11. Itis a very similar graph with the same shape; however, the 
e. They are approx. equal. sine graph starts at (0,0), whereas the cosine graph starts 
f.. tan(220°) = tan(40°) at (0, 1). 

15.a. —0.87 12. a. 0.7 b. —0.9 é:. =! d. 0.9 
b. 0.5 13. a. —0.5 b. —0.8 c. 0.8 d. —0.9 
ce. —1.73 14. a. 120°, 240°, 480°, 600° 
d. —1.74 b. 37°, 323°, 397°, 683° 
e. They are approx. equal. c. 46°, 314°, 406°, 674° 
f. tan(300°) = — tan(60°) 15. a. 127°, 233°, 487°, 593° 

16. D b. 26°, 334°, 386°, 694° 

17, 18, 19. Sample responses can be found in the worked c. 154°, 206°, 514°, 566° 

solutions in the online resources. 

* 

. x @° 30° 60° 90° 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360° 
sin(x) 0 0.5 0.87 1 0.87 | 0.5 0 —0.5° | —0.87; —1 |—0.87) —0.5 0 
x 390° | 420° | 450° | 480° | 510° | 540° | 570° | 600° | 630° | 660° | 690° | 720° 
sin(x) | 0.5 0.87 1 0.87 0.5 0 —0.5 | -—0.87| —1 | —0.87| —0.5 0 

* 

. x 0° 30° 60° 90° 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360° 
cos(x) 1 0.87 0.5 0 —0.5 | -—0.87| —1 |—0.87| —0.5 0 0.5 0.87 1 
x 390° | 420° | 450° | 480° | 510° | 540° | 570° | 600° | 630° | 660° | 690° | 720° 
cos(x) | 0.87 0.5 0 —0.5 | —0.87) —1 | —0.87] —0.5 0 0.5 0.87 1 
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16. See table at the bottom of the page.* b. i. 360° 
17. y= tan(x) ii. 2 
y ! ! ! iii. 
l 
aN 720° 
iy a ac 
l U U U 
90° 270° =450° 630° 
18. The graph would continue repeating every 180° as above. 
19. Quite different. y = tan(x) has undefined values (asymptotes) 95. a. i. 180° in 3 
and repeats every 180° rather than 360°. It also gives all : is Fa 
: i. 120 ii. 4 
y-values, rather than just values between —1 and 1. 
20. a. 1.7 b. -1 c. -12 d. 0.8 eek 720 2 
1 
21. a. —0.8 b. 1.2 c. —0.2 d. 1 d. i. 1440° ii. 5 
22. a. 45°, 225°, 405°, 585 e. i. 360° i. 1 
b. 56°, 236°, 416°, 596° 
f. i. 180° te 
c. 158°, 338°, 518°, 698° 
d. 117°, 297°, 477°, 657° 26. a. C b. A c. D 
e. 11°, 191°, 371°, 551° ae 
f. 135°, 315°, 495°, 675° 
23. a. i. 360° 
ii, 1 le 
iii. YA 
Period = 1080° 
~ Amplitude = 2 
180° b. y 
y = =3/sin(2x)| 
bss 
b. i. 360° 
ii, 1 ~ > 
0 re) oO oO on 
8 op 0° 360 
y =|sin(x) +3 
Period = 180° 
Bs - > Amplitude = 3 
1gie e 540° 70° c. Leas, x 
+4 
Y 
24. a. i. 180 lat > 
ll 1 —180° —90° 90° ° 
iii y =the 
¥ A y pays Y 
Period = 720° 
Amplitude = 3 
~< > 
0 oO io o*| 
0° 360 
iE 
Y 
By 
=a | 0° 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360° 
tan(x) | 0 0.58 | 1.73 | undef. |—1.73]—0.58] 0 0.58 | 1.73 | undef. |—1.73]/—0.58] 0 
x | 390° | 420° | 450° | 480° | 510° | 540° | 570° | 600° | 630° | 660° | 690° | 720° 
tan(x) | 0.58 | 1.73 | undef. |—1.73)/—0.58] 0 0.58 | 1.73 | undef. |—1.73}—0.58] 0 
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a.) YA Ty = beos(3k) 


0 io° 


44 


Period = 120° 
Amplitude = 1 


e. a 
5 y= 5cos(2x) 


5 


Y 
Period = 180° 
Amplitude = 5 


f. YA y —sin(4x) 
~< > 
0 180° x 
-1 
Y 
Period = 90° 
Amplitude = 1 
28. a. 
Se RY A y + cos( ) +1 
1 
~ > 
0 fe] oO re) re] 
| 
Y 
b. 
c. 
Y 
bes sh y = 2bin(4x) + 3 
4 
3 
2 
1 
rs % 
0] 90° 180° 270° 360° 
Y 
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i. —1 ii. 1 


b. Max value = 3, min value = 1 


c. Max value of sin(x) = 1, hence max value of 


30. a. 


31. 


32. a. 


» 9 29 


y=2x14+3=5 
Min value of sin(x) = —1, hence min value of 
y=2x-14+3=1 


x 0 30° 60° 90° | 120° | 150° | 180° 
3 3 
y | 0 . V3 | uoaet | -y3 | -2 0 
ay 
ry = tan(x 
0 fey 0, 180° 
Y 
. Atx= 90°, y is undefined. 
x = 270° 
The period = 180°, amplitude is undefined. 
y = tan(2x) 
YA 
0 re) ot 
Y | 


x = 45° and x = 135° 
c. The period = 90° and amplitude is undefined. 
hh 


b. 3 metres 


c. —2.6 metres 


Pores YA(3,10) (15, 10) 


(0, 6) 


Height (m) 


(9, 2) 1, 2)” 
5 10 15 20 25 
Time from midnight (h) 


#V¥ 


10 metres 

2 metres 
2.54 metres 
22°C 


Th 
25 


sp» a0 5 


24 


23 


22 


21 


20 


19 


—— 


0 3 6 9 12 15 18 21 24 
c. Coolest 20°C, warmest 24 °C 


~Y 


Exercise 17.7 Solving trigonometric equations 


1. Calculator answers 


a. 25.84°, 334.16° b. 72.54°, 287.46° 
2. a. 101.54°, 258.46° b. 126.87°, 233.13° 
3. a. 30°, 150° b. 60°, 120° 
4. a. 120°, 240° b. 135°, 225° 
5. a. 90° b. 180° 
6. a. 210°, 330° b. 225°, 315° 
7. a. 30°, 330° b. 150°, 210° 
8. a. 90° b. 90°, 270° 
9. a. 30°, 60°, 210°, 240° b. 75°, 105°, 255°, 285° 
10. a. 15°, 105°, 195°, 285° 

b. 70°, 110° 
11. a. 52.5°, 82.5°, 142.5°, 172.5° 

b. —165°, —135°, —45°, —15°, 75°, 105° 
12. a. 45° 

b. 30°, 90°, 150°, 210°, 270°, 330° 
13. a. 30°, 150° b. 30°, 330° 
14. a. 45°, 315° b. 135°, 315° 


15. a. A 
3.04—— «ooo 
25-+~ 2.6 m-- 
g 2.0 ae 
= 
> fee” ee eee eee eee Pee ees 8 ee ee ee eee pees 55m 
Gg eT Tt 1 i 
10 le wl 3 hours pte LZ»! 
0.5 -+-—+ -+--- 0.5 m-+-—--+—-- 
0 > 
5 67 8 9101112123 45678 9 
am pm 
Time (hours) 
1 
b. i. eS ii. 1.05m 


c. 10.00 am, 10.30 pm, 11.00 am, 11.30 pm, noon. 


d. Until 1.45 am Sunday, 8 am to 2.15 pm and after 
8.30 pm. 


16. a. x = 30°, 210° b. x = 153.43°, 333.43° 
17. x = 30°, 150° 
18. a. 100° b. 200% c. 300% d. 400% 


Project 
1. Follow given instructions. 
2. a. 477cm 
b. 37cm 
c. 77cm 
d. The largest arc length equals the sum of the two smaller 
arc lengths. 


3. Sample responses can be found in the worked solutions in the 
online resources. 


4. a. 370 cm? 
b. InAAYZ: AZ? = AY? + YZ? 
=6+ YZ 
In ABYZ: BZ? = BY’ + YZ” 
=24 YZ? 


Adding these equations: AZ? + BZ = 6 +YZ274+274+ YZ’ 
Butin AAZB: AZ? + BZ? = AB? 
6+ YZ? + 2? 4+ YZ? = 8? 
2YZ? = 64-36-4 


Y= 
YZ=+V12 
But YZ> Oas itis alength: YZ = 23 


c. 37 cm? 
Yes, same area 


5. Area of the arbelos = 777, r, 
Sample responses can be found in the worked solutions in the 
online resources. 
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Exercise 17.8 Review questions 
14.15cm 

20°31’ 

b = 22.11m,c = 5.01m,C = 10° 
3.64cm 

34° 

94°56! 


4th quadrant 

a. 0.94, —0.34 b. —2.75 
10. B 

11. tan(53°) 


Ce eS et ee 


16. a. Period = 120°, amplitude = 2 
b. Period = 180°, amplitude = 3 
c. Period = 180°, amplitude = 1 
17. a. 
b. 


-180° 0 180° 
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a. 159.10cm?_b._:17.68cm ce. 159.10 cm? 


22. a. 


. x= 191.54, 348.46 

& = 290: 157-21, 202.70, 937-21 
. x = 88.09, 271.91 

. x = 7.02, 97.02, 187.02, 277.02 


30°, 150° b. 30°, 330° 
- 45°, 315° d. 45°, 135° 
[2 =|2sin(2x) +3 
~ - > 
0 180° 360° | 
. Period = 180, amplitude = 2 


Ee y= 2co (2x) 


i. Period = 180° 
ii. Amplitude = 2 
ay 


y=3 in(Ax) 


“AY 


Hi 
| 


i. Period = 90° 
ii. Amplitude = 3 


y =—2cos(3x) 
YA 


as 
60° \9|_/ 6o°* 


a} 


Y 
i. Period = 120° 
ii. Amplitude = 2 


y = 4sin(2x) 


YA 
4 


Y 
i. Period = 180° 
ii. Amplitude= 4 


8 


oO - OO a2 05 


. 15°, 165°, 195°, 345° 

- —70°, 10°, 50° 

= 22:29", 67.9°, 202.5°; 247 5° 

i 4555.75"; 1052; 195°, 28525. 315° 
. 0°, 45°, 90°, 135°, 180° 

- 33.75°, 78.75°, 123.75°, 168.75° 


. 60°, 300° b. 240°, 300° 
9 45°; 315° d. 225°, 315° 


iN 


FSCO 
4S 48 
0] | Aor | Bor 
bP 
poe yf 
ae = 90°, amplitude is undefined. 
Asymptotes are at x = 45° and x = 135°. 


26. 3.92m 


(seconds) 


b. Maximum voltage occurs at t= 0.005 s, 0.025 s 
c. 0.025 


d. 50 cycles per second 


GLOSSARY 


3-dimensional a shape that occupies space (a solid); that is, one that has dimensions in three directions — 
length, width and height. 

Addition Law of probability for the events A and B, the formula for the probability of A U B is known as the 
Addition Law of probability and is given by the formula: Pr(A U B) = Pr(A) + Pr(B) — Pr(A NB). 

algebraic fractions fractions that contain pronumerals (letters). 

algorithm a step-by-step set of tasks to solve a particular problem. A program is an implementation of an 
algorithm. 

alternate segment in the diagram shown, the angle ZBAD defines a segment (the shaded area). The unshaded 
part of the circle is called the alternate segment to ZBAD. 


B A C 


amplitude half the distance between the maximum and minimum values of a trigonometric function. 
angle of depression the angle measured down from the horizontal line (through the observation point) to the 
line of vision. 


4 Horizontal 
Angle of depression 


Line of sight 


Object 


angle of elevation the angle measured up from the horizontal line (through the observation point) to the line 
of vision. 


Object 


Line of sight 


Angle of elevation 

% Horizontal 

area the amount of flat surface enclosed by the shape. It is measured in square units, such as square metres, m7, 
or square kilometres, km’. 

Associative Law a method of combining two numbers or algebraic expressions is associative if the result of the 
combination of these objects does not depend on the way in which the objects are grouped. Addition and 
multiplication obey the Associative Law, but subtraction and division are not associative. 

asymptote a line that a graph approaches but never meets. 

axis of symmetry a line through a shape so that each side is a mirror image. 
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back-to-back stem-and-leaf plot a method for comparing two data distributions by attaching two sets of 
‘leaves’ to the same ‘stem’ in a stem-and-leaf plot; for example, comparing the pulse rate before and after 
exercise. A key should always be included. 


Key: 816 = 86 
Leaf | Stem | Leaf 
Before exercise After exercise 
9888 6 
8664110 7 
8862 8 6788 
60 9 02245899 
4 10 |044 
0 11 8 
12 | 44 
13 
14 | 6 


base the digit at the bottom of a number written in index form. For example, in 64, the base is 6. This tells us 
that 6 is multiplied by itself four times. 

bias designing a questionnaire or choosing a method of sampling that would not be representative of the 
population as a whole. 

bivariate data sets of data where each piece is represented by two variables. 

Boolean a JavaScript data type with two possible values: true or false. JavaScript Booleans are used to make 
logical decisions. 

boundary line indicates whether the points on a line satisfy the inequality. 

box plot a graphical representation of the 5-number summary; that is, the lowest score, lower quartile, median, 
upper quartile and highest score, for a particular set of data. Two or more box plots can be drawn on the same 
scale to visually compare the five-number summaries of the data sets. These are called parallel box plots. 
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canvas a defined area on a web page where graphics can be drawn with JavaScript. 

capacity the maximum amount of fluid that can be contained in an object. It is usually applied to the 
measurement of liquids and is measured in units such as millilitres (mL), litres (L) and kilolitres (kL). 

Cartesian plane the area formed by a horizontal line with a scale (x-axis) joined to a vertical line with a scale 
(y-axis). The point of intersection of the lines is called the origin. 

census collection of data from a population (e.g. all Year 10 students) rather than a sample. 

centre middle point of a circle, equidistant (equal in distance) from all points on its circumference. 

centre of enlargement the point from which the enlargement of an image is measured. 

character in programming, a string of length 1. A JavaScript character is used to represent a letter, digit 
or symbol. 

circle the general equation of a circle with centre (0, 0) and radius ris x* + y? =r’. 

circumcentre the centre of a circle drawn so that it touches all three vertices of a triangle. 

circumcircle a circle drawn so that it touches all three vertices of a triangle. 

Closure Law when an operation is performed on an element (or elements) of a set, the result produced must 
also be an element of that set. 

coincident lines that lie on top of each other. 

collinear points points that all lie on the same straight line. 
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Commutative Law a method of combining two numbers or algebraic expressions is commutative if the result 
of the combination does not depend on the order in which the objects are given. For example, the addition of 2 
and 3 is commutative, since 2+ 3 =3 + 2. However, subtraction is not commutative, since 2-3 #3 —2. 

compass bearing directions measured in degrees from the north-south line in either a clockwise or 
anticlockwise direction. To write the compass bearing we need to state whether the angle is measured from 
the north or south, the size of the angle and whether the angle is measured in the direction of east or west; for 
example, N27°W, S32°E. 

complement the complement of a set, A, written A’, is the set of elements that are in € but not in A. 

complementary angles two angles that add to 90°; for example, 24° and 66° are complementary angles. 

complementary events events that have no common elements and together make up the sample space. If A and 
A’ are complementary events, then Pr(A) + Pr(A’) = 1. 

completing the square the process of writing a general quadratic expression in turning point form. 

composite figure a figure made up of more than one basic shape. 

compound interest the interest earned by investing a sum of money (the principal) when each successive 
interest payment is added to the principal for the purpose of calculating the next interest payment. The 
formula used for compound interest is: A= P(1 + i)", where A is the amount to which the investment grows, 

P is the principal or initial amount invested, 7 is the interest rate per compounding period (as a decimal) and n 
is the number of compounding periods. The compound interest is calculated by subtracting the principal from 
the amount: /=A — P. 

compounded value the value of the investment with accrued interest included. 

compounding period the period of time over which interest is calculated. 

concave polygon a polygon with at least one reflex interior angle. 

concyclic points that lie on the circumference of a circle. 

conditional probability where the probability of an event is conditional (depends) on another event occurring 
first. For two events A and B, the conditional probability of event B, given that event A occurs, is denoted by 
P(B|A) and can be calculated using the formula: 

P(ANB) 


conjugate surds surds that, when multiplied together, result in a rational number. For example, (va + Vb ) 


and (va- vb) are conjugate surds, because (va+ vb) x (va- vb) =a-—b. 

congruent triangles there are five standard congruence tests for triangles: SSS (side, side, side), SAS (side, 
included angle, side), ASA (two angles and one side), AAS (two angles and a non-included side) and RHS 
(right angle, hypotenuse, side). 

console a special region in a web browser for monitoring the running of JavaScript programs. 

constant of proportionality used to prove that a proportionality relationship (direct or inverse) exists between 
two or more variables (or quantities). 

convex polygon a polygon with no interior reflex angles. 

coordinates a pair of values (typically x and y) that represent a point on the screen. 

correlation a measure of the relationship between two variables. Correlation can be classified as linear, 
non-linear, positive, negative, weak, moderate or strong. 


p . : ‘ ; : : : adjacent 
cosine ratio the ratio of the adjacent side to the hypotenuse in a right-angled triangle; cos 0 = a 
hypotenuse 
Hypotenuse ; 
Opposite 
CO 
Adjacent 
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cosine rule in any triangle ABC, a* = b* + c* — 2be cos(A). 


Q 


Cc 


cubic function the basic form of a cubic function is y= ax*. These functions can have 1, 2 or 3 roots. 

cumulative frequency the total of all frequencies up to and including the frequency for a particular score in a 
frequency distribution. 

cumulative frequency curve a line graph that is formed when the cumulative frequencies of a set of data are 
plotted against the end points of their respective class intervals and then joined up by straight-line segments. 
It is also called an ogive. 

cyclic quadrilateral a quadrilateral that has all four vertices on the circumference of a circle. That is, the 
quadrilateral is inscribed in the circle. 

data various forms of information. 

degree the degree of a polynomial in x is the highest power of x in the expression. 

degrees a unit used to measure the size of an angle. 

denominator the lower number of a fraction that represents the number of equal fractional parts a whole has 
been divided into. 

dependent events successive events in which one event affects the occurrence of the next. 

dependent variable this variable is graphed on the y-axis. 

deviation the difference between a data value and the mean. 

dilation occurs when a graph is made thinner or wider. 

discriminant referring to the quadratic equation ax? + bx + c =0, the discriminant is given by A = b* — 4ac. 
It is the expression under the square-root sign in the quadratic formula and can be used to determine the 
number and type of solutions of a quadratic equation. 

domain the set of all allowable values of x. 

dot plot this graphical representation uses one dot to represent a single observation. Dots are placed in columns 
or rows, so that each column or row corresponds to a single category or observation. 


4 5 
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elimination method a method used to solve simultaneous equations. This method combines the two equations 
into a third equation involving only one of the variables. 

enlargement a scaled-up (or down) version of a figure in which the transformed figure is in proportion to the 
original figure; that is, the two figures are similar. 

equate the process of writing one expression as equal to another. 

equation a statement that asserts that two expressions are equal in value. An equation must have an equal sign. 
For example, x+ 4 = 12. 

equiangular when two or more shapes have all corresponding angles equal. 

equilateral triangle a triangle with all sides equal in length, and all angles equal to 60°. 

event space a list of all the possible outcomes obtained from a probability experiment. It is written as & or S, 
and the list is enclosed in a pair of curled brackets {}. It is also called the sample space. 

experimental probability the probability of an event based on the outcomes of experiments, simulations 
or surveys. 
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exponential decay a quantity that decreases by a constant percentage in each fixed period of time. This growth 
can be modelled by exponential functions of the type y=ka*, where 0<a< 1. 

exponential function relationship of the form y= ka‘, where a# 1, are called exponential functions with 
base a. 

exponential growth a quantity that grows by a constant percentage in each fixed period of time. This growth 
can be modelled by exponential functions of the type y = ka’, where a> 1. 

explanatory variable this variable is not impacted by the other variable. This is the x-axis (or horizontal) 
variable. Also known as the independent variable. 

extrapolation the process of predicting a value of a variable outside the range of the data. 

factor theorem if P(x) is a polynomial, and P(a) =0 for some number a, then P(x) is divisible by (x — a). 

FOIL a diagrammatic method of expanding a pair of brackets. The letters in FOIL represent the order of the 
expansion: First, Outer, Inner and Last. 

frequency the number of times a particular score appears. 

function a process that takes a set of x-values and produces a related set of y-values. For each distinct x-value, 
there is only one related y-value. They are usually defined by a formula for f(x) in terms of x; for example, 
fao= x. 

future value the future value of a loan or investment. 

half plane a region that represents all the points that satisfy an inequality. 

Heron’s formula this formula is used to calculate the area of a triangle when all three sides are known. The 
formula is A = +/s(s — a)(s — b)(s — c), where a, b and c are the lengths of the sides and s is the semi-perimeter 


a+b+c 
or s = ————_.. 


histogram graph that displays continuous numerical variables and does not retain all original data. 


YA 
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Height 


hyperbola the graph of y= cM is a rectangular hyperbola with asymptotes on the x- and y-axes. 
Xx 


hypotenuse the longest side of a right-angled triangle. It is the side opposite the right angle. 

Identity Law when 0 is added to an expression or the expression is multiplied by 1, the value of the expression 
does not change. For example, x +0=x and xx l= x. 

image the enlarged (or reduced) figure produced. 

independent events successive events that have no effect on each other. 

independent variable this variable is not impacted by the other variable. This is the x-axis (or horizontal) 
variable. Also known as the explanatory variable. 

index (index notation) the number that indicates how many times the base is being multiplied by itself when an 
expression is written in index form, also known as an exponent or power; (algorithms) an integer that points to 
a particular item in an array. 

inequality when one algebraic expression or one number is greater than or less than another. 

inequation similar to equations, but contain an inequality sign instead of an equal sign. For example, x = 3 is an 
equation, but x < 3 is an inequation. 

integers these include the positive and negative whole numbers, as well as zero; that is, ... , —3, —2, —1, 
0,1, 2,... 

interpolation the process of predicting a value of a variable from within the range of the data. 
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interquartile range (IQR) the difference between the upper (or third) quartile, Q epee (or Q,), and the lower 
(or first) quartile, Q,.,.. (or Q,); that is, IQR = tO pe — Qiower = Q; — Q,. It is the range of approximately the 
middle half of the data. 

inverse function when a function is reflected across the line y= x. 

Inverse Law when the additive inverse of a number or pronumeral is added to itself, the sum is equal to 0. 
When the multiplicative inverse of a number or pronumeral is multiplied by itself, the product is equal to 1. 


So, x + (—x) =0 ed se Ed, 
x 


inverse proportion describes a particular relationship between two variables (or quantities); that is, as one 
variable increases, the other decreases. The rule used to relate the two variables is y= -. 


irrational number numbers that cannot be written as fractions. Examples of irrational nailer: include surds, 
z and non-terminating, non-recurring decimals. 

isosceles triangle a triangle with exactly two sides equal in length. 

leading coefficient the coefficient of the leading term in a polynomial. 

leading term the term in a polynomial that contains the highest power of x. 

line of best fit a straight line that best fits the data points of a scatterplot that appear to follow a linear trend. It is 
positioned on the scatterplot so that there is approximately an equal number of data points on either side of 
the line, and so that all the points are as close to the line as possible. 

line segment a line segment or interval is a part of a line with end points. 


eae 


linear graph consist of an infinite number of points that can be joined to form a straight line. 

linked list a list of objects. Each object stores data and points to the next object in the list. The last object points 
to a terminator to indicate the end of the list. 

literal equation an equation that includes two or more pronumerals or variables. 

logarithm the power to which a given positive number b, called the base, must be raised in order to produce the 
number x. The logarithm of x, to the base b, is denoted by log, (x). Algebraically: log, (x) =y< bD” =x; for 
example, log, (100) = 2 because 10° = 100. 

logarithmic equation an equation that requires the application of the laws of indices and logarithms to solve. 

loop in JavaScript, a process that executes the same code many times with different data each time. 

many-to-many relation a relation in which one range value may yield more than one domain value and 
vice versa. 

many-to-one relation a function or mapping that takes the same value for at least two different elements of 
its domain. 

matrix a rectangular array of numbers arranged in rows and columns. 

maximal domain the limit of the x-values that a function can have. 


ae sum of all scores _ > x 
mean one measure of the centre of a set of data. It is given by mean = ———————— or x = ——. 
number of scores n 
DXx) 


When data are presented in a frequency distribution table, x = 
n 
measures of central tendency mean, median and mode. 
measures of spread range, interquartile range, standard deviation. 
median one measure of the centre of a set of data. It is the middle score for an odd number of scores arranged 


in numerical order. If there is an even number of scores, the median is the mean of the two middle scores 


1 
when they are ordered. Its location is determined by the rule = 


For example, the median value of the set 1 33 45 6 8 9 9 is 5, while the median value for the set 
133456899 10 is the mean of 5 and 6 (5.5). 
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midpoint the midpoint of a line segment is the point that divides the segment into two equal parts. The 
coordinates of the midpoint M between the two points P(x), y,) and Q(%2, y2) is given by the formula 


(= XQ Vy *) 
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mode one measure of the centre of a set of data. It is the score that occurs most often. There may be no mode, 
one mode or more than one mode (two or more scores occur equally frequently). 

monic any polynomial with a leading coefficient of 1. 

Multiplication Law of probability if events A and B are independent, then: 
Pr(A and B) = Pr(A) x Pr(B) or Pr(A 9 B) = Pr(A) x Pr(B). 

mutually exclusive events that cannot occur together. On a Venn diagram, two mutually exclusive events will 
appear as disjoint sets. 

natural numbers the set of positive integers, or counting numbers; that is, the set 1, 2, 3, ... 

negatively skewed showing larger amounts of data as the values of the data increase. 

nested loop a loop within a loop. The outer loop contains an inner loop. The first iteration of the outer loop 
triggers a full cycle of the inner loop until the inner loop completes. This triggers the second iteration of the 
outer loop, which triggers a full cycle of the inner loop again. This process continues until the outer loop 
finishes a full cycle. 

number a JavaScript data type that represents a numerical value. 

object a general JavaScript data type that can have many properties. Each property is a name—value pair so that 
the property has a name to reference a value. 

ogive a graph formed by joining the top right-hand corners of the columns of a cumulative frequency histogram. 

one-dimensional array a simple array of values in which the values can be of any type except for another array. 

one-to-many relation a relation in which there may be more than one range value for one domain value but 
only one domain value for each range value. 

one-to-one relation refers to the relationship between two sets such that every element of the first set 
corresponds to one and only one element of the second set. 

outlier a piece of data that is considerably different from the rest of the values in a set of data; for example, 24 
is the outlier in the set of ages {12, 12, 13, 13, 13, 13, 13, 14, 14, 24}. Outliers sit 1.5 x IQR or greater away 
from Q, or Q3. 
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pi (zr) the Greek letter zr represents the ratio of the circumference of any circle to its diameter. The number 7: is 
irrational, with an approximate value of =, and a decimal value of z = 3.141 59.... 
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parabola the graph of a quadratic function has the shape of a parabola. For example, the typical shape is that of 
the graph of y =x’. 


> 
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parallel parallel lines in a plane never meet, no matter how far they are extended. Parallel lines have the 
same gradient. 
parallelogram a quadrilateral with both pairs of opposite sides parallel. 


A D 


B C 

percentile the value below which a given percentage of all scores lie. For example, the 20th percentile is the 
value below which 20% of the scores in the set of data lie. 

period the distance between repeating peaks or troughs of periodic functions. 

periodic function a function that has a graph that repeats continuously in cycles, for example, graphs of 
y=sin(x) and y=cos(x). 

perpendicular perpendicular lines are at right angles to each other. The product of the gradients of two 
perpendicular lines is —1. 

point of intersection point of intersection a point where two or more lines intersect. The solution to a pair of 
simultaneous equations can be found by graphing the two equations and identifying the coordinates of the 
point of intersection. 

pointer in JavaScript, a variable that points to a JavaScript object or array. Multiple pointers can point to the 
same object or array. 

polygon a plane figure bounded by line segments. 


polynomial an expression containing only non-negative integer powers of a variable. 
population the whole group from which a sample is drawn. 

positively skewed showing smaller amounts of data as the values of the data decrease. 
primary data data collected by the user. 

probability the likelihood or chance of a particular event (result) occurring. 


number of favourable outcomes 
Pr(event) = ——_——_—__—__-. 
number of possible outcomes 


The probability of an event occurring ranges from 0 (impossible — will not occur) to | (certainty — will 
definitely occur). 
proof an argument that shows why a statement is true. 
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property references a value on an object. A complex object may have many properties. Each property has a 
unique name on the object. 

quadratic equation an equation in the form ax” + bx + c=0, where a, b and c are numbers. 

quadratic formula gives the roots of the quadratic equation ax? + bx + c =0. It is expressed as 


= —b+Vb* —4ac 


quantile seecenties expressed as decimals. For example, the 95th percentile is the same as the 0.95 quantile. 

quartic function the basic form of a quartic function is y = ax*. If the value of a is positive, the curve is upright, 
whereas a negative value of a results in an inverted graph. A maximum of 4 roots can result. 

quartile values that divide an ordered set into four (approximately) equal parts. There are three quartiles — the 
first (or lower) quartile Q,, the second quartile (or median) Q, and the third (or upper) quartile Q,. 

radius the straight line from a circle’s centre to any point on its circumference. 

range (functions and relations) the set of y-values produced by the function; (statistics) the difference between 
the highest and lowest scores in a set of data; that is, range = highest score — lowest score. 

rational number numbers that can be written as fractions, where the denominator is not zero. 

real numbers rational and irrational numbers combine to form the set of real numbers. 

reciprocal when a number is multiplied by its reciprocal, the result is 1. 

recurring decimal a decimal which has one or more digits repeated continuously; for example, 0.999 .... They 
can be expressed exactly by placing a dot or horizontal line over the repeating digits; for example, 


8.343 434 = 8.34 or 8.34. 

reflection when a graph is flipped in the x- or y-axis. 

regression line a line of best fit that is created using technology. 

regular polygon a polygon with sides of the same length and interior angles of the same size. 

relation a set of ordered pairs. 

relative frequency represents the frequency of a particular score divided by the total sum of the frequencies. It 
is given by the rule: 


: frequency of the score 
relative frequency of a score = ——___—_—_ 
total sum of frequencies 


remainder theorem if a polynomial P(x) is divided by x— a, where a is any real number, the remainder is P(a). 
required region the region that contains the points that satisfy an inequality. 

response variable another way to reference the dependent variable; this variable is graphed on the y-axis. 
rhombus a parallelogram with all sides equal. 


sample part of a population chosen so as to give information about the population as a whole. 

sample space a list of all the possible outcomes obtained from a probability experiment. It is written as € or S, 
and the list is enclosed in a pair of curled brackets {}. It is also called the event space. 

scale factor the ratio of the corresponding sides in similar figures, where the enlarged (or reduced) figure is 
referred to as the image and the original figure is called the object. 

scale factor = uunes iene 

object length 

scatter plot a graphical representation of bivariate data that displays the degree of correlation between two 
variables. Each piece of data on a scatterplot is shown by a point. The x-coordinate of this point is the value of 
the independent variable and the y-coordinate is the corresponding value of the dependent variable. 

secondary data data collected by others. 

similar triangles triangles that have similar shape but different size. There are four standard tests to determine 
whether two triangles are similar: AAA (angle, angle, angle), SAS (side, angle, side), SSS (side, side, side) 
and RHS (right angle, hypotenuse side). 
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simultaneous occurring at the same time. 


simultaneous equations the equations of two (or more) linear graphs that have the same solution. 


sine ratio the ratio of the opposite side to the hypotenuse in a right-angled triangle; sin 0 = ae, 
hypotenuse 


ab _c¢ 
sinA sinB sinc 


sine rule in any triangle ABC, 


Cc 


standard deviation a measure of the variability of spread of a data set. It gives an indication of the degree to 
which the individual data values are spread around the mean. 

string a JavaScript data type that represents text. 

subject of an equation the variable that is expressed in terms of the other variables. In the equation y = 3x + 4, 
the variable y is the subject. 

substitution method a method used to solve simultaneous equations. It is useful when one (or both) of the 
equations has one of the variables as the subject. 

subtended In the diagram shown, chords AC and BC form the angle ACB. Arc AB has subtended 
angle ACB. 


supplementary angles angles that add to 180°. 

surd roots of numbers that do not have an exact answer, so they are irrational numbers. Surds themselves are 
exact numbers; for example, 6 or V5 ’ 

symmetrical the identical size, shape and arrangement of parts of an object on opposite sides of a line or plane. 

system of equations a set of two or more equations with the same variables. 


it 
tangent ratio the ratio of the opposite side to the adjacent side in a right-angled triangle; tan 6 = ae 
adjacen 
terminating decimal a decimal which has a fixed number of places; for example, 0.6 and 2.54. 
theorem rules or laws. uee " 7 
theoretical probability given by the rule Pr(event) = —————E——— or Pr(E) = ee where 
number of possible outcomes n(S) 


n(E) = number of times or ways an event, £, can occur and n(S) = number of elements in the sample space or 
number of ways all outcomes can occur, given all the outcomes are equally likely. 

time series a sequence of measurements taken at regular intervals (daily, weekly, monthly and so on) over a 
certain period of time. They are used for analysing general trends and making predictions for the future. 

total surface area (TSA) the area of the outside surface of a 3-dimensional figure. 

transformation changes that occur to the basic parabola y = x’ in order to obtain another graph. Examples of 
transformations are translations, reflections or dilations. Transformations can also be applied to non-quadratic 
functions. 

translation movements of graphs left, right, up or down. 
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transversal a line that meets two or more other lines in a plane. 


Transversal 


tree diagram branching diagram that lists all the possible outcomes of a probability experiment. This diagram 
shows the outcomes when a coin is tossed twice. 


Head, Head 


Head 


Hee) Head, Tail 


Tail, Head 
Tail 


Tail, Tail 

trial the number of times a probability experiment is conducted. 

trigonometric ratios three different ratios of one side of a triangle to another. The three ratios are the sine, 
cosine and tangent. 

true bearing a direction which is written as the number of degrees (3 digits) from north in a clockwise 
direction, followed by the word true or T; for example, due east would be 090° true or 090°T. 

turning point a point at which a graph changes direction (either up or down). 

two-dimensional array an array of one-dimensional arrays. 

two-step chance experiment a probability experiment that involves two trials. 

two-way table tables that list all the possible outcomes of a probability experiment in a logical manner. 


Hair colour Hair type Total 
Red 1 1 2 
Brown 8 4 12 
Blonde 1 3 4 
Black 7 2 9 
Total 17 10 27 


unit circle a circle with its centre at the origin and having a radius of | unit. 

univariate data data relating to a single variable. 

variable a named container or memory location that holds a value. 

vertex the point at which the graph of a quadratic function (parabola) changes direction (either up or down). 

vertically opposite angles when two lines intersect, four angles are formed at the point of intersection, and two 
pairs of vertically opposite angles result. Vertically opposite angles are equal. 


Y B 


A x 
volume the amount of space a 3-dimensional object occupies. The units used are cubic units, such as cubic 
centimetres (cm?) and cubic metres (m?). 
x-intercept the point where a graph intersects the x-axis. 
y-intercept the point where a graph intersects the y-axis. In the equation of a straight line, y= mx +c, the 
constant term, c, represents the y-intercept of that line. 
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